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PREFACE 


his book is meant for students who aspire to join the Indian Institute of Technologies (IITs) and various other engi- 

neering institutes through the JEE Main and Advanced examinations. The content has been devised to cover the syllabi 
of JEE and other engineering entrance examinations on the topic Differential Calculus. The book will serve as a text book 
as well as practice problem book for these competitive examinations. 


As a tutor with more than eighteen years of teaching this topic in the coaching institutes of Kota, I have realised 
the need for a comprehensive textbook in this subject. 


I am grateful to McGraw-Hill Education for providing me an opportunity to translate my years of teaching experience 
into a comprehensive textbook on this subject. 


This book will help to develop a deep understanding of Differential Calculus through graphs and problem solving. 
The detailed table of contents will enable teachers and students to easily access their topics of interest. 


Each chapter is divided into several segments. Each segment contains theory with illustrative examples. It is followed 
by Concept Problems and Practice Problems, which will help students assess the basic concepts. At the end of the theory 
portion, a collection of Target Problems have been given to develop mastery over the chapter. 


The problems for JEE Advanced have been clearly indicated in each chapter. 


The collection of objective type questions will help in a thorough revision of the chapter. The Review Exercises 
contain problems of a moderate level while the Target Exercises will assess the students’ ability to solve tougher problems. 
For teachers, this book could be quite helpful as it provides numerous problems graded by difficulty level which can be 
given to students as assignments. (CY 


I am thankful to all teachers who have motivated me and have given their valuable recommendations. I thank my 
family for their whole-hearted support in writing this book. I specially thank Mr. Devendra Kumar and Mr. S. Suman for 
their co-operation in bringing this book. 


Suggestions for improvement are always welcomed and shall be gratefully acknowledged. 


Vinay Kumar 
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LIMITS 


1.1 Introduction 


Let us introduce the notion of limit of a function which plays 
an important role in mathematical analysis and the study 
of calculus. The concept of limit of a function is one of the 


and trigonometry. > 


fundamental ideas that distinguishes calculus from algebra Wed , 


We use limits to describe the way a function f varies. S me 
functions vary continuously i.e. small changes in x p 
only small changes in f(x). Other functions ca ety lues 


that jump or vary erratically. f 


Sometimes we face with problems whose solutions involve the 
use of limits. According to a formula of geometry, the area of 
a circle of radius r is mr’. How is such a formula derived? The 
usual way is to inscribe regular polygons in the circle, find 
the areas of these polygons, and then determine the “limiting 
value” of these areas as the number of sides of the polygons 
increase without bound. Thus, even such seemingly simple 
formula as that for the area of a circle depends on the concept 
of limit for its derivation. 


We also use limits to define tangent to graphs of functions. 
This geometrical application leads to the important concept of 
derivative of a function, which quantifies the way a function's 
value changes. 


The need for evaluating the limit of a function arises in science 
and engineering when we come across situations where a 
function (denoting a physical quantity) is not defined at x =a, 
however the value of the function as x takes values very very 
close to ‘a’ symbolize a useful physical quantity, for example 
instantaneous velocity, acceleration etc. 


Neighbourhood of a Point 


Any open interval containing a point a as its midpoint is called 
a neighbourhood of a. 


We denote neighbourhoods by N(a), N,(a), N,(a), etc. 


Since a neighbourhood N(a) is an open interval symmetric 
about a, it consists of all real x satisfying a—6 <x <a+6 for 
so $0. The positive number 6 is called the radius of the 
nei id 


esignate N(a) by N(a, 5) if we wish to specify its radius. 

e inequalities a— 6 < x < a+ 6 are equivalent to -6 < x-a 

< 6, and to |x — al < 5. Thus, N(a, 5) consists of all points x 
whose distance from a is less than 6. 


Meaning of x >a 


The symbol x > ais called as ‘x tends to a' or 'x approaches a’. 
It implies that x takes values closer and closer to ‘a’ but not ‘a’. 


—_ <—_ 
a-6 a atd 


Sometimes we need to consider values of x approaching ‘a’ 
from only one side of ‘a’. 


If x approaches ‘a’ from the left of 'a' then we use the symbol: 


— 
x>aorx—>a-0. para 


Similarly, if x approaches 'a' from the right of 'a' then we use 
the symbol :x > a* orx >a+0. 


~— 
a ato 


Limit of a Function 


Let us consider a function y = f(x) of a continuous variable x. 
Suppose that the independent variable x approaches a number 
‘a'. This means that x is made to assume values which become 
arbitrarily close to 'a' but are not equal to ‘a’. To describe such a 
situation we say that x tends to 'a' or x approaches 'a' and write 
x — a. If there is a number / such that as x approaches 'a’, 
either from the right or from the left, f(x) approaches @, then 
£ is called the limit of f(x) as x approaches 'a’. 
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Informal Definition of Limit 
Let f(x) be defined on an open interval about 'a', except possibly 


at 'a' itself. If f(x) gets arbitrarily close to ¢ for all x sufficiently 
close to 'a', we say that f approaches the limit ¢ as x approaches 


‘a’, and we write . 
lim f(x) = @. 
xa 
(the abbreviation "lim" means "limit") 


It is evident that if a function has a limit for x > a, this limit is 

unique, since the values of the function corresponding to the 

values of x approaching ‘a’ must become arbitrarily close to 

a constant and hence cannot be simultaneously close to more 

than one constant number. 

An alternative notation for limf(x) =? is f(x) > asx a 
x7a 


which is usually read as "f(x) approaches / as x approaches a". 


#)| Study Tip 


1. Anumber / is said to be a limiting value only if it is finite 
and real, otherwise we say that the limit does not exist or 
dne (for brevity). 

2. Note that 'a' need not be in the domain of f. 


Even if 'a' happens to be in the domain of f, the — 
value f(a) plays no role in determining whether 


xa 


lim f(x) = @. It is only the behaviour of f(x) forx 
near a that concems us. oN 

3. We also note that the three statements, } 
lim f(x) = @, lim (f(x) — ¢) = 0, lim | f(x) - @ ‘0, are all 
eqnivaleat: ™ ™ 


x 
Let us consider the function f(x) = —. 

x 
This function is equal to 1 for all values of x except x =0. 
It is not equal to 1 when x = 0; it is in fact not defined at x = 0. 


For when we say that f(x) is defined for x = 0 we mean that we 
can calculate its value for x = 0 by putting x = 0 in the formula 
which defines f(x). In this case we cannot. When we put x = 0 
in f(x) we get 0/0, which is meaningless. 


Thus f(x) = = is a function which differs from y = | solely in 
x 
that it is not defined for x = 0. 
We have lim * = 1, since x/x is equal to | so long as x differs 
x x 


from zero, however small the difference may be. 

On the other hand there is of course nothing to prevent the 
limit of f(x) as x tends to zero from being equal to f(0), the 
value of f(x) for x = 0. 


Thus if f(x) = x, then f(0) = 0 and limf (x) =0. 


( Note:) That the statement limf (x) = f is a statement 
x 


about the values of f(x) when x has any value distinct from but 


differing by little from zero. It is not a statement about the value 
of f(x) when x = 0. When we make the statements we assert 
that, when x is nearly equal to zero, f(x) is nearly equal to ¢. We 
assert nothing about what happens when x actually equal to 0. 


A Caution 


A wrong statement about limits : 


The number £ is the limit of f(x) as x approaches a if f(x) gets 
closer to ¢ as x approaches a. 

Consider f(x) = x + [x] +1 at x =0. 

As x approaches 0, the function f(x) gets closer to 
1/2, from both sides but 1/2 is not the limit because f(x) does 
not get arbitrarily close to 1/2. For example the function cannot 
attain 0.4995 or 0.5002 by using x sufficiently close to 0. 
Suppose we are disked to sketch the graph of the function f 


. x’ -l 
given by f(x) = ——, x #1. 
x-l 
For all values other than x = 1, we can use standard curve- 


sketching techniques. However, at x = 1, it is not clear what 
to do. To get an idea of the behaviour of the graph of f near 


AK 1, we can use two sets of x-values — one set that approaches 
_ 1 from the left and one set that approaches 1 from the right, as 
_ shown in table. 


x approaches | from the left x approaches 1 from the right 


Px [ors [09 [099 [oss] 1 [roo] wor] 11 [125] 


f(x) approaches 3. f(x) approaches 3. 


When we plot these points, it appears that the graph of f is a 
parabola that has a hole at point (1, 3), as shown in the figure. 
Although x cannot equal 1, we can move sufficiently close to 
1, and as a result f(x) moves arbitrarily close to 3. 


Using limit notation, we write lim f(x) = 3. 
x> 


It is read as "the limit of f(x) as x approaches 1 is 3." 


x°-1 


x-l1 


f(x) = 


lim f(x) =3 


2 aay 
S Example 1: Evaluate lim eee 
x32 x-—2 
© Solution: Consider the function f defined by 
2 
f(x) = xi =3x+2 ,x#2 
x-2 


The domain of f is the set of all real numbers except 2, which 
has been excluded because substitution of x = 2 in the expression 


0 
for f(x) yields the undefined term 0° 
On the other hand, x? — 3x + 2 = (x — 1) (x - 2) and 


f(x) = EDO?) =x-— 1, provided x #2 


x—2 (1) 
The graph of the function y = x — | is a straight line L; so the 
graph of f(x) is the line L with a hole at the point (2, 1). 


Although the function f is not defined at x = 2, we know its 
behaviour from values of x near 2. The graph makes it clear 
that if x is close to 2, then f(x) is close to 1. In fact, the values of 
f(x) can be brought arbitrarily close to 1 by taking x sufficiently 
close to 2. 


2 oma 
We express this fact by writing lim patie eis = 1, which 
x72 x-—2 
2 
means that the limit of eit oel is 1 as x approaches 2. 
x-2 
x°-1 


@ Example 2: Let f(x) = 4 How does f(x) behave 
x _ 


when x is near | but is not | itself ? 


&Y Solution: There are two influences acting on the fraction 
(x?— 1)/(x?— 1) when x is near 1. On the one hand, the numerator 
x? —1 approaches 0; thus there is an influence pushing the 
fraction towards 0. On the other hand the denominator x?-1 
also approaches 0; division by a small number tends to make a 
fraction large. How do these two opposing influences balance 
out? 


We rewrite the quotient (x? — 1)/(x* — 1) as follows: When x # 1, 
we have 


Limits 1.3 


x=] (x7 +x4+D(K-1) _ x?4x41 
a1 (xFI(K-I) 


x4+1 


So the behaviour of (x*-1)/(x*-1) for x near 1, but not equal to 


2 
: : x°+xt+1 
1, is the same as the behaviour of —————_ . 

x+1 
— wl. x? 4x41 
lim = lim ‘ 
xolx*-] xol xl 


Now, as x approaches 1, x* + x + 1 approaches 3 and x + 1 


2 
approaches 2. Thus, ie ee from which it 
xol x tl 2 
3 
follows that lim : = 2 
xl x -1 2 


We can also express this as follows: 


3 
Asx> 1, SS : > - 
: x°-l 2 
oO Example 3: Find the limit of the function 
NW x+l1 ,x<0 
© F(x)= as x—> 0. 
Pa 2-x ,x20 


. S Solution: Using the graph of y = f(x), we see that the 


function approaches | as x approaches 0 from the left of 0. Also 
the function approaches 2 as x approaches 0 from the right of 0. 


Since the function does not approach the same level from both 


sides of x = 0, lim f(x) does not exist. 
x70 


Formal Definition of Limit 


The conceptual problems in trying to give an exact meaning 
to the expression lim f(x) = b revolve around phrases such as 
xa 


29 66 


“arbitrarily close,” “sufficiently near,” and “arbitrarily small.” 
After all, there is a no such thing in any absolute sense as a small 
positive real number. The number 0.000001 is small in most 
contexts, but in comparison with 0.000000000001 it is huge. 
However, we can assert that one number is smaller than another. 
Moreover, the actual closeness of one number x to another number 
ais just the distance between them : it is |x —a|. One way to say that 
a function f takes on values arbitrarily close to a number / is to 
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state that, for any small positive real number ¢, there are numbers 
x such that | f(x) - ¢ | < ¢. We are stating that no matter what 
positive number ¢ is selected, 10-’, or 10-'’, or 10-'”’, there are 
numbers x so that the distance between f(x) and / is smaller 
than «. 


é—6 definition 


Let f be a function defined on an open interval containing a 
except possibly at a and let ¢ be a real number. The statement 
lim f(x) = @ means that for each ¢ > 0 there exists ad > O such 
x—a 

that if 0 < |x —al < 6, then |f(x) - ¢| < «. 

The inequality 0 < |x —a | that appears in the definition is just 
a fancy way of saying “x is not a.” The inequality |x —a| < 6 
asserts that x is within a distance 6 of a. The two inequalities 
may be combined as the single statement 0 < |x — al < 3, 


which describes the open interval (a—d, a + 5) from which a 
is deleted. 


Here we wish to say that f(x) is arbitrarily close to whenever x 
is sufficiently close, but not equal to a. What does “sufficiently 
close” mean? “ The answer is this : If an arbitrary ¢ > 0 is 
chosen with which to measure the distance between f(x) and £, 
then it must be the case that there is a number 6 > 0 such that 
whenever x is in the domain of f and within a distance 6 of 


a, but not equal to a then the distance between f(x) and @ is _ aX ) 


less than s. 


This is illustrated on the graph of the function y = f(x) as shown 


in the figure. Since from the inequality |x — a| < 6 there follows 
the inequality |f(x) —1| < ¢, this means that for all points x that 
are not more distant from the point a than 6, the points M of 
the graph of the function y = f(x) lie within a band of width 2¢ 
bounded by the lines y = (-e andy =¢ +6. 


First ¢ > 0 is chosen arbitrarily. There must then exist a number 
6 > 0 such that whenever x lies in the interval (a — 6, a + 8), 
and x # a then the point (x, f(x)) lies in the shaded rectangle. 


In other words, € is the challenge. The response is 5. Usually, 
the smaller ¢ is, the smaller 6 will have to be. The geometric 
significance of the definition is shown in the Figure 1. The 
narrow horizontal band of width 2¢ is again the challenge. 
The response is a sufficiently narrow vertical band, of width 
26, such that the part of the graph within that vertical band 
(except perhaps at x = a) also lies in the challenging horizontal 
band of width 2s. 


In Figure 2 the vertical band shown is not narrow enough 
to meet the challenge of the horizontal band shown. But the 
vertical band shown in Figure 3 is sufficiently narrow. 


a-5 a atd 
The number 6 is a response 


Figure 1 


a-5 a atd 
5 is not small enough. 


Figure 2 


a-5 aatod 
5 is small enough 


Figure 3 


@ Example 4: Prove that lim (3x + 1) =7. 


Y Solution: Let an arbitrary ¢ > 0 be given. For the 
inequality |(3x + 1) — 7| < « to be fulfilled it is necessary to 
have the following inequalities fulfilled : 


[3x -—6|<e, |x aoe ras ae 


3 
Thus, given any g¢, for all values of x satisfying the 
inequality |x — 2| < 7 = 6, the value of the function 3x + 1 will 


differ from 7 by less than s. And this means that 7 is the limit 
of the function as x > 2. 
© Example 5: Examine the limit of the function 
2 
x°-1 


= as x tends to 1. 
x-l 


©Y Solution: The function is defined for every value of x 


other than | and y = — =x +1, when x41. 
7a 


Firstly consider the behaviour of the values of y for values of 
x greater than 1. Clearly, y is greater than 2 when x is greater 
than 1. 

If, x, while remaining greater than 1 takes up values whose 
difference from 1 constantly diminishes, then y, while 
remaining greater than 2, takes up values whose difference 
from 2 constantly diminishes also. 

In fact, difference between y and 2 can be made as small as we 
like by taking x sufficiently near 1. 


For instance, consider the number .001. Then 
ly-2)=y-2=x+1-2<.001x< 1.001. 
Thus, for every value of x which is greater than | and less than 


1.001, the absolute value of the difference between y and 2 is 
less than the number .001 which we had arbitrarily selected. 


Instead of the particular number .001, we now consider any 
small positive number ¢. Then 


y-2=x-l<eox<lte. 


Thus, there exists an interval (1, 1 + €), such that the value of — C \ 
y, for any value of x in this interval, differs from 2 numerically, 7 ) 
by a number which is smaller than the positive numiRg & 


selected arbitrarily. 


Thus, the limit of y as x approaches 1 from the right} is. 32 a 
we have lim y =2. / 


xo! 


We now consider the behaviour of the values of y foe values of 
x less than 1. When x is less than 1, y is less than 2. 


If, x, while remaining less than 1, takes up values whose 
difference from 1 constantly diminishes, then y, while 
remaining less than 2, takes up values whose difference from 
2 constantly diminishes also. 

Let now, ¢ be any arbitrarily assigned positive number, however 
small. We then have, 


ly—2| = 


so that for every value of x less than | but > 1 —- ¢, the 
absolute value of the difference between y and 2 is less than 
the number ¢. 


S-yst-G+ l= i—-x<e 


Thus, the limit of y, as x approaches 1, from the left is 2 and 
we write - y=2. 


Combining the conclusions arrived at in the last two cases, we 
see that corresponding to any arbitrarily assigned positive 
number ¢, there exists an interval (1 —«, 1 + €) around 1, such 
that for every value of x in this interval, other than 1 where 
the function is not defined, y differs from 2 numerically by a 
number which is less than ¢, i.e., we have | y—2|<« for 
any x, other than 1, such that |x — 1] < . 
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© Example 6: Consider the function 


g(x) = | 


Y Solution To do this, we must establish the negation of 
the limit condition. There is an ¢ > 0 such that, for any 6 > 0, 
there is a number x in the domain of a g such that 0 < |x| < 6 
and |g(x) — 1| =. There are many possible choices for ¢. To be 


xo x20 


: . Prove that lim um, B(x) #1. 
(x +1), 


x <0 


: 1 aah 
specific, take € = 3° We must now show that for every positive 


number 6, there is a nonzero number x in the open interval 


(-6, 5), such that the distance between g(x) and | is greater 
than or equal to ; . See figure. Take x =— 2 . This number is 


nonzero, lies in (—6, 5), and furthermore 


7) 5° 
= _ =-_— 1 < 1. 
g(x) e( 4 7 


1 
Hence |g(x) - 1| > 2= 5° 


A e=h 
ae teas ‘ioe Mckee: ae nied Satie 
to Hi € 


This distance is 


Notice in the definition that the hypothesis 0 < | x — a | simply 
means x # a. This condition releases the point of approach 
a from the responsibility of having any image at all; and 
even if there is an image f(a) the condition | f(a) — | < ¢ 
is allowed to fail. Briefly, the idea of limit discounts what 
happens precisely at a, but is vitally concerned with images of 
the "neighbours" of a. 


There is no practical need of applying €—6 definition 
everywhere since it involves lengthy and complicated 
calculations. We shall later on derive some simple rules for 
finding limits. 


©@ Example 7: Let the function fbe defined as follows: 


f (=] = 1 for every nonzero integer n, 
n 


f(x) = x for every other real number x. Prove that 


lim f(x) does not exist. 
x0 
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@ Solution: The graph of f is the line y = x, with the There can, therefore, exist no number which differs from sin 

exception that when x = 1/n, n a nonzero integer, y= 1.Itis | 1/x by a number less than an arbitrarily assigned positive 

shown in the figure. number for values of x near 0. Hence lim (sin 1/x) does 
x0 


Since f(0) = 0 and f(x) is close to 0 when x is close to 0,x # Rot exist. 


1/n, we might suspect that lim f(x) =0. x? a ,x#0 
x 


nae © Example 9: f(x) = as x—> 0. 
Y 1 »x=0 
© Solution: The function oscillates between the graphs 
oes | Sere yy) of y = -x’ and y = x’. As x approaches closer and closer to 


zero from either side, the two functions approach 0, and hence 
f(x) > O0as x> 0. 
X © Example 10: Find the limit of the function 


4-x,x€Q 
Y Solution: We draw the rough sketch of y = f(x). 


x ,xEQ 
ri) =| as x— 2 and x> 4. 


However, this is not correct. For if we take the neighbourhood 
N=(-1/2, 1/2) of 0, there is no deleted neighbourhood D = (-6, 0) 
U (0, 5) of 0 such that f(x) is in N for every x in D. 

We can always find a positive integer n such that 1/n < 6 and for 


this number f(1/n) is not in N since f(1/n) = 1. Ina similar way, 


we can show that lim f(x) is not equal to any other number. _ 


~., 570 : =X If x approaches 2 by taking rational values, then the function 
Therefore, this limit does not exist. : NS f(x) approaches 2 using y = x. And if x approaches 2 by taking 


irrational values, then the function f(x) also approaches 2 using 
y =4-x. Hence, the limit of f(x) as x— 2 is 2. 


©@ Example 8: Prove that lim (sin 1/x) does not exist. — 
x30 


&Y Solution: The graph of y = sin 1/x is drawn below. 
x ~./ J 
se lim f(x) = 2 
x72 


However, if x approaches 4 by taking rational values, then the 
function f(x) approaches 4 using y = x. And if x approaches 4 
by taking irrational values, then the function f(x) approaches 0 
using y = 4—x. Since the function does not approach the same 


level, the limit lim f(x) does not exist. 
x74 


2 2 
C =,-1) (350 


There are many such interesting functions that have unusual 
The function oscillates between —1 and 1 more and more _ Jimit behaviour. An often cited one is the Dirichlet function 


rapidly as x approaches closer and closer to zero from either side. O:.. iF jtevahenal 

If we take any interval containing 0, however small it may be, f(x) = es oe 

then for an infinite number of points of this interval the function 1, if x is irrational. 

assumes the values | and —1. This function has no limit at any real number. 
Practice Problems A 


1. For the function graphed here, find the following limits: 


(i) lim f(x) (ii) lim f(x) 


2. For the function graphed here, find the following limits: 
Y 


(i) lim, f(x) (ii) ul f(x) aii) lim, f(x) 
x7 x xX>- 
3. If lim f(x) =5 must f be defined at x = 1? 
x1 


If it is, must f(1) = 5 ? Can we conclude anything about 

the values of f at x = 1 ? Explain. 
4. Iff(1)=5, must lim f(x) exist ? If it does, then must lim 
x1 x1 


f(x) = 5? Can we conclude anything about lim f(x)? 
x1 


1.2 Concept of Infinity 


Suppose that n assumes successively the values 1, 2, 3,.... Then 
as n gets larger and larger and there is no limit to the extent 
of its increase. However, large a number we may think of, a 
time will come when n has become larger than this number. 
It is convenient to have a short phrase to express this unending 
growth of n and we shall say that n tends to infinity, or n > ©, 
When we say that n ‘tends to 0’ we mean simply that n is 
supposed to assume a series of values which increase beyond 
all limit. 


There is no real number ‘infinity’. This implies that the equation 

n=0ois meaningless. A number n cannot be equal to «, because 

“equal to 00’ means nothing. So far in fact the symbol 0% means 

nothing at all except in the one phrase ‘tends to 00’, the meaning 

of which we have explained above. Later on we shall learn how 
to attach a meaning to other phrases involving the symbol «, 
but we bear in mind 

(i) that o, by itself means nothing, although phrases 
containing it sometimes mean something, 

(ii) that in every case in which a phrase containing the symbol 
co means something it will do so simply because we have 
previously attached a meaning to this particular phrase by 
means of a special definition. 


Limit of a Sequence 


Definition Anumber / is said to be the limit of the function 
y = f(n) of the integral argument n or the limit of the sequence 
Y,> yo «+ Y,» if for all sufficiently large integral values of n 
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if x is rational 


x 
5. Let f(x) = | 
—x 


if x is not rational 


(a) Does lim,_,, f(x) exist ? 

(b) Does lim, , 5 f(x) exist ? 

(c) Does lim,_,, f(x) exist ? 

(d) For which numbers a does lim,_, f(x) exist? 


x? if x is an irrational number 


6. Let f(x) = ee : 
®) if x is an rational number 

Prove that f(x) has a limit at the points x = | and 

x =-—1 and does not have a limit at other points. 


7. Find lim cot! x’. 


x7 


. Faia. 


x0 COSXK 


Find lim cos 7/x. 
x30 


the corresponding values y, of the function become arbitrarily 


close to the number @. 


Let us consider a function of an integral argument. Usually 
such an argument is denoted by the letter n and the values of 
the function by some other letter supplied with a subscript 
indicating the value of the integral argument. For instance, if 
y = f(n) is a function of the integral argument n we write y, = 
f(n). Given such a function, we say that the values 


y, =f), y, =f(2), ...., y, = f(n), ....., 
assumed by the function form a sequence. 
If there is a sequence y,, y,, Y;, ...., this assigns, to every natural 


number n, a value y, = f(n). For instance, the terms of the 


geometric progression .... are the subsequent values 


Zoe 
2°4°8 
of the function f(n) = _ ; 
We now discuss the question ‘what properties has f(n) for 
sufficiently large values of n ?’ i.e. ‘how does f(n) behaves as 


n tends to 00 ?’ 

It may occur that, as n increases, the values y, = f(n) become 
arbitrarily close to anumber ¢. Then we say that the number ¢ is 
the limit of the function f(n) of the integral argument n or that the 
sequence y,, y,, .-., Y,» ++. has the limit ¢, as n + oo, and write 

lim f(n) = £ or limy, = ¢ 

Consider the function 1/n for large values of n. Instead of 
saying ‘1/n is small for large values of n’ we say ‘1/n tends 
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to 0 as n tends to oo . Similarly we say that “1—(1/n) tends to 
1 as n tends to 0’. 


We shall say that ‘the limit of I/n as n tends to © is 0’, a 


; 1 
statement which we express as lim—=0O. 


n> 7) 


We shall also sometimes write ‘1/n + 0 as n — &’ which may 
be read ‘1/n tends to 0 as n tends to «’. 
In the same way we shall write 


lim (1-2)=1 or, 1-(/n)>lasn>o, 
n—eoo n 
Now let us consider f(n) = n?. Then ‘n* is large when n is large’. 
And it is natural in this case to say that ‘n? tends to 0 as n tends 
to 00’, and we write n? > . 

Finally consider the function f(n) = — n’. In this case f(n) is 
large, but negative, when n is large and we say that ‘“—n* tends 
to — 00 as n tends to ’ and write — n? >-o. 


Definition The function f(n) is said to tend to the limit / 
as n tends to 0 , if, however small be the positive number ¢, 
f(n) differs from @ by less than ¢ for sufficiently large values 
of n; that is to say if, however small be the positive number 
€, we can determine a number N(g) corresponding to ¢, such 


that f(n) differs from @ by less than ¢ for all values of n greater — 


than or equal to N(s). 


The definition may be stated more shortly as follows : if, given . 


any positive number, ¢, however small, we can find N(e) so 
that | f(n) — @ | < e when n > N(s), then we say Vat swing tends 
to the limit / as n tends to 00 , and write ; 


lim f(n) = ¢ 


The definition of a limit may be illustrated geometrically 
as follows. The graph of f(n) consists of a number of points 
corresponding to the values n = 1, 2, 3... 


Draw the line y = @, and the parallel lines y= 0-e, y=f+6e 
at distance ¢ from it. Assume that for each positive ¢ , anumber 
N can be found, depending on ¢ , such that the part of the graph 
to the right of n= N lies within the band. Then we say that ‘as 
X approaches 0, f(n) approaches @’ and write 


lim f(n) = ¢ 


O- 1 2 3 N x 


lim f(n) =/ 
n—-0o 


GB Note: The limit / may itself be one of the actual values 
of f(n). Thus if f(n) = 0 for all values of n, it is obvious that 
lim f(n) = 9 

n—eco 

On the other hand the limit itself need not (and in general will 
not) be the value of the function for any value of n. This is 
sufficiently obvious in the case f(n) = 1/n. The limit is zero; 
but the function is never equal to zero for any value of n. 

A limit is not a value of the function. It is something quite 
distinct from these values. 

For the function f(n) = | the limit is equal to all the values of 
f(n). 

For f(n) = 1+ (1/n), it is not equal to any value of f(n). For f(n) 
= (sin 5 nz)/n, (whose limits as n tends to 0 is easily seen to be 
0, since sin + nz is never numerically greater than 1), the limit 
is equal to the value which f(n) assumes for all even values of 
n, but the values assumed for odd values of n are all different 
from the limit and from one another. 


Definition The function f(n) is said to tend to © (positive 
infinity) with n if, when any number M, however large, is 
assigned, we can determine N so that f(n) > M when n= N; 
that is to say if, however large M may be, f(n) >M _ for sufficient 
large values of n. 


Another form of statement is, if we can make f(n) as large as 
_ we please by sufficiently increasing n. 


A function may be always numerically very large when n is 
very large without tending either to 00 or to —o0. A sufficient 
illustration of this is given by f(n) = (-1)"n. 

©@ Example 1: Find lim sin nOz, if @ is rational. 

©Y Solution: Let f(n) = sin n@zx and 0 = p/q, where p and q 
are positive integers. Let n = aq + b, here a is the quotient and 
b the remainder when n is divided by q. 

(—)*? sin(bp7/q). 

Suppose, for example, p even. Then, as n increases from 0 to 
q — 1, f(n) takes the values 


Then sin(npz/q) = 


Lae 
q 4 


When n increases from q to 2q—1 these values are repeated and 
so also as n goes from 2q to 3q — 1, 3q to 4q—1, and so on. Thus 
the values of f(n) form a cyclic repetition of a finite series of 
different values. It is evident that when this is the case f(n) cannot 
tend to a limit, nor to © , nor to —c, as n tends to infinity. The 
limit does not exist. 


Oscillating Functions 


When f(n) does not tend to a limit, nor to oo , nor to -co, as n tends 
to 0, we say that f(n) oscillates as n tends to o. 

The simplest example of an oscillatory function is given by f(n) 
= (—1)",, which is equal to | when n is even and to —1 when n 
is odd. In this case the values recur cyclically. 


Now consider f(n) = (-1)"+ n“', the values of which are 


1 1 1 1 
2° 3° 4? ne mae 


When n is large every value is nearly equal to 1 or 
—1, and obviously f(n) does not tend to a limit or to 00 or to —00 
and therefore it oscillates, but the values do not recur. It is to 
be observed that in this case every value of f(n) is numerically 
less than or equal to «. 


-1l4+1,1+ 1+ 1+ 1+ 


If f(n) oscillates as n tends to 0, then f(n) will be said to oscillate 
finitely or infinitely according as is or is not possible to assign 
a number K such that all the values of f(n) are numerically 
less than K, 


i.e. | f(n) | < K for all values of n. 
For example, consider f(n) = n{1 + (-1)"}. 
In this case the values of f(n) are 
0, 4, 0, 8, 0, 12, 0, 16,.... 
The odd terms are all zero and the even terms tend to 0. Thus 
f(n) oscillates infinitely. 


But the function f(n) = sin nO7z, 0 is rational, oscillates finitely. 
Now consider the sequence 


It does not possess a limit since, forn = 1, 2,3, 4, Ya = sin 


consecutively takes on the values 1, 0, —1, 0 which then are 
repeated indefinitely in the same order as n increases. Therefore 
the number to which y, tends, as n > 00, does not exist. 


Limit of a Function as x > © 


Definition Let f(x) be defined for all x beyond some 
number c. If for each positive number ¢, there is a number D 
such that for all x > D it is true that 

| f(x) — @| < e, then we write lim f(x) = 0. 


The positive number ¢ is the challenge, and D is a response. 
The smaller ¢ is, the larger D usually must be chosen. The 


geometric meaning of the precise definition of a f(x) = ¢ 
is shown in the figure. 


The number ¢ is the challenge. 
The number D is a response. 


Draw two lines parallel to the x axis, one of height 
¢ + ¢ and one of height @ — ¢ . They are the two edges 


nt 
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of an endless band of width 2. Assume that for each 
positive ¢, a number D can be found, depending on 
é, such that the part of the graph to the right of x = D lies 
within the band. Then we say that “as x approaches o, f(x) 
approaches ¢” and write as 

lim f(x) = @ 
We have a similar definition for lim f(x) = 2. 

X—-00 

Note that the definition of the limit of a sequence can be 
regarded as a special case of the definition of the limit of a 
function, as its argument becomes infinitely large and assumes 
only integral values. 


Definition We assume that f(x) is defined for all x greater 
than some number c. If for each number E there is a number 
D such that for all x > D it is true that f(x) > E, then we write 
lim f(x) = 0. 

For each possible choice of a horizontal line, say, at height E, 
if we are far enough to the right of f, we stay above that line. 
That is , there is anumber D such that if x > D, then f(x) > E, as 
illustrated in the figure. 


D is a reply (so is any larger number) 
We have similar definitions for lim f(x) = — ©, 
X—e00 


lim f(x)=cand lim f(x) =-—o. 
X—-00 X—-00 


For example, if a > 1, the function y = a* becomes infinite for 


X—> ole. lim a* =o, 
X—co 


If0<a<lwehave lim a*=o. 


X00 
Further, lim log, x =, ifa>1 
oo 


xX 


lim log, x =-00.1f0<a<1 


X— oo 


®Note» We say that a limit, such as lim f(x), exists when 
X—o00 


the limit is a real number, but not when the limit is 00 or —<o, 


Bounded Function 


The function f(x) in a given interval of x is said to have 

(i) alower bound if there exists a finite number A, such that 
f(x) = A, for all values of x in the given interval. 

(ii) anupper bound if there exists a finite number B such that 
f(x) < B, for all values of x in the given interval. 
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A function is said to be bounded in an interval if it has a lower 
bound as well as an upper bound. 


Thus, a function is bounded if its values are contained between 
two numbers A and B 1.e. A < f(x) < B. 


Then, the graph of the function y = f(x) lies between the lines 
y=Aandy=B. 

Alternatively, a function f(x) is called bounded in a given 
interval of x if these exists a number M > 0 such that |f(x)| < 
M for all values of x in the given interval. If there is no such 
number M, the function is called unbounded. 

The graph of a bounded function (considered within the given 
interval) is completely contained between the straight lines y 
=-—M andy=M. 

For instance, the functions y = sin x and y = cos x are bounded 
for all x while the function y = a* when considered on the 
whole x—axis, is unbounded. 

It should be stressed that when speaking of the boundedness 
of a function it is necessary to indicate the interval on which 
the function is considered. 


1 
For example, the function y = — is bounded in the interval 
x 


(1, ©) and unbounded in the interval (0, 1). 


Tp (4) 
The function y = tanx is bounded in the interval (0 * and 


Tt 
unbounded in the interval (0 =| ; 


Definition The function f(x) is called bounded as x > aif 
there exists a neighbourhood of the point a, in which the given 
function is bounded. 


Definition The function y = f(x) is called bounded as 
x — oo if there exists a number N > 0 such that for all values of 
x satisfying the inequality x > N, the function f(x) is bounded. 


From the definition of a bounded function f(x) it follows that 
if dim f(x) = co or dim Fix) = that is, if f(x) is an infinitely 


large function, it is unbounded. The converse is not true: an 
unbounded function may not be infinitely large. 

For example, the function y = x sin x as x > © is unbounded 
because, for any M > 0, values of x can be found such that |x 
sin x|>M. But the function y = x sin x is not infinitely large 
because it becomes zero when x = 0, 7, 27, .... 


D Note: 


1. Ifafunction f(x) increases as x — oo and remains bounded 
then it possesses a limit. 
2. The product of a bounded function by an infinitesimally 
small quantity is an infinitesimally small quantity. 
Let f(x) be an infinitesimally small quantity and g(x) a bounded 
function in a neighbourhood of the point a to which x tends i.e. 
|g(x)| < M. Then we have lim f(x) g(x) =0. 
x7a 


Infinite Limits 


Suppose that when x — a the "limiting behaviour" of a function 
y = f(x) is such that its absolute value increases unlimitedly 
then we say that the function f(x) approaches an infinitely large 
quantity as x > a. 


Definition A function y = f(x) is said to approach infinity 
as x — aif for all the values of x lying sufficiently close to a 
the corresponding values of the function f(x) become greater 
than any given arbitrarily large positive number. 

If a function f(x) approaches infinity as x > a we write 

lim f(x) = ©. 

xa 

A function y = f(x) which approaches infinity as x > a does 
not have a limit in the ordinary sense. To extend the ordinary 
terminology and to characterize the behaviour of the function 
whose absolute value |f(x)| increases indefinitely we say that 
the function y = f(x) tends to infinity or has an infinite limit. 
Suppose that a function y = f(x) tending to infinity as x >a 
only assumed positive (negative) values in a neighbourhood 
of the point c, then we say that the function f(x) approaches 
plus (minus) infinity as x — a. In these cases we write, 


respectively, 


lim f(x) = ce and lim f(x) = —°° 
x7a x7a 


Consider the following examples: 


x +1 
(i) The function y = i approaches infinity as x > 1, it 


xX 


tends to — 0 if x remains less than | and to © if x remains 
greater than 1. 


(ii) The function y = 2 has the limit 0 as x > 0. 
X 


tee lim -l 
im ———~ = -— 
(ili) lee 


© Note: Jn what follows, when speaking about a limit, we 
shall mean that the limit is finite unless it is stipulated that it 
is infinite. 

x =4 x? =4 


= 4, we say that lim 
x72 x-2 


For example, since lim 
x72 KX — 


: _ 1 
exists. However, although lim — =e, we do not say that 
x30 x 


: 1 : 
lim —— exists. 
x0 x2 


Consider some more examples : 


‘ = : 2 ee 
lim cot !x=n, lim x”? =, lim sinx dne. 
X—o00 xX—-0°o X—-00 


© Example 2: Show that lime“ sinx =0. 
X00 


Y Solution: -e* < e*sinx < e* 


We can see from the graph that lime“ sinx =0. 
Xoo 


@ Example 3: Evaluate lim 2*sin™'sin(x). 
p 


X— 00 


Tt xX 
© Solution: ae < 2*sin“'sin(x) < a2 


Goncept, Problems 


Limits 


The function oscillates between —oo and ©. 


Hence the limit does not exist. 
2 
@ Example 4: Evaluate lim ak . 


; x30 x° 4+] 
@ Solution: We have 


2x? Ax? +1)-2 ip 


x 41 x41 eal 
and as x > 0, ; >0. 
x° +1 
2x? 
lim = 2 
Hence, x24] 


A 


1. Find the following limits for the function shown in the 


Find (i) im, f(x), (i) lim f(x), (ii) lim f(x). 


figure: ‘eX 
3. Find lim [an], where a is any positive number and [.] 
¢) - 1—eoo 
- denotes G.LF. 
4, Find tim) {n --1)"} + n{1-(-1)"} 
aXe nee 
oKN 
ey, ag 7 5. Find lim (sin n07)/{n(n—(-1)")}, where 0 is any real 
7 . a $a oT Nn—-oeo 
@) lim fx) (ii) re (oy number. 
- : — 7 . li . . . . , 
(ii) Jim f(x) (iv) lim f(x) 6. Find jim sin nOz, if 0 is integral 
1 
25 7. Find lim i: 
cao" cos” Sn-+nsin® nn 
2. Let f(x) =4x7-5 -2<x<3 ' 
Vx+13 x >3 8. Find th 


1.3. Theorems on Limits 
Let a and b be real numbers and let n be a positive integer. 
(i) lim b=b (i lim x=a (iii) lim x"=a" 
Let f and g be two functions such that 
lim f(x) = ¢, 1M p(x) =m. 
Then 
(iv) Constant Multiple rule 
lim kG@)j=k, UM te) =k, 


where k is independent of x. 
A constant factor may be taken outside the limit sign. 


( a1 ol . 
n| cos” —nt+nsin™ —nt 
2 2 


(v) Sum rule 
lim (f + g) (x) = lim [f(x) + g(%)] 


xa xa 


= lim f(x) + im g(x) = +m, 


i.e., the limit of the sum of two functions is equal to the 
sum of their limits. 
(vi) Difference rule 


lim (f — g) (x) = lim [f(x) - g(x)] 


= lim f(x) - lim g(x) = ¢—m, 


i.e., the limit of the difference of two functions is equal to 
the difference of their limits. 
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The limit of an algebraic sum of two, three or, in general, 
any definite number of functions is equal to the algebraic 
sum of the limits of these functions. 


(vii) Product rule 
lim (fg) (x) = lim [f(x). g(x)] 


xa 


— lim f(x). ne g(x) = /m, 


xa 
i.e., the limit of this product of two functions is equal to 
the product of their limits. 
The limit of a product of two, three or, in general, any 
definite number of functions is equal to the product of the 
limits of these functions. 
(viii) Quotient rule 


lim (f/ g) (x) = im [f(x)/ g@)] 


= lim f(x) / = g(x) = ¢/m, (m #0) 


xa 


i.e., the limit of the quotient of two functions is equal to 
the quotient of their limits provided the limit of the divisor 
is not zero. 


(ix) Power rule 


itive i lim Yf(x) = nflim f(x), 
For any positive integer n, lim a (x) = aoe (x) 
provided He > 0 when n is even. 

/n 
= | lim f 0] 

xa 

number and the limit on the right exists. 
The limit of a power is the power of the hr) 


Also lim (f(x))™"" 
xa 


(x) Composition rule 
If f is continuous’ at x = @, then 


lim’ g(f(x)) = e( lim ro] =g(0). 
Specially, — én (f(x) = fn & ro] = 

xa 
provided ¢ >0. 
“We shall learn about continuity in the next chapter. 
A function is f(x) said to be continuous at x = a if ae 
f(x) = f(a). 
These results are of fundamental importance but their 
formal proofs will not be given in this book. 


2 Note: 
(i) For any polynomial p(x) =c¢,+¢,x +... 
real number a, 


+c x" and any 
n 


lim = = no 
ca p(x)=c, +cat... = ca" = p(a). 
(ii) Consider the rational function 


p(x) 


f(x)= ace where p(x) and q(x) are polynomials. For any 
Qtx 


real number a, 


where m/nis a rational 


(a) if q(a) #0, then lim f(x) = f(a). 
x7a 
(b) if q(a) = 0 but p(a) # 0, then lim f(x) does not exist. 
xa 


(c) if q(a) =0 and p(a) = 0, then Hes f(x) may or may not 


exist. This will be dealt ie o: On in detail. 


© Example 1: Evaluate 


Gy J Getz) Gi) lim x«-1) 
2 
bese’ +4 : ‘ ? 
(ii) im * ** (iv) lim cos (sin x) 
x2 x42 x>0 
2 
li x°+3x+2 
(v) a ia 
©Y Solution: 


(i) x-+2 being a polynomial in x, its limit as x > 2 is given 
li = = 
by Um (x+2)=24+2=4. 
(ii) Again x(x — 1) being a polynomial in x, its limit as x > 2 


is given by 
OS x(x -1)=2(2-)D=2. 
@ ‘We have lim * a = (2) +4 =2. 
» 4 x92 x +2 2+2 


(iv) lim cos (sin x) = cos (tim sin x] =cos0=1. 
x30 x70 


(v) Note that for x= 1, the numerator of the given expression is a 
nonzero constant 6 and the denominator is zero. Therefore, 
: re 6 
the given limit is of the form — . Hence, we conclude that 
x7 43x42 


fim = —~""* does not exist. 
x1 x2 =f 


© Example 2: Evaluate the following limits: 


3 2 
@) im (2x? 3x44) Gi) im X 42% —1 
4-2 5-3x 
Y Solution: 
G@) lim @x?-3x+4) 


— ili 2» jj li 
= ae (2x’) pau (3x) + cee 4 


=2 lim x2_3 lim x4 lim 4 
x75 x75 x35 
= 2(57) — 3(5) +4 =39 
(ii) We start by using laws of limit, but their use is fully jus- 
tified only at the final stage when we see that the limits of 
the numerator and denominator exist and the limit of the 
denominator is not 0. 


lim (x? + 2x? -1) 
_ x32 


lim (5—3x) 


x72 


lim x? + lim 2x? lim 1 


= x72 x>-2 x72 
lim 5-3 lim x 
x72 x>-2 
_ (2) +2-2)-1 _ 1 
5 — 3(-2) 11 


© Example 3: Find lim 2x” -10. 
x33 
©Y Solution: Because iim (2x? — 10) = 


lim /x =2 we can write lim 32x? -10 =2. 
33 


x8 


2(37) — 10 = 8 and 


Direct Substitution 


We learned that the limit of f(x) as x approaches a does not 
depend on the value of f at x = a. It may happen, however, that 
the limit is precisely f(a). In such cases, we say that the limit 


can be evaluated by direct substitution. That is 
lim f(x) = f(a). (substitute a for x) 
x7a 


Such well behaved functions are continuous ata — we will 


examine this concept more closely in the next chapter. Here we _ 


discuss some limits that can be evaluated by direct substitution. 
In the next section, we will discuss techniques for evaluating 
limits for which direct substitution fails. 


Basic Elementary Functions ay 

The following functions are called basic elementary functions : 
G@) y=x? (ii) y=a* 
(ili) y = log.x (iv) y=trigox 
(v) y=trigo'x. 


Elementary Functions 


Elementary function is one which may be represented by 
a single formula y = f(x), where f(x) is made up of basic 
elementary functions and constants by means of finite number 
of operations of addition, substraction, multiplication, division 
and composition. 


Note that piecewise defined functions are non-elementary. For 
example, [x], {x}, sgn x are non-elementary functions. 


Limit of Elementary Functions 


Theorem For all elementary functions, limit at any point in 
the domain is equal to the function's value at that point. 


3 2 
7 X +3x°-x-3 
© Example 4: Find = —————— 


0 eh 


©Y Solution: Since the given function is an elementary 
function and the polynomial in the denominator does not 
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vanish at x = 0, we obtain the limit by substituting x = 0 in 
the function. 


0°+3.0°-0-3 -3_ 1 


lim x? +3x?—-x-3 = 
0° +0-6 6 2 


x30 


x°>+x-6 


| Study Tip 


Although such substitution produces the correct answer in 
this particular case, in many limits involving non-elementary 
functions, it produces either an incorrect answer or no answer 
at all. 


Also do not assume from these problems that lim f(x) is 
invariably f(a). a 
énd+x)—x74+2 


To evaluate the lim ; a 
x>0 cos(sinx)+1+sin ~~ x 


, We notice that the 


2 
feces én(l+x)-—x°4+2 


— cos(sinx)+1+ sin”! x 


is elementary and x = 0 lies in 


the domain. Hence, limit is equal to the function's value at x =0, 


) 


ad én(l+x)-x7?+2 0-0+2 
i.e. lim ; = = = 
x0 cos(sinx)+1+sin™ x 1+1+0 


To evaluate nm [x] we cannot use direct substitution property 
x. 


as Bus [x] = [2] = 2, since [x] is a non-elementary function. We 
x> 

know that this limit does not exist. 

Sometimes, using direct substitution property on non-elementary 


functions may give correct results asin lim [x7] = [0}?=0, but 
it is not advisable to use in general. ae 


|x| can be treated as an elementary function since we can 


write |x| =/x?. 


Thus, lim x|x—2| =2|2-2| = 
x2 
: x74 
© Example 5: Find lim 
x>l cos—x 
©Y Solution: The given function is an elementary function 
and the point x = | lies in the domain, and thus 


2 2 
x°-4 1-4 

fe ee ee 

x1 cos—x Te 


But the limit of this function as x > 2 can not be found by 
means of the direct substitution since the denominator turns 
into zero at the point x = 2. 
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_ Concept Problems B 


1. Showthat lim a = 10. 
x>0.01 4 


; 2 

2. Evaluate in. 3x7, 

2x-1 
COS X 


3. Evaluate lim 
Xn sinx —T 


4. Evaluate lim —— 
x>0 COS  X 


1.4 One-Sided Limits 


For functions that are defined piecewise, a two-sided limit at some 
x, where the formula changes, is best obtained by first finding 
the one-sided limits at the number. 


Consider the behaviour of the function 


lif 0) 
to= =| wx> 
|x| 


The graph of y = f(x) is shown below : 


-lif x <0 


As x — 0, f(x) does not approach a specific number. However, 
as x approaches 0 through positive numbers, f(x) —> 1. Also, 
as x approaches 0 through negative numbers, f(x) — —1. This 
behaviour illustrates the idea of one-sided limits, which will 
now be defined. 


Left Hand Limit ( L.H.L.) 


Suppose that fis defined on the interval (c, a) immediately to 
the left of a. Then we say that the number @ is the left hand limit 
of f(x) as x approaches a from the left, and we write 


f(a) = lima f(x) =¢ (1) 


provided that we can make the number f(x) as close 
to € as we please merely by choosing the point x in 
(c, a) sufficiently close to a. 

We may describe the left hand limit in (1) by saying that f(x) > ¢ 
as xX a, that is, as x approaches a from the left. The symbol 
a denotes the left hand side of a. 


Formally, lim f(x) = ¢, if for every number ¢ > 0 there 
xa 


5. Show that lim COSX+4tanx _ 1 
x>0 an 2 


6. Why doesn't the limit lim <u 0 follow from 
x0 xX 


the product law of limits with f(x) = x and g(x) = 
sin(1/x) ? 


exists a corresponding number 6 > 0 such that for all x 
satisfying a-—6<x<a => |f(x)- | <« and we call it the 
left hand limit. 


x 
a instance, we see that lim xf = 
x>0 xX 


for all x to the left of zero. 


ight Hand Limit (R.HLL.) 


Suppose that f is defined on the interval (a, c) immediately to 
the right of a. Then we say that the number £ is the right hand 
limit of f(x) as x approaches a from the right, and we write 


—]| because |x|/x is equal 


“ . lim t(xy=f 

f(a) = lim 1x) 2) 

provided that we can make the number f(x) as close to @ as we 

please merely by choosing the point x in (a, c) sufficiently 

close to a. 

Formally, lim f(x) = ¢, if for every number « > 0 there exists 
xa 

a corresponding number 6 > 0 such that for all x satisfying a < 

x<a+6 => [f(x)-¢|< and we call it the right hand limit. 


For instance, we see that thew = 1 because |x|/x is equal to 


1 for all x to the right of zero. 


One-Sided Limits and Two-Sided Limits 


Suppose that the function f is defined for x # a ina 
neighbourhood of the point a. Then the two-sided limit 
Lu) f(x) exists and is equal to the number ¢ if and 


oniyit the one-sided limits ae f(x) and ei f(x) both exist 
and are equal to 2. 

This theorem is useful in showing that certain limits 
do not exist, frequently by showing that the left hand 
and right hand limits are not equal to each other. 
And conversely, if there exists a limit @ of a function at the point 
a, then there exist limits of the function at the point a both on 
the right and on the left and they are equal. 


Since the one-sided limits are not equal, the corresponding 
two-sided limit 


x 
lim Il | does not exist. 
x>0 X 
x3 <1 
Let f(x) = a 
2+x, x>1 


The given function is defined on the entire number line. Let us 
compute the one-sided limits of this function at the point x = 1. 


-)= lim (-x?)=-1 
res 

y= ii 2 — 
sO a ala 


Thus, f(1-) # f(1*). Hence, the given function has no limit at 
the point x = 1. 


©@ Example 1: The graph of a function g is shown in the 
figure. Use it to state the values (if they exist) of the following 
limits: 


(a) lim g(x) (b) Him. g(x) 
(c) lim g(x) (d) iim a(x) 
(e) lim gx) (f) lim gx) 


&Y Solution: From the graph we see that the values of g(x) 
approach 3 as x approaches 2 from the left, but they approach 
1 as x approaches 2 from the right. Therefore, 


(a) i g(x) = 3 and 
(b) lim g(x)=1 


(c) Since the left and right limits are different, we conclude 


that lim g(x) does not exist. 


x2 
The graph also show that 
li 
(d) oe g(x) =2 and 
hi = 
(@) jim gx) =2 


(f) This time the left and right limits are the same and so, we 
have ua g(x) =2 


Despite this fact, notice that g(5) # 2. 
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| Study Tip 


1. Whena function is defined only on one side ofa point a, then 
ne f(x) is identical with the one-sided limit, if it exists. 
For "example, if f(x) = vx, then f is defined only at and 

lim _ lim Vx =0.0f 


to the right of zero. Hence, "4 £2508 


course, ou VX does not exist, since VX is not defined 


when x < 0. 


2. A function cannot have an ordinary limit at an endpoint of 


its domain. It can have a one-sided limit. 


The function f(x) = ,/9—x? has the interval —3 <x <3 as 
its domain. If ais any number on the open interval (-3, 3), 


then lim /o—x? exists and i Ito /9-a? 
en 9—x* exists and is equal to a 
Now consider a = 3. Let x approach 3 from the left; then 


7 2 
an 9—x? =0. For x > 3, 9-xX” is not defined. 


Hence, lim V9-x* = lim y9-x? =0. 
Cw x33 x23 


9-x? = lim Q_-x2 =0. 


‘ Similarly, lim 
7 iy x>-3 x>-3° 


ay | 


~~ : re ae 
Consider the limit lim sin"'(e") . 
x0 


Even if f(0) = 1/2 , the function is undefined on both sides 
of x = 0. Hence there is no question of limit at x = 0. 


2 
In the limit im Eola 

33 [x? ]-4[x]+3’ 
undefined in the right neighbourhood of x = 3. Hence 
R.H.L. cannot be discussed. However, the limit is 1/3 since 
L.H.L. can be evaluated as 1/3. 


, the function is 


3. There is no shorthand for the two-sided limit of lim = 
x30 X 


F . ol . 1 
even though we write lim —=-—0 and lim —= 00, We 
x>0 X x>0° X 


may only say that the limit does not exist. 


2x +1 ; 
Note that we do not write lim = = oo . However, it 
xol x —1 
4. [2x +1 
would be correct to write lim = 
x >1| x — 1 
©@ Example 2: Find fe ead 
x>1 x" —3x+2 
x+3 
lim ae aes 
x2 (x —1)?(x —2) 
x+3 
© Solution: lit 5 
x1 x" —3x+2 
- lim _— 8 aos 


x1 (x —1)” (x —2) 
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x+3 


Now, lim ————— =- 
x2) x" —3x +2 
x+3 
lim —————~ = 
x32’ x3 3x42 
x+3 


= does note exist 


lim 
x2 (x —1)?(x —2) 
4. Insome cases a function is defined at x = a however limit 
does not exist at x =a and in some cases limit x > a exists but 
f(a) is not defined. Note these situations in the graph of the 
following function y = f(x) : 
¥: 


Atx=0,f(0)=1 
Atx=1,f()=0;fd=1 

At x=2,f(2) = f(2)=1f(2) 
At x=3,f(3 = f(3) =2=f(3) 
At x=4,f(4)= f(4)=14f(4 
Atx=5,f(5) > (limit dne). 


5. In functions involving the greatest integer function, 


fractional part function and signum function the a 

points must be noted : 

(i) f(x)=[x] and f(x) = {x} has no limit at tall fateners: 

(ii) y = [f(x)] and y = {f(x)} may not have limit at points 
where f(x) is an integer. 


has no limit at x = 0. 


(iii) f (x) = Ix] 
xX 


(iv) y = sgn(f(x)) may not have limit at points where 
f(x) = 


Non-Existence of Limit 

Three of the most common types of behaviour associated with 

the non-existence of a limit. 

1. f(x) approaches a different number from the right side of 
a than it approaches from the left side. 

2. f(x) increase or decreases without bound as x approaches 


a. 
3. f(x) oscillates too much as x approaches a. 

—4 if 4 
Se Example 3: If f(x) = i ° " ie Pl determine 
whether i 1 f(x) exists. =a > ae 


Y ar nan Since f(x) = Vx —4 for x>4, we have Le 


f(x) = ae Vx = V4-4 =0. 
Since f(x) = 8 — 2x is x <4, we have 


lim (x)= lim (g_2x)=8-24=0. 


x4 x74 


The right and left hand limits are equal. Thus, the limit exists 
lim = 

and one f(x) =0 

The graph of f is shown in the figure. 


Y 
0 B 
SIAL fe [x] # 0 
@ Example 4: If f(x) = 4 [x] , 
0 ,for [x] =0 


then find lim f(x) where [.] denotes the greatest integer 
function. *~° 


& Solution: 


sin[x] _ eae 


lim f (x)= lim n= D 
x30" x0 [x] (-1) 


and dim 


x30 


f(x) = 0 as it is given that f(x) = 0 for [x] = 0. 


So, i f(x) does not exist. 


Substitution for One-sided Limits 
LHL. = lim f(x)= limf(a-h) 
x>a_ h0 
Substitute x = a —h, assuming h as a small positive quantity. 
Note that as x > a, h > 0*. But we often write h > 0. 
— lim f(x)=limf(at+h 
RHL,= Hm f()= lmf(a+h) 


Substitute x = a + h, assuming h as a small positive 
quantity. As x > a*, h— 0*. 


. peg limx. -l 
© Example 5: Find im *-sgn(x —1) 


© Solution: L.H.L. = 
= limd—h)sgnd—-h-1) 
h->0 


lim x.sgn(x—-1) Putx=1-h 
x1 


lim 1 —h)sgn(-h) 
h->0 


— lim(l—h)(-1) =- 
h->0 
R.H.L.= iat x. sen(x—1) Putx=1+h 
x> 


— lim(1+h)sgn(i+h—-1) 
h->0 


lim(1+h)sgnh = lim(+h) 1 =1 
h>0 h>0 


Since, L.H.L. # R.H.L., lim x sgn(x—1) does not exist. 
x>1 


© Example 6: Find lim[x] 


Y Solution: L.H.L. = lim[2—-h] = lim1=1., 
h->0 h>0 


— lim[2+h]=lim2=2 
RALL. = jim[ ] a 


Since, L.H.L. 4 R.H.L., lim[x] does not exist. 


x2 


© Example 7: Evaluate lime) 
x2 


© Solution: 


{2-h} =2-h-1=1-h 


We have {2—h} =2-h-1=1-h 
LHL. = lim{2-h}=lim(-h)=1 
— h-2 h->0 " 


RAL. = lim{2+h} = limh =0 

h>0 h>0 
Note that if h as a small positive quantity {—h} = 1 —h 
© Example 8: Find im {| + | +{x? } 


© Solution: L.H.L. = tim| | ' Ws nite KN 


- lim2+{4-4h+h7} 
h->0 


: 2 j 
lim 2+{—4h+h?} = IM 94 ¢_h—n)} 


ba 2+1-(4h—h*) , since 4h — h? is a small positive 


quantity. 
=3 


= tin([2+n+3]) (em?) 


h-0 


R.H. 


e 


— lim2+{4+h? +4h} 
h->0 


lim 2+{4h+h7} 
h-0 


lim 244h+h?= 2 

Since, L.H.L. # R.H.L., the limit does not exist. 

@ Example 9: Find iim [sin x + cos x] 
x9 

4 


©Y Solution: L.H.L. = ty | V2 sio(x+)] 


x3 
4 


LHL. = lim 2 sin( =n +z) 
h->0 4 4 
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= lim|-y2cos(h)] = ~2 


R.H.L. = lim [v2 sin (= +h+ =) 
h>0 4 


4 
= lim [ -v2 costh) | =2 
h>0 
Since, L.H.L. = R.H.L., the required limit is —2. 


©@ Example 10: Evaluate the left hand and right hand limits 
of the function 


(x? —6x +9) 


f(x) = (x-3) ” 
0 oe 15) 


atx =3. 


©Y Solution: The given function can be written as 

|x-3] 

(x-3)" 
0 , 


x #3 


f(x) = 
x=3 


L.H.L.= lim fx) = lim @ —h) 


x33- h>0 


feel le 


————“— - = =-] 
h0(3—h—-3)  190(-h)  no0h 


and R.H.L.= lm f(x) = lim (3 +h) 


x3+ h>0 


. |3+h-3| __ {hl 
= lim ———— = lim — = 
h>0(3+h-3) ho0 h 
Hence the left hand limit and right hand limit of f(x) at 
x = 3 are —1 and 1 respectively. 


x20 

|x|+a, x<0 

Find the value of a, given that 7 f(x) exists, where 
[ . ] denotes the greatest integer function. 


&Y Solution: Since ut f(x) exists 


li = ili 
Jim fa) = i. £00. 


cos[x], 
©@ Example 11: Let f(x) = Ix] 


=  }m so0-nh)= lim 0 +h) 


=> lim [0—h| + a= }™ cos [0 +h] 
=> a=cos0=1 
a=1 


| Study Tip 


If f(x) is an even function, then 


(i) lim f(x) = lim f(x) 
x>0- x—0+ 
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If f(x) is an odd function then 
(i) in f(x)=- tim f(x), 


Further if _ f(x) exists, then ce f(x) = 0. 


(ii) lim f(x) =— lim f(x) 
xa x>-a" 


el 
sin 


@ Example 12: Evaluate Be x where [ . | denotes 
x! 


x 


the greatest integer function. 


re 
: . | sin” x 
&Y Solution: Let P= lim a 
x0 x 
2] 
For x>0,sin!'x>x> sin X 4 
x 


-1 


. sin : 
The function is even. 


sin) x 


For x < 0, 


L.H.L.= lim 


x>0 


. 1 
se =1, Hence P=1. 


x 


@ Example 13: Find tim{ tan 2 Jeet J =) 
0 x? 


‘ . il 411 
Y Solution: im {tan —+cot! =) 
x>0 x 


x 
: a1... 1 
= lim tan’ —+ lim cot! — 
x0 x x0 x? 
: 1 : 1 
= lim tan !—+0 = lim tan !— 
x0 x x0 xX 


Now we evaluate the one sided limits : 


: ail T 
L.H.L. = lim tan —=-— 
x30 x 2 

i tan! =o 

x30 i) 


Fo , the limit re not exist. 


1. Find lim f(x) 
x—>1/2 


2. Find lim f(x) 
xl 


Y. 
f(x) ee 


3. Find (i) lim f(x), (ii) lim f(x), (iii) lim 00 


4. The following figure shows the graph of a function f. 
Decide which of the given limits exist and evaluate those 
which do. 

(a) lim f(x) (b) limf(x) 
x>0° x>1 


(c) im 4%) (d) lim 1x) 


Limits 


5. The following figure shows the graph of a function f. 2 
Decide which of the given limits exist and evaluate those 10. Given that f(x) = a , show that 
which do. (x -1)(x -2) 
limf b) limf i i = i ae 
(a) limf(x) (b) Tima 6) () lim f(x) =», Jim f(x) = —00, 
(c) limf(x) (d) lim f(x) (ii) lim f(x) =-00, lim f(x) = 0, 
x33 x74 x32 x37 
Gii) lim f(x)=1= lim f(x). 
x—->00 xXx >-00 
11. Find the left and right hand limits of the function 
w(x) = “x+1 for x21, at the point x = 1. 
2x-1 for x>l 
4x 2x-3, x22 
12. Find the limit of f (x) = 5 atx =2. 
6. Use the graph of f and g to find the limits that exist. 4-x",x<2 
2(x+1) if x <3 
13. Find limf(x) where f(x) = 54 if x=3 
sa x?-1 ifx>3 
14. oe 7 & fay gah o . 
Using) graphs nod the limit (if it exists) 
~4 _ Ix 42, x#l : 
eee) FE timteo 
(i) lim f(x) + g(x), a=0, 2 oy |x—5| 
. er OS 
x95 x— 
(ii) lim £0) - >) 2 
x2 149(x) NS (c) lim tan xX. 
ae (® ” pai 
7. Evaluate the following limits : ww / 15. Suppose that f is an odd function of x. 
lim 10-9) (i) lim. sin? toes x) Does knowing that lim f(x) = 3 tell you anything about 
x>5~ xo! 3 x>0 
lim f(x)? 
ee +1 a gl oe 
(ii) lim aoe (iv) lim tan pt ; ; . 
xol (x+1)+2 x>0 x 16. Suppose that fis an odd function of x. Does knowing that 
lim f(x) =7 tell thi teither lim f 
8. Evaluate line sin"! (sec x). x32 d= Pallyey any ine Bbourc mies Bula Cs 
x 
9. Evaluate lim cos"'(1 + tan x). lim f(x)? 
x>0° x>-2* 
Practice Problems B 
a (i) limf(x) Gi) lim f(x) 19. Evaluate the limits 
. Evaluate (i) limf(x) Gi) lim f(x : 
xo] x>-] (i) lim sin! [sec x] Gi) lim Smiles] aa. 
x0 x90 1+[cosx] 


x|x-3] 
(x? -x-6)|x| 
18. Evaluate the following limits : 
(Gj) lim x sgn(x-1) 
x1 


tan 2x 
™ 
tan} —+x 
ti | t J 
4 


where f(x)= 


(ii) 


lim, 


20. 


21. 


where [.] denotes the greatest integer function. 


2. 1 
x°sin— , x >0 
If f(x) = x , find lim f(x) 
x? , x <0 me 
Evaluate lim 1-—x+[x]-[1—-x], 
x>-1L 


where [.] denotes the greatest integer function. 
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2n+1 
Si [x']+n+1 


22. Evaluate lim 9 —=)—__ 
x30 1+[x}+|x|+2x 


where [.] denotes the greatest integer function. 


8: Hid ia 
x98 {10—x} 


where {.} denotes the fractional part function. 
24. Find the left and right hand limits of the function 


(x) = 


ae at the point x = 2. 
x+2"-2 
25. Evaluate the one-sided limits (where [.] denotes the 
greatest integer function): 
2 
; = . -1 
Gi) lim —— Gi) lim elie 
x>l (x-l) x1 x* —-] 
iii) lim ——— iv) lim x(-1)t”! 
_ x90 2—2'/x Oy x0 oo 
26. Evaluate the one-sided limits (where [.] denotes the 
greatest integer function) : 


1.5 Determinate and Do ; 
Forms 


Until now we have found limits using graphs or the direct 
substitution property. We shall now classify the problems of 
limit in two ways: 


(i) Determinate form: In which the limit can be predicted 
apriori without resorting to special methods. This is so 
named because two problems having the same form have 
equal limits. 


: .. COSX . 
For example, lim and lim are in the same 
x>1 ig TUX x >0 In | xX | 


1 
form — and we see that both of them have the limit 0. 
eo) 


1 ; 
Hence we call — asa determinate form and we are sure 
o.@) 


1 
that any problem in — form will have limit 0. 
ee) 


If lim f(x)=b and lim g(x) =0 then lim ea 


xa xa £ xX 


is said 


b 
to be of the form —. If b > 0 and g(x) — O0* then the 
limit is 0, 0 


G Note: Let limf(x)=b, lim g(x) =%™, then we have 
xa xa 


(i) mi) +a) = 


x? -1 
) ii 
Ce aT 
wy ce 2H 4 
(ii) lim 
x2 [x]-3 
aco. | ele Pe) 
(iii) lim aan , a>0 
x~a 


O<x<l 
3x4+2 1<x<3 


(iv) lim f(x) where f(x) = 3 a 


27. In each of the following functions : 
(a) Sketch the graph of the function f. 
(b) For each integer n, evaluate the one-sided limits 
lim f(x) and lim f(x) in terms of n. 
xX7n xX7n 


(c) Determine those values of a for which lim f(x) 
exists. eoee 


; 2 
G@) f(x) -| 


2+(-1)* if xisan integer, 


if x is not an integer, 


- Gi) f(x) = [0x] 
ii) f@) =x —[x]- —. 


Nl 


(ii) lim(f£(x)—g(x)) =—o0 


(iii) lim f(x)g(x) = © (for b>0) 


(iv) lim = 0 (for b> 0) 
(v) lim <= =0. 
xa g(x) 


Here we give a list of determinate forms. One should try to 
understand the meaning of these forms : 


Gi) O+c=c Gi) 0+0=0 
(iii) C +0 =0 (iv) o-c=0 
(v) Cc-w=-—o (vi) O+ao=0 
(vii) O-— 2 =-—0 (Viii) 0 +0 =00 
(ix) Oxc=0 (x) mxc=ao,c>0 
(xi) 00 X 00 =00 (xii) O x0=0 
(xiii) —=0 ,c>0 (xiv) D 2060 
c 
co : 0 
(xv) = = 00 (xvi) <. 0 
(XVii) 00% = 0 (xvii) 0° =0 
Consider some examples of determinate form : 
(i) lim + = 0 
x>0 x 
si . 1 
Gi) lim— =o, 


x>0 x? 


iy SB 1 1 . 
(iii) lim (4-4) = lim 
: : 1 
(iv) lim (2+) = 00, 
: 1 
(v) im 1+ 4) = 0, 
X 
1 1 1 1 1 1 1 1 = 
(vi) lim 24 2 1+x4 = = lim (1—x)= 1, 


me 1 yo 
(vii) lim| —~—] = lim == S0; 
x>0\ 1+2x xoo0\ 24+1/x 0” 


lim(1+cosx)%*” = lim(+1)* =4 
x>0 x0 


(viii) 


(ii) Indeterminate form: In which the limit cannot be 
predicted apriori. Here special methods are required to 
find the limit. In this case two problems having the same 
form may not have equal limits. 


For example, the limit of a quotient, 


Kim here lim f(x) = 0 and a g(x) = 0, is 


xa g(x xa 


called an indeterminate form of type 0/0. Consider the 
following limits in 0/0 form: 


x 
lim —-=00 
x0 x” 


2 
xX 
lim —=0, 
x>0 X 


lim ~=1, 
x30 X 
We notice that the result varies quite significantly even if they an are in the 
same indeterminate form. The word “indeterminate” here refers 
to the fact that the limiting behaviour of the quotient cannot be 
determined without further study. The expression “0/0” is just a 
device to describe the circumstance of a limit of a quotient in 
which both the numerator and denominator approach0. 
The important indeterminate forms are : 
0 {© 0 x 0, co — 0, 0°, oo” and 1” 
0 © 
Note that ‘0’ doesn’t mean exact zero but it represents a value 
approaching towards zero. 
The behaviour of ‘1’ and ‘oo’ are similar. 


Indeterminate Products 
If lim f(x) = 0 and lim g(x) = 
x7a 


xa 


oo (or — 00), then it isn't clear 


what the value of lim f(x)g(x), if any, will be. There is a 
xa 


struggle between f and g. If f wins, the answer will be 0; 
if g wins, the answer will be o (or — 0). Or there may be a 
compromise where the answer is a finite nonzero number. This 
kind of limit is called an indeterminate form of type 0 - ©. 
We can deal with it by ee the product fg as a quotient : 


f 
fo = — orfg= “2 
a al i 


This converts the given limit into an indeterminate form of 


the type ; or 00/00 
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Several indeterminate forms arise from the limit lim [f(x)]®” 


xa 
1. lim f(x) = O and lim g(x) = type 0° 
xa x7a 
2. lim f(x) = © and lim g(x) =0 type 00° 
xa xa 
3. lim f(x) = 1 and lim g(x) =+0 type 1” 


xa 
Each of these three cases can be treated either by taking the 
natural logarithm: 
let y = [f(x)]}™, 
then (n y = g(x) én f(x) 
or by writing the function as an exponential 

[£(x)}2 = e2 foo 
In either method we are led to the indeterminate product g(x) 
én f(x), which is of type 0 - 0. 
The reason why these forms carry the label "indeterminate" is not 
that they cannot be resolved, but rather that there is no predicting 
what the limit of the given function will be, or indeed whether it will 
exist at all, until the given function receives a thorough investigation. 
It is tempting to argue that an indeterminate form of type 0 . 
oo has value 0 since “zero times anything is zero.”” However, 


this is fallacious since 0 . co is not a product of numbers, but 
- rather a statement about limits. 


~ The form (co + 00), on the other hand, is determinate in the sense 


that unfailingly the sum function has limit oo if both summand 
functions have limit 00 at the prescribed point of approach. 
The following examples show how easy it is to construct 
quotient functions and sum functions with indeterminate 
forms having an arbitrary real number C as a limit, or having 
no limit whatever. 
The form 0/0. 
tim ©"* — © while lim 
x>0 x x>0 


The form (00/0), 


lim ae Cc while jim 


x00 X 


xsin(1/x : 
xe does not exist. 


x(sinx +2 . 
ee does not exist. 


The form (co — 0). 
lim (x-(x—C))=C while lim (x? — x) does not exist. 
x>0 X00 

The above examples were artificially framed to point that 

"indeterminate" means "unpredictable without special attention 

to the functions involved". 

There is a myth that circulates among students which states 

that all indeterminate forms of types 0°, 00°, and 1* have value 

1 because “anything to the zero power is 1” and “1 to any 

power is 1.” The fallacy is that 0°, 0°, and 1° are not powers 

of numbers, but rather descriptions of limits. The following 
examples show that such indeterminate forms can have any 
positive real value : 


(a) lim [x™ a1 + In »] =a (form 0°) 
x>0° 

(b) lim [x®@%”C+0] =a (form 0°) 
x00 
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(c) lim [x a1 +1n »] a 1 (form 1”) 
xl 


We can easily verify these results. 

Find whether the following limits are in determinate / 
indeterminate form. Also evaluate the limit in case of 
determinate form. 


i) lim——~= 
- x30 142!" 
2 2 
as x > 0, Le 3 OY S35 SU, 
Xx oe) 
-d 
(ii) fie a since [22 ) +0 
xo ™ ee) 
tan —x 
2 
(iii) lim(e*+x)=0, since 0+ 0=0, 


x00 


Vx" (1° indeterminate form) 


(iv) lim(+sinx) 
x>0 
ae 
(v) lim(1+[cosx]) * is not in 1° indeterminate form 
x30 “~~ 


exact | 
since (exact 1)” = 1 (determinate form), 
1 


(vi) lim(1+[cosx]) *= 
x>0 “——~ 


exact | e 7 
1 wv 
(vii) lim & = (co—oo indeterminate form) ‘ 
x>0\ x? sin* x ~AY 
_ 2 10) (®,” 
(vili) lim Lal 0 —- =0 
xol x —] >0 a 


Let us try to deduce conclusion about the limits: 
lim [f(x)+g(x)], lim [f(x).g(x)] and lim [f(x)/g(x)] based 
xa x7a xa 


upon the individual behaviours of f(x) and g(x). 
Assume that @ is a positive real number. 


é } 
(> wed 


(ii) oe) oo 
(iii) +O 00 indeterminate 
lim f(x) lim g(x) lim [f(x)/g(x)] 
xa a xa 
(i) €#0 0 fo) 
(ii) ¢ 00 0 
(iil) 00 £ eo) 
(iv) 0O 0 indeterminate 
(v) © oe) indeterminate 


These results are valid even when x tends to 
a.at,o or — ©, 
x)-5 
© Example 1: If lim —— ca 
x72 X- 
©Y Solution: Since the denominator is approaching 0, we 


=3 then find lim f(x). 
x2 


can have limit only through 9 form. 


Hence lim f(x) must be 5. 
x72 


Note that if lim ENS) 2a have tin f(x) is 5. 
x92 x-2 x2 
f(x) eso, A 
Also if tim = 2 then using — form we have 
A) x90 x 0 
"bhai f 
lim f (x) =O and further lim 1) =0. 
x0 x90 x 


© Example 2: Find the left hand and right hand limits of 


the function f(x) = asx > 3. 


1 
4 lx -3) 


Y Solution: If x > 3-, then 
1/(x — 3) > -00 and 23) 40, 


Consequently, at f(x) =1/3. 
x73 


Now if x > 3*, lim f(x) = 
x3" 


©@ Example 3: Does the function 


lim f(x) lim g(x) lim [f(x) + g(x)] 
xa xa xa 1 1 
(i) £ 0 0 y= sin «f(s =| tend to a limit as x tends to 0? 
(ji) = ie 
(iii) 00 oo 00 Y Solution: The function is equal to 1 except when 
(iv) —0 — 00 — 00 sin(1/x) = 0; i.e. when x = I/z, 1/2n,.... For these values the 
(v) © — 00 indeterminate formula for y assumes the meaningless expression 0/0, and 
lim f(x) lim g(x) lim [f(x).g(x)] y is therefore not defined for an infinitely many values of x 
aa aia Reed near x = 0. Note that this is not the indeterminate form 0/0. 
G@ €#0 ce oO Hence the limit does not exist. 
_ Concept Problems D 


1. Find whether the following limits are in indeterminate 
form. Also indicate the form. 

1-x 

2 


1 
@) lim — Gi) lim 
x90 X x>l 1-x 


Qii) lim x énx 
x>0 


(iv) lim (- - +) 


x>0 


(v) im, (sin x)* (vi) im (én x)* 


oy li x 
(vii) ae 


1 (1+sinx) (viii) lim (ay 


2. Suppose that lim, f(x) = 00 and lim, g(x) =c, where 
c is areal number. Prove each statement. 


(a) lim [f(x) + g@)] = 
(b) ie [f(x) g(x)] = 0 ifc > 0 
(c) - [f(x) g(x)] =- wife <0 


3. Let baer) =0 with f(x) #0 for x #a, lim g(x) =b #0. 
xX a xa 


Prove that lim BOX) _ 00 
xa f(x) 
4. Prove that the following limits donot exist : 
lim tanx - 
(i) mt Gi) lim (2)x 
*™) tan 2x v3) @) 
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: tanx : 1 

(iii) y fi eat (iv) = tan! — 
XO- tk x 

oe mae 9 X 


5. Evaluate the following limits: 
-1 


. SI 1 
@ lim ax a 
a ae In| x| 
; exin2 ss 
(ii) lim = (iv) limx?|1-e * 
x—00 e* x30 
x 
6. Show that Jim on 00+ 
xoole 
f(x) — 5 _ li 
7. ay = — 1, find oan f(x). 
8. If tim 1 =1, find 
x>-2 x £( ) 
. x 
Cc aim ~) lim ——= 
= 5 f(x) and (ii) ow eee 


Eoncept Problems : . (e 


x 


9. Find lim 


xa 9/x-al 


10. Find the following limits by inspection. 


(a) lim 
x>0° Inx 


(b) lim 


(c) Jy (cos x)™"* 


li 
(d) bay (In x) cot x 


(e) lim (+-inx] 
x70 \ x 


G aes) 


X>- 


7 
2 xl 
11. Evaluate es ll 
x0 2x? -] 


12. If f(x)= 
function, find lim f(x). 
x1 


[x?+ 1]**", where [.] denotes the greatest integer 


METHODS OF EVALUATING LIMITS 


1.6 Factorisation and Cancellation of 
Common Factors 


If f(x) and g(x) are polynomials such that f(a) = g(a) = 0, then 
f(x) 


(x—a) is a factor of both f(x) and g(x). Now to solve lim Bre 
Xx 
we cancel the common factor (x — a) from both the numerator 
and denominator, and again put x = a in the given expression. 
If we get a meaningful number, then the number is the limit 


of the given expression otherwise we repeat the process till 
we get rid of the indeterminate form (0/0). 


. xo 
© Example 1: Find lim =—. 
x>3x°-—9 
© Solution: Here, the denominator tends to zero as 
x — 3 and the numerator also tends to zero. But since x* — 9 
= (x — 3) (x + 3), we have 
. x-3 . x-3 . 1 1 
lim = lim =lim = 
x33x°-Q x>3(x—3)(x+3) x>3x4+3 6 
In the solution of this problem we cancel x — 3, and one may 
think that this is illegitimate since x — 3, and the division by 
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zero is not allowed. But this is not the case here : the functions 


y= >= and y = coincide identically for all x #3, and 
x" —9 x+3 
the definition of a limit ofa function for x — a, does not involve 
the value of that function at the point x = a itself, and therefore 
the limits of the above functions as x + 3 are equal to each 
other. The essence of this transformation is that the limit of the 
new function is found easier than that of the original function. 
x2 

. +x-6 

@ Example 2: Evaluate lim aa 
x33 x+ 

©Y Solution: We cannot apply direct substitution because 


the limit of the denominator is 0. 


x2 +x-6 _» tim (x? +x- 3)=0 
x+3 yy lim (x +3) =0 
lim (x? +x-6)= 0) 
x? +x-6 LF x5233 

x+3 ~y lim (x +3)=0 

x3-3 

Direct substitution fails here. 
Because the limit of the numerator is also 0, the numerator 


and denominator have a common factor of (x + 3). Thus, for __ 


all x # — 3, we can cancel this factor to obtain 


x7+x-6 (x+3)(x—2) 
a =x-2,x#-3 
x+3 x+3 
It follows that 
2 
ar ., lim (x-2)=—S. 
x>-3 x+3 x>-3 


Although correct, the second equality in the preceding 
computation needs some justification, since cancelling the factor 
x + 3 alters the function by expanding its domain. However, 
the two functions are identical, except at x = — 3. From our previous 
discussions, we know thatthis difference has no effect on the 
limit as x approaches — 3. 


: 6 > 
© Example 3: Find lim *_—24x—16 
x92 x3 42x -12 
© Solution: lim ier aed 
x? +2x-12 
= tim: 2)(x° 4 44x3 48x? +16x +8) 
x72 (x 42x + 6x -9) 
= 8 1 
14 


Substitution for Limits x > a 
Suppose that ii f(x) = ¢ 


Let x=a+t, then f(x) = f(a+t). 
If x > a then t > 0 and f(a + t) > @, and we write 


lim f(a+t) = ¢, 


xa 


x?-4 
©@ Example 4: Find lim ——{—. 
x2 cos—x 
Y Solution: We put x —-2=zZ,ie. x =z + 2, and as 
X > 2 we have z > 0. 


2 
lim <= 4 pee | ie 
x> ee z0 cos = (z+2) ac Lae 
4 4 4 
ea 
+4 : F 
sig. lin d lim (z +4) __ 16 
z>0 . 4 229. Tu * z->0 —_ 
—sin—Z sin —z 
4 
- Note: 
1. x"— a= (x —a)(x™! + x™’a + xt a? + xD 4a} 4. 


+ xa"? + a™ 1 
where n is even or odd positive integer. 


= (x + a)(x™ -x™’a + x™ 3a? — x™4ah +. 


+ (-1)™'a 1,n- ') 
where n is odd positive integer. This formula is not applicable 
when n is even. 


3 
eo Example 5: Find lim qataxy = 


x70 x 


2. x"+a" 


ae, Solution: Let us put] +x=y*.Asx>0, yl. 
Pp y y 


Then we have 


3 
eae al aig 
lim + _ ~ 


x70 x 


2 
1 
im +y¥4t _ __2 
yolyt+yty?+yt1 5 
hcg? 


—-x°-x4+l1 
© Example 6: Find lim ; 
six3 4x?-x-1 
@Y Solution: Here we have an indeterminacy of the form 
0/0. Let us factorize the numerator and the denominator of 


the function 


{ot Se Reel me XA D= =D 
xolxe + x%@—-x-1 0 x91x2(x + D—-(x +0 
a tim SEVOHD < tim 2g, 


xol(x (xt)? xerxtl 2 


x° — 1000 
0x3 — 20x? + 100x 
© Solution: This is also an indeterminacy of the form 0/0. 


@ Example 7: Find iim 


We have 
x? — 1000 
lim z 3 
x10 x° — 20x* + 100x 
aes (x- 10)(x? +10x +100) 
- x10 


x(x—10)? 


x” + 10x +100 
x(x — 10) 


x10 


The numerator of the fraction tends to 300 and the denominator 
tends to zero. Consequently, the fraction in question is an 
infinitely large quantity and 


x” — 1000 


aa oom does not exist. 
x10 x" — 2x* + 100x 


. x 43x" x43 

© Example 8: Find lim, ————— 
aie x° +x-6 

Y Solution: At the point x = — 3 both the numerator and 

the denominator turn into zero. 

We have x? + x — 6 = (x + 3) (x — 2) and 

x? + 3x?- x -—3 = (x + 3) (x? — 1), and hence, on cancelling 

the factor (x + 3), we obtain 


ite a Ora. Ss 
7S lg x— 3. —3-2 5 


lim x? = —-x-3 
x7-3 


x7 +x-6 
In the same manner we can find 


lim x? 43x? —-x-3 lim x? = —-x-3 


x2 x7 4+x-6 dhe, x>1 24uxe 6 = 0. 
©@ Example 9: Evaluate 
ied 1 2 (2x -3) 
x2 |x-2 x3-3x?42x 
Y Solution: We have 
lim . 1 Ze 3) | 
x92 1x2) x3 3x? 42x 
fia 1 2 (2x —3) 
= x32 x(x —I(x —2) 
_ tim | x@-1)-2(2x-3) 
~ X92 x(x —1)(x —2) 
— lim x? _X°—5x+6_ 
= x92 | x(x —1(x —2) 


_lim [ («-2)(x-3) 
x92 | x(x -—1)(x -2) 


_lim |_*7-3_ | __ 1! 
x92 | x(x—1 2 


© Example 10: Find im] : [ ! | 
y-2\x+y-2 x 


—-x+2-y 1 


E x 
WY i © im ———- —_. 
© Solution: im Go 0 


@ Example 12: Evaluate lim as 
~S x>1 
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er 
y>2 x(x +y—2) 2 


Here, y is a variable, so that it might be thought that we are 
dealing with functions of two variables. However, the fact that 
x as a variable plays no role in this problem; for the moment, x 
can be considered a constant. 


249? * 2G 

©@ Example 11: Evaluate lim 

x2 - x/2 _Qix« 
x 3-x 
; = 0 
@ Solution: tim272-—* | form 
x32 27 x/2 _9ix (0) 
o% 4-8 §,2* 


cae gxl2 _2 
(2 =2)0* =4) 
m ss 
x32 gx!2 _ 2 
A ae =D 3) 
= lim 
x2 gx/2 _ 2 
pI 4 = 8. 


~x’ log x+log x-1 


| 


© Solution: The given limit = an a) ~Hloe 


xl x? -1 
cs fie (x-1)(x? +x +1)—(x-1)(x +1)logx 
x (x -1)(x +1) 
oe (x-1)[x? +x +1-(x+1)logx | 
x1 (x-1)(x+1) 


P?+1+1-(1+1)logl 3 
(1+1) es 


3x? +axt+a+3 


x 4x=2 


© Example 13: If the limit lim exists, 
find a and the limit. aie 


Y Solution: We see that the denominator — 0. For 


the limit to exist, we must have the form. Hence the 
numerator must —> 0, i.e. 

lim 3x? 4+ ax+a+3=0 

x>-2 


=> 12-2a+a+3=0>a=15. 


. 3x? +ax+a+3 ox —— 
Now jim, ————_. =_—s Lim ———_ 
x2 x? 4x-2 K>-2 x? 4x2 
3(K + 2)(x +3) _ 


~x3-2 (x +2)(x—-D) 


© Example 14: If lim —> le) =2 then evaluate the 
0 ee 
following limits, giving explicit reasoning. 
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(i) lim [f(x)] » (ii) lim 2 where [ . ] 
xX! x> x 


denotes the greatest integer function. 


Y) i (i = li f = 
@ Solution: (i) Let = lim [f(x)] = tim 
Now argument of G.I.F is tending towards zero and 


from positive side as lim 


we have 


f(x) 


f(x) 


x>0 x 


= 


(ii) We write lim 2 = lim 
x>0 x>0 


and assume A = 


xX 


f(x) 
zy % 


x 
Now x >0* > A> 0* 
and x>~>0 >S>A>OO 


x? 390° >/1=0. 


f(x) 


x 


x0 


r] 


ee 


F(x) 


x 


=2 and x?—> 0 


2 


: 


ai lim [A] ~ 09 and a [A] = 


x>0° 
= The given limit ieee fal exist. 


©@ Example 15: Discuss the behaviour of 


ik ae a 


(x) = 


box" +b,x"*! +....+b,x 

where a, # 0, b, #0 as x tends to 0 by positive or negative 
values. 
@ Solution: If m>n, lim gx) =0. 

If m=n, ims (x) = a,/b,. 
If m <nandn-mis even, o(x) > © or o(x) > —« according 
as a,/b, > 0 or a,/b, < 0. 
If m <n and n - mis odd, then (x) > as x > 0% and o(x) 


—> -o as x > 0, or d(x) > -«0 as x > O and (x) > © as 
x + 0, according as a,/b, > 0 or a,/b, < 0. 


™ 


Concept Problems E 
ai 


1. Evaluate the following limits: 


(i) 


ey Ui 
(iii) ae 


lim 


x72 


x? +3x? —9x-2 
x" =£-=6 
(x +h)? ge 
h 


2. Evaluate the following limits: 


foley 
yor |y-1|+y-1 


(i) 


(ii) 


lim 


x 27 


x33 |X—3|(x-3) 


3. Let f(x) = Ea find 


(a) 


lim f(x) 
x7-2 


47 49% =3 


1 sec 


ey (ce) jim fx) 


(d) lim f(x) 


2 
. .. Lx’ ]-l 
4. Evaluate limit! a where [.] denotes the greatest 


xo>l X — 


integer function. 


_ x?-9x+20 
5. Evaluate ae where [.] denotes 


5 x—[x] 


the greatest integer function. 


6. Evaluate the following limits where [.] denotes the greatest 
integer function : 


a te Gi) lim XT 
x>27 X— x>2 x-2 
2 2, 3 3 
@iaa2le a qe 
xor | x’ 1 xolo [x]-x 


Practice Problems: D 


7. Evaluate the following limits: 


(i) 


(ii) 


(x? -1)° 


7 5 
eeee, oe —2x° +1 
(iii) lim ~*~ 
xo x” —3x* +2 


4 2 
(iv) Hii x” —6x° —27 


19-3 x3 43x7 4x43 


8. Evaluate the following limits : 


nc D : _ 
Gi) im 2sin° x+sinx—-1 


x>10/6 2sin? x —3sinx +1 


re , 1—cot? x 
(iii) lim — 
x>n/4 2—cot x —cot” x 


9, Find a number c so that 


1.7 Rationalization 


If in any limit, the denominator or numerator involves the 
radical sign then we can rationalize the irrational expression by 
multiplying with their conjugates to remove the indeterminacy. 


© Example 1: Evaluate im aban Laas 
peer sl 
@ Solution: pee Sa 
we Dad el 
fim (4—VISx + D+ V3x+D44 VISx+1) | 
Ol (2 -/3x +1)(44 VI5x +1)(2 + ¥3x +1) 
_ lim (5=5x) 2+ 3x41 _ 5 
6-3) “Gili 6 
©@ Example 2: Evaluate the following limits: 
te rae 


xX 


(2x =3) (Vx -1) 


(i) 


Gi) lim 
= 2x*+x-3 0 
© Solution: (i) The given limit takes the form — when 


x — 0. Rationalizing the numerator, we get 


lim Vvl+x -vVl-x 


x0 


X 

dae Vi+x—Vi-x , vitx +Vi-x 
ee x Vl+x+vV1-x 
je) eed) 


=o x (Vix + 1-x] 


lim 2x 


= x (Vix + I-x] 


Limits 1.27 


3 2 
+ +5x4+12 F 
lim ~~ * 2s exists. Also find the corresponding 


x33) x? -7x+12 
limit. 


10. Evaluate the one-sided limits in the following : 
+ |x— V2) 
x(el* + aA 


[x}+|x| 
where [.] denotes the greatest integer function. 


cy tm 


= lim 


ern =3 
| fee egien | 2 
(2x -3) (Vx -1) 


(ii) We have im 5 
om 2x°+x-3 


x1 
(2x —3) (vx = 1) 
x1 1 (2x +3)(x—1) 


el | Ox 43) (Vx -1) (Vx +1) 


=. ie 2x -3 


=) | Ona 3y (Vx # 1) 
en See 
(5)(2) 10° 


© Example 3: Evaluate lim sin! [| 


—xX 


x71 


ae) 


—xX 


@ Solution: lim sin” 
x1 


<4] im lev 
SN ol CSA eal) 


, . 1 . 1 8 
= sin! lim ——~ | = sin! -=—. 
aap Male 2 6 
x-2 


@ Example 4: Evaluate m1 ——————— 
7 x2" Ix? A 4 a/x—2 
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@ Solution: ™ i = = ww = =. 
3 

~ lim x-2 (x? —-44++Vx-2) @ Example 6: Calculate in = 

x92 Ix? -4—Vx-2 (y¥x?-444/x-2) 

@ Solution: We substitute Vx = t 

km (—2@/x? -—4 falx —2 2) Then, for the variable t, the expression under the limit sign 

_ x02 (x? —4)-(x—2) can be Ae in the form 
t -—2t+1 

=p EDWa 4th?) “CaRy 

a x -x-2 The number to which the new variable t tends, as 
= i (GDA —444 —3) x — 1, can be found as the limit of the function 

x32 (x—2)(x+) t(x) = tq asx > 1, 


ie, limt(x) = lim¥x =1 
Vx2—-44 Ix -2 -0. Le x1 xl 


= lim Thus we have 


x92 x+l1 
2 2 
2 Note: lim st = Him St 
tol (tt -—) tal (t—-1* (tt +t +) 
1 1 n-l n-2 1 n-3 2 n-1 r® w 
(x™-a™)(x ™ +x Ma "+x Ma +...+a 7 )=(x—a) it, iii 1 a! 
"s) 2 2 
i & ot ween aes a Pat tial 2 
(x® +a")(x ® —x 2 aM +x 2 gh—,_)= (x+a)ifnisodd Vx —J2a +Jx—2a 
i NG @ Example 7: Evaluate Rae Jee caa? 
a ; (T= x)-2 | at ») x” —4a 
: im —————_-___ 
xample 5: Evaluate ai Gat (A Y ‘ “lx Sal 2g eee oe 0 
Ay Y Solution: Parr 5 = form 
i 3 -_ vx° —4a 
©Y Solution: V(7—*x) —2 
lim vx-V2a , lim _VX=2a_ 
7 (7 _ x) -—8 ~ x-52a* xt = 4a? x—2a* Vx? —4a2 
~ 2/3 1/3 
(7-x)"" +(7-x)".2+4 _s ide =s(dayele4 (da) 
= (x+1]) ath x>2a* lx? — 4a? Gx + Da) 
eit +41 2e4 
(Vx —2a) 
aC —x) —2 — Gi/x= Cie 
x>-l (x +1) ; x—2a 
= lim 
(x +1) x2a" /(x —2a)(x + 2a).2V2a +r 
—— 1 (K4+D0 — a= 24a 5 ie vx—2a A 1 
[from (1)] ~ x92a° Jx+2a 2V2a 2Va 
1 i eat 
= Lim — = ; 
x91 (7x) 3 4(7-x) 244 ava 2va 
_ Concept Problems E 
1. Calculate the value of the function at several points near x = 0 and hence estimate the limit 


of f(x) as x > 0. 


Xx 
(9 Ye+t=1 


Limits 1.29 
2. Evaluate the following limits: 7) 
: : J4+x+x° -2 
Ch: Hip 2%. 3. Evaluate lim a ae 
mW 5-8 5s xo! x+]1 
Gi): tim Goule 4. Evaluate lim __X+! 
x99 4_/2x-2 OT 6x? +3 43x 
(iii) lim 3h? 35 5. Find numbers a and b so that 
x1 (x -1) lia vax tb —-1 -1 =. 
x70 
(iv) lim NI=X —2 
x71 [9 -x— 1 
Practice Problems E 


-3 
6. Evaluate lim log, 
| VX ara 
7. Evaluate the following limits : 


sl+x4x? See te ae 


Hi 

®) x32 x? —2x 

(Gi) lim Vitv2+x ~V3 —— 
x2 

(iii) lim x+1 


so Yea 2 


. . wvil+x-Vvl-x 
(iv) lim 3 = 
x0 ¥1+x-vVl-x 


1.8 Limit Using Expansion Series of 
Functions 
In this method basically we use the series expansion of sin 


X, cos x, tan x, log(1+x), a*, e*, etc. to evaluate the limit. 
Following are some of the frequently used series expansions: 


249 34.3 
xIna_ x°In‘a_ x'In’a 
(i) a*=1+ + —— + 4 a. a>0 
1! 2! 3! 
2 3 
(ii) at ee 
1! 2! 3! 
2 3 4 
(iii) In (14x) = x-~ 4% —-* 4... for-1ex <1 
2 3 4 
3 5 7 
(iv) sinx = x—2 + caaees aie ee 
3! 5! «7! 
4 6 
(v) cosx=1-~-4+* --* 4... 
2! 4! 6! 


' (et tet 6 4 $e 36 
8. Evaluate lim - 
x33 x° - 4x ae 3 
9, Evaluate lim Vx +7 -3V2x-3 
5 x32 sx +6- 233x—5 


E raluate the following limits : 


Ae a8 =e 


( 


_ 
ao 


m oy 
x30 4/16 + 5x —2 
14x) -1 
(ii) lim 
ig xa +x) 


; 3 9x5 
(vi) tan x = x +—+—........ 
3 15 
. ao ge? 
(vii) tan'x = x -—-+—-——}....... 
3 5 7 
2 22 242-22 
(viii) aimee! e13 x vee K Pasi 
3! 5! 7! 
. x? 5x* 61x°® 
(ix) sec x = 1+—+—+ ee 
2! 4! 6! 


@) (4x14 e4nm—1)~ +... for-l<x< 1n€Q. 


ee [2 
(xi) (+ 9h= e[1-dxa dhe’ ten 


B Note?) Using the above expansions, we can find other 
expansion series. For example to find the expansion series of 


1—cos2x 


sin’x, we write, sin?x = and use the expansion series 


of cos x with x replaced by 2x. 
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Maclaurin's Theorem 


2 3 
f(x) = £(0) + xf'(0) + si Ota "(O) +... 


best 4% £80) toca 
n! 


@ Example 1: Expand sin x in powers of x. 
© Solution: Here f(x) = sin x, Hence f(0) = 


f(x) = cos x, f(0) = 1, 
f"(x) =-— sin x, f"(0)= 0, 
f'"(x) =— cos x, f"(0) =- 


f(x) = sin (x+%) (0) = sin B& 
2 


n_. OT 
a 5 x sin — 
x” Xx 2 


+ esate 
3! 5! n! 
© Example 2: Expand In(cos x) in powers of x. 
© Solution: Here f(x) = In(cos x), 
f(x) =— tan x = —-t, say, 
f"(x) =—- sec?x =— a +t’), 
f'"(x) =— 2 tan x sec?x =— 2t (1 +t’), 


Thus sin x = x 


f(x) =-211 +300 +2 =-20 +40 + 3t'), 


f(x) = — 2 (8t + si (1 +t’) 
— 2(8t + 20t? + 2h 
f(x) =— 2 (8 + 60t? + 60t*) (1 + t’) 
= — 2(8 + 68t? + 120t* + 60t°) — 
Hence, 
f(0) = 0, and 
f(0) = £90) = £0) = ...= 0, also 
f"(0) = — 1, f(0) = -2, f©(0) = — 16 


2 4 6 
Hence In(cos x) = : a i6~ setaversdecee 
2! 4! 6! 
© Example 3: Evaluate lim © = 
x70 xX 
G Solution: tim & —!-* 
x70 x2 
2, 
[exe Levens Jase 
21 
= |j 
any x2 
2 
_tim 1X x _l 
= etait ap =5- 
© Example 4: Evaluate ‘1X —sinx 
a 


tan x —sin x 


3 
x 


© Solution: lim 
x30 


xX 
1 1) 3 
(+a): he Ssteeste I 1 1 
lim 3 3! 3 rn = 
x30 3 3 6 2 


1-x 
e* + nf 
© Example 5: Evaluate lim ———\—° “ 
x30 tan x — x 


_ 
e+ Inf *] 
@ Solution: lim ———\—° 7 
x30 tanx — x 


e* + In(l— x) -—Ine 


= lim [form 0/0] 
x70 tanx — x 
2 3 x 
1+x+—+—+...+] —x 1 
ia 2! 2 3 
= lm 
x30 x? 2x5 
x+—+——]|-x 
3 15 
13 (1+ terms containing x andits higher powers) 
— lim 
x70 


ae (1+terms containing x andits higher powers) 


5sin x —7sin2x + 3sin 3x 


© Example 6: Evaluate lim — 
x0 X SINX 


C soto in 
x0 


. 
= Aue - 
x-> 
[+] 
3! 
-5+56-81 
Sa aie 


2 
(n(1+x)~sin x + 


© Example 7: Evaluate lim / 
x30 xX tan X sinx 


2 

xX 
: én(1+ x) —sin x + — 
Y Solution: lim 2 


x>0 


xX tan x sin x 


Limits 1.31 


2 3 3 5 2 74,5 
Oe ae oa eae ae a ai @ Example 11: Find fo 
= jin 2 3 3! 5! 2 xl x” —3x° +2 
~ x30 t i 
eee Y Solution: This is of the form if we put x = 1. 
x x 
_ 1 ; 1 _ 1 Therefore we put x = | + h and expand. 
~3° 6 2° ‘igh See #1 ae (i4h) —20i+hy +1 
cosx? —1+ ¢n(1+x°) xl x3 -3x742 9 90(1+h)? —3(1 +h)? +2 


© Example 8: Evaluate lim a 5 
a Si (i ae fim et 7h + 21h” +...) — 20. + 5h+19h? +...) +1 


“490 (143h+3h?+...)—3(1+ 2h+h2)+2 


cosx? —1+ én(1+ x°) 


© Solution: lim 


x30 x?(e* —]-x?) _ -Sh+h? +... 
= lim ———— 
' xo jest 12 ho0 = —3h+ 
A obec: +x 
. —3+h+... 
= lim 2 ae = lim ———— =]. 
x30, gh a apes hoo —3+.... 
‘ fb i200" 7 e . acosx+bxsinx-5__., 
Example 12: If lim i exists, find a, 
i. b and the limit. —_ = 
+... ; _ (0 
2 ie |2 4 Y Solution: As x > 0, x* > 0 the limit must be in (?] 
x30( ] . form. Hence lim acos x + bx sin x —5 =0. 
es ced yA x0 
[2 => a-5=0>a=5. 
i Va % 4 3 
. . sin xXx = es —1 : . % x x ; x 
eo Example 9: Find lim ; -_ . ( 2 + oor + bs[s a ] 5 
x > ( Limit = lim 7 
sinx XK x x 
© Solution: lim£——"*=" *\Y- Sc o: ba 
x30 xX %, > al bee BA 6) + 
f ned + sin” x + sin’ x Eivssei J-s» “i - = x4 
— lim E 2 L3 For limit to exist, x* must cancell from the numerator. Hence 
od x? we assume the coefficients of all powers of x 
é 2 a 5 5 
= lim — : Peaawes eta! less than 4 to be zero > b-—=0 >b=—. 
x>0 x | 2 | 3 | 2 2 : 2 2 
5 
_ (7+x)'3-2 = |x*# 4. 
©@ Example 10: Evaluate lim eS — . \24 6 : 5b 
x31 x-l Now the limit = ue a = via 
x7 x 
Y Solution: Put x > 1+h 5 5 25 
(8+h)?-2 .. Limit = —-—=—. 
lim = ——*~——— 24 12 24 
h>0 h 
Ae* -B +Ce~* 
ny © Example 13: If lim 2° —BOsx+Ce ond A, 
2.(1+2] =2 Band C. ai aan 
~ ctl a @Y Solution: The given limit is equal to 
2 Al tee), eB fo" IC bee 
4(4-1\(2} a eae jel] 
dig Te KS 8) | ; ar ( < 
etd ee 
1.2 3 
= Ii _ A+B+C) 5 
ree h (A-B+C)+(A ox+( ae 


ll 
iz 
5 
N 
x 
| 
| 


= lim 
‘ 1 = 1 ; x0 “i es 
h>0 24 12 ae 
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For limit to exist, x? must cancel from the numerator. Hence 


we assume A~B+C=0 (1) 
and A-C=0 ...(2) 

a A+B+C 
Limit = oe ...(3) 


On solving these three equations, we get A= 1, B= 2, C=1. 
@ Example 14: Show that 
Vx 1 
(1+ x) machi pe tle 
lim 5 = : 
x0 x 24 


©Y Solution: Let y = (1 + x)!” 


Iny= ee 
x 


1 1 
= 1x aie. 
x 3 
= toe cided ; 
Ms lt og 
1—=x+—x*-...... 
Now y=e 2 2 
ioe eskcks 
=e.e 202 
¢ 
= ji+(-gx+b0- one + _— ° @) 
¢ .. WN 
2 — NS 
i oe a + ? 
le ane of @& 
= ej]l-—x+ Le a ee 
2 3 8 


Now lim ; 
x30 x 
e(1 leg ob, .) ee 
: I4 } _ Le 
= lim = = . 
x0 x 24 
f(x) 
© Example 15: Let f(x) be a function such that Lae =1. 
20 X 


Find the values of a and b such that 
x(l+acosx)—bsinx _ 


{f(x)}? 7 


x0 


x(1+acosx)—bsinx _ 


{f(x)} 


Y Solution: Since, lim 


x 


( 
j PS) a b LoS a b : 
wr Pa b)+x (S+S lex (2 B+. 
tats m 5 =] 
wt 0 {f(x)} 
eee BN, ab a4 a b rn 
: x 2! 3! 4! 5! 
=> lim =1 
x0 


f(x)]> 

x 
Since the limit exists we must have | + a—b = 0 and— kal + > 
=1> -3a+b=6 2h. Sh 
Solving these, we get a = —5/2 and b = -3/2. 


Eoncept Problems G 


1. Evaluate the following limits : 


al+x -1-3% 


(i) 2 


lim 
x70 


e* sinx —x —x? 


(i) lim ——___. 
x0 X 2 xin x) 


x 
cosx —1+ cy 
(ii) lim ——— 
x0 x 


2x —In(1+ 2x) 
2 


Xx 


(iv) lim 
x0 


2. Evaluate the following limits : 


. 2x-sin! x 
(i) lim ————— 
x02 x + tan! x 


. 38in x —sin3x 
in ———— 
x70 


(ii) 


X—sinx 


e* sinx —x(1+x) 


x? 


¥/14+3x —V1+2x 


x2 


(iii) lim 
x0 


(iv) lim 
x90 


3tanx —3x —x° 
Evaluate lim a 
x30 xX 


_ sin) x tan! x 
Evaluate lim ——— 
x>0 xX 


Evaluate lim Bans = =) 
x0 xX 


For what values of constants C and D is it true that 


lim(x? sin7x+Cx + D)=- 


x70 


Limits 1.33 


Practice Problems F 


7. Evaluate the following limits : 
ee W042) - J0=%) 
a) lim 

x0 d+x3) — fd +x) 
¥1+x? -V1-x? 


Gi) lim 7 
x0 x+x 
a/l+3x -1 
(iii) lim 


x30 (1+ x)? —1— 50x 


In?(1+x)—x? 
Bi 
a 


8. Evaluate the following limits : 
. 4... Ni+ax —¥1+bx 
(i) = lim————- (m, n 
x 


x0 


e N) 


a Nitax¥1+bx -1 
Gi) lim (m 
x30 x 


,neN) 


3i+2x —4/14+9x 


(ii) lim 


0 
x {= ifn 
2 
4 2 Ap~x 
(iv) lim 7% —* 
x>0 tan x—X 


9. Evaluate the following limits : 
3° 5 

sin x(l—cos x) . + 

(i) lim 2 8 


x30 x! 


1.9 Standard Limits 


Following are some basic limits which are used frequently 
in solving the limits. 


: . sinx tan x 
Gi) = lim =l= 
x70 x x70 x 
. 1 
lim fan_X _ lim SX 
x0 x x70 x 


[ where x is measured in radians | 


. 1-cos . - 
Aigo, ta : XL ties ad ss aL 
x90 x x0 x“(1+cos x) 


i (sin? x) ax) 1 
730 x7(1+cosx) — OL Xx (1+cosx) 


z 
~ 2 
x — 
(ii) lim =Ina (a> 0). 
x0 xX 


( 
~* 


10. 


. Evaluate lim 
x30 


sinx —x +x?/6—x°/120 


(ii) lim 5 
x0 (sin x) 
XCOSX 
eae. oe -—l- 
(iii) lim 7 s 
x>0 — sin(x~) 
x2 
x cos? x — In(l+x)- sin? — 
(iv) lim ; 7 
x0 x 
nese i — 3x 
2 -x 


Evaluate lim ; 
x70 xX 


3 


x! 
x°e4 —sin2 x? 


7 
Xx 


. Find the values of a and b so that 


Com : 
. (U+axsinx)-—bcosx 


AN tim 4 


i 


14. 


(iii) 


(iv) 


30 xX 


/ |) , 
_ may tend to a definite limit and also find limit. 
. For what values of the constants a, b is , 


lim ([A +340] =0? 
xX 


x30 x 


eee (ee aS 
x30 x? V1l+x 1+bx 


1 2 
equal to @, then find the value of — — 7 + ~. 
a 


) exists and has the value 


In particular lim 
x>0 =X 


. In(i+x) 
lim ———— = 
x30 xX 
log, (+x) 
lim ae 


x0 


1 


= log, e, (a> 0,a# 1) 


4 


Study Tip 


(i) 


These limits help in finding limits in 0/0 form and most of 
them are based on x approaching 0. In case, if x approaches 
a, we use the substitution x = a + t so that t approaches 0 
when x approaches a. 
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(ii) These formulae are also applicable when a function, say 
f(x) has been replaced for x. But it must be ensured that 
as X approaches a, f(x) must approach 0. 


_ sinf (x) 
For instance, lim 
xa f(x) 


X approaches a. 


A, Caution 


sin f(x) 


= 1, if f(x) approaches 0 as 


But lim 
xa g(x) 


approaches a, should not be immediately taken as 1. 


where f(x) and g(x) approach 0 as x 


. n2x . sin2x 
For example, lim = lim . 2S 
x20 =X x20 2x 


sin f (x) 


Further, lim should not be taken as 1 when sin 


xa f (x) 
f(x) approaches 0 as x approaches a, but f(x) itself does not 
approach 0. 


sin(7 — x) 


For example, lim # 1, since m— x does not approach 
x0 


T™—X 
0 as x approaches 0. In fact, the limit is equal to 0. 


Why Radian Measure Is Used 


Throughout calculus, angles are measured in radians, as is 


customary in calculus. If we measured angles in degrees instead, 
the formulas for the limits of the trigonometric functions would 
be more complicated. Each formula would have an extra factor, 
7/180, as we will now show. 


Earlier, it was shown that when angles are measured in radians, 


When angles are measured in degrees, this limit is not 1. 
Let sin 8 denote the sine of an angle of 8 degrees. The following 
table suggests that the limit is much smaller (angles measured 
in degrees; data to four significant figures): 


0 10 a) 1 0.1 
sin 9 0.1736 0.08716 | 0.01745 | 0.001745 
a 0.01736 | 0.01743 | 0.01745 | 0.01745 


SUG +5 abaubO.01745. Wecan 


The data suggest that lim 
6-0 


find that the limit is precisely 7/180. 


t fe} 
© Example 1: lim—~ 


x70 X 


WY Solution: x° = ws radian 
180 


TUX 
tan x° a 
Now lim = lim —180 
x70 X x30 XxX 


Ao 
180 7 


TX “180 
= lim 180 =” 
m0 X 180 


3x _y 


ta! 


©@ Example 2: Evaluate lim 
x90 x/2 


3x 3x -] 


Y Solution: lim —=lim 2x3 
x30 x/2 x30 3x 


sin 2x 


@ Example 3: Compute lim — 
x0 sin3x 


: ‘ in2 
W Solution: We have lim iti 


x0 sin3x 


sin2x 2x 3x 
2x 3x sin3x 


. sin2x 2 : 3x 
| lim .-.| lim — ,x #0 
[2x30 2x 3 3x0 sin 2x 


Il 
5 


ee 


2 [... sin3xy’ 2 
.| lim =—-xl=—. 
3 3x30 3x 3 4 
x?-8 
© Example 4: Evaluate lim 
x92 x°-4 


Y Solution: The given expression is of the form 


xe-Q) x= Q) x=)" 
<=OY.- x2 x—-2 
3 8533 2 _ (9/2 
ee Gh Se ti ee 
x22 x°-4 x32 x—2 x2 x-2 
x"—a" 
= 3(27)/(2(2')) (using lim =na™!) 
xa xX-a 
=12/4=3. 
— 14+x!8 
© Example 5: Find ee 
5 
x5) _ (4) 
© Solution: We have im ‘) cp =5(-1)4 =5 
i— x Ps 
1/3\3 
; =(-1 
aa ta a, CD _3cqiys3 
xo>l x (-1) 
1/3 
fe 
Hence the limit = lim aa = z. 
xo-1x"? —(-1) 3 
@ Example 6: Evaluate 
x+h xh _ x 
tim Aa 
h>0 h 
: . gta a2 
@ Solution: Limit = lim ax} ——;—— 
h>0 h 


Je ot a 3a a “i ¥ a =f 
~ h30 ahh? h 
= a*/n’a. 
x a 
@ Example 7: Evaluate lim ieee) 
xa x-a 
© Solution: Putx =a+h 
ath a a h 
- a’ (a —-l 
Gace = si a ae 
h>0 h h>0 h 


©@ Example 8: Evaluate lim | = ‘| 
x70 


© Solution: Since, 0< 
neighbourhood of x = 0. 


Hence lim | sla =0 


x30 x 


sin x sin x . 
<l, | | = 0 in the 
x 


x30 


-1 
s fase . tan x 
With a similar reason, im iF QO. 


: t 
@ Example 9: Evaluate im = 
x>0 xX 


t 
@ Solution: Since, 1< ~"* 


t 
x=0, =| = 1. Hence, im] ad = 1 
x 


x! xX 


=. 
sin x 
=l1, 
x 


. | -2x 
@ Example 10: Evaluate in| ( where [.] denotes 
greatest integer function. x>0| tanx 


WY Solution: We know when x > 0 


With a similar reason, lim 
x0 


> < ——- > -] 
tan x 
= 98 2 * 2.9 
tan x 
5 
So, im | ‘| ee 
x30] tan x 


Inx -1 


@ Example 11: Evaluate lim 


x7e X—-eC 


© Solution: Limit = er ea 
xe ».< 
e}| —-l 
e 


(putting x/e = t) 


In(.+ 
Put t=lt+y = jm mt ¥) _ 1 
yoo ey e 


<2 in the neighbourhood of =~ 


Limits 1.35 


tan x —sinx 


3 


©@ Example 12: Evaluate lim 
x0 xX 


: -_, tanx —sinx 
© Solution: ie — a 


x 
tan x(1—cos x) 


x0 x? 


lim 


. 9X 
tanx . 2sin? — 
= x0 2 


2 


Il 
— 
=e 
I 


sin(1 cos” X) 
| 


©@ Example 13: Evaluate lim 
x30 4 
Y Solution: Here mcos’x > mas x > 0. 
We change mcos’x to msin°’x, so that it tends to 0. 
; : “9 
- sin{7m(1—sin* x 
jim SCH (xe(1—sin® x)} 
— x30 X~ x0 x2 


sin(1 cos” X) 
= lim 


. sin(t—T sin? Xx) 2 
=n ——, — = in 
x0 xX x70 xX 


: sin(1sin? x) m  sin’x 
= lim x—xX 


sin(T sin? Xx) 
2 


sin” x 1 x? 
sin(1 sin? Xx) sin? x 
——.— x 1 x lim —~— 

x>0 Xx 


= lim : 
x20 sin” x 
=Ixnaxl=n. 

@ Example 14: Evaluate lim xa 


x1 x—-— 


where {x} 


denotes the fractional part of x. 


©Y Solution: As x -> 1-, {x} can be replaced by I- h, 
where h is a small positive quantity. 


As X > I*, {x} can be replaced by h, where h is a small 
positive quantity. 


i 1-h 
go a in 
xor 6x1 hoo —h 
lim x sin{x} = jimad+h) sinh 
xo x - 1 h-0" h 
=1xl=l1 


Since, L.H.L. # R. H.L. the limit does not exist. 


late 
© Example 15: Evaluate lim cos x In(x—a) 
xa In(e* = e*) 


G Solution: tim 28% MA— a) 
xa In(e* —e*) 


Put x=ath 
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. Inh 
= cosa- lim ae 
h0 In(e“™ —e*) 


; Inh 
=cosa-: lim 


h>0 h_ 
nfer{s ‘}s | 
h 
=cosa- lim 
h0 ete 
a+lIn 


=cosa-: lim inva Th 
h-0 
a ee) 41 


Inh Inh 


= COS a. 


vl-—cos2 
© Example 16: Evaluate lim ——— 


x30 x 


V1l—cos2x 
x 


© Solution: f(x) = 


V2sin*x | V2 |sin x | 
= .-~ is : 


sinx, if 0<x<7/2, 


but |sin x| = ae if —t/2<x<0 


Hence f(0-) = lim f(x) = im( V2 sm) Ia) ¥ 
x30 x30" x Ww 


and f(0*) = lim f(x)= lim (v2 sa) a 
x30" x>0* x 


ee, oe 
©@ Example 17: Evaluate lim dies 


x0 V4 x? -1 


én(1+cos x —1)(cosx —1) 


G i . imit = lim 
© Solution: Limit = im far} 


(cos x —1) 


éncos(sin t) 


@ Example 18: Evaluate lim 
t0 t 


éncos(sin t) 
2 


sacs Canale) 
=lim 


0 . sint , 2 
—2 sin? (S) ‘ 


Y Solution: lim 
t>0 


©@ Example 19: Find the limiting value of 


tan 2x —2sinx 


x? 


as x tends to zero. 


‘ . sin2x—2sin xcos2x 
© Solution: lim 5 
x0 x” cos 2x 


2sin x[cos x —cos 2x] 


x0 x21 


2 p) 


.] Example 20: Let a= min [x?+ 2x +3, x eR] and 


% n 
SIX COS then find the value of yao : 


b= lim ; 
xX e* 
r=0 


x>0 e*-— 


@ Solution: a= minimum value of (x + 1)? + 2 
=>- go2 


: sin 2x 1 
b= lim 5 = 
x0 2(e°* —1).2x 2 
2x 
. rypn-r 1 _ 1 2 
a £ i r 
Now via b = 2 (5) = py 2 
r=0 r=0 
1 n 
= — A [ede ee —— +4" 
a 


1} 4mt_i] 4™t_4 
“of 3 | 328 
e* —In(x +e) 


@ Example 21: Evaluate lim 
x>0 e* =] 


(e* -nf e(+ “| 
© Solution: lim : 
x0 (= ) 
x 
x 


[ie ~1) nis w/e) 


Xx Xx 


= lim 
x0 


In(1+(x/e 
- 1 tim BEE G/2)) 
x>0 x 
e 
qs, 
e 
©@ Example 22: Evaluate im( Ss a5) 2 ) 
x0 x e*—e * 
© Solution: 
‘ay a 3x).2sin x a — Xe 
x>0 xX (e* -e*) x>0 xX (e % —1) 


= lim [Ane peed!) x (cos 3x —1) 


x0 (cos 3x —1) 
2sin x 1 
* 2x 
x e —1 2x2 
2x 
—2sin? an 
se én(1+ cos 3x —1) 7 2 
x0 (cos 3x —1) 2x? 
2sin x 1 
x x 
x e2* -]| 
x 


9 9 
=1x(-l)x —x2x1l=--—. 
4 2 


@ Example 23: Evaluate lim ae, 
x1 (cos — yy? 


Y Solution: Put cos! x = y andx > lb > y > 0* 


[=4/< =) ie 


lim. ———_—— ; 


x! (cos” Ixy? y>0 y 
Now rationalizing the numerator, we get 
(1—cos _ (cosy) _ 


~ ae (1+.,/cos y) 
_ lim 1°28 tim 1 11 1 


y>0 y? —-y9014 Jcosy ~ 99° A’ 


@ Example 24: Evaluate lim 
xo-l 1—x2 


© Solution: 
_ sin”! (Va -Veos™ x |[vm—Veos™ x] 
mot (Ve ~vloos x} Vix? 


sin! (vm = vcos”! x 


(ve —vVcos7! x] (Vn+ 
= lim 


Limits 1.37 


cos’! x 


x>-1T 1-x? (ve 
1 (x- cos oe) 

foes! oi jo 

“l(-x) 


1 
= lin 7 x2 


cos’! x 


——" _———— 


put cos“(-x) =@ => x=-cos 9 
} lim y : lim v 
~ 2 /q 00° |sinO| ~2/x 90 sin® 


_ ol 


4 


tan x — sin{tan! (tan x)} 


©@ Example 25: Solve lim | 


x7 


Nia 


wo Solution: Here, RHL 


tan x + cos” (tan x) 


Il 
— 
= 


tan x — ella ‘(tan x)} 


nok in, tan x +cos*(tan x) 


: tan x —sin(x — 7) 
xo tan x +cos’ (tan x) 


Il 
5 


{+: tan! (tan x) = x — 1, when x > _ } 


i sin X 
= lim ea = — 
xe 14.29 (tan x) 
tan x 
Now, LHL 


: tan x —sin{tan |(tan x)} 
= lim - 
x90 tan x + cos” (tan x) 


ide » | tan x — _— 


are : tan x + cos * (tan x) 


{ss tan! (tan x) = x, when x < 


sin X 


= 
tan x 


2 
cos’ (tan x 
+ £08" (tan x) 
tan x 


5 
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lim 


1 
X= 
2 


(2 xX— sin{tan! (tanx)} _ 1 


tan x + cos” (tan x) 


(x + hyvxth _ ve 


@ Example 26: Evaluate lim 
h>0 


h 
(x > 0). 
Vx+h fn(x+h) , vx (nx 
@ Solution: lim © = 
h>0 h 
yx +h @n(x +h) — Vx nx 
e -—1 
= lim evs (nx A 
h>0 
= x* im eal 
s>0 Ss 
ia vx +h €n (x +h) — Vx @nx 
h>0 h 
where s = ./x +h én (x +h) — Vx @nx 
emia) - Vx fnx 
_ x Jim x 


"h>0 h 


xv im énx ee 


h>O 
+h x/h 
+ ig Se a(t?) | 
>.< 


h-0 xX 


- 8 [oe 2) 
= eo), 


V1—vcos x 


@ Example 27: Evaluate lim 
x>0 > 4 


1— cos x 


& Solution: lim 


x>0 x 
: 1—cosx 1 
= lim , 
0 m 1+-+/cos x 
7 mn NZI sin(x/2)| 1 
x90 2(x/2) “il+Jcosx 


Now, we have 
—1 sin(x/2) 1 


LHL = oe yr) aie 
eg ee ee | 
a 

—1 sin(x/2) 1 


and RHL= lim 


x>0° wo) . 


x/2 


cA BOS 


© Example 29: Find lim 


wee 
=A 


Hence, limit does not exist. 


Use of Substitution 
Sometimes in solving limit problem we convert lim f(x) by 
x >a 


substituting x =a+horx=a-—has lim f(a+h) or lim 
h>0 h>0 


f(a — h) according to the need of the problem. 
3 


x 
© Example 28: Compute lim oe 
x>3 x-3 
@Y Solution: Put y =x—3.So,asx > 3,y—> 0. 
: X 3 ; ery _@& 
Thus lim = lim 
x23 x-—3 y>0 y 
: e° .e¥ -e? 
= lim 
y>0 y 
: y—] 
=e lim =e .l=e'. 
y>0 y 
In tan x 


xn/4]—cotx 
Y Solution: Put x=t+7/4 
In tan(t + 1/4) 
‘0 1—cot(t+ 2/4) 


[rane 

In 

l—tant 

m —_—R|. 

t90 4 cott—1 
cott+1 

In(1 + tan t) 


too. 06. 2tant t0 
1+tant 


Il 
= 
= 


Indi — tan t) 
m ——_ 
—2 tant 
1+tant 


Nile 


2 
Lll+1iJ=—=1. 
[ ] 5 


cos( x + = 
© Example 30: Evaluate lim aa 


x->n/3 (1—2.cos x) 
&Y Solution: Putting x = =z 


T 
cos} —+Z 
E 
= lim 


z>0 (1—2cosz+ V3 sin ay 


—sinz 


= lim 
z>0 (1—cosz+ V3 sin rie 


© Solution: Let P= lim 


= i 
Z| 
2sin (<) +3 cos (;] 
2 2 


©@ Example 31: Evaluate lim 


2/3. = 


(1— tan 8) 


V2 sin 0) 


¢ 


0 
orm — 
0 


On/4 (| — 


(1 — tan 0) 


V2 sin 0) 


x>0 d = 


T 
Put 0= qth 


© Example 32: Let 


lim 
xa 


—2tan h 


(1—cosh) (1 +cos h) 


tan h) sinh 


(1+ cos h) 
tan h 


- 2 
Cn | eer 
1l+cosh 


s. & 
sin“ h 


sin h 
—sinh 
1+cosh 


(1—cos h—sin m| 


1 


sinh 


(cos h—sin m/ 


; 


1l+cosh 


1 


a* 


a 


X—-a 


=-2. =2, 
(l—0)(0—1) 


x* —a* 


lim 
x>a X-Aa 


=m, a>0O.If /=m then find the value of ‘a’. 


foo = 


Limits 1.39 


xfnx 


e — exfna 


Y Solution: / = jim 


xa x-a 


ex/na Came -1] x(én gntn a) 


X—a 


= lim 
x >a 


a+ nyin( 1+) 
= a. lim ay = ai 
h>0 h 


afnx 
=e¢€ 


x((n x — én a) 


exfna 


m= lim 
x-a 


al éna—al 
e@ emt nha afax _1| 


X—-a 


xfna-—aénx 


= lim 
xa xféna-—aénx x-a 
= a®. lim (ath) @na-—aéfn(a+h) 
130. 
h 
= a és h\/? ee _ 
a lim [en a-en(1+ 8) [=e (Ina — 1) 


Nowl=m => a=e 


© Example 33: Let 


sin-!(1—{x}).cos }(1—{x}) 


V2{x}.d—{x}) 


cae f(x), where {x} denotes the fractional part of x. 
x>0- 


, then find lim f(x) and 


x0+ 


Y Solution: We have f(x) 
sin! (1—{x}).cos }(1—{x}) 


Vx}. —{x}) 


f(x) = lim f(0 + h) 
h>0 


lim 
x—>0+ 
sin '(1—{0+h}).cos }(1—{0+h}) 
J2{0+h}.(1—{0+h}) 
sin! d —h).cos ! (—h) 
V2h.(1—h) 
sin’'(1—h) cos! (1—h) 
(1—h) J2h 


(In second limit put cos! (1 — h) = 0 
=> 1-h=cos 0) 


lim 
h->0 


= lim 


h->0 


~ hoo * hoo 


sin /(1—h) 
(l—h) 
sin /(1—h) 
(1—h) 
=sin'1.1=n/2 
and lim f(x) = lim f(0 —h) 
x>-0 h>0 


-1 
lim £28 (cos 8) 


* 650 ./2(1—cos 0) 


h->0 


(. @>0) 


~ lim ——__ 
h->0 0-0 2sin(0/ 2) 
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Gs sin '(1—{0—h}).cos !(1—{0—h}) 
~ h30 {2{0 —h}.d—{0—h}) 
fies sin }(1+h—1).cos !'(1+h+1) 


“hoo /(-h+1).+h—1 


1 


= ij io 

~ pod fh h0./20=h) 
n/2 T 

Sieh oe 


© Example 34: Evaluate lim vi=Vsin2x, 
x>n/4 (1—-4x) 


©Y Solution: LetL= lim vi-vsin2x 


x>n/4  (T—4x) 


1. 1—-+sin2x 


lim 


= 4 x>1n/4 T 
OX 
4 


Put x = ah 
4 
f- sina( *+h] 
4 


L= —lim 
4 h>0 nm (t 
—-|—+h 
ace 
1, (1—./(cos 2h) ) 
~ Aho h 


1. 4{(—./(cos2h)) 4/(1+./(cos 2h)) 


= lim : 
4h h (1+ ./(cos2h)) 
0 
fi raas 
(form 0 ) 
1 vVl—cos 2h 


lim 
4b>0 h /(1+./(cos 2h)) 


le V2 | sinh | 


44904 [14 eos 2h)) 


See yi : rea 
4 »>0 /+./(cos2h)) 7° = hh 


1 ¢- il 1 
a 4 


where P = lim [sinh ‘ 
hoo 6h 


We show that the limit P does not exist : 
. [sinh] .._ [sin(O-t| 
lim = lim 


L.H.L. = ] 
hoo Oh t-0 §=6©(0-t) 
= lim ue -1 
to~0 -t 


and R.H.L. = lim sinh = lim | sin(0+ t) | 
hoo 6h t>0° (0 + t) 


. sint 
= lim —=1 
to0 ot 


*’ L.H.L. # R.H.L. Hence P does not exist. 
.. The limit L also does not exist. 


Special Limits 
Let us evaluate some limits with the help of the following 
special limits : 


G tt | a ie eee 
6 x0 


(ii) lim —* s 


x0 x? 3 
- 2. x=tanx 1 
(iv) bin-—, =—-— 
? x0 x 3 
x 3 
. e -l-x 
@ Example 35: Evaluate is eer aces 
x0 gin’ 2x 
15" 


& Solution: Let J = lim ———— 
x0 sin’ 2x 


x0 (2x) 


Now put x*=t 


again put t = 2y 


Il 
5 


64 y>0 dy? 


- (eY -1)* + 2e¥ -2-2y 
64 y30 Ay? 


2 
y_ Y cone 
zs ! im lj e’?-l aie y-l 
64 yo0/ 4| oy 2 y? 


Il 
— 
= 


64[4 2 
2 4.64 128 
© Example 36: Evaluate lim =e - a 
x20  X-—sinx 


Y Solution: lim 


e* -e * -2x 
x0 xX —sin xX 
e* —e *—2x 


1 
lim -—————— = 7 (say), where 
x>0 X—SiINX = ly (say) 


x 
. e-e *-2x . X-Sinx 
1, = lim ——,—— and /],=lm 
x0 x x90 X 
: 3t —sin 3t 
. X—SINX is 
Now 1, = Mes 2 = te Die Put x =3t 
: «3 
lim 3t—(3sint—4sin° t) 
t0 at 
. 3 
— lim ao) ein aes 4 
too) 27t t>0 27t 9 27 
81, 4 1 
=> — = > l, = 
9 2] 
. e-e *-2 
Now! = lim z Put x = 3y 
! x>0 x? 
3Y __ a 3y _ 
rg i 
y0 ory" 
(ec € ’) 3(e% e”) 6y 
- i 
a 2Ty? 
‘ 3 
8 Y-] . 1lfe%’-e%-2y 
= lim — +lim — 
yo0 27 | 2y y09 y° 
8 1 
= —+-], 
27 9 
8, 8 1 
9 ae 
; eae 1 6 
The required limit = aoe =2.. 


©@ Example 37: Evaluate lim x—x? in(1++] 
x 


© Solution: 


x70 


lim «| m(te2) | Put x = l/y 
X—>00 x 


= tim) 100+ 
y0 y y 


Put In(i+y) =t > l+y =e' 
y =e'-l => as y-0, t>0 


; 1 t 
=—lim = 
in| -1 ¢e! | 


Limits 


(using special limit(ii)) 


Caution 


1 mOry,1)_4 
¥ vo FY 
fin EE 2g 
y0 y 


Doing i [ O using 


y0 


, iS not correct. 


1+ 1/x = 
@ Example 38: Evaluate rr aii Mila 2 


x>0 x 
1 1/x _ 
© Sciution: tim" 


x0 x 


Ind+x)_} 
Cc. le * -lje 


» x30 x 

. eM_1 eM 
lim ._— 
x-0 M x 


In(i+ 
, assume M = ee 


. eM 
lim —— 


x>0 X 


= e 

= e.lim — = 2 
x0 xX 

{using previous example} 


; 1 1 
© Example 39: Evaluate lim aa oe 
x>0 (sin x) x 


x? 1 


@ Solution: Solving lim — .— —; -. 
x90 x* (sin x) x 


1 1 
= lim —~ — — =0, is wrong. 
x>0 x2 x2 > & 


The correct way is to put x = sin 0 

i 1 1 
= ima 

x90 (sin! x)? x? 
| 1 _ sin? 0-07 
lim —— = | 
006? sin? 0 
(sin 8 — 9) (sin 8+ 8) 


= lim ————— 
00 §7 sin? 0 


ll 
N 
— 
2 
5 
fap) 
fap) 
I 
N 
, areas 
— 
Se 
— 


o. 
(using special limit(i)) 


: 2 
© Example 40: Evaluate jim 2*—* —1X}-(-x) 


x0 xcosx—x? —{x}.{-x} 


1.41 
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where {.} denotes the fractional part function. Patent 


inh —h* —{h}{-h = = fiw ft 
Y Solution: f(0*) =lim ag 5 {hyn} (=F) 
h0 hcosh—h* —{h}{—-h} 


2t nt+1-t? 4 


24s sinh —h? —h(1—h) ds G27 | 
»>0 hcosh—h* —h(1—h) 2 1 2tmntet- ge 
sinh—h 2 (+t? (-t)- 
~ Goo Heo Put t=1l+y; as tol, yO 
tL 204+ y)énd+y)4+1-+4 yy 
_ h-sinh he t.4 Limit = > lim ; 
= lim . 2= 2 y>0 -y 


— 3 _ — * * 
h>0 h h(l—cosh) 6 3 Put 1+y=e’?; as y >0,z>0 


sinh—h? —(1—h)h 1 6 gg ae 
Similarly f (0> = lim —————_>—__ _ ie 2. a8 +1l-e 
hoo —hcosh—h* —d—h)h 2 20 (: +) pe 
Z : 
j —(sinh + h) , 
~ 450 —h(1+cosh) 2) sq 2 =e 
‘ Z z>0 via 
1 sinh 
; h 2 (o (e? -e* -2z) 1 
= lim mm =-7e=1. =\~ lim 3 = LL 
hoo 1+cosh 2 NS. z>0 Zz 2 
es ? 
: e rr ss a eat 3u _ ,-3u _ 
Since f (0-) # f (0*), the limit does not exist. es l= lim © e 6u uiene uaa 
x+en(yiex - x} Pay ae 27 u 
© Example 41: Evaluate jim 3 NS (et e430" -e 4) —6u 
P * \ ? ae 27 7h 
©Y Solution: Let Ji+x? -x =t a)» 
> 3 
> x70,t>1 (YY, a et —] 
ine? = lim - + 9 l 
_ u>0 
Alsol+x?=?4+x?4+2tx > x= ° 7 
2t 
8 8 1 
1-2 > Li > l=. 
se ent 9° 27 3 
The given expression = —~——5x,— 8t° 1 
(1-t*) .. The required limit = 6° 
_ Concept Problems H 
1. Evaluate the following limits : oy 
oe ag 4p PARR” 1 a Se 
@) lim —— (ii) lim xol x™— 
x0 x x>0 x 1 (1+x) 
2. Evaluate the following limits : (ii) lim es 
(tim S24 (ii) lim sin8x cot3x Fe 
x0 5x x0 Gv) i In(1+8x) 
iv) lim 7774. 
visa, SUNSK .. ,.. 1-cos5x x30 In(1+7x) 
(iii) lim — (iv) lim ——~— ee 
xr sin 2x x90 3x 4. Evaluate the following limits : 
3. Evaluate Ue following limits : G) lim In(l+x) Gi) tim In sec x 
e*-1 x70 3% _] x00 x 


@ lim ain te 
x0 tanx 5. Evaluate the following limits : 


(4x) 4a 
x 

a* —b* 

xvi-x? 


6. Evaluate the following limits : 


(i) lim 
x0 


(i) lim 
x0 


; . sin2x 
G) lim —— 
x0 tan 3x 
wa. COSK—SeECX 
Gi) = lim ——~— 
x30 xX 
ee. a... COS 7X —COS9X 
(ii) lim. ——H—— 
x0 cos x —cos5x 
én(1+sin 4x) 


(iv) “= esindx -] 


7. Find whether the following limits exists: 


. 1 /l—cosx 
lim — ,{—— 
x>0 x Vl+cosx 
1 

x 


cot 
(ii) lim 
x30 x 
[x=] 
tan !(x —1) 


(ii) lim 
x1 


(iv) lim x‘ sin (2Jx ) 
x90" 


8. Evaluate the following limits : 


tanx xX 
G) lim 
x>0 tanx—-X 
- én cos x 
(i) lim 
x90 V14+x? -1 
we a Wi+sin3x -1 
fin 
x>0 In(1+ tan 2x) 
(exter =I 
wi 2 


x0 sin 4x 


9. Evaluate the following limits : 

; 1+xsinx —1 
lim +—____ 
x>0 xX 


(i) (ii) 


x0 1—cos 3x 


© 
aS 


1—cos5x 


Limits 


Gi a ais 
x30 In(x +1) x70 2 


tan x 


10. Evaluate the following limits : 


11. 


eke: 
S 
MS 
. 42. Find 


as sin? 3x 

(i) lim = 

x>0 In°(1 + 2x) 

(iii) lim ae =): 
a0 (3 — 1) (6% -1) 


Jl+2x -1 


(iv) lim uae 


x0 
Evaluate the following limits : 
. i= : 
lim ( : cos a 
a0 tan” o — sin” o 


(i) 


4... SU Salie se) 


1- x* (sin! x)? 


1- 
es for x <0 
lim f(x) iff) = 4 * 

x0 


forx >0 


ee 


13. Evaluate the following limits : 


: . sinX—COsx 
GG) lim ———— 
x74 mMm—-4x 


: x-l 1) 


: cos x 
lim 


x—>n/2 ie sin x)’ 


(iv) 


14. Evaluate the following limits : 


Inx-1 


(i) lim 


(i) lim (—x) tan 2% 
x>1 2 x>e 


x-e 
3 2. 
Gy tine 


iii) lim (—x) log, 2 
(ait) ams ) los, x1 sin(x—1) 


In(1+3x sin x) 


1.43 


Practice Problems G 


sin(i+ x)—sin(l— x) 


15. Show that lim 
x70 x 


= 2cos 1. 


16. 


</ —~Jl4+si 1 
meus thee an 1+tanx : 1+sin x = 


>0 x 4 


1.44 DIFFERENTIAL CALCULUS FoR JEE Main AND ADVANCED 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


cos(x e* )—cos(xe *) 


Evaluate lim 5 


x0 x 


tan([—17 ]x”) - tan([—n7 ])x? 


Evaluate lim = 
x0 sin* x 


denotes the greatest integer function. 
: n 

. sin(a 
Evaluate lim ae): 
a0 (sin a)™ 


Evaluate lim 


(m and n positive integers) 


sin(a + 2h) — 2sin(a + h)+sina 


h>0 h2 
Evaluate the following limits : 
Gi, tm én(l = asin xX) 
x0 sin xX 
Gi): aim, SEO ce 
x90" sint 3x 
i) sin 3x" 
am a; Incos(2x” — x) 


2sin x —sin2x 


(iv) lim ; 
x0 xX 
Evaluate the following limits : 


. . 3sinx —x* +x? 
a) lim 3 Z 
x00 tanx+2sin~ x +5x 


.. ., 1-cosx +2sin7! x —sin? x 
Gi) lim = a 
x0 3tan x—-x°+x 


sin 2x +(sin ! x)” — (tan! x)? 


a 
Sa 3x 


Evaluate the following limits : 
a 3 

) im —i2 ¥/x In(+3x) 

0 (tan! Vx) (c%* -1) 


oe . 108 sec x/2 COS X 
(ii) lim. —— 
x0 log... cosx/2 


1—cos7 (m—x) 


Evaluate lim ,n=1, 2. 
xon 5 (x—7)" 
Evaluate the following limits : 


(Gj) lim 


Gi) tim 
x3n/4]—2cos* x 


1+4/tan x x2* 


—x 


x01 —cosx 


26. Evaluate the following limits : 
5 - 2 
6: ink sin z a B 
a>Bp (oa —B 


(ii) lim [sin y 5 2 tan 2) 


ya 


27. Evaluate the one-sided limits and find whether the limit 


exists: 
(i) lim 
x>1 x—-l 

sake 1—cos 2(x —1) 

Gi) lim S——— 

x>1 x1 
28. Evaluate lim sod ae 
x2" (x—2) 


fractional part function.) 


x sin(x —[x]) 


29. Evaluate the following limits : 


tips Tit cos /(1—x) 
x>0° xX 
\¥ 1-sin~ 
(ii) lim 2 
XxOn xX xX » xX 
cos —} COS — — Sin — 
2 [ 4 *) 
(iii) tim a (a >0) 


30. Evaluate the following limits : 


In(i + x - 3x* 4 2x7) 


(Gi) lim 5 ; 
x1 Indi + 3x — 4x~ + x”) 
Gi) lim2— 
x>1xInx 


31. Evaluate the following limits : 


G) lim 
x>-l Vx +1 
(i) lim = x 


x1 >< —| 
32. Evaluate the following limits : 
Ay —(cosx +sin x) 


i lim 
@ xn/4 1-sin 2x 
2 _ sin(x — 1/6) 
Gi) im ———— 


x>n/6 ala, —2cosx 
33. Evaluate the following limits : 


1 1+ 2x — 3x? + 4x3 
m 8106 x x x”) 


(i) li 


, (where {.} denotes the 


x>0 logig( — x + x = 7x") 


t 
Gi) lim —2%__ 
29 31 —cos a)? 


.. Neos x —4/cos x 
(iii) lim ———,——— 
x0 sin” xX 
. .  1-cosx+Jcos 2x 
(iv) ha ———_ 

x>0 xX 


1.10 Algebra of Limits 


Earlier, we had seen the theorem on limits. But we face some 
difficulty in applying these theorems in several situations. We 
should take some precautions while applying the theorems. 


1. lim(f(x)+g(x)) = lim f(x) + lim g(x) 


(i) Existent + Existent > Existent 


: sin Xx + tan x 
lim | ———— 
x>0 x 


, sin X : tan x 
lim + lim 
x>0 Xx x0 x 


=1+1=2. 
(ii) Existent + Non-existent + Non-existent 


. sin? x + tanx 
lim | ———-_——_ 
x>0 x? 


sin x 


ae ae : 
+sin— | is non-existent. 
x x 


(iii) Non-existent + Non-existent — No comment 


For example, consider lim ([x] + [—x]) 
x>0 


L.H.L. =-1+0=-1, RHL=0+(-1) =-1. 
The limit exists even if both the individual limits 
do not exist. However, this may not always hold. 


For example, consider lim (2[x] + [-x]) 
x0 


LHLL. = 2-1) +0 =-2, RHL=2.0+(-1) =-1. 
We see that the limit does not exist. 


2. lim(f(x) . g(x) = (lim £9 ). (lim go] 


(i) Existent x Existent > Existent 


: sin x.tan7! x 
lim | ————__ 
x0 x2 


Il 
_ 
x 
_ 

Il 


3. ‘lim(f (x)/g(x)) = 
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(ii) Existent x Non-existent > no comment 
For example, consider lim (x — 1).[x] 
xl 


L.H.L. = 0.(-1) = 0, RHL = 0.0 = 0. 

The limit exists even if one of the individual limits 
does not exist. However, this may not always hold. 
For example, the limit 


lim (cosx).2'* does not exist. 


x>0 
In fact, all the limit questions in 0 x 00 form cannot 
be determined in advance. 


(iii) Non-existent x Non-existent + no comment 
For example, consider lim ([x].[-x]) 
x0 
L.H.L. = (-1).0 = 0, RHL = 0.1) = 0. 
The limit exists even if both the individual limits do not 
exist. However, this may not always hold. 


For example, the limit lim ([x].[-x]) does not exist. 
x> 

LHL. = 0.1) = 0, RHL = 1.(-2) = -2. 

(tim £0) 


(im eco) 


Existent } 
= Existent 


Existent(non — zero) 
In all other cases, we need to examine the limit carefully. 


4. If lim f(x) = 2%, then 


x >a 
L 1 
lim (f(x) =(tim £0)" =)". 
xa xa 


If nis an odd integer, then there is no concern. If nis even and ¢ 
is positive, again there is no concern. If nis even and @ is zero, 
we need to examine the domain of the function. 


lim (sin x)? = 0'3 = 0 

x>0 

lim (cos x)'2. = 12 =1 

x>0 
lim (sinx)!” = 0’? = 0. Note that the function is defined only 
x>0 


in the right neighbourhood of x = 0. Thus, the limit evaluated 
is actually the right hand limit lim (sinx)!”? = 0. 
x>0° 


However, lim (-— sin? x)! is not equal to 0'” i.e. 0, since the 
x>0 


function (—sin x)” is not defined either in the left or the 
right neighbourhood of x = 0. 


lim (£(x))n = (tim roo)” , where m and n are integers. 


xa 


Here also we need to examine the domain of the function. 
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3 Note: wrong. We should not calculate the limit of some term which 


A. If lim[f(x)+g(x)] exists then we can have the following pubis eee pel dls kit Welne DIOvIEe, 
XC 


1—cos(1—cos x) 7 1 


Gane (ii) We have lin mc a by proceeding with 
(i) If limf(x) exists, then lim g(x) must exist. 
mes aes 1-cos| 2 sin? — 

Since g = (f + g) — f, we have by the theorem on 

limits ri 

lim g(x) = lim(f(x) + g(x)) — lim f (x)and this exists. = 

bo xc x>0 ie = | 
es : : : 2-8 
(ii) Both _ f(x) and ~~ g(x) do not exist. However solving as lim : 

x> 


Consider lim[x] and lim{x}. 
x>1 


x1 1—cos(x* $2) l-cosx 1 


where [.] and {.} represent greatest integer and =lim—_q_ [since lim 5 — 
fractional part function, respectively. Here both the mn = oe 2 . 
limits do not exist but lim([x]+{x})=limx =1 si < : x 
ature: xo x1 sin Pa — i 
B. If limf(x)g(x) exists, then we can have the following > x2 x2 = 8 is wrong, although the answer 
ate 16.—.— 
cases: 4 4 
G) Both limf(x) and lim g(x) exist. Obviously, then may be correct 
xc x7c : ) - 
lim f (x)g(x) exists. Gi) lim e* -cosx _ im e* —cosx—1+l 
aa . : . aK) x0 x2 x0 x2 
(ii) limf(x) exists and lim g(x) does not exist. & j 
x>c x>c CO \3 ; x -1 a 1 
1 _Cy ovine diva ali ae 
Consider f(x) = x; g(x) = ——. re x90 x x90 Xx 2 2 
sin x eo aAwY @ 
Ss yy” ; . & =Cosx 
lim f (x) = 0 exists but lim g(x) does not exist. _ However, solving as lim 
x0 x0 (Q ) 3 x>0 x2 
Here lim f(x) . g(x) exists and equals | but this may 2 
x30 e —-1 
not be always true. = eae 7 =I (as cos x > 1 as x — 0) is wrong. 
x> 
(iii) Both limf(x) and lim g(x) do not exist. ; * 
xc x>c . ; sin2x _ ,sinx 
1 if x<0 (iv) lim 
Let f(x) = ; and x30 x 
2 if x>0 sin 2x—sin x 1 sin2 : 
2 if x<0 lim <$—___. PATSES = 12-1] =1 
g(x) = {i f . Here limf(x) and lim g(x) x0 sin 2x — sin x x 
nee ite ade However, solving as 
do not exist while lim f(x).g(X) exists and ; ; sin 2x sin X 
x>0 esin2x — esinx = —. 
equals 2. But this may not be always true. Ga <i =i 
x>0 x x0 x 
Caution. 
vN i e2* _e* ; eX (e* _ 1) , 
= hm —— = Lm ——— = 
Gy ase tien 1—cosxycos2x 3 x0 x x0 x 
E x30 x2 2 is wrong although the end result may be correct. 
we rationalize the numerator first and proceed. 5. Composition Law 
; __ 1—cos xVcos 2x It is tempting to write 
However, solving as lim 2 
we - lim x? +9 = ‘| lim (x? +9) A) 
1—cosx x>-4 x—9—4 


= lim —7— using lim ¥ 2x =lis 
x30 x? . pe Re =,f/(-4)? +9 =/25 =5- 


But can we simply "move the limit inside the radical" in (1) ? 
To analyze this question, let us write 


g(x) = Vx and f(x) = x? +9. 


Then the function that appears in (1) is the composite function 


g(f(x)) = f(x) = fx? +9- 


Hence our question is whether or not 
lim g(f(x)) = g(lim f(x), 
xa xa 


The next limit law answers this question in the affirmative, 
provided that the "outside" function" g meets a certain 
condition; if so, then the limit of the composite function g(f(x)) 
as X — a may be found by substituting into the function g the 
limit of f(x) as x > a. 


A. If limf(x)=b and g(x) is continuous at x = b, then 
xa 
lim g(f(x)) = g{ lim £09) = g(b). 
xa xa 
Proof: Since g is continuous at b, for every neighbourhood 


N of g(b) there exists a neighbourhood C of b such that g(y) 
is in N for every y in C. 


In turn, since lim f(x)=b there exists a deleted neighbourhood 
xa 


D of a such that f(x) is in C for every x in D. Combining 2 iS ; 
these remarks, we see that for every neighbourhood N of 9 Solution: lim 


g(b) there exists a deleted neighbourhood D of a such that 


f(x) is in C, and therefore g(f(x)) is in N, for every" x in Dz 
This proves the result. 


A function such as y=—5 3° is a Zain of the 
a 


polynomial function f(x) = x* + 3 and the reciprocal function 


1 
g(x) = — 
>< 
1 
x7 430 


1 
ie. sf) =FG5 = 


Thus, y = g(f(x)). Therefore, since lim f(x) = f(a) and g is 


xa 


continuous at f(a), lim y = 5 ; 
xa a“ +3 


LA ioa4 ee an 


3 ,x=l 


* g(x) = sine 


To find lim g(f(x)) , we ask two questions. 

Firstly, whether sae f (x) exists . The answer is yes : lim f(x) =2. 
Secondly, whether g(x) is continuous at x = 2. 

We know that sin 7 is continuous. 


Thus, using the above theorem, 
: Tt 
lim g(f(x)) = g(2)=—. 
x>1 6 
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Now consider lim @n Use %) 


xl 1-x 
= 1 
tim YX = a and y = Anx is continuous at x = 7. 
xol l-x 2 2 
lim én 1=vx =n fs 
xl 1-x 2 


But one should note that even if limit of f(x) does not exist, 
the limit of g(f(x)) may exist. 

For example, let f(x) = sgn(x), whose limit does not exist at 
x = 0, and g(x) = x’. 


We see that lim g(f(x)) = lim (sgn(x))” = 1. 


Also, the limit of g(f(x)) may exist even if g(x) is discontinuous. 
For example, let f(x) = x*+ 1, whose limit at x = 0 is 1, and 
g(x) = [x]. We know that g(x) is discontinuous at x = 1. 


However, lim 1 g(f (x) = lim[x? +]]= 1. 
x? -] : 
'- 3 Example 1: Evaluate i |: [.] is G.LF. 
; 4(x —1) 


ay 


x°-1 1 


x1 4(x-1) 2 


, : 1 
y = [x] is continuous at x = = 


1 
Hence the limit is H = 0. 


4| Study Tip 


We know that the function |x| is continuous everywhere; thus, 
it follows that if lim g(x) exists then 
xa 


lim | g(x)| = 
xa 


lim g(x) 
xa 


That is, a limit symbol can be moved through an absolute 
value sign, provided the limit of the expression inside the 
absolute value signs exists. For example, 


lim 5-x?|= lim(5—x?)|=|—4| = 
3 x33 


An useful application of composition law is the following: 
Let L = lim(f(x))* 


=> InL=lim g(x) Inf (x) 
xa 


> L= elma(x) taf (x) 


B. If limf(x)=b, with f(x) # b for every x in some 
xa 


neighbourhood of 'a' and if limg(x)=c, then 
xb 
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lim g(f (x)) =c. (This theorem is sometimes useful if 
xa 


g is discontinuous at b.) 


Let f(x) = >, a(x) = x—1 ened 


To find lim g(f(x)), we ask two questions. Firstly, whether 
x0 

Him E(x) exists. The answer is yes: limf(x)= 2. Secondly, 

x> x0 


2 
. x“ —-] 
whether lim g(x) exists. We have lim g(x) = lim = 
x21 x91 x21 x-l 


Thus, using the above theorem, lim g(f(x)) = lim g(x) = 2. 
x>0 x>1 
Note that the above limit has been evaluated even if g(x) is 
discontinuous. Further, lim g(f(x)) # g{ lim f (0) 
x>0 x>0 


x? -1 


x-l 


Now let f(x) = 1, g(x) = 


Find lim g(f(x)). 
x0 


The theorem is not applicable since the function f(x) attains 
the value | in the neighbourhood of '0'. 


We see that g(f(x)) = 3. Hence i g(f(x))= 3. 
x> 


,-l1s<x<2 oe, hy 
2<x<3 NY ~ 


1-x 


@ Example 2: If f(x) = ; 
2x —5, 


i x*-1 ,-2<x<-l 
BO lox +3 w-Il<x<l 


find (i) limg(f(x)) and (ii) lim g(f(x)) . 
xl x72 
©Y Solution: (i) limf(x) = lim1-x=0. 
xl x>1 
Also, g(x) is continuous at x = 0. 
Hence limg(f(x)) = g(lim£())= g(0) = 3. 
xl x1 
(ii) one f(x) does not exist. The theorem is not 
x> 
applicable. We evaluate the one sided limits : 
lim g(f(x)) 
= ili f(2-h 
lim g(f(2—h)) 


= lim g(1—(2—h)) 


L.HLL. 


= limg(-1+h) 
h->0 

= lim2(-1+h)+3=1. 
h->0 

RHL = ii 

lim g(f(x)) 

= limg(f(2+h 
lim g(f(2+h)) 


= lim g(2(2+h)—5) = lim g(4+2h—5) 


lim g(-1+ 2h) 


lim 2(-1 + 2h) + 3 = 1. 
h>0 


Thus, lim g (f(x) =. 


6. Domination Law 


If two function f(x) and g(x) satisfy the inequality 

f(x) < g(x) (1) 
for all the values of x belonging to a neighbourhood of a point 
a except possibly at a, then 


lim f(x) < lim g(x) .(2) 

xa xa 
provided that the limits of both functions, as x — a, exist. 
Note that a strict inequality connecting functions may lead to 


a non-strict inequality for their limits. For example, if 0 < |x| 
< 1 then x? < |x|. But nevertheless, 


lim x? = lim |x|=0, 
x>0 x>0 


sinx tanx 


Now consider f(x) = and g(x) = 


We have f(x) < g(x) in the neighbourhood of x = 0, 


sinx .  tanx 


7 x #0. Since lim = lim =] 


x00 X x70 X 


we have limf(x) < lim g(x). 
x>0 x>0 


Thus, we see the necessity of the equality sign in the 
domination law. 


The theorem remains of course true if the strict inequality 
f(x) < g(x) entering into its formulation is replaced by the 
non-strict inequality f(x) < g(x). 

In the case x + oo we must require that inequality (1) should 
hold for x > N where N is a fixed number. 


An important particular case of the theorem arises when one of 

the two functions g(x) and f(x) is a constant. For definiteness, 

let g(x) = constant. Then the theorem reads : 

If f(x) < M (or f(x) < M) for 0 < [xk —c| < 6 where 6 is a 

fixed number then lim f(x) <M provided that the limit of 
x7c 


the function f(x) exists. 


1.11 Limits when x > o 


Sometimes we will not be concerned with the behaviour of g(x) 
near a specific value of x, but rather with how the values of f(x) 
behave as x increases without bound or decreases without bound. 
This is sometimes called the end behaviour of the function 
because it describes how the function behaves for values of x 
that are far from the origin. To investigate the end behaviour of 
a function we find limits of the function as x — —-0 or as X > 0. 


To discuss the end behaviour of a function we assume that 
the function is defined on an infinite interval. 


Let the independent variable x of a function y = f(x) increase 
indefinitely. This means that x is made to take on the values 
becoming greater than any given positive number. In such a 
case we say that x becomes infinitely large or that x approaches 
infinity and write x — oo. If x decreases indefinitely, that is, 
becomes less than any given negative number, we say that x 
becomes negatively infinite or that it approaches minus infinity 
and write x + —0o. 

Definition A number A is said to be the limit of the function 
y = f(x) as x — oo if for all sufficiently large values of x the 
corresponding values of the function f(x) become arbitrarily 
close to the number A. 


Limits as x Tends to — 

We can easily understand the meaning of the statement: f(x) 
approaches 4. as x >-— ©. 

In fact, if x =—t and f(x) = f(- t) = g(t) then t tends to 0 
as x tends to — 0, and the question of the behaviour of f(x) 
as x tends to — 00 is the same as that of the behaviour of g(t) 
as t tends to 0, 


-1 


© Example 1: Evaluate lim 2% 
x90 xX+] 


&Y Solution: Note that both the numerator and the denom- 


inator approach infinity as x approaches infinity, 


lim 2x —! ye 
x00 X+] \ 


To resolve this problem, we divide both the numerator and the 
denominator by x. After dividing, the limit may be evaluated 
as follows: 


lim (2x -1) 3 «© 
X— oo 


lim (x +1) > °° 
X—oo 


2x—-1 
lim ae lim —* 
x>-0 x+] x>0 Xt] 
x 
lim 2 lim + 
= 2x -(/ x) _ x32 x0 X 
sR): Ge oie > 
x—00 x00 XK 
= eo. 2 
1+0 
©@ Example 2: Determine what happens to y as x > —<0 
and x — 0, 
x-1 (x + 2) (1- x) 
@ 72>. = 8 
(x + 3) (x - 2) x -3 
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©& Solution: (a) Divide numerator and denominator of 
Ae by x? (the highest power of x in the denom- 
(x + 3) (x — 2) 

1/x -—1/x? 


(1+ 3/x) d-—2/x) 


inator), obtaining 


Hence, as x > ©, 


0-0 0 


(+0)(-0) 1 


yo 


As x — — ©, the factors x — 1, x + 3, and x — 2 are negative, 
and, therefore, y > O-. As x + ©, those factors are positive, 
and, therefore, y > 0*. 
x+2)d-x 

(b) ( ) ) 

x -3 
- a ea _ —x—14+2/x 

x -3 1-3/x 
numerator and denominator by x (the highest power of x in 
the denominator). 


, after dividing 


As x > ©, 2/x and 3/x approach 0, and —x — 1 approaches 


oo, Thus, the denominator approaches | and the numerator 
approaches oo, 


As xX + -00, x + 2 and x — 3 are negative and | — x is positive ; 


so, y > 0. Asx +2 and x —3 are positive and | — x is negative; 
so, y > —00. It should be emphasized that the symbols 0 and 
—co are not real numbers. The phrase “‘f(x) approaches ©” is 
equivalent to saying that “f(x) approaches the unapproachable” 
or “‘f(x) increases without bound”. 

“The symbols oo and —oo are used here to encapsulate a 
particular way in which limits fail to exist. It is important, to 
keep in mind that “oo” is not a number. The limit does not exist. 
To say, for example, that f(x) — 0 as x — a* is to indicate 
that lim f(x) does not exist and that it fails to exist because 

xa 


the values of f(x) increase without bound as x approaches a 
from the right. Furthermore, since oo and —oo are not numbers, 
it is inappropriate to manipulate these symbols using rules 
of algebra. For example, it is not correct to equate (co — 0) 
with 0. 


How Limits at Infinity Can Fail to Exist? 


Limits at infinity can fail to exist for various reasons. One 
possibility is that the values of f(x) may increase or decrease 
without bound as x > © or as x — —o. For example, 
the values of f(x) = x? increase without bound as x > 
and decrease without bound as x — -co. We denote this by 
writing 

lim x3 =— ©, 

x7-0 


lim x?= 0, 
x70 

lim (—x3) = 00 
X—-00 


lim (—x3) = —00, 
x70 
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If the values of f(x) increases without bound as x — © or as 
X > —o, then we write 
lim f(x) 


=oor lim f(x)= 
x00 X——-00 
and if the values of f(x) decreases without bound as x > oo 
or as Xx + — ©, then we write 


lim f(x)=-ooor lim f(x) =— © 
x— 00 x—-00 


Limits at infinity can also fail to exist because the graph of the 
function oscillates indefinitely in such a way that the values 
of the function do not approach a fixed number and do not 
increase or decrease without bound; the trigonometric functions 
sin x and cos x have this property. In such cases we say that 
the limit fails to exist because of oscillation. 


Note: If f(x) > las x + , and / is not zero, then f(x)cosxm 
and f(x)sinxz oscillate finitely as x > o. If f(x) > » or 
f(x) — -o, then they oscillate infinitely. The graph of either 
function is a wavy curve oscillating between the curves y = 
f(x) and y = -f(x). 


End Behaviour of a Polynomial 


The end behaviour of a polynomial matches the end behaviour 
of its highest degree term. 
More precisely, if c,# 0 then 


4 n — 4 n 
lim (c)+¢,X+..+¢x")= lim cx 
x00 Xx—>-00 
lim (c,+¢,x+...+¢x")= lim OR 
x7>-00 x—-00 


We can get these results by factoring out the hebdede power 
of x from the polynomial and examining the limit of the 
factored expression. 

Co C1 

— arnt en] 


a. ae 


Thus, c, + ¢,X +... +¢,x" = x" ( 


As x > -00 or x > ©, it follows that all of the terms with 
positive powers of x in the denominator approach 0, so the 
above limits are certainly plausible. 

For example lim (7x° — 4x3 + 2x — 9) 


x>-00 
= lim 7x>=-—0 
X00 
and = lim = (-4x° + 17x? -—5x + 1) 


x70 


= lim — 4x’ =-00 
xX—>—00 


Let us find lim (x? — x). 
x70 


Note that we cannot write 


lim x? — lim x =a -~©o, 
x—00 x—0 


lim (x?- x)= 
x—>-00 


The limit laws can't be applied to infinite limits because 
(co — 0) 1s indeterminate. However, we can write 


lim (x?-x)= lim x (K-l)=0 
x70 x70 


because both x and x — 1 become arbitrarily large and so their 
product does too. 


©@ Example 3: Discuss the behaviour of 2x? — 11x? + 12x 


when x is large. 


&Y Solution: First consider x positive and large. The three 
terms, 2x7, —11x* , and 12x, all become large in absolute 
value. To see how 2x7 — 11x? + 12x behaves for large positive 
x, factor out x?. 


2 


11 12 
2x3— 11x24 12x = x° [2-442 git) 
x x 


Now, since 11/x and 12/x? > 0 as x> «© 


Him{2-H44 12) =2 
x00 x xX 


Moreover, as X > © , x* > ©, 


Thus lim x? [2s +) =0o 
X xX 
Hence Jim (2x3 — 11x? + 12x) = 00 


Now yo Misider X negative and of large absolute value. The 


“ argument is similar. Using (1), and the fact that 


lim x*=—co and lim Gee 2 )-2 


x—-00 X00 x x2 


it follows that lim (2x*-11x? + 12x) =— 00 

X—-00 
This completes the discussion. It is interesting to graph f(x) = 
2x*-11x? + 12x and see what is happening for |x| large. The 
figure is shown below. 
Since lim (2x*-11x* + 12x) = 0 the graph rises arbitrarily 


x70 


high as x > . 
Since lim (2x*-11x?+ 12x) =— 0, the graph goes arbitrarily 


xXx7-00 


far down as x > — © 


¥ 
4 
3 
2 
1 


The above example generalizes to any polynomial function 
HK) = aR Pa RE as +a 
Let f(x) be a polynomial of degree atleast 1 and with the 
leading coefficient a, positive. Then 


lim f(x) =00 


x00 


If the degree of f is even, then lim f(x) = 


xX —00 


But if the degree of f is odd, then lim f(x) = -0o 
X—>—00 


End Behaviour of a Rational Function 


x? +6x?4+10x +2 


Let us determine how f(x) = ee 
2x°+x° +5 

behaves for arbitrarily large positive number x. 

As x gets large, the numerator x? + 6x” + 10x + 2 grows large, 
influencing the quotient to become large. On the other hand, 
the denominator also grows large, influencing the quotient to 
become small. An algebraic step will help reveal what happens 
to the quotient. We have 


3 6 10 2 
3 2 x +t— +7 +74 
fee = +10X+2 _ x x x 
= 5 5 = 
2x? + x°+5 (2445) 
X xX 
6 10 2 
bp 
=—_X_ XX for x +0 
1 5 
Dee 
xX Xx 


Now we can see what happens to f(x) when x is large. >’ 

As x increases, 6/x — 0, 10/x? — 0, 2/x3 + 0, I/x > 0 and 

5/x3 > 0. Y 
1+0+0+0 1 


Thus, f(x) > “S2040. a 2 ‘ 


So, as x gets arbitrarily large through positive values, 
x>+6x?+10x+2 
9s? 457 4-5 
The technique used in this example applies to any function 


that can be written as the quotient of two polynomials i.e. a 
rational function. 


1 
the quotient approaches 3° 


A useful technique for determining the end behaviour of 
rational function f(x) = p(x)/q(x) is to factor and cancel 
the highest power of x that occurs in the denominator q(x) 
from both p(x) and q(x). The denominator of the resulting 
fraction then has a (nonzero) limit equal to the leading 
coefficient of q(x), so the limit of the resulting fraction can 
be quickly determined. The following examples illustrate 
this technique. 


3 9,2 
-2x° +1 
© Example 4: lim eee ee 
x>-0 = 3x +5 
Y Solution: Divide the numerator and denominator 
by the highest power of x that occurs in the denominator, 
namely x. 


Limits 1.51 


We obtain 


nx Ox #1 _ 5x* —2x41/x 
3x+5 3+5/x 
where the final step is justified by the fact that 


lim = = 
xX—>-00 X00 


5x? — 2x > 0, e —> 0, and 3 + = > 3 
x x 
as X —> —00. 
Let f(x) be a polynomial and let ax" be its term of highest 
degree. Let g(x) be another polynomial and let bx™ be its term 
of highest degree. 


Then lim at = = 
x90 9(X) x90 bx™ 

ands lim a2) = lim ae 
X—>—00 g(x) x>-0 bx™ 


The proofs of these facts are similar to the argument used in 
the previous example. In short, when working with the limit 
of a quotient of two polynomials as x > 0% or as x 4-0, 
disregard all terms except the one of highest degree in each of 
the polynomials. The next example illustrates this technique. 
Alternatively, divide each term of the numerator and 


_ denominator by x* where k is the highest power of 
x in numerator and denominator. Then use the result 


an C ; 
lim —=0 where c is a constant and k > 0. 
x—00 xk 


(i) First of all simplify the given expression. 

(ii) Then divide each term of the numerator and denominator 
by x™, where x is the independent variable and m is the 
highest power of x. 

(iii) Then expression of the form — tends to 0, where c is a 

X 
constant and k is a positive number since 


Je Bie S6 
xX 


when x > © orx > -— ©, - 


© Example 5: Examine the following limits: 


4 2 
(a) eee 
x>0 —xX" +10x4+5 
3 
(b) lim ales as 
x0 5x" + x7 —5x 
(c) shes 


X——00 6x? a x2 


©Y Solution: By the preceding observations, 


4 Z 
ta: des ies = lim(-3) =-3 
X00 —K" 4 10x + 5 X00 —K x70 
3 3 
3 1 
(i) gee = li fj 
x0 5x4 4x35 x90 5x x0 5x 
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In short, let f(x) = a,x™ + ax™ +t... a Xa, 

= 1 1 
and B(x) = b x" + bx"! +....+b, x +b, be two polynomial 
functions. Then 


Gy fg ifm=n 
x0 g(x) by 
Gi) lim Ge, =0 ifm<n 
x 9(X) 
Gti ati nae 
X00 g(x) 
(It is 0 if and only if a, and b, have the same signs 
(iv) lim ~~ = +0 ifm>n. 
x—-00 g(x 


(The correct sign is the sign of Caer : 


0 
i. ye Page ees 
lim 
X—>00 box” 


a ae 


a 
0 =when m=n 
bo 
0, whenm <n 
= ay 
co, Wwhenm>n_  and—>0 
bo 
ag e 
—o, whenm>n and—<0O _ 
0 


Thus, the limit of the ratio of two polynomials is one of the 

following : the ratio of leading coefficients of the polynomials, 

if their degrees coincide; infinity, if the degree of the numerator 

is greater than that of the denominator; zero, if the degree of 

the numerator is less than that of the denominator. 

Definition of Horizontal Asymptote 

The line y = Lis a horizontal asymptote of the graph of f if 
lim f(x)=Lor lim f(x)=L. 

x>-00 x00 


3x? 


Consider the graph of f(x) = 


x7 41 


The limit of f(x) as x approaches — © or 00 is 3. 

As shown in the figure, we see that the value of f(x) approaches 
3 as xX increases without bound (x —> 0). Similarly, f(x) 
approaches 3 as x + —oo. These limits at infinity are denoted by 


For example, li 


lim f(x) =3 and lim f(x) =3. 
x—0o0 


x—>—00 
We see that the line y = 3 is a horizontal asymptote of the 
3x? 


x? +1 


graph of f(x) = 


Limits of Form (=] 


co 


Consider the limit lim PO) 
xa g(x) 


where f(x) — 00 and g(x) > o 


as xX — a. Here a may be finite or infinite. 
This is called (=) form. 
ioe) 


One way to handle this indeterminate form is to write the 


1 
limit ii as ime which enters 
x>a g(x) xa 
f(x) 


(0) 
into (5 form which can be solved by methods 


_ discussed earlier. 


. cotx oo) 
m i) — 
x0 cot 2x ( ee) 
. tanx 0 
- lim =— 
x>0tan2x \0O 


which can be evaluated using standard limits to get 1/2. 


Another way is to find the largest term occurring in the 
numerator and denominator and divide them by this term and 
evaluate the limit using the basic result: 
; 1 
If a term p(x) > 0 as x — a then its reciprocal Pree > 
p(x 
as X > a. 
. X+2cotx 00 
For example, lim —————— | — 
x>0cCoSx+cotx \« 


x 


i x tanx +2 
mi SO ae ig 
x0 COS X x>0 sinx +1 
cot x 


2 — 
@ Example 6: Evaluate ae 
x0 xX” —3x~ +2x 


@ Solution: Dividing the numerator and denominator by 
x3 which is the highest power of x. 


1 4 5 

= lim ~<_X 
woe 3 2 
x 2 


_ 0-04+0_ 
~ 1-040 


3 2 
-4 

@ Example 7: Evaluate lim — 

x0 xX° —3x+2 


Y Solution: Dividing the numerator and denominator by 
x3 which is the highest power of x. 
4 5 


Hence, the limit does not exist. 


3 2 
‘ + 2x* + +4 
© Example 8: Find lim — atl 


x0 4x3 4 3x7 42x41 
&Y Solution: This is an indeterminacy of the form 0/0. 
Let us divide the numerator and the denominator of the func- 
tion by the leading power of x, ie. by x?. 


; x? + 2x? +3x4+4 
LL a ae a 
x>04Ax” + 3x + 2x41 


| Letina Six? aie? 3 
= lim zi 5 i 
x20443/x4+2/x°4+1/x° 4 


4 
: -—2 
© Example 9: lim ee 
ee ee 


Y Solution: Let us divide the numerator and the denom- 
inator by x*. 


- 4 
Fie OE = 


Ea sfx’ pays? | 
2x+l 


2 2 

2x-1 )2s-1 
©@ Example 10: Find the value of lim Se 
x>0\ 2x° —3x-2 


2 
Y Solution: Since, lim cathe a and 


x0 2x73x-2 2 


2x41 


2 _1 )2x-1 
lim cS, =1 wehave lim [zt | = 


Z 
7 


x0 2x —] x>0| 2x? 3x2 


© Example 11: Find 


2 2 
Sy tee. 6 ag 32S 
x20 3x-6 x9-0 3x-—6 
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Y Solution: In both parts it would be helpful to manip- 

ulate the function so that the powers of x are transformed to 

powers of 1/x. This can be achieved in both cases by dividing 

the numerator and denominator by |x| and using the fact that 

Vx2 = |x|. 

(a) As x-—> oo, the values of x under consideration are positive, 
so we can replace |x| by x where helpful. We obtain 


x +2 = ae Vx" +2/|x| 


x0 (3x —6)/| x | 


fk? 42 10x? 
= Lim 


x20 (3x —6)/x 
h+2/x2 lim ¥1+2/x? 
= lim = 
x90 3-6/x lim (3-—6/ x) 
[]: 2 
ee ) Vi+0 1 
~  lim@G-6/x) ~ 3-0 3 


X00 


(b) As x — -00, the values of x under consideration are 


negative, so we can replace |x| by —x where helpful. We 


obtain 
2 
lim Vx" +2/|x| 


x>-0 (3x —6)/|x | 


lim a 


a Vx? 421 x2 


5-4 Bk=6)/ (x) 


2 
1+— 
=. x? _-l 
x9» -346/x 3 
x 
Vx 
i ——— a 
© Example 12: Evaluate lim Vx 
ate <A 
xt x 
.. infinity 
Xx 


©Y Solution: Let y = 


xX +———_=— 
x4 
xt2x 


... Infinity 
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> yt (x)y — x8 =0 


x3 4 [19/3 4 4x 5/3 


2 


ee ee ee 
=y= a 
2 


4x33 


y= 


y> 0) 


x 10/3 5/3 


+4x 


lim y= : i, 


aa V1+04+1 2 
4)| Study Tip 


AS X + 0c we get = — 0. Hence in many problems 
x 


we write the expression in terms of B and apply 1 > 0. 
x x 


To present this in a simple form we use the substitution x = I/t. 


Hence, 


lim f(x) = bt f(1/t) and 
30° 


x—00 
lim f(x) = lim f(1/t), if these limits exist. 
X—>—00 t-~0° 


For the latter limit we may also write 


lim f(x) = lim f(- I/t) using the 
X>-00 t>0° 
substitution x = — I/t. 


1 
© Example 13: Evaluate lim x sin — 
Xx 


x70 
: . a. 
© Solution: lim x sin — 
X00 4 
1 
Put x = Asx—>o, t—> 0* 
t 
ne ei 
to0 st 


_ 3x7 +2 
©@ Example 14: Find lim a 
x3 -0 x= 


lim 3x2 +2 


© Solution: 
x7? - x-2 


Put x = —_ Asx 4-0, t> 0* 


= fim A342 


~ 30 -G42t) |t 


x? 
© Example 15: Evaluate lim ——“ : 
x>o 2Qarctanx” —1 


: el* -1 (2) 

lim ; 

x>0 2arctanx” —1t \ 0 

; a =i : et a1 

= lim =. Sa 
x0 -2| tan"? | x0 —2cot x 


& Solution: 


Put x = 


1 
As x > 0, t > 0* 
t 


le'-1 t 
=— lim : =-—. 
too 2 it tant 2 


=) lim ae ae 
Example 16: Find al (ese 


@ Solution: lim —~ eee eo 
| 1 7 
x3 


© Example 17: Find lim 


x>o0 X+SiINX 


X+COS X 


@ Solution: Here sin x occurs in the given expression and 
when x — 0, sin x oscillates between —1 and 1. 


1 1 
Let x=-— .. t= — and whenx > 0,t>0 
t xX 
. X+cosx 
Now lim ———— 


x70 X+SiN X 


1S hedy - 
a! 


t>0 1 
1+tsin— 
t 


whentS0@t an 23 0-and pace > 0 
t t 
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4 


For sufficiently large values of x we have 
log.x << x? << a* << x! 
a> p>O a>l xeN. 

What we mean by this is that the function x’ is much larger than 

log,x for large values of x when p > 0 and a>1. 

As x—> 00, both log x (a > 1)and x? approach ©, but x? (p > 0) 


Study Tip 


where 


. sinx COS X 
> Note: tm, oe a 0. is much larger than log x. 
(© Note:) The graphs of y = e*and y = In x suggest that as Hence, lim es =0, fora>1. 
X — oo, eX — o much more rapidly than In x + o. Thus, X00 
when x is large positive, e* is so much larger than In x that _ (Inx) 
the quotient e*/(In x) is large positive. Specially, a! =0 
H lim = i Pp n 
ae x>o Inx P Also, lim =0 for p > 0 anda > 1, and lim —=0, 
n> noon! 
The exponential function is notable for its very rapid rate of : 
increase with increasing x. In fact, e* increases more rapidly For example lim 2° =6 
as x — oo than any fixed power of x. Ree 
2 (om 
: x ~, xX 

Thus, lim —=0. @ Example 18: Evaluate lim lie ut 

xow e@ o ne y\ ae x2 = 92x41 
In fact, if n is a positive integer then oO p24 lnx 

x 7) Se ee 
eT lim x"e * =0 load . aus : 4x _1-20 1 
lim — =o, ? ° ¢ = | - 
ge ee WS Solution Limit = 1m x, 0-2 - 


% 


“AY \ 


4* 


aS 
_ Concept Problems | 


1. Evaluate the following limits: 
4 3 
Gy dint x +5x al 
x90 2x° 43x44] 
(2x — 3) (3x + 5) (4x - 6) 


(ii) lim 5 
Ka>00 3x7 +x-1 
(iii) lim (2x? +4x+5)(x*+x4+1) 


x0 (x +2)(x*4+2x3 ine +x-l) 


om 2x1 43x? +5x-6 
x—00 x? 


+3x74+7x-1 


2. Evaluate the following limits: 


: F 2x 
Dy aes 
: —1 
(i) lim cos oe $1 
x70 xX 
i. 
X—00 xX (6x+1)/(3x+2) 
a . 3x242x+1) 
x0| x7 4x42 


3. Evaluate the following limits: 


-1 
: ; tan x Ss . tan x 
dG) lim Gi) lim 
x >= tan 3x X00 xX 
2 
: X—sin x 
lim | j/———— 


(iii) lim tan"'(x?- x4) (iv) 
EVO x90 Vx +cos? x 


: ep sill : _ 
4. Show that lim xtan!— = lim xcot!x=1 
x00 xX x00 


5. Evaluate the following limits: 


V9x° -x 


Gi) ili Gi) lim —, 
xX—00 x74] X-00 =x" +] 
“ xtyfxe Vx : : Vx? 41 
Gii) lim “——————- (iv) lim 19————— 
x00 Vx +1 xo-0 3x-6 


6. Show that lim x"e*=0 for all positive integers. Hence 
X70 


1000 
find lim 


x 
x70 e 
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Practice Problems H 
ie 2 : 
7. Evaluate lim aS and lim Ss (i) im Gi) lim = 
x0 4x +2 xo 4x +2 x>~ In” x X90 X 
8. Assuming that m and n are positive integers, find Gil): tin Inx GH aim Inx 
fy 2 x0 x x0 1/ x 
x3-0 J_x™ 13. Evaluate the following limits : 
9. Evaluate the following limits: (i) lim x +sin 2x 
om Dieta Hale x90 X 
i : 
i430 VOR= 2 +9 2% @: jin 
x90 x +] 
(ii) lim x* [cost-14 4] x(2+sin 2x) 
x0 x 2x? (ii) lim ——— =~ 
3) (5x 419 eae 
Ga) ie OD 100 
ae (Ga 2) (iv) lim 
X00 x 
s[7 4.3 
; : +34+V2x° -1 
(iv) lim = = xt 4 (x +2)! 40+ (x +100)!” 
x—>00 [x8 +x! 4 =*% 14, Find lim xi +10" 
ey aA)” 
iE be log, x - log, (x + I).log,,; (x + 2). 15. Find the limit of the sequence {x,} which is defined by 
log, (K +3) essen logs, so the recursive relation: 


11. Find lim 
xo (2x —3) + 3(2x —3) +... + (2x3) 


wv 
~ 


sa 


12. Evaluate the following limits: 


2Vx +3¥x +.44x 4......4 09x “*K)- 


X,, =X,(2—x,) V n= 1, where x, is an arbitrary number 


n+1 


satisfying the inequalities 0 < x, < 1. 


(3x4 +2x2)sin d+] x P45 
16. Evaluate lim. ——#*——_ 


X00 [x P4|xP4]x]41 


1.12 Asymptotes 


Infinite Limits 


Consider the function f(x) = 1/x. As x approaches 0 from the 
right, 1/x, which is positive, becomes arbitrarily large. The 
notation for this is 


. 1 
lim —=0. 
x>0° X 


As x approaches 0 from the left, 1/x, which is negative, has 
arbitrarily large absolute values. The notation for this is 


Soak 
lim —=-0, 
x00 X 
The behaviour of 1/x, is quite different from that of 
1/x*. Since x? is positive whether x is positive or negative and 
since 1/x? is large when x is near 0, we have 


. 1 | 
lim — =o and lim —=00 
x>0° x2 x70" x? 
' eee | : 
In this case we may write nn =, meaning that 
X70 Xx 


“as x — 0, both from the right and from the left, 1/x? becomes 
arbitrarily large through positive values.” 


eee | ; : 
We can also write lim ix] =oo but there is no corresponding 
x30] X 


statement for lim = . 

x30 X 
Let f be the function given by f(x) = 3/(x—2). From figure we 
can see that f(x) decreases without bound as x approaches 2 
from the left, and f(x) increases without bound as x approaches 
2 from the right. This behaviour is denoted as 


: 3 
=—oand lim = 0 
x>27 xX — 


lim 
x>2°> xX — 


f(x) increases and decreases without 
bound as x approaches 2. 


If it were possible to extend the graphs toward infinity, we would 
see that the graph becomes arbitrarily close to the vertical line 
x = 2. This line is a vertical asymptote of the graph of f. 


©@ Example 1: Determine the points x = a for which each 
denominator is zero. Then see what happens to y as x — a— 
and as x — at. 


(a) _. kl 
aE ee ed) 
_ +I @=0 
® y= 
(x + 2) - x) 
© yo- 
© Solution: 


(a) The denominator is zero for x = —2 and x = 1. 
AS X > 2°, y > -20 5; aS xX > -2*, yO ~w. 
Asx>l,yo;asxo It, y >-«, 

(b) The denominator is zero for x = 3 
Asx >3,y>7o;asx 93, yO @, 

(c) The denominator is zero for x = 3. 

Asx >3,y> 0; asx > 3*, y > -<. 


Vertical Asymptotes 


If f(x) approaches infinity (or negative infinity) as e 


approaches a from the right or the left, then the Lint, x=a is 
a vertical asymptote of the graph of f. \ 

The line x = a is called a vertical asymptote of ‘the curve 
y = f(x) if atleast one of the following statements is true : 


lim f(x) = 00 lim f(x) = lim f(x) = 
xa xa x>a" 

lim f(x)=-© Jim f(x) =-0 lim f(x) =—- 
x7a xa xa 


G Note: If a function f has a vertical asymptote as 
x = a, then f is discontinuous at a. 
yj 


i) 
xv 


ai 


xv 


lim . a 
xa * f(x) =—0 
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If the function is a quotient of two functions then the vertical 
asymptote occurs at a number where the denominator is 0 and 
the numerator is not 0. 


Theorem Let f and g be continuous on an open interval 
containing a. If f(a) # 0, g(a) = 0. and there exists an open 
interval containing a such that g(x) # 0 for all x # a in the 
f(x 
interval, then the graph of the function given by h(x) = a 


has a vertical asymptote at x = a. 


© Example 2: Determine all vertical asymptotes of the 
graphs of the functions: 


1 

(a) f(x) = 4D (b) f(x) = x = (c) f(x) = cot x 

©Y Solution: 

(a) When x= — 1, the denominator is 0 and the numerator is 
not 0. Hence, we can conclude that x = — | is a vertical 
asymptote. 

(b). By factoring the denominator as 


> = HN=(«-1)(«+1) 
we can see that the denominator is zero at x = — | 
and x = 1. Moreover, because the numerator is not 0 at 
these two points, we conclude that the graph of f has two 
vertical asymptotes. 


(c) By writing the function in the form 


COS X 


f(x) = cotx = — 
09) sin x 
we conclude that vertical asymptotes occur at all 
values of x such that cos x # 0 and sin x = 0. Hence, 
the graph of this function has infinitely many vertical 
asymptotes. These occur when x = nz, where n is an 
integer. 
The theorem requires that the value of the numerator at x =a 
be nonzero. If both the numerator and the denominator are 0 
at x = a, then we obtain the indeterminate form 0/0, and we 
cannot determine the whether a vertical asymptote exists at 
X =a or not, without further investigation. 
© Example 3: Determine all vertical asymptotes of the 
2 
x° +2x-8 
graph f(x) = —_,——. 
x" -4 


©Y Solution: We simplify the expression, as follows : 


ee x?4+2x-8 | (x+4)(K-2)_ x+4 
2 2, (Ee ae 


At all values of x other than x = 2, the graph of f coincides 
with the graph of g(x) = (x + 4)/(x + 2). Thus, we conclude 
that there is a vertical asymptote at x = — 2, as shown in the 
figure. From the graph, we can see that 
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1 x? +2x-8 _ li x* +2x—-8 
7 2: =—ee and x72 Pin 7 
x2 x 4 = a‘ 
x +2x-8 
f(x) = —; 
x 
vertical undefined 
alec when x = 2 
at x =— 


f(x) increases and decreases without 
bound as x approaches — 2 


Note that x = 2 is not a vertical asymptote. 


Horizontal Asymptotes 
Bearing in mind the geometrical interpretation of the limit 


of a function, as x + ©, we can say that if 


lim f(x) = @, the curve y = f(x) has the straight line 


x70 


y = £ as its horizontal asymptote for x > . 


The line y = ¢ is called a horizontal asymptote of the curve we F 


y = f(x) if either 
lim f(x)=Lor lim f(x) =L 
X>-00 


xXx—>00 


horizontal 
asymptote 


lim = 
Parent) =0 


horizontal 
asymptote 


lim f(x) = 
X—00 


For example, the line y = 2 is a horizontal asymptote to 


since lim f(x) = 2. 
X+ X00 


the right in the curve f(x) = 


By taking the limit as x — — ©, we see that y = 2 is also a 
horizontal asymptote to the left. The graph of the function is 
shown in the figure. 


y =2 is a horizontal : 
asymptote tl 


( Note: From the definition it follows that the graph of a 
function of x can have atmost two horizontal asymptotes — one 
to the right and one to the left. 


We can see in the figure that the function f(x) = 1/(x*+ 1) 
approaches the same horizontal asymptote to the right and to 
the left. This is always true of rational functions. Functions that 
are not rational, however, may approach different horizontal 
asymptotes to the right and to the left. 


2 al 


f has a horizontal asymptote y = 0 


In a number of cases the function f(x) behaves in a different 


manner as x > © and as x > -00. 
9x? +1 


—_ 


For instance, for the function f(x) = defined for 


all x + 1, we have 


_ V9x7 +1 
lim = 


X3-0 = =X— 


[o.2 
3, lim 9x7 +1 _ 


x30 x! 


3 


Therefore, when investigating for horizontal asymptotes of 


functions, we usually consider both lim f(x) and lim f(x). 
X00 X—010 


@ Example 4: Determine the limits 


3x —2 . 3x-2 
(a) lim ~=—— (b) lim ——— 
saa Pe ee | soacmar( qa | 
Y Solution 


(a) For x > 0, we can write x = ¥ a Thus, dividing both 
the numerator and the denominator by x produces 


lim 3x —2 


se Sox? +1 


2 
= lim x coal ee 


x90 p+ “250. 42 
x2 


(b) For x < 0, you can write x = Sa . Thus, 
dividing both the numerator and the denominator by x 
produces 


3x -—2 2 2 
3x2 x a -_ 


Voxt41 Vox241 Vox? 41 ~p+t 
he 2 e 


and we can take the limit as follows. 


2 
. 3x —2 a 
lim 
xen I Dx~ +1 
3-0 


a 
V2 
horizontal 
asymptote 
to the right 


eR 

horizontal 
asymptote 
to the left 


Use of Asymptotes in Graphing 


Some examples of graphing rational functions will show the 
usefulness of asymptotes. 


©@ Example 5: Draw the graph of f(x) = : 
x(x -1) 


©Y Solution: Note that when x =0 or when x =1 the denom- 
inator x(x—1) is 0. Thus 0 and 1 are not in the domain of the 
function. More important, when x is near 0 or near | the quo- 
tient 1/[x(x-1)] has large absolute value. Thus the lines x = 0 and 
x = | are vertical asymptotes for the graph. To decide how the 
graph approaches these asymptotes, it is necessary to exam- 
ine the sign of f(x) for x near 0 and for x near 1. Consider x 
near 0. If x is a very small positive number, then 
1 1 


is the product of 1/x, which is a large positive number, and 1/ 
(x—1), which is near 1/(—1) =—1. So, for x small and positive, f(x) 
is negative and of large absolute value; that is, lim. f(x) = —o0. 
This fact is recorded in Fig. 1 


Limits 1.59 


x 


(in f(x) =a 
x>0° 


Fig. 1 


¥. 
lim f(x) = 
x>0" 


Fig. 2 
Y : ee f(x) = 00 


xo l 


lim f(x) =-00 \; 
xO 1 : 


Fig. 5 


If x is near 0, but negative, then 1/x is negative and of large 
absolute value. Again, 1/(x—1) is near —1. Thus, 


1.60 DIFFERENTIAL CALCULUS FoR JEE Main AND ADVANCED 


1 1 
am f(x) = lim ———=0 
30 x20 x x—-l 
This fact is recorded in Fig.2. 
Next, how does f(x) behave near x = 1? 
Consider first x near | but larger than 1. 


1 1 
Then f(x) =— i is a large positive number, since 1/x is 
xX X— 


near | and x — | is a small positive number. Thus, 


lim f(x) =00 
xol 


Similarly, lim f(x) =—0o 

xo 

These two facts are recorded in Fig. 3. Piecing together these 
three figures suggests that the graph of f for x in or near the 
interval (0,1) looks something like Fig. 4. How high the curve 
goes for x in (0,1) is the type of question answered in a later 
chapter with the aid of derivative. 


How does f(x) behave when |x| is large? 


=0 and lim ; =0 
x0 x(x —1) 


Since lim 
x0 x(x — 1) 


the x axis is a horizontal asymptote (both for x positive and — the 


for x negative). In both cases the graph approaches the x axis 
from above, not from below, since the function is positive when 
|x| is large. The graph of f must look something like Fi ig. “52 
©@ Example 6: Discuss and sketch the graph of th ‘the 

Ax? 

ti =a. - 

equation y= “2 
Y Solution: The graph is symmetric w.r.t. the y axis, since 
X occurs with even powers only. 

2 


Since, 0 < * i <1,0<y <4 for every number x. 
x 


Thus the graph lies between the lines y = 0 and y = 4. 
: 4x? . 4 
lim = lm 5= 
cena £1 xotol+1/x 
the line y = 4 is an asymptote of the graph of the function. The 
graph may be drawn as shown in the figure. 


Since, 


The notion of an asymptote can be extended to include curves 
as well as lines. Specifically, we say that f(x) is asymptotic 
to g(x) as x > oo if 


ie [f(x) — g(x)] = 


and that f(x) is asymptotic to g(x) as x > —o0 if 
im [f(x) — g(x)] = 
X—>-00 


Informally stated, if f(x) is asymptotic to g(x) as x > ©, then 
the graph of y = f(x) gets closer and closer to the graph of 
y = g(x) as x > o, and if f(x) is asymptotic to g(x) as x > 
—oo, then the graph of y = f(x) gets closer and closer to the 
graph of y = g(x) as x > -©0. 

For example, if 

7 Se 

pe %y (&) =x’ + 


2 i and g(x) = x? 


n g(x) is asymptotic to g(x) as xX + 00 and as x — —00 since 


lim [f(x) - g(x)] = lim = =0 
x-l 


X00 


lim [f(x) — g(x] = lim ia 


x>-0 X—] 
This asymptotic behaviour is illustrated in the following figure, 
which also shows the vertical asymptote of f(x) at x = 1. 


_ Concept Problems J 


1. Determine the vertical and horizontal asymptotes of the 
graph of the given functions : 


G) f(x) = 


ox 2 
—, Gi) t= 2 
(x+2) x° +9 

2. Sketch the graph of each of the following functions, 


indicating the vertical and horizontal asymptotes. 


a 


a 
G) i) =— Gi) f(x) = 


x7 — i= 
3. Use asymptotes to sketch the graphs: 
x(x-1) 


x 4) 


1 1 
QO y= 3 G)y=—4 7 Gi) y= 
xX" — xX —X 


4. Sketch the graph of (i) y = xe* (ii) y=x Inx. 


1.13 Limit of a sequence 


Here we consider limit of a sequence f(n) as n tends to ©. 
We say that the sequence approaches the limit 2 if for all 
sufficiently large integral values of n the corresponding values 
of f(n) become arbitrarily close to the number A. 

If f(n) — © we may say that f(n) diverges to  . If f(n) 
does not tend to a limit or to © , then it oscillates finitely 
or infinitely: in this case we say that the sequence oscillates 
finitely or infinitely. 

The only difference between the ‘tending of n to «’ and 
‘tending of x to «’, is that x assumes all values as it tends to 
oo , 1.e. that the point x coincides in turn with every point of 
the number line to the right of its initial position, whereas n 
tended to by a series of jumps. We can express this distinction 
by saying that x tends continuously to ©. 

There is a very close correspondence between functions of x and 
functions of n. Every function of n may be regarded as a selection 
from the values of a function of x. 

We can easily see that [x] — o , x—[x] oscillates finitely, and 
[x] + V{x-[x]} > 0 as x > o, 

One simple remark may be inserted here. The function f(x) = x 
— [x] oscillates between 0 and 1, as is obvious from its graph. It 


is equal to zero whenever x is an integer, so that the function f(n) 


derived from it, is always zero and so it tends to the limit zero. 
The same is true if f(x) = sin x7. 


f(n) = sin nz = 0. 


Itis evident that f(x) + / or f(x) ——o involves the corresponding 
property for f(n), but that the converse in often untrue. 


GB Note: If f(n) is a sequence such that lim f(n) =a, then 
no 


we have lim f(n+l)=a. 


n—-o0 


| 2, 
©@ Example 1: Find lim Nn? +1 +n 
noo 43 4 —Jn 
S n| Vi-vt/n? + VI7n | 
“@ Solution: lim 
noo ni (Yin - 47a] 


(Vi+1/n? + Vi7n| 
= ima = 00 


aaa (steam -‘f7n) 


@ Example 2: Find i a@aiiont 


\ 
@ Solution: tim —"—_ 
noo (n+1)!—n! 
n! 1 


(n+1)! 


- lim 


Limits 


: 3(n +1) 
©@ Example 3: Evaluate lim -—~>— ,neN 
n—-00 (n + 1) [3n 
@ Solution: Limit= tim C2tYG8+YGn+5) 
ie (n+l) 


oft, 
ao 


© Example 4: Find 


: 2n n+l 
lim cos 


n— 00 2n? -1 In-l 


ny n(-1) 
1-2n 


n> +1 


Y Solution: lim Z Lae ae 
n>0©/\2—-]{/n? Jn 2-1/n 


1 (-p" 1 
x x 
(/n-2) (1+1/n’) | 


Gy 1 2 1+1/n 
= lim cos 
case n|\2-1/n? 2-1/n 


1 ‘ (-1)" 
(i/n—2) (4+1/n?) 


+ 
Ox say eras Yo = 0. 
2 2 2 1 


© Example 5: Evaluate 
. 1n+2.(n-1)4+3(Mm—2).....4n.1 
lim ; 
neo n 


n 


Sir(n-r+)) 
© Solution: Limit = lim =1— 
n-o n 
n n 
(n+) r-)or* 
= lim rl. r=1 
n-o n 
(n+)Dn(m4+l1) n@m+i1)(2n+1) 
= lim 2 ; 6 
no n 
2 
2 3 6 


©@ Example 6: If the value of 


tim o'(-F)-3](-5}-(-2] 


is k then find the sum of digits of k. 
4 5 6 7 
x x x Kisidvisies 
7 8 9 10 n 


Y Solution: jim n° 


no 
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n 
+ 
4x5x6n° @ Solution: Limit = jim 2+! 2+! _ OF!) 
= ar ee = 120=k. noo ix 9p 1 
n—- 0 _ _ 
: E : n+l 


Thus the sum of digits of k = 3. e Example 10: Find 
: Fin 


© Example 7: Find the value of Ynf1-—5) al mal i Jo 1 }-(1-4) 


n 32 42 


n=2 n 
. foe | SY) . 2 * * 
@ Solutions We have Ymnf1-—) Y Solution: We have limit 
2 n 2 n n 
n=2 n n° -1l . n-l n+l 
= lim I] 7 = lim [{— a 
v1 n--1 v1 [2 eS) n>o y-5 Nn n> p_9 n n=2 n 
= n = n = 
= n? = n n 12 3 n-1 (3 4 5 att) 
=H 5° 3 A me JNA 8 a 


ll 
S 
iMes 
— 
i=) 
a. 
i=) 
5] 
ae 8 
+ 
aE 
i=) 
fi 
i=) 
P| + 
Sa 
ll 
= 
5 
Je 
5 
+ 
mo 
ll 


[m2] mf @ Example 11: Calculate lim sin(m,/n7 +1) . 


@ Solution: We have 


Il 
—\ 
a 
5 
N]le 
pe 
5 
Nene 
—~ 
= 
5 
wry 
ne 
5 
lw 
+ 
= 4 
4An 
= 
ll 
5 
fa 
= 
+ 
| 
Ht 
= 
No 
Il 
5 
—— 
— 
+ 
| 
\| 
+ 
oy 


= In— - lim n( 2) 1 
n—-00 n-+1 —~ n+—et......... 
2n 
= In> —-Inl=—In2 Hence sinteVn? +1) =sin( xn + 2+ ceetedy 
n 
© Example 8: Evaluate lim ~. il t 
n>o n! = (-1)" sin] ——+....... 

©Y Solution: Since x is fixed number, there will be a pos- 


itive integer N such that |x| <N. 


: Tl 
|x| The sequence {(—1)"} is bounded and ; sin] —+....... is 
Let NT q (0<q<1). Now, we have on 


infinitesimally small, and therefore the product of these two 


ot ca ee ae sequences is an infinitely small sequence. Thus, 
| = 
n!| |12°3°° °N-1'N N41 n Py eer ee 
n—-o 
Ix] [xt [x] [x] n 
<<  eeeeeee —— ..q.q.....q © Example 12: If lim n-3 ol 
1 2 3 N-1l p ae 360 n(x—2) 40:3" —3" 3 
[since I2el <q forn=N] where n € N, then find the number of integral values of 'x'. 
Ena N Y Solution: We have 
~ (N-D! he eo el 
Ix Nt no n(x—2)"4n-3771-3" 3 
x ‘ ples : 
ai (N-D! °° fixed quantity independent of n, while — pividing both numerator and denominator by n. 3°, 
q’“*! approaches 0 as n approaches oo. lim : oe 
e aie a2) ne ae 3 
Hence, we have lim — = 0. 3 n 


noo pn! 
Clearly for the limit to exist, we must have 


n+l 
@ Example 9: Evaluate lim aa x 
no |n +142" =15 


<1 > -1l<x<5 


The possible integral values of 'x' are 
Hence there are 5 integral values of 'x' 


0, 1, 2, 3, 4 


Behaviour of Two Functions as n Tends to Infinity 


Results 
1. If f(n) > © as n tends to infinity and g(n) = f(n) for all 
values of n, then g(n) > © as n tends to infinity. 
2. If f(n) > 0, as n tends to infinity and |g(n) | < |f(n) | for 
all values of n, then g(n) > 0 as n tends to infinity. 
3. If lim |f(n)| = 0, then lim f(n) = 
noo n> 


4. If f(n) tends to a limit or oscillates finitely as n tends to 
infinity , and |g(n)| < |f(n)| when n = N, then g(n) tends 
to a limit or oscillates finitely as n tends to infinity. 

5. If f(n) tends to © or to —~ or oscillates infinitely as n tends 
to infinity , and |g(n)| = |f()| when n = N, then g(n) tends 
to co or to —00 or oscillates infinitely as n tends to infinity. 


Behaviour of Sum of Two Functions as n Tends 
to Infinity 


Theorem If f(n) and g(n) tends to limits a, b, then f(n) + 
g(n) tends to the limit a + b. 
The argument is roughly like this : 


nearly equal toa+b’. 


Results 


1. If f(n) tends to a limit, but g(n) tends to 10 or to— oo Or 
oscillates finitely or infinitely as n tends to infinity, then 
f(n) + g(n) behaves like g(n) as n tends to infinity. 

2. If f(n) > © and g(n) > or oscillates finitely as n tends 
to infinity, then f(n) + g(n) > © as n tends to infinity. In this 
statement we may obviously change © into —co throughout. 

3. If f(n) > © and g(n) > - as n tends to infinity, then f(n) 
+ g(n) may tend either to a limit or to © or to —co or may 
oscillate either finitely or infinitely as n tends to infinity. 
These five possibilities are illustrated in order by 
(i) f(n) =n, gin) =-1, 

(ii) f(n) =n’, g(n) = -n, 
(iii) f(n) = n, g(n) = —n? 
(iv) fn) = n+ 1)’, g(n) = -n, 
(v) f(n) =n’+ (-1)'n, g(n) = - 

4. If f(n) > — and g(n) oscillates infinitely as n tends 
to infinity, then f(n) + g(n) may tend to © or oscillate 
infinitely as n tends to infinity, but cannot tend to a limit, 
or to -00, or oscillate finitely. 

For g(n) ={f(n) + g(n)} — f(n); and, if f(n) + g(n) behaved 
in any of the three last ways, it would follow, from the 
previous results, that g(n) —> —-00 , which is not the case. 
As examples of the two cases which are possible, consider 
(i) f(n) = n’, g(n) = 1)" n, (ii) f(n) = n, g(n)= (—1)"n’. Here 
again the signs of co and —oo may be permuted throughout. 
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5. If f(n) and g(n) both oscillate finitely as n tends to infinity, 
then f(n) + g(n) must tend to a limit or oscillate finitely 
as n tends to infinity. 

For example 
@ fa) =CD* ga) =C)D™, 
Gi) f(n) = g(m) = 1)". 

6. If f(n) oscillates finitely, and g(n) infinitely as n tends to 
infinity, then f(n) + g(n) oscillates infinitely as n tends to 
infinity. 

7. Ifboth f(n) and g(n) oscillate infinitely as n tends to infinity, 
then f(n) + g(n) may tend to a limit, or to © , or to -00 , or 
oscillate either finitely or infinitely as n tends to infinity. 
Theorem If lim f(n) = a and Jie g(n) = b, then 


no 


lim f(n)g(n) = ab. 


Theorem If lim f(n) =a and lim g(n) = b and b is not 
n> n> 


Zero, then lim oe 
n> g(n) b 


Results 


‘when n is large, f(n) is - a If f(n) — o and g(n) oscillates finitely as n tends to 


nearly equal to a and g(n) to b, and therefore their sum ds )’ 


infinity, then f(n)g(n) must tend to oo and —o0 or oscillate 
infinitely as n tends to infinity. 

Examples of these three possibilities may be obtained by 
taking f(n) to be n and g(n) to be one of the three functions 
2+ClP, —-Cl), (-I° 

2. If f(n) and g(n) oscillate finitely as n tends to infinity, 
then f(n)g(n) must tend to a limit (which may be zero) or 
oscillate finitely as n tends to infinity. 

For example, 

G@) fm) = g@) = CD", 

Gi) fm) = 1+ (-1)", gy) = 1-1), 


Gi) f(n) = cos “nm, a(n) = sin 


3. A particular case of the theorem which is important is 
that in which g(n) is constant. The theorem then asserts 


simply that lien kf(n) = ka if ae f(n) = a. 


4. Iff(n) > as n tends to infinity then kf(n) > o or kf(n) 
— -o , according as k is positive or negative, unless k = 0, 
when of course kf(n) = 


for all values of n and lim kf(n) = 0. And if f(n) 
no 


oscillates finitely or infinitely as n tends to infinity, then 
so does kf(n), unless k = 0. 


CD Note: 


1. If f(n) is positive and f(n + 1) > K.f(n), where K > 1, for 
all values of n, then f(n) — © as n tends to infinity. 
For f(n) > K.f(n—1) > K*f(n—2) > ... > K™'f(1) from which 
the conclusion follows at once, since K" + oo 
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Note that the same result is true if the conditions are 
satisfied only when n = N. 

2. If f(n) is positive and f(n + 1) < Kf(n), where 0 < 
K < 1, then lim f(n) = 0. This result is also true if the 


nwo 
conditions are satisfied only when n= N. 


3. If |f(n + 1)| < K |f(m)| when n = N and 0 < K < 1, then 


lim f(n) = 0. 
no 
. ff 1 
4. If f(n) is positive and lim ae = 1> 1, then f(n) > 
noo f(n) 


oo as n tends to infinity. 
f(n+1) 
(n) 


For we can determine N so that >K> 1 


when n = N ; we may, for example take K half way 
between | and / and apply 1. 

lim f(n+1) 
noo f(n) 


then lim f(n) =0. 


no 


5. If =1, -1<l<1, 


@ Example 13: Determine lim n'x", where r is any 
ea 4 noo 
positive integer. 


@ Solution: Let f(x) =n'x". 


» 


If x = 0 then f(n) = 0 for all values of n, and lim n‘x" =0. .; ; 
n> 


all other cases 


f(n) oscillates infinitely if x < -1 
and f(n) > Oif-1 <x <0. 

©@ Example 14: Prove that if x is positive then 
Ux > lasn>o 

©Y Solution: Suppose, for example, x < 1. 


Then x , vx Ax y+ 18 a decreasing sequence, and Yx >1 
for all values of n. Thus Wy +> 1,where/>1. Butif/> 1 


we can find values of n, as large s we please, for which ¥/x 
—>lorx>/", and since /"—+ © as n—- , this is impossible. 


©@ Example 15: Prove that Yn — las n— 0, 

© Solution: »/(n+1 < Yn 

if (n+1)" < n™ or (1 +n°')" <n, which is certainly satisfied 
ifn >3.Thus Yn decreases as n increases from 3 onwards 
and since it is always greater than unity, it tends to a limit 


which is greater than or equal to unity. But if Yn — 1, where 
1 > 1, then n > /", which is certainly untrue for sufficiently 
large values of n, since /" /n > © with n. 


o Example 16: The sequence of real numbers x,, x,, 


- satisfies lim (x, + X, +1) = 315 and beg x, + 
n-> 


Evaluate in D (Xy4/Xona)s 


© Solution: We have tim (x 


Qnt1 Koy ny 


= lim [(x,, as a ve “a + x, 1 
n> 


lim f(n+l) _ n+l 7 (&. ” 
noo f(n) eee ae ae ~— = 315 — 2003 = — 1688 ; it follows that X54) 2 0 as 
First : ti n+, 
irst suppose x is positive. — nits Ri 
Then f(a) > oo if x > 1 and fi) S OUP e< Li, Then lim —— = lim “Ss 1-1 
Bo Lhe) since X, + : 315 he — 00 
. oi 2n 2n+1 2n+1 . 
Secondly, suppose x is negative. 1. Evaluate the following limits : 
Then |f(n)| = n° |x|" tends to oo if |x| = 1 and to 0 if |x| < 1. 
_ Concept Problems K 
1 4+274+3°+....¢n7 
@® i oP 45 6 Gi te a +n 
n>o 37469 n—0o n 
n+l n 2n 
1)*-(n-1 sy ie Se 
co: in y*=a-1)" Gii) im aaa 
n—00 3n3 +5 noo 5° 42°43 
i n?+3n?—n-3 - 
(iii) aun Pie (iv) lim 
las 22 +1 
jis n 
n> 3/6 | 3. Using the set x, = oc , show that the sequence 


2. Evaluate the following limits: 


(i) lim n? 1 —Ccos *) 
n 


no 


{sin x,} diverges. Hence prove that the function sin x 
does not have a limit as x > o., 


4. Prove that the following sequences tend to zero as n 


tends to infinity: 


n 


@ x=2, Oye 0 x <0 
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5. Prove that 2/(n!) >oasn—>o., 


Practice Problems | 


6. Evaluate the following limits: 


14-0743" 4.2407 
5 


(i) lim 


n—-.0 n 
3 3 
Gi) lim (n+1)° —(n-1) 
n> (n +1)? +(n— 1? 
(ii) lim Vn? +2-Vn? +1 
BM eDaily eI 
(iv) jim @t2@+D! 
n> (n+2)-(n4+))! 
3 42 3/4 
7. Find lim wa 2n +143 +1 


eee 4/n6 #6n°4+2= Jn! 307 $1 
8. Evaluate the following limits: 


1 1 
1+=+—4.....4 a 
(i) lim 2 7 
no 1 1 1 \ 
1+—4+—4.....+— 
3 9 3" 
(i) lim : } : begnaes : : ¥Y 
n>ol 1.3 3.5 Cas 1)(2n im 


LY J 


1.14 Limits of Forms (0 x 0) and (c — 0) 


(0 x ©) Form 
Consider the limit lim f(x).g(x) where f(x) > 0 and 
xa 


g(x) > © as x > a. Here a may be finite or infinite. 
This is called (0 x 00) form. 
One way to handle this indeterminate form is to write the limit 


f(x) 


lim f(x).g(x) as lim —— which enters into ¢ form or 
xa xoa_ 1 (0) 


g(x) 
lim B(x BU) chs is in (=) form. 
co 


xa ee 
f(x) 
These can be solved by methods discussed earlier. 
For example, = sin2x. cotx is in (0 x 0) form. 
sin 2x 


x—>' 0 
cotx = lm (2) which can be 
x>0 tanx 0 


lim sin2x. 
x>0 


evaluated using standard limits to get 2. 


1 eau 


and 7 x(e* —l)= lim cies S| 
x00 


7 1 . 1 
(iit) tim (+ 23400" | 


9. Forx >Oand #1 andneN, evaluate, 
1 1 
log, 4. log, 8 


lim | ————— + ———- + ...... 
noo 


+ 
log, 2. log, 4 


: 1 
log, 2" | . log, 2" 
1 9 
10. If fm + 1) = trom), n € N and f(n) > O for 
Pl f(n) 


all n EN, then find lim f(n) 


no 
Th Evaluate the following limits: 
- : 1 2 n 
? yy lim wt | 
noo |J—n? =n? =n" 
4 : Pee ae 22 
ii im 
noo n?+1 
x 
(iii) lim [cos COS—....... cos <) 
noo 2” 


1 
@ Example 1: Evaluate dna ie 


&Y Solution: This is an 0. 0 jndleterminats form, but we 
convert it into a 0/0 form by using the substitution u = 1/x 
and noting that u > 0 as x > 

tanu 


: 1 . 1 . 
lim x tan — = lim —tanu = lim 
x0 x u>0uU u>0 Uu 


@ Example 2: Evaluate lim x(¢nx — én(x +2)) 


1 
Y Solution: Limit = lim x./n Put x = - 
X00 xt+ t 
1 
én 
ey EE a, ig 
t>0° t t>0° 2t 


X—00 


© Example 3: Evaluate lima *sin( 2 Ly -). a> 
as 


in) 
Y Solution: Limit = lim Na) b=b. 


X00 b 
a* 
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©@ Example 4: Evaluate lim x{ tan! ut) ; 
x 


3 
t 
2. 


X00 42 4 
Limit = lim 
. . 7 t—00 t 
Y Solution: Limit = lim x{ tan” at tan”! 7 3 
x0 x+2 —(¢nt) 
lim i 
x+1 =| t>00 t 
= lim x.tan! X+2 : ént ‘ 
X00 1+x+4l = —lim wOyEy = 
tool t 


© Example 9: Evaluate lim n?(%/a —"*Va), a>0. 
noo 


tan! 5) 1 1 
x+ 
= limx SY) . . a c an = n+l 
lim = 5] © Solution: Put n y Jim n (Ya —""Ya) 
2x +3 
Se eee 
= lim —_=-+ ee 
dead = Ps f= 1] 
- = lim a’ ; 
: 0 
GNote?) lim x/nx =0 = y 
x->0° = 
ént 1 \WNi w (ina | 
Proof: We have lim —-=0. Put t= — C\F baat rr 
too xX wos, By 
1 a _ 
fn— = lim lest = lim ie 
=> lim—*=0 ae ee ee ee ee ae (y+1) 
x20 -~y yt+l" y 
* = Ina. 
; © Example 10: Evaluate: 
= — lim xfnx=0 
x0" 
: 2 1 1 1 
: lim n 1—cos 1—cos 1l—cos 444,00 
=> lim xfnx=0. nx { a 2 | : 
x>0° 
©@ Example 5: Evaluate lim sin x/n(tan x) @ Solution: Put £ =x 
x>0° n 


© Solution: Limit = lim cos x(tan x . /n(tan x)) 
x30" 


=1x0=0. lim n? l COs an cos | l cos +) a 
x7 ¢n(x +x”) ne n n n 


@ Example 6: Evaluate lim 


x0" tan x 
2 
@ Solution: Linitsiim—* = dees) : \[(1—cos x),|(1 —c08x)/d=cosx) nae fo) 
x30 tanx (x+x?) cakes: = 
= Im : : ((x+x?)én(x +x?)) ee 
x>0° tanx 1+x K (l1—cosx)? 2 2 im 1 £°S% 
= 1 
=1x1x0O=0. x>0 x2 x0 x 
@ Example 7: Evaluate lim x*(¢nx)? 
x>0° 
© Solution: Limit = lim x.x/nx)? =0 x0 =0. =. tim (1=cosx) (1+ cos x) 
x0 x90 x2 (1+cos x) 


© Example 8: Evaluate lim x7(¢nx)* 
x>0° 


i i sin x i 1 2 1 21 
© Solution: Put x=. As x >0, to. = xsol x x0 (1+ cosx) 141 2 


One should transform the difference f,(x)-f,(x) into the product 


f(x) }1- a and first evaluate the indeterminate form 
(x 
be) ine form : 
f,(x) 
if | EA 1, then we reduce the expression to the 
xa f,(x) 
f, (x) 
f 
form ae te form 7 
f(x) 


© Example 11: Evaluate lim [+- : — 


x0\ x xVl4x 


&Y Solution: Limit = Him St ! (? 


x0 xJl+x 


- (vi+x -1)(Ji+x +1) 
~ x30 xVl+x (Vi+x +1) 


1+x-l 1 
= lim —— =e 


x>0 xV14+x.2 
@ Example 12: Find 


lim (fx? + 8x +3 — x? + 4x +3) 
X > 


Y Solution: Here we have an indeterminacy of the form 
co—oo, Multiply and divide the given expression by 


Ge $e eae + 4x +3. 


lim x? + 8x +3 — x? + 4x +3 
Xo 


= lim (fx? +8x+3 (2 4x 3) (fx? +8x-+3 +/x? +4x +3) 
—_ x2 48x + 34x? 44x43 
ij x? 48x 43-x%" —4K-3 

= lim 


ee Jx +8x+3 +x? +4x+3 


4x 
= lim 
ae JX +8x+3 tae +4x4+3 
= lim Bs 4 


ale 
x9 M48 /x 43x? +fl44/x43/x2 2 


2 
© Example 13: If lim) *—!—ax-b =2, find the 
P 1 
values of a and b. il cl 


2 
. x°-l 
& Solution: We have | 6) 
x>0{ x+] 
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x°(l-a) —x(a+b)+(1+b) 
(x +1) 
Since, limit of the above expression is a finite nonzero number, 
degree of numerator = degree of denominator 
=> Il1-a=0 > a=1 
Putting a = | in the limit we get, 


= lim =2 


. —-x(_+b)+(+b) 
lim =2 
X00 xt+1 

> -d+b)=2 => b=-3 


Hence, a= 1 andb=-3. 
@ ake) 14: Find a and b if 


m | (x? +1) —ax b}=0 
Paria 
Y Solution: We have lim {Vor —x +1) ~ax—b} =0 
Put x = ms 
t 


t0 t 


O° | fastee2) tat 
=> lm =0 


As t + 0, numerator —> 1 + a and denominator > 0 


Since limit is finite, numerator must tend to 0. 
l+a=0>a=-l 
Substituting a = —1 in (1), we get 


| 2 
in| (d+t+t et 


t>0 


t 


t 


2 — 
= in| Me | b=0 


ma rt+t) —D(Vdst+e) 40 _ 
t0 i Jdftae 41) 


2 
=x lim 1+t+t°—l = 
G/d+t+t?)+)D 


Hence a = —1 and b = 3: 
Se Example 15: Find lim (/x? +4x =A —4x) 
x—-—00 


© Solution: lim (x? +4x ax? —4x) 
X—>—00 


(Wx? + 4x — fx? ~4x) (Je? +4x +4]x? ~4x) 
(Jn? 4x +? 4x) 


lim 
x—>-00 
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(x? +4x)-(x? —4x) 
lim 
cae x? +4x +a" —4x 


lim as 
ee yx? +4x +x? —4x 


lim =$ 


= —— +f 
x? x? 


[When a negative number is to be written as square root of 
a number, negative sign is put before the sign of square root, 


for example — 4 = — V16 ]. 


© Example 16: Find Tim Qf? +x? —a{x3 x7), 


© Solution: om, ((x3 + x?)!8 — (x3 — x?)!9) 


(3 +x7)-(x? -x?) 


_ bie (x3 $x7)73 4x3 + x78 0x3 — x?) a3 — x? 78 
li 2x? 
es 2 if 1 2 
(rs) es Psy a 
x x x x 
2 
~ 3 


©@ Example 17: Find p so that 
lim x?(3/x +1 + 3x —1 —28/x) 
x70 

is some nonzero real number. 


& Solution: Make the substitution t = Then the limit 
equals to 4 


nerf oe i! =e a) 
to>0 t t t 


=lime 4 (Yet + Yi-t -2). 


t>0 


We need the degree of the first nonzero term in the Maclaurin's 


expansion of 3/1+t + 3#/l—t —2. We have 


sista ee mee: 
3 9 


It follows that 3/1 +t + 3/l-—t-—2 --ie Hee 


On considering the degree of the leading term, it follows that 
—p- = =-2.Sop= 2 
3 3 1 
© Example 18: Evaluate lim co ec*x — =| 
x>0 xX 


@Y Solution: We have lim [oo ec?x — + [form 00-00] 
x>0 


x 
3 3 
. 1 1 . xX -—sin’ x 
= lim ana _ Zz = lim So ee 
x>0\ sin x x>0 x sin” x 
: 3 
x? —sin? x X 
= lim 7 .|— 
x0 xX sin X 
_ x =sin?x 
= lim 
x>0 x° 
2 ; 9 fe 
. (x° +xsinx+sin® x) (x—sin x) 
= lim F 
x>0 x2 x’ 


. sin x sin x . xX —sinx 
x0 x x x 


(3-2 aa 
=_ 31 5! =o. 
xX 


1 1 
© Example 19: Evaluate Ha te 7 a 
x> x-— 


Inx 


1 | Inx 


. 1 1 
Y Solution: lim ( - = 


. 1 1 

lim | ————_ — — 

hoo | Indi+h) h 

h-Ind+h) .. h 
lim 

h>0 In(l+h) 


= lim 
h>0 h2 


Put In(1+h)=t 
> I|th=e 


t t _ 
(2 tee Si 
t>0 / +t t>0 t? 
-1 2 
‘t 
—t 
Also, ¢ = lim’ +t (2) 
t>0 t~ 
Adding (1) and (2) 
t at ae. at 
We e+e 2 25 8 2e' +1 
t0 ? 10 t? 


@ Example 20: Evaluate Je (x — fn cosh x) 
e~+e~* 
2 


ie x-n(“3)] 
x70 2. 


= Im [ mex— meter) + M2] 


where coshx = 


© Solution: 


x70 

= lim + (n2 
saat: e+e %* 

= Mt ge es a 
x0 l+e* 

= 0+ (&n2 = fn?2. 


@ Example 21: Find 


lim (Vn?+n+t-[ vo® +n |) 


no 


where [.] denotes the greatest integer function. 


Y Solution: n< Fang) <otl 
Hence [ Vn? nt | =n 


n>o 


On 


= ie n+l = 1 
n>e | In? 4nt1len 2 


©@ Example 22: Evaluate lim cos rVn? +n), when n is 
no 


an integer. 


Y Solution: ¢= lim cos rv/n? +n} 
n->o 


gy) 
t= tim (ya? envi -2) Aw 


Limits 


= lim(-1)" cos {nz —nyn? + a] 


noo 


jim (-))" cos{ n(n —yn? +n )) 


nz 


(-1)” lim cos} ——————— 
er n+yVn74+n 


a 
1+ he 
n 


© Example 23: Evaluate 


(—1)" lim cos =0 
n—->0 


1 


lim > (r+ D4+2) + of —n 
n—-0o0 = 


Y Solution: Limit 
1 


. \4 (n+1(n +2)(n +3)(n +4) \ 


= or a 
wy 
t 


a 


1 
lim {d+0d4+20d - 3t)+4t)}4 -1 


t>0 t 
_ eae ested —1 
= lim —_4 

t>0 t 
_10_5 
a an) 
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Goncept;, Problems L 


1. Evaluate the following limits: 


’ . mute 
Gi) limx!”? . sin— 
x30 x 


(ii) lim(a— x)sec ue 
x>a 2a 


a-X 1X 
tan — 
2 =| 


(iii) lim sin 
xa 

(iv) lim 3™ sin(3”) 
x70 


2. Evaluate the following limits: 


i) lm 2 
(i) aie x.In(x + x’) 
(ii) lim sin x.In (tan x) 

x0 
(iii) lim In xIn(x — 1) 


3. Evaluate the following limits: 


: lim 1 12 
O) os - 
im ( = 


Gi) lim @/x+1-Vx) 
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(iii) lim (V4x? —9 —2x) 
(iv) lim(Vx +1 —Vx)vx 


4. Evaluate the following limits: 


(i) lim (cosec x — cot x) 
I x>0 


(ii) lim (cosec x + cot x) 
XT 


(iii) lim (sin x — cosx) n{ + | 


x>n/4 


1 
sin x tan x 
5. Evaluate the following limits: 


(i) lim (3x? —1+42x) 


(ii) tim ( x° 2x" + 5-x) 


(iv) I 


Ee, 


(iii) lim (3/x> — 3x* +17—x) 
x—00 


(iv) tim (yx? tax+b 


6. Two citizens are arguing about g 


__ { 3x*+2x 
lim | ———— - 3x 
x>0l x4+5 ~ 
The first claims, “For large x, 3x is small i 0 parison 
to 3x’, and 5 is small in comparison to x. So (3x? + 3x)/ 


(x +5) behaves like 3x?/x = 3x. Hence the limit in question 
is 0.” His companion replies, “ Nonsense. After all, 


+cx+d 


3x+2 
1+(5/x)’ 


3x? +2x _ 
x+5 


which clearly behaves like 3x + 2 for large x. Thus the 
limit in question is 2, not 0.” Settle the argument. 


7. Evaluate the following limits: 


(i) Meee n( 5244 —0) 


_ 14+2+3+...... +n on 

Gi) lim 
noo n+2 2. 

iy ties 1434+54+7+4...4(2n-1) _ 2n+1 
no n+l 2 


(iv) lim Vn +n —Vn3 +1 
n——00 
8. Evaluate the following limits: 


(i) lim (x —In(x* +1) 


(ii) im x'[ +1)" ~(x -1)77] 
» _ —x 1 
(iii) lim cae: +x tan 
i e*+e" x 
Pt the following limits: 
ao lim t(/a-1) a>0 


a 
a> ay lim x" sin—,n > 0 
x30 xX 


(iii) lim 


5 li ae 
(iv) eo x72 (1.001) * 


10. Show that lim x"(/nx)" =0, mneN 
x30" 


Practice)Problems J 


11. Evaluate the following limits : 
(i) lim xe? 

x90 [3x?-4 3x+2 

(ii) lim (vx? —2x-1 —~ Vx? -7x+3] 


(iii) lim 3x? (2x -1)(3x* +x +2) 
x0! 2x +] 4x? 


(iv) lim 


1 1 
tn 2) as] 


12. Evaluate the following limits : 
1 2 
yi _ 
@) ee -1 x‘ | 


Gi) lim (ve 43x? —a/x? =2x} 
x—00 


(iii) lim Tt Tt 
MY x90 | 4x 2x(e™ +1) 


(iv) Him (¥oc+ay+b)(x+0) - x) 


x00 


13. If 2), (/x2 x 41 +ax—b)=0, then find the constants 
a &b. 
14. Evaluate 


lim (n° + 6n5 + 12n* + 1)!8 — (nt + 4n3 + 6n + 1)!” 
n—00 


x—00 xXt+ 


: 24] 
15. If nn (4 ~7ax—b |=0 find a and b. 


16. For a certain value of B, the limit lim (x +5x° +3)? —x 


is finite and nonzero. Find B and then compute the limit. 


17. Evaluate the following limits : 
(i) lim (2x tan x — 


: 
3 COS X 


(i) lim jin x =In( vx? +14 x)| 
(iii) lim n.cos( =) sin( =) 
n—>00 4n 4n 
(iv) lim n’ sin [i ont 
n—->00 n 


18. Evaluate the following limits: 
(BES yx? Vie xt —xv2) 
(i) ex (Veta - Ver-1) 
Gii) tim x (xsd + Jx-1 -2 Vx) 
19. Evaluate the following limits : 


(i) lim (sin ,/x +1 ~sin Vx) 


(ii) Him x( tan) tan! = 


x—>00 x+2 x+2 
1 1 1 
i) lim x>| sin} — |—— 
i) a | (=) a2 | 


1.15 Limits of Forms 0° and o° 


Calculating the Limits of Exponential Power 
Functions 
We first note that 


0, O<a<l 
: 1, a=1 
lim a 
x00 0, a>l 
dne a<0O 


If lim f(x)= A>O and = g(x)=B, a finite quantity 


xa 
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then lim (f (x))® =A®, 
xa 


Also lim (f (x) agen 

x>a 
Consider the calculation of the limit, as x —> a, of the 
exponential power function [f(x)]*, where the functions 
f(x) and g(x) are defined in a neighbourhood of the point a, 
and f(x) > 0. 
The following cases are possible here : 


1. if HM fx) =b >0, limg(X)=C then lim f(x)*™ =b°, 
2. If limf(x)=0, lim g(x) = >0O (or +), then 

x7~a 
"20 


lim f(x 
xa 


3. limf(x)=0, limg(x)=c<0O (or—) 
xa x7a 


then 2 fae < 


4. lim) 0, lim gx) = 0 then imbye™ 4e an 
d x>a 


fe, indeterminate form of type 0° 


: AX ‘If lin f(x) =, lim g(x)=c>0 (or 0), then 
> %) xa xa 


lim f(x)®™ _ 
xa 


6. If limf(x) =, limg(x)=c<0O (or—©) then 
xa xa 2 


lim f(x)®™ _ 9. 
x-?a 


7. I limf(x) =, lim g(x) =0 , then lim f(x)®™ is an 
xa xa x >a 


indeterminate form of type 0°. 
8. if limf(x)=1, limg(x)=© | then lim f(x)® is an 
xa xa Xa 
indeterminate form of type 1°. 
2 Note: 


If h > 0, then Jim (1 — h) = 0 and 


big ye 


no 


2 
© Example 1: Find im ca sax)" 
x0 xX 


© Solution: Here, 


in 2% =2 and lim (1 4x) =1. 
x0 


x70 x 


ie 1+x 
Hence, jim| <* =2)=?. 
x>0 % 


© Example 2: Find i = 


x>0| 2x +1 
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Y Solution: We have 


1 
x41 A 
lim = lim X = 
x90 2x +] eal ae 2: 
x 
and lim x =o. 
x—00 
Therefore, ]jm| —~ = =0 
x>0| 2x +1 


Limits of Form 0° 
©@ Example 3: Evaluate lim (x =x?7)F 
x7 


G Solution: lim (x-x”)* 
x0 


= limx’fn(x-x’) 
ev" 


(0° form) 


tim *_[(x-x*)n(x-x")] (using lim x (nx =0 
eee } (using lim ) 
ers 1; 
1 
©@ Example 4: Evaluate jim (1—x2)¢~™ 


xol 


1 
Y Solution: lim (=x?) (0° form) 
xl 


lim——— fn(1-x") 
e ov én(l—x) 


lim 


xr 


én(l-x) , én(+x) 
fn(l-x) ¢n(l-x) 


=e!t0 


A Caution 


Ve) y 


=e. 


lim(sin? x) 
x0 
Note that this is not in 0° indeterminate form. The exponent 
is exactly 0. 


tim (Vx? —|xps""* = 0 
x0 


This is not in 0° indeterminate form. The base is exactly 0. 


The limit lim(sin? x +cos” x— py - cannot be evaluated 
x0 
since the function is undefined as both base and exponent are 


exactly 0. 


Limits of Form 0° 
1 


@ Example 5: Find the jim x*. 


X00 


© Solution: The limit leads to the indeterminate form ..° . 
We let f(x) = sy and find tn en f(x) 


ee 
Since £0 f(x) = énx* ech 
x 


mnie =6 


X00 x20 X 
Therefore, 
lim x'* = lim f(x) = lime’™!™ = e® =1. 
x00 x00 x00 
én2 
© Example 6: Evaluate jm xix . 
x00 


én2 
Y Solution: lim x!*™ (20° form) 
x—00 


; én ‘ 

elim i+énx 
lim" 

= —+l 
e énx 
=e" =), 

. lim V/ 
@ Example 7: Evaluate pel +39". 


i 0 
© Solution: nie (2% + 3x)ix (<0 form) 


We choose the largest term in the base and divide the base 
with it. Here 3* is the largest term. 


» Al » ay z 1/x 
Limit = lim [> (2) + } 


# 1/x 
= lim {6(2) 
x00 3 


2)" 2 
as X > ©, Gg — 0 since 0 < 3 <1. 
= 3(1 + 0)°=3. 
I/x 
Example 8: Evaluate lim ((m)" +2") ,neN. 
Y Solution: For n= 1, 2,3, we have 2"> |n. 


- I/x 
Limit] dae (2) 4) = 2", 
x00 as 


For n 2 4, we have 2” < |n. 
m 1/x 
: 2” 
Hence limit = lim ol(F) “ = [n 
x00 [n 
© Example 9: Find 
lim cosec*x cosec*x cosec*x 
Pane (1 +2 +...$n ) 


Yw Solution: Let y = cosec’x. Asx +0, y > 0 
Limit = en (1¥+2%+...~)¥  (c" form) 


-im(or)((2) (Fy eS) a us 
= (J- 


sin’? x 
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Goncept Problems M 


1. Evaluate ee 1+x ) I-x 
2+x 
. . nf 2mn 
2. Evaluate lim sin 
noo 3n+1 
+2 
3. Evaluate lim x 
x0 \ 2x—] 


2x 


: 1 \x+1 
4. Evaluate lim | —; 
X>O\ X 


5. Evaluate lim (47 4 5ny)!m 
n-0o 


1 


6. Evaluate lim (cotx)"* 
x>0° 


Practice Problems K 


x41 

7. Evaluate in ew 

x1 x? -1 

(2x+1) 

8. Evaluate lim {_X*+2x=1 ) *1 

A Ox =3x =2 

Winn" 
9. Evaluate lim co oe 7 
n 


no 


x =X. 
where coshx = © _*©_ 


ae 
2 OM 


10. Evaluate lim (1—cosec*x)™"* 
x30" 


11. et lim x®) 


x>0° 


1 NQiate lim ((e” 4 (n°) y" 


n>o 


oe Evaluate [im (tan x) 


x>n/2> 


14. Evaluate an (1X + 2% + 3% 4... 99x)! 


1.16 Limits of Form 1° 


lI 
oO 


1 x 
lim (1+x)* =lim [1s | 
x>0 xo x 
1 


lim(1+x)* = 
To prove Hana). 
The limit is in the indeterminate form 1%. 


We let f(x) = ee and find Lim en f(x), 
1 4 
Since @n f(x) = én(i+x)* = —fn(1+x) 
xX 


1+ 0 
imarecine (2) 3 
x>0 x>0 x 0 
1 
lim(1+x)* = lim f(x) = lime ™ =e- 
x0 x>0 x0 


Generally, it is useful to remember that 


X00 x x30 X— eo xX 


xX ax 
Him (1+ =] = tim (1+x)"* = tim (144) =e’. 


Let lim f(x)=1 and lim g(xX)=% then 
x xa 


lim fap” _ elim off o-l] 


xa 


Proof: Let /= lim [1+f(x)-1] an 
xa 


x7?a 


sa) 
= lim ti a1 


Put f(x) -l=y, asx >a, y>0 
i r a(x) [f(x)-H] 


l= in (I+y)y 

= iment] 
This is an important formula for solving 1° form. 
@ Example 1: Calculate i (1 + sin 4x), 


&Y Solution: First notice that as x — 0*, we have 
1 + sin 4x —> 1 and cot x > o, so the given limit is 
indeterminate. 
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Let y = (1 + sin 4x)°™* 
Then én y = fn[{1 + sin 4x)°] = cot x ¢n (1 + sin 4x) 
én(i+sin 4x) 

tanx 


lim 


a f x>0° 


x0 ty 


lim @n(+sin4x) sin4dx 4x 
x>0" : : 


sin 4x 4x tanx 


So far we have computed the limit of /n y, but what we want 
is the limit of y. To find this we use the fact that y =e 


lim ad ee sin 4x) = lim elty = e! 
x>0 x>0° 


xo0| x? 3x47 


©Y Solution: By means of division of the numerator of 
the fraction by the denominator, we isolate the integral part: 


2 x 
© Example 2: Evaluate lim tess) 


x7 +5x+4 8x —3 
=1]+ 


x? -3x4+7> 


x7 —3x+7 


Thus, when x — the given function is a power whose base 
tends to unity and the exponent, to infinity (an indeterminacy 


of the form 1%). 


; 8x-3 
= lim]] 1 ‘ 

Xa2% x” —3x+7 
= lim || 1 = 

X00 x° —3x+7 

8x -—3 
Since — ss — 0 as x > o and we have 
x° —3x +7 

lim | 1+ = = 
X00 x° —3x+7 


oo , i 8 —3/x _ 
Taking into account that aan =e ; 


: 45x44) 8 
we get lim | ————_ | =e 
x>0( x — 3x + 7 


© Example 3: lim (tan x)" 
— 


lim (tan x-1) tan 2x 


4 
&Y Solution: Limit = en! (using formula) 


2tanx 


lim(tan x-1) - 
e ot —tan’ x 
tan 2/4 


@ ~Mi+tann/4) = 


2 x ‘ 
‘ig | te | aie ie 
x90| x?-3x+7} x9el 0 x?-3x4+7) 


tan =™ 
1 2a 
@ Solution: ™ [2-2] 
Put x=ath 


ll 
aan 
LS 

cS 
— 
+ 
= 


I 
zn 
5 

| 
i= 


| 
3B 
I 
fy, 
o 
5 
va 
al? 15 
= 


2/x 
©@ Example 5: Evaluate lim os 


where a, b, ¢ > 0. i: ane 
@ Solution: We have jn ARES) (form 1”) 
‘ee 7 x0 


2,. {a*-l b*-1 c*-l 
= ~lim) ——+——+— 
3 x30 x xX xX 


2). ..a°=1 bel. hal 
= lim +lim +lim 
e 3 x30 x x30 xX x0 x 


= 3(2/3) In (abe) — eln(abe)" = (abc)? 


© Example 6: Find the value of 


1 
Inx 
in tan( sn ‘) : 
xo 4 
1 


Inx 
Y Solution: in| ann 3) (1° form) 


x1 


1 


Inx 
lim! 1+ 2 tan(In x) 
x1 1—tandnx) 


2tan(In x) i 
= ae {1-tan(Inx)}° Inx 
tan(In x) 1 


= Paes Inx “1+tan(In x) 


=e2:) =e? 


n 
= n 
©@ Example 7: Find the value of lim pe) 
a 


(a,b>0). nyo 
a-1+%/b 7 
© Solution: lim [sus (1° form) 
n—-o0o 


n 
nih, _ 
= in| 2 7 
a 


noo 


=( 2) 
ee n 
a 


lim 1 b/™ 1 
=er— 
a\ I/n 


— diog.b 
ea 


= eles. pb” = bi”, 
_ én(i+x? 4x? 
© Example 8: Evaluate Be ( ) 


lim én (1+ x? eo, 


Y Solution: ."so 1 
“(£ 


Xx 


‘ 1 
lim 
x09 /0 (1+x’ +x‘) 


lim TGext+x'-1 
bit ee as ) 


lim x? te x4 


— lim = 
x70 < ~ x0 (+x)=1 


@ Example 9: Evaluate 


in] tan (% +a) 


lim - (b#0)_ 
x0 sin bx 

Tt 

In| tan] —+ax 
Y Solution: lim —————= 
x0 sin bx 
bx 
bx 


1 
os, T bx 
= lim In| tan] —+ax 
x>0 4 
5 1 Tt T 
= lim tan + ax tan 
x0 bx 4 4 


. ax tanax T T 
= lim . 1+ tan tax |.tan— | = 
x30 bx ax 4 4 


© Example 10: For a function 


NOY £0) = kim 


Limits 1.75 


in({sin x}-{ cos x}+1) 


f(x) = 


where {x} denotes fractional 
{sin x}{cos x} 


part function, prove that 


qi) f = = f (0*) qi) f(0) =f E | 
2 2 


and show that ai f(x) does not exist. 


. In(sinh-cosh+1 
© Solution: f (0*) = lim ste a 
h>0 sinh-cosh 


. In(sinh-cosh+1) 
lim : 
= hoo sinh 


-heosh 
= lim In(sinh-cos h+ ‘ca 
h>0 


= lim E eininces h+1-l =1. 
hoo h 
VAD? h>0 ~~ cosh-sinh 


In((1—sin h) cosh +1) 


h—0 (1—sinh) cosh 


=In2 


= lim f(X) does not exist. 
x>0 


£ 
As before f E is same as f (0-) 


noo n 


© Example 11: Evaluate L= lim [3°] 
~ rl 


Loe 
Y Solution: We first note that lim =yr 
no n° 


r=l 
= Hee cd a(n + D@n +) -] 
n>o n> 6 
Hence the limit L is in 1° form 


Be cin Gruen) -1)n 


2n? 
_ elim (2n? +3n a ee 
2n 
3n+] 3 


- lim—— 


e 2n e2° 


@ Example 12: Evaluate 


fae 
x0 are . 


@ Solution: L = lim sin [ = ) 
2-—ax 


x>0 
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cos 5—4#_ 
— lim 2-ax 
where ¢ = rer 


‘ sin ( 
— lim 
x30 
sin ( 


2—bx 


SS , see 
©@ Example 13: Find a polynomial of the least degree, 


2 +f( ) I/x 
c x xX 


such that x0 x 


2 1/x 
© Solution: inl 1+ 2F2) exists only when it is 
x x 
2 
in 1° form i.e. lim a) x, 


x0 x2 


Concept Problems, 


So, the term of least degree in f(x) is of degree 2. 
ie, fx)=a,x?+ax’+..... 


2 1/x 
Now, lim p + oa) =e 


x70 x 
=> in( 20D) ie? => ia a 
e x >.< e xX 
2k HR) oy 
lim ———— = 
x0 x3 
KX +agx? tax? +... 
=> tlm =9 
x>0 x? 
=> a,=-—l,a,=2anda,, Ay eee are any arbitrary constants. 


Since, we want a polynomial of the least degree, we choose 
f(x) =— x? + 2x3 


1. Show that 


1/2 if x0 
I-Vx 


lim Ga PE ieee ies =54 


24+x 
1 if x—00 


2. Evaluate the following limits : 


@) lim (=) 
xoo\ 14x 


xt] 


(i) im & =)’ 


x0\ 3x +2 


fe er teal 1) 
(iii) lim | sin —+cos— 
x0 x x 


: . 2 tan’ x 
(iv) Raye (1 +3cot x} 
3. Evaluate the following limits : 


i li . cot mx 
(i) eae (1 + sin 7x) 


(ii) lim(2 — cosa)°*** 
a—>0 


a4 lim x I/x 
(iii) Rae (a* + x) 
1 


(iv) lim (fey 


x90 | 1a sinx 


4. Evaluate the following limits : 


@ lim ( meer _ 


xe \ xl 


3 


Gi) jimx*™ 
xol 


Gi) im fi ‘ =| (n> 0) 
X00 x? 


‘y) lim(cos x) 1” 
(iv) lim ( ) 
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Practice Problems L 


5. Evaluate the following limits: 


. n 
@ jim (cosmx)x™ ;mneN 
x>0 


(i) lim E sin! (+)| 
X00 x 


(iii) lim cos" —= 


no n 

: 1/x 1/x 1/x yx \"* 

(iv) nn (2 DI EG Oe es ayes +n ne 
X00 n 


6. Evaluate 


1/x 
i 1 a*-1 
im 28 where a>0,a#1. 
7. Evaluate the following limits: 


tan x ae 
(i) lim ( ) 
x70 x 


(ii) lim(cosx)°* * : 
x0 


(ii) im (ea) 


x>0\14+sinx 
1 1/x* 
: . tan” x 
(iv) lim 
x>0 x 


8. Evaluate the following limits: 


(i) lim (2 | 


x>0 
x 
(Gi) lim(.+Ind+ x) mor” 
x0 


1 


(ii) im | _xt—at |e 
(x—a)na™! 


w 8 [eles 
x? Ilt-eJle 14+x 


9. Evaluate the following limits : 


oe Aas! 


a 1 7 
©) 0 n+ ; n 


wo 


ns 


Y 


lim {cos(¢n(n—1) — @n(n + 1))} (+D° 


noo 


NOY sles cy 
ey (iv) A tan (1-2) | 
Ss 


2x 
10. Find 2 & pif tim Ca ae? 
x0 x x2 
11. For A and B positive constants, define 
f(x) = (eX + Ax)*, 
(a) Compute L, = lim f(x) and L, = Hint) 
(b) What is the largest value of A for which the equation 


L,=BL, has a solution ? What are L, and L, in this 
case ? 


1.17 Sandwich Theorem/Squeeze Play 
Theorem 


Suppose that g(x) < f(x) < h(x) for all x in some open interval 
containing a, except possibly at x = a itself. If 

lim g(x) = lim h(c) = @ then lim f(x) = &. 

xa xa xa 


Note: 
(1) This is true also when one or both of the above inequalities 
are Strict. 


(ii) This theorem is also applicable to one sided limits and 
limits at infinity. 
(iii) The theorem holds even if @ is finite or infinite. 


2 2 
For example, if 1 — alee f(x) < 1 + 7 for all x # 0, 


we can find aa f(x), even if we donot have the 


formula of f(x). We can see in the figure that the graph of f(x) 
is squeezed between the graphs of the other two functions. 
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Let f(x) = x cos? Me As x + 0, f(x) > 0. 
xX 


1 
Also |f(x)| = |x cos* —| approaches zero because 
X 


3 


1 
— |x| < |xcos” —] < |x| and 
X 


' . — |x| and |x| approach 0 as x > 0. 
Since iM (1 — 7/4) = 1 and Tim (1 + (4/2) = 1, 


=e ©@ Example 1: Show that lim x? a =0. 
r . : lim = ; ; ; x0 x 
Sandwich Theorem implies that x30 1X) = 1. ©Y Solution: First notice that we cannot use 
We shall now prove the standard limit lim SiINX _ 4 eee ree ee 
x lim x* sin— = - lim sin — 
x0 x x0 x>0 x 


geometrically, with the help of Sandwich Theorem. 
We take a circle of unit radius and suppose that the central 
angle x expressed in radians is contained within the limits 0 | However, since -1 < sin— < 1. 


: : A xX 
ad sie It will be enough to consider only x > 0, since We have, as illustrated by the figure, 


because lim, _, , sin (1/x) does not exist. 


is an even function. 


" -X<x sind < x? 
Proof: We shall compare the areas of three regions in the 
figure : two triangles and a sector. 


~XY We know that 

On inspecting the figure we find that, area of AOAP < lim x?=0 and lim(-x2)=0 
area of sector OAP < area of AOAT x0 x0 

sinx x tanx : Taking g(x) = — x?, f(x) = x? sin (1/x), and h(x) = x? in the 

<< => sinx <x < tanx : : 
2 2 2 Sandwich theorem, we obtain 
a a 

> I<—< (0 <x < W/2) ca imei 


sinx cosx ; sin x 
© Example 2: Determine the limit !™ “** | 


os sin x 1 a 
eoee s z + ©Y Solution: Since — 1 < sin x < 1, it follows that 
Since, limcosx=1, and lim 4 =] she et 4S @, 
> x0 ? x00" x x x 
Using Sandwich Theorem we have aa cae where Ls (— 1/x) = 0 and Llu (1/x) = 0. Therefore, by 
: x : : 
Put x=—y, then lim es Sandwich Theorem, we can obtain Lg a SU 
: yoo y x 
Hence, Jim SX = 1. Yet 
x>0 x H 
Zero Limit Theorem 1 


A function f approaches the limitO asx tendstoaifandonly 2], 
if |f| approaches the limitO asx tendstoa. sss gee 


limiojsoelmgayso Paps LP 
xa xa \ lim six _ 9 

“ 1 X90 y 

oe y=-> 


i x 


Proof: Since —|f(x)| < f(x) < |f(x)|, and -[f(x)| and |fGx)| both 


have limit 0 as x approaches a, lim f(x = 0 by Sandwich 
Pp x a y 
Theorem. 


i As x increases without bound, f(x) 
: approaches 0. 


© Example 3: Evaluate jj XX! . 
X00 X 
Y Solution: We have x — 1 < [x] <x, 


> jt le for x > 0. 
x xX 


Now lim [1 -1) =1. Therefore by Sandwich theorem 


x—00 x 


lim [I] 
x0 =X 


©@ Example 4: Let a function f(x) be such that | f(x) | <M 
for any x # 0. Prove that liens x f(x) = 
x 


©Y Solution: We have | x f(x) |<|x|.M 


=> -M|x|<xf(x)<M|x| foranyx0. 
Since Lat M|x|=0 and au -M|x|=0, 


by Sandwich theorem, _ x f(x) =0 


© Example 5: Evaluate lim x+7sin x 


usin. 
x90 —2x +13 : 


Sandwich Theorem. 


©Y Solution: We have -1 < sin x < | forall x. 

=> —7<7sinx<7 

=> x-7<x+7sinx<x+7 \ 
Dividing throughout by —2x + 13 (a negative quantity Sy 
large values of x), we get 


x-7 x+7 x+7 
—2x+13 -2x+13 -2x+13° 
We evaluate the limits of the extreme functions as x tends to 
infinity. Since both the limits are equal to —1/2, by Sandwich 
theorem the limit of the desired function is also —1/2. 


2 pond 
© Example 6: Evaluate jim X_2*5"_ ©) 


x00 x+10 
2 2 re) 2 
x°(2+sin~ x) 3x 
Y) ion: < < 
© Solution: 5 x +10 x +10 
2 2 
lim =oo and lim = 00 
x90 xX +10 x20 X +10 


2 429, 
Hence, by Sandwich Theorem lim x7 Qtsin® x) _ 
A= x +10 


42x? ; 


1 
© Example 7: Find !'™ f(x) if f(x) = } -¢ 


+x4 , x€¢Q 


x>0 


©Y Solution: Consider | x | <1. 
xt < x? < 2x’, 
Now 1 < f(x) < 1+ 2x? V x. 


lim ] + 2x?= 1. By Sandwich theorem, lim f(x) =1 
x>1 x0 
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Definition of e 


n 
The number e is defined as the limit lim [ + ) : 
n->o n 


The number e is irrational and therefore cannot be expressed 


precisely by a finite decimal. Its approximate value is e ~ 
2.718 


It can be shown that the function y = (1 + | has 
Xx 


a limit not only when its argument runs through natural numbers 
(that is x = n where n = 1, 2, 3, ....) but also when it varies 
continuously and approaches — oo or oo. In all the cases the 
limit is the same number e. 


Proof: Letn<x<n+l 


ro 


=> 1+ 


Now as x —> 00, n also tends to 00 and in such a case both the 
right hand and left hand side of the above inequality tend to e. 
Thus by Sandwich theorem. 


l x 
lim [ + ) =e. 
X00 xX 


© Example 8: Evaluate 

n n n n 
im (— cs ae tae 
n>oln*41 n?4+2 n743 n°+n 


© Solution: Let f (n) 
n n n n 


a4 8 


n’+n 


Note that f(n) has n terms which are decreasing Suppose h (n) 


= ite eg “] 
a el ae sl weal UA a 


h(n) (obviously f (n) < h (n) ) and g (n) 
n° +1 
2 i [ _ nm. on. . 98 
nooln?+n n?+n n*4+n n? +n 
n2 
a) (obviously g (n) < f (n) ) 
n°+n 
Hence g(n) <f(n) < h(n) 
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: li -j-l 
Since reer g(n)= 1 = rae (n) 


Hence using Sandwich Theorem Ee f (n) = 1. 


n 


1 
© Example 9: Let x = . Calculate 
P " 2 
Y Solution: We have 


lim 
no 


xX. 
n 


= 1 y 1 y 1 
< < 
k=l/n’+n rea tk kal Vn- 
Thus <x <1 
n +n 


we have lim x, =1 in accordance with Sandwich theorem. 
no 


/A\, Caution 


On the other hand, the general term in the expression for x, 


1 
is equal to ———— __ (k= 1, 2....., n). 
Vn? +k 


Since dim: i = 0, if follows that 
lim : + : beet : ww 
ni | Vn?2+1 vn? +2 Vn? +n 
= lim J + lim : t..... 
Set eo 


1 
lim - = 
+ =0+0+..4+0=0 
ne In ain 


The latter method has error in the reasoning. When we add 
infinite number of small quantities, the sum may not always 
tend to zero. 


@ Example 10: Using Sandwich Theorem, show that 

= 1.3.5....(2n —1) 2 
2.4.8......2" 
©Y Solution: We can see that 
1.3.5....(2n -1) 1 

2.4.8......2" 2.4.8.....2" 


li 


no 


Q- 


ad420—1) 

1.3.5...(2n 1) — E n 
2.4.8....2" 
Using AM. — GM. inequality in the numerator. 


1.3.5...20-) 


2A 82 oo 
2 


=> 


Thus, we have 


a 2 \2 
1135.20 »(2 ) 


2.4.8...2" 2.4.8....2" ot 

Now, we have 
2 \2 

fim aad a= es 

n> 2.4.8.....2" n> QF 
Hence, by Sandwich theorem, we have 

. 1.3.5....(2n-1 

fim 22 3-@2a-D) _ 9 

n>0 =2.4.8....2" 


: Fj hi 
@ Example 11: Find 2™ 


[x]+[2x]+[3x]+....+[nx] 


n2 


where [ . ] denotes the greatest integer function. 


©Y Solution: We know that, x — 1 <|x| <x 
=> 2x-1< [2x] < 2x 
=> 3x-1 < [3x] < 3x 
=> nx-—1 < [nx] < nx 
oo («+ 2x 43x 40..4nx)—n 
<< [x] + [2x] +... +[nx] < (x + 2x +... + nx) 


n 
= xn(n +1) ar Yirx] Z x.n(n+1) 
2 r=1 2 
= lim X (+4) Lectin [x]+[2x]+....+[nx] 
Mae 2): n n 2 nz 
< lim [1+4) 
no 9 n 
= x < lim [x]+[2x]+....+[nx] e x 
2 n> n2 2 
Thus, Jim eal eee) a x 
: n 2 


©@ Example 12: Evaluate 


(12 x*]4+[22x*] 4.0... el) 


x>0° | n> n° 


lim in 
where [ ] denotes the greatest integer function. 


© Solution: We have 12x*— 1 < [12x*] < 12x* 
2°x* — 1 < [2?x*] < 2?x* 
n’x* — 1 < [n?x*] < n°*x* 
Adding the above inequations, 
<’En? =n  Sfn*x*] . x*En* 
< < 
3 3 3 


x n(n+1)(2n+1) 1 Y[n?x*] x n(n+1(2n+1) 
x < <x 


6n° n n? 6n° 
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Now, as n tends to infinity, we have S[n2x*] 1 
xX Sfn?x*] | x* lim in 2) = — lim x* 
< lim < x>0'|n>0 3p 3 x 0° 
3 now 7? 3 
Hence, by Sandwich Theorem, we have & Jd lim e¥/* (since 1/x is much larger than Inx) 
2 x 3 x>0° 
ia 2[n°x*] _ x 
nae n 3 = 16 => 1 . 
Now, the required limit 3 3 
Concept Problems ©) 
1. If J5-2x? < f(x) < ¥5-x? forx © [-I, 1], find g(x) < aa sin (50n ¥/x) < h(x) for all values of 
xX 
1 
be (x) x except zero. What can you say about lim 7 sin 
2. It can be shown that the inequalities 3I-\ 9 
ie SS oi fomiceaaneso eee — 
6 = 2 — 2cosx Sp eee See ee 6. If b— |x —a| < f(x) < b + |x — a in the neighbourhood of 
: xX sin x = lim 
to zero. What does this tell you about ar en ? * ~Gyfiien find 572 1). 


x <—I and x > 1, at what point c do you automatically 0 if x is irrational 
know a f(x) ? What can you say about the value of the 


3. If x* < f(x) < x? for x in [-1, 1] and x’? < f(x) < x*for Se = i if x is rational 


limit at these points? 


4. By considering the inequality : “OS 
ae 


Use Sandwich theorem to prove that ee F(x) = 0, 


2 2 4 
x x x 1 ell 
1—— <cosx <1-—-+— © x? cos — x’ sin — 
: = x>0 sinx x>0 Ssinx 
prove that _ F208% -G, 


2 
5. Find formulae for function g and h such that g fing lim f(x) if SEED edi < Ak + 3x forall x >5. 
g(x) > O and h > 0 as x > o and such that x0 x 7 


Practice Problems M 


10. Evaluate the following limits: 1—¢6sx 


2 
11. Show that tT ee ; 


(i) ns x? [cos 2x + x? cos 2) 2 24 . 


1 
< 2 for all x close to 


x = 0 and hence find bee —= 
x 
i i nee 12. Prove that 
6. Sa wi PRES. ce De ES 
lim > lim oa ae ees 
2 x —x 3 RPO XK + Yx x>-l/2 4x —18x —-10 
(iii) lim) = 4° "°* where [.] is G.LF. : 
[e*+x"] sin? — 
si eae 
(iv) : as 
m ——*x 


x>0° sinx 13. Evaluate the following limits: 
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ei sis 
GY) epee anaes 
X +cOS xX 
.\ 7. xsinx! 
Gi) lim ——— 
x30 [4x7 


Gi) lim Jx3 +x? sin2 
x 
i lim / og 
wy) x>0° x e * 
14. Evaluate lim [1°x]+[27x]+[3°x]+....+[n°x] here 
n->0 


n°? 


[.] denotes the greatest integer function and x € R 


15. Let the inequality g(x) < f(x) < 1 —cos x + g(x) hold for 


all x in the neighborhood of x = 0. If ae BO) _ =1, find 
f(x 
lim soe . 
x0 sin x 
x} b}_b 
16. If a and b are positive, then prove that lim — =, 
x>0° a] X a 


lim |=] =(0. How do the functions behave when 
x-0 xia 


x? ,x<0 


17. Find lim f(x) where f(x) = 
x0 &) &) xsin= , x>0 


18. Evaluate _ ne ++ where [.] denotes the greatest 


integer Buon °, 
: (n+l)? 1 
19. Use Sandwich theorem to evaluate the limit lim > —. 


no k=n? Vk 
1.18 L’ Hospital’s Rule 


Suppose f and g are differentiable on an open interval 
containing a, except possibly at a itself. Assume that g’(x) # 0 
for all x in the open interval containing a, except possibly 


at a. Suppose that 
lim §¢c) = 0 and iM g(x) = 


xa 


or that ie f(x) = + 0 and — g(x) =+0 


(In other words, we have an indeterminate form of type s 


or i 
, fi §@O tim FO) 
Then lim —<~ = lim <\*" | provided the limit on the right 
ea g(x) = gi) 
side exists or is 00 or — 2% 
B Note: [yn many texts, the name L'Hospital is spelt as 
L' Hopital . 


L'Hospital's rule says that the limit of a quotient of 
function is equal to the limit of the quotient of their 


Pe : 


derivatives, provided that the given conditions are 
f(x) 
satisfied. In other words, suppose that a = = A, then 


(x) 
lim = A where A may be a number, or © or — 2 
xa 9(X) 


It is especially important to verify the conditions regarding 
the limits of f and g before using L'Hospital's Rule. 

L'Hospital's rule is also valid for one sided limits and for limits 
at infinity or negative infinity : that is, "x — a" can be replaced 
by any of the symbols x > a*, x >a, x ~ worx>-o. 


Special Case Proof 

For the special case in which f(a) = g(a) = 0, f and g! are 
continuous, and g'(a) # 0, it is easy to see why L'Hospital's 
tule is true. It is more difficult to prove the general version 
of L'Hospital's rule. 


If f and g are differentiable and f(a) = g(a) = 0 and g'(a) 


f(x) _ f(a) 
#0, th lim ‘ 
on g(x) gta) 
Using the definition of the derivative we have 


math) =f) 


fa) _ nso h — tim Lath) 
sa) olin g(ath)—g(a) ho g(a +h) 
h>0 h 
since f(a) = g(a) = 
merce 
xa g(x) 


Notice that we have assumed g'(a) # 0. 


Comprehensive Proof of L’ Hospital’s Rule 
We first present L’Hospital’s Rule as a theorem about one- 
sided limits. 


L’Hospital’s Rule I. Let f and g be functions which are 
differentiable on a non-empty open interval (a, b) with g’(x) 
# 0 for every x in (a, b). If, in addition, 


(i) tim. fx) = Fim g~@ =0 


ay. te th the ap 
xia’ BK) 


Proof: 

We may assume that f(a) = g(a) = 0. (If this is not the case to 
begin with, we simply define, or redefine, the values of f and 
g to be zero at a.) Thus we ensure that f and g are continuous 
on [a, x]. Let x be an arbitrary number in (a, b). Then f and g 
are continuous on [a, x] (recall that differentiability at a point 
implies continuity) and are differentiable on (a, x). Moreover, 
the derivative g’ does not take on the value zero in (a, x). 


Moreover, the derivative g’ does not take on the value zero in 
(a, x). Hence, by the Generalized Mean Value Theorem and 
the fact that f(a) = g(a) = 0, we obtain 


f(y) _f(x)-0 _ f(x) 

gy) g(x)-0 g(x)’ 
for some number y in (a, x). As x approaches a from the right, 
so also does y, and hence 

f(x) lita f'(y) 


lim —— = . 
xa’ g(x) — *>a’ g'(y) 


= L. This completes the proof. 


Generalized Mean Value Theorem 


Assume that a < b, and let f and g be functions which are 
continuous on the closed interval [a, b] and differentiable on 
the open interval (a, b). If g’(x) # 0 for every x in (a, b) then 
there exists a real number c in (a, b) such that 

f(b)—-f(a) _ fc) 

g(b)—g(a) g(c) 
@ Example 1: Compute jim vx —v2 . 

x2" ./x —2 

© Solution: Let f(x) = Jx —J/2 and g(x) = 


Obviously, ae f(x) = — g(x) = 0, and since 


ep. 


1 1 
f(x) = ERS and g’(x) = Wend’ 


f and g are differentiable, and g’ does not take on the CR zero 
on any open interval with left endpoint equal to 2. We obtain 


fin 2 
x32 g(x) 


x32" 1 


2Vx-2 
vx-2 0 
a 28 
And it follows by L’Hospital’s Rule that lim. ——— vx=v2 
x2" x= 2) 
It is a simple matter to verify that L Hospital’s Rule I remains 
a lim 


x>a* 


= lim 
x>2° 


=0. 


=0. 


true if (a, b) is replaced ae by (b, a), an is 
replaced throughout by } x >a - Lhis fact, significant in itself, 


also implies the following two-sided form of L’Hospital’s Rule. 

L’Hospital’s Rule II. Consider an open interval containing the 

number a, and let f and g be functions differentiable and with 

g'(x) # 0 at every point of the interval except possibly at a. If 
@. May] I say 


xXx?a 


(i) lim 
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The hypotheses have been taken as weak as possible. If, as 
frequently happens, the functions f and g are also continuous 
at a, then (i) can be replaced by the simpler condition f(a) 
= g(a) =0 

V2 1/2 


@ Example 2: Evaluate lim as , where a> 0. 


xa X —-a 
& Solution: If f(x) = x!?- a!” and if g(x) = x"8 — a", then 
g 


and g'(x) = 


oe : 1 
the derivatives are given by f'(x) = 58 rer : 


and it is clear that f and g are differentiable (and hence 
continuous) and g’ is not zero on an open interval containing 
a. Moreover f(a) = g(a) = 0. Hence, by L’Hospital’s Rule, 


1 
1/2 —ql/2 ‘ 9x12 3q2/3 7 3q!/6 
lim = lim 72 
aagliagle "ese I 3a 2 
3x 2/3 


A Caution 


While applying L'Hospital's rule we are not supposed to 


; differentiate f(x)/(x) as a fraction. The numerator and 
_ denominator must be differentiated separately. 


@ Example 3: Compute lim where a # 0. 
xa x" a 
©Y Solution: The fact that 
x-a xX—a : 


immediately implies that 


lim tim 1! 
BME Pg? BPE ga Da 
Of course, the same answer is obtained by L’Hospital’s Rule. 
If we let f(x) = x — a and g(x) = x? — a’, then f(a) = g(a) = 0 
and f'(x) = | and g’(x) = 2x. Hence 


lim X74 _ jim ! _ 1 
xa 2 2 


ae xa oy 2a : 
It is important to realize that L’Hospital’s Rule II can be 


applied only if _ f(x) = lim g(x) = 0. For example, if f(x) = 


xa 


x? + 3x — 10 and g(x) = 3x, then 
fe f(x) z x +3x-10_0 0, 
x2 g(x) x2 3x 6 
but 
km _ geet E 
x>2 g'(x) x32 3 3 
x + tan 2x 


‘ lim 
(=) Example 4: Evaluate 08 = fae 
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©Y Solution: Since we have the indeterminate form 0/0, we 
apply L'Hospital's rule to give: 


x + tan2x _ 1+2sec*2x 142 _ 3 
x>0xX —tan2x x30] —2sec?2x 1-2 
@ Example 5: Evaluate ieee 
h-0 h 
._ €n(i+2h)-—2h ( 2) 
ion: Lim ——-_ f ve 
© Solution: mane 2 orm a 
2 
ion 
= lim = = ital' 
ra 0 Oh [by L'Hospital's rule] 
= ml +2h) = limo =-2. 
h>0 h hoo h 
© Example 6: Evaluate ia 
x0 x 
1—cosx 0 
san: lima? ———— _ 
© Solution: lim a (3) 
i | Gesteeed 
150 de? 0 [by L'Hospital's rule] 
= 0 


G Note: If the hypotheses of L’Hospital’s Rule 
II are satisfied for the functions f’ and g’, that is for 
the derivatives of f and g, respectively, then we can 


. £'(x f"(x 
conclude that lim ae a ; 
xa g'(X) xa g'"(xX) 
This fact suggests the possibility of applying L’ Hospital’s Rule 
more than once, and in some problems it is necessary to take 
second or higher derivatives to find the limit. 


@ Example 7: Evaluate lim a 
x>0 x” 
. . SInx-xX 0) 
© Solution: lim —{— — 
x>0 x O 
. cosx—1 /{ 0 ; sak 
= lim —— | —| [by L'Hospital's rule] 
x30 3x? 0 
et We = [by L'Hospital's rule] 
x>0 6x 6 
If f(a)=f"(a)=..... =f (a) =0 
and g'(a) = g"(a) =..... = g" (a) =0 


but f"(a) and g"(a) are not both zero, then by repeated application 
of L'Hospital's rule, we have 


imo 
x>a g(x) 


= lim = 
xa g (x) 


Rule: If the limit of f(x)/ g(x) as x > a takes the form 
0/0, differentiate the numerator and denominator separately 
w.r.t. x and obtain a new function f'(x)/g'(x). Now as x > a, 
if it again takes the form 0/0, differentiate the numerator and 
denominator again w.r.t. x and repeat the above process, till 
indeterminate form persists. 


The following examples illustrate the repeated use of 
L'Hospital's rule. 
©@ Example 8: Evaluate PO Silos Sa 
x1 3x? —6x +3 

©Y Solution: Let f(x) = 3x'8 —x —2 and g(x) = 3x? - 6x +3. 
Then f(1) = g(1) = 0, and the derivatives are given by f(x) = 
x? — | and g’(x) = 6x — 6. However, the value of 

f'(x) | 

: = lim ———— 
x1 g"(X) x51 6x—6 


is not obvious because f'(1) = g’(1) = 0. Taking derivatives 


again, we get f(x) =— : x8 and g(x) = 6, and it follows that 


fan ax , 
ero) Tim a5 
Thus two applications of L’Hospital’s Rule yield 
f' ” 
rere = ji = _ 9) aes 


xolg(x) xolg(x) — xslg’(x) 9” 


2t t 
@ Example 9: Evaluate tim © —° —'. 
t>0 t~ 
Y Solution: Recognizing the indeterminate form 0/0 we 


apply L'Hospital's rule to yield 


eC =t «<«- eae a1 
lim. —-. = im: 
t>0 t? t—>0 rt 

- Oe ae 3 
=lim = 

to0 2 2 


in which we were obliged to use (and justified in using) the 
quotient of the second derivatives, since the quotient of the 
first derivatives turned out to be in the indeterminate form 0/0. 


In point of logic one should understand that we properly 
applied L'Hospital's rule to the quotient of derivatives first and 
thereupon applied it again to the given quotient function. The 
fact that we write equalities form left to right should not be 
allowed to confuse the order of logical application. 


/M\, Caution 


Before applying L'Hospital's rule at any stage be sure that 
the form is 0/0. Do not go on applying this rule even if the 
form is not 0/0. 


ee ag" 2 


© Example 10: Evaluate lim OD 5) 
x0 sin” xX — x 
Y Solution: We obtain 
. e-e* -2x . e-e*-2x 
lim. ————-_. = lim ———_—_ 
x>0sinx cosx —2x x->0 sin2x — 2x 
By repeated uses of L'Hospital's Rule, we get 
e~-e*-2 . ev -e* 
im ————— _ = lim ———_ 
x20 2cos2x — 2 x >0—4sin 2x 


ere Tel: 2 1 


im 
x>0-8cos2x —-8(1) 8 4 


A, Caution 


Criticize the following use of L'Hospital Rule : 


oe. ge ao) 


lim 
x92 x? = 3x? 4 3x = 2 
oo Ae ed 
= li 3 
x>23x° —6x +3 
sae ie ai 
x>26x —-6 x>26 


The second equation is an incorrect use of L'Hospital's Rule, 

since lim (3x? — 2x — 1) = 7 and lim (3x-6x+3) = 3. So, 
x2 x2 

the correct limit should be ; ; 


xe* — log(1 + x) 
2 
x 
©Y Solution: Since the form is 0/0, we shall apply 
L'Hospital's rule. 


© Example 11: Evaluate lim 
x0 


xe* — log(1 + x) 
2 


xe* +e* — {1/(1+ x)} 


lim lim ’ 


x30 x x>0 Ox 
[form 0/0] 
x i x i x i i 2 
— im te +e +{l/d+x)*} 
x>0 2 
_O+l+iel 3 
2 2 


A variation of L’Hospital’s Rule, not difficult to prove, is the 
following: 


L’Hospital’s Rule III. Let f and g be differentiable on an 
open interval (a, 0) with g'(x) # 0 for x > a. If 


@ 1m fog = Em gem =0, 


x0 
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then 


An analogous theorem holds if (a, 0) is replaced by (—o, a) 


and if lim js replaced throughout by lim , 
x00 x>-00 


Proof: 
The result is a corollary of L’Hospital’s Rule I and the Chain 


Rule. Let t = I , and set 
x 


F(t) = (+) = g(x) and G(t) = (+) = g(x). Since 


t approaches 0 from the right if and only if x increases without 
bound, 


to0 too t X00 


lim G(t) = ue s() — lim f(x) = 0. 


to0 t> X00 


By the Chain Rule, F’(t) = f’ (+) [-3] and 
“)” t 


owe (l-4) 


Hence 


las) 


F(x) 
m — 


li = lim —<~s_+ lim —< 
t>0° G'(x) t>0" 1 1 t>0" 1 
ae t? ae 


lim = lim ; =L. 
t>0 P t) x0 g (x) 
prea : , lim 2? 
By L’Hospital’s Rule I it follows that 30° G(t) =L, 


and the proof is complete. 


An important observation is that all the forms of L’Hospital’s 
Rule developed so far are valid whether L is finite or not. 
This fact requires no new proof and has really already 
been established. The reason is that the basic conclusion of 
L’Hospital’s Rule I is the 


pe. ate AN ae, ECE) ’ 
equation lim —— = lim —— ,and this holds good whether 
xa’ Q(X) xa’ g"(X) 
or not lim — is finite or infinite. 
xa’ g'(x) 


There is another significant variation of L’Hospital’s Rule, 
whose proof requires the Generalized Mean Value Theorem. 
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It states that the condition (i) can be replaced by a |g(x)| 
= 0. The specific statement which we prove is the following: 


L’Hospital’s Rule IV. Let f and g be functions which are 
differentiable on a non-empty open interval (a, b) with g’(x) 
# 0 for every x in (a, b). If 


@) Jim [fo = FM |g@o] = & 


. f'(x) 
lim =L, 
Se B00 
then lim > 
Proof: 


Let ¢ be an arbitrary positive number. By hypothesis (ii), there 
exists a real number c in (a, b) such that 

f"(x) 
g(x) 
By hypothesis (i) there exists a real number d in (a, b), which 
we Shall for convenience assume to be in (a, c), such that, 
for every x in (a, d), the following three inequalities hold : 


f(c) g(c) 
0, ea se 
ad ES g(x) 


(see Figure). It is a consequence of the last inequality that — 
x 


<6, for every x in (a, c). 


a c 


}-88 

g(x) 
Now let x be an arbitrary real number in (a, d). By the 
Generalized Mean Value Theorem, there exists a real number 
y in (x, c) such that 


< 1+ 6, for every x in (a, d). 


f(x)-f() _ fly) 

g(c)—g(c) gly) 
Hence 

Ty) 

f(x) = z'(y) (g(x) — g(c)) + f(c). 
Dividing by g(x), which cannot be zero, we get 

f(x) _ £'Q) [ so) fO 

g(x) g'(y) g(x) ) g(x) 


An equivalent equation is 


CO) ps jos a so) 
g(x) g(y) g(x) 
18 , © 
a(x) g(x) 
From the general properties of the absolute value, it follows that 
f(x) _,| |) 7 1 8©) 
g(x) gy) g(x) 


g(c) f(c) 
g(x) a(x) 
Hence, the inequalities established in the first paragraph of 
the proof imply that 

f(x) 
g(x) 
Since the right side of this inequality can be made arbitrarily 
small by taking ¢ sufficiently small, it follows 


+/L| 


L} <e1+e6)+|Ller+e. 


f(x) 
that lim —— =L, and the proof is complete. 
xa’ g(x) 


It is not difficult to derive variations of the preceding theorem 
analogous to the modified versions described earlier. Thus, 
with the obvious changes in the hypotheses, this last form of 
L’Hospital’s Rule also holds for two-sided limits and with a 
or L (or both) replaced by + 0. 
@ Example 12: Compute lim ~ Vx oz 

x30 X+4_ 
gw Solution: Let f and g be the functions defined by 
f(x) = vk +] and g(x) =x + 4, respectively. Since f(x) = 


and g'(x) = 1, we see that fand g are differentiable 


v, 30+ p23 
on the interval (1, 0) and that g’(x) # 0. Moreover, dio lg(x)| 
= = i [x + 4] = 00, and 1 
eae a9) = as 
lim = 2/3 = (. 
x00 g'(x) lim 3+) 
X—00 1 


1 
@ Example 13: Evaluate lim mas 


x20 X 
Y Solution: Since Inx approaches « as x approaches ©, 
L'Hospital's Rule implies that 
_ Inx . 1/x _ 1 
lim = lim = lim—=0.- 


x70 X x0 |] x30 X 


én(x +1) 


© Example 14: Evaluate lim 


x70 xX 


lim sites 1) (=) 
x—00 


xX oO 


Y Solution: 


[by L'Hospital's rule] 


Eig east TA eg 
x0 (x +1)2x oO 
Ans 
@ Example 15: Evaluate lim — 
x>0@eE 
Y Solution: Since e* approaches as x approaches ~, 
L'Hospital Rule implies that 


In 
@INote) lim ~*~ =0 ang lim -=0. 


X00 X x0 e* 
100 

@ Example 16: Evaluate lim 
x0 eX 


100 / 6, 
© Solution: lim (=) 
x30 eX (ee) 
we apply L'Hospital's rule repeatedly 100 times 
. 100. 99......... 2.1 
= lim ——— = 


x00 e 


0 


x 


| Study Tip 


While evaluating om {f(x)/g(x)}, when it is of the form 
co/oo, it is sometimes necessary to change it into the form 0/0, 
otherwise the process of differentiating the numerator and the 


denominator will never end. 


@ Example 17: Evaluate lim oe 
x>0° cotx 
Y Solution: We have, lim Inx , [form 00/co] 
1/ x0 cotx 
= lim — ; [form 00/00] 
x > 0° —cosec?x 
= lim “4, [form 0/0] 
x>0° x /” 
.  —2sinxcosx —2x0xl 
= lim ———— = —— =0 
x30" 1 1 
@ Example 18: Evaluate ee xme*, 
m 
Y Solution: We have lim x™e™* = lim : ; 
x20 x70 e* 
[form 00/00] 
m-1l 
= lim [form 20/0] 
x70 eX 
m-—2 
=i n= Ds [form 00/00} 
x >0 e* 


f) 


_ _ i ! 
= tan m@n —1)(m — 2)...3.2.1 lim m!_g 
Xx 200 e* X—->00 e* 
[: e* > co when x > o] 


D Note: 


If the quotient : ~ again yields an indeterminate form, 
g(x 


at the point x = a, of one of the two above-mentioned types 
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and f'(x) and g'(x) satisfy all the requirements that have been 
stated for f(x) and g(x), we can then pass to the ratio of second 
derivatives, etc. However, it should be borne in mind that the 


limit of the ratio ~~ may exist, whereas the ratios of the 
g(x 
derivatives do not tend to any limit. 
If f(x) = x’sin 1. g(x) = x, then we have 
X 
lim £00 _ 
x0 g(x) 
(x 
Here { ) = 2x sin Z — cos : 
(x) x Xx 


which oscillates when x — 0. Thus f/g may tend to a limit when 
f'/g’ does not. Our condition is sufficient but not necessary. 
xX +sin x 


@ Example 19: Evaluate lim 
x0 X —COS X 


@ Solution: This limit has the indeterminate form o/c. If 
we try to apply L’Hospital’s rule, we get 


x+sinx 1+cosx 


X00 X — COS X xo 1+ sinx 


Rs The limit on the right does not exist, because both sinx 
and cos x oscillate between —1 and 1 as x > o. Recall that 


L’Hospital’s rule applies only if this limit exists. This does not 
mean that the limit of the original expression does not exist or 
that we cannot find it. It simply means that we cannot apply 
L’Hospital’s rule. To find this limit, factor out an x from the 
numerator and denominator and proceed as follows : 


sin x 
+ 
x 


1 
xX +sin x F [ 
= lim 


lim 
ae a cos X 
X 
sin X 
ss 1+0 
- lim X= =1, 
Ay COs X 1-0 
x 


x’ sin = 0 
@ Example 20: Evaluate fin Ko [ee 
x0 sinx 
@Y Solution: Applying L'Hospital's rule, we get 


2x sin b x cos+(-5) 


: x ae 
lim 
x0 COS X 
ae 1 
2x sin —— cos — A ; 
= Jim x x_. This limit does not exist. 
x0 COS X 


But this does not mean that the limit of the given function 
does not exist. We try another method. 
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fae oxn 
fg et 
x>0 sinx x>0 SINX 1 
Xx 


This implies that L'Hospital's rule is inapplicable in this 
question. 


2+42x+sin? x 


© Example 21: Evaluate lim 


x0 (2x + sin 2x)e"* 


S i 2+2x+sin 2x 00 
AY i » Om % ose 
Solution: -.. (2x +sin2x)e"* or) 
; 2+2cos2x 
_ lim — = 
~ x0 (2+ 2cos2x)e""* +(2x + sin 2x)e"*.cos x 


4cos* x 


x» @S™* (A cog x + 2x + sin 2x)cos x 


AS x—> ©, cosx becomes zero at several points. Hence, 
the function is undefined at several points. Therefore the 
limit cannot be evaluated. This implies that L'Hospital's rule 
is inapplicable. We try to find the limit by another method. 
2+2x+sin2 

a X + Sin = — lim | 1+ . —sinx 
x0 (2x +sin2x)e™* — x0 2x +sin 2x 
The first bracket approaches 1 as x ©, but 
between 1/e and e. Hence the limit does not exist. 


Using L’Hospital’s Rule with Other Limit Properties 


@ Example 22: Evaluate jo 


x0 X”COSX 

Y Solution: This limit has the form 0/0, but direct application 
of L’ Hospital’s rule leads to a real mess. Instead, we compute the 
given limit by using the product rule for limits along with two 
simple applications of L’Hospital’s rule. Specifically, using the 

product rule for limits (assuming the limits exist), we have 
. (U-cosx)sin 4x 
lim ——.+—— 


x>0 


.  l-cosx . sin4x : 1 
= | lim ——— |} lim lim 
x0 x2 x>0 X x—0 COS X 
.  sinx . 4cos4x . 1 
=| lim lim lim 
| x0 2x x>0 1 x0 COS X 


1 
= ;| (4)(1)=2. 


_ 2 
©@ Example 23: Evaluate lim be 
x0 logcosx 


Y Solution: Since the form is 0/0, we shall apply 


og(1 — x* 
L’Hospital’s rule. lim il Cama 
x>0 logcosx 


a3 Example 25: Evaluate lim 
~) x> 


esinx oscillates | 


2 
lim mk —x*) 
x >0 —sin x /cosx 


: 2 x 
= lim : 
x>0(1— x? tanx 


i : =|( um . J-2<1-2 
x>0[— x x0 tan x 
5 — 9x9 - 4x2 49x -4 
xt — 2x3 + 2x -1 
Y Solution: Since the form is 0/0, we shall apply 
L'Hospital's rule. 
_ 5x* — 6x” —8x +9 
Limit = lim zg ; 
x> —6x° +2 


© Example 24: Evaluate lim ~ 


[This is in 0/0 form. So, we again apply L’Hospital’s rule] 


. 20x? -12x -8 
= lim 5 ; 
xl 12x* — 12x 
[This is in 0/0 form. So, we again apply L’Hospital’s rule] 
60x* — 12 


_ 60-12 48 


W=a1s. 12 


= im ————_. 

xl 24x —12 
2 

x” +2cosx —2 

0 x sin? x 

. . & P2e8e=2 

&Y Solution: lim ———.W 

x>0 xsin” xX 
tee x? | 


= lim 3 ie 
x sin” x 


. X ae x? + 2cosx -2 
= lim | — | im ———_ 


__ xX’ +2cosx —2 is ; . -1| 
= lim > J lim =] 
x>0 x’ x0 sinx 
— lim 2x — 2sinx 
x>0 4x3 
(by L’Hospital’s rule for the form 0/0) 
fie 2 — 2cosx 
x0 12k [form 0/0] 
. 2sinx 1 sin x 1 1 
= lim = im =—.]= . 
x20 24x 12x>0 x 12 12 
cos? 1x 


@ Example 26: Evaluate lim = 
x > 1/2 e ee 2ex 


; ae iu TUX 0 
© Solution: <1 aan form 5 
lim 2 cOS 1X .(— SiN 1X ) 


26° =e 


=x 31/2 


. —T sin 27x 0 
= lim ———_ , | form — 
x—1/2 Je — 2e 0 


as —2n? cos2nx —-2n7(-1) 2° 
= lim = = : 
x>1/2 de’ de 2e 


@ Example 27: Evaluate the limit, 


ki (e* —1—2x7)\(cosx=1) 
x0 (sin 3x —In(1+3x))x* 


© Solution: 


Hes [=S* tim (e =1-257)x7 
= 2 2 


x0 x x0 x7. x? (sin 3x —In(1 +3x)) 
fi te. @ aloo. x? 
= lim -lim — 
2 130 t? x0 sin3x —In(1+3x) 
where x” =t 
Y_4_ 2 
Aig Se 
7 y>0 y x>0 sin 3x —In(1+3x) 
where 2t = y 
2 
S00) ie 
2 x0 sin3x —In(1+3x) 


2 
Now/l= lim = P 


x>0 sin 3x —In(1+3x) 
Using L'Hospital's rule, / = 2. 
2 9 


Hence, L=-—. 


@ Example 28: Evaluate lim tanx.log, sinx. 
x1/2 


nha? 
G@ Solution: tS tim 8e*™= form 2 
x >n/2 cot x (0) 


-COS X i F 
as Hs sin x [using L'Hospital's rule ] 
~ 2 

x>m/2 —cosec” x 


lim (—sin x.cos x) =0 
xn/2 


a 
© Example 29: Evaluate jim 2G —*) 
x>0 In In cosx 


2 
Y Solution: We have, lim Ind - x) 
x>0 In In cosx 


1 1 
, . (-2x) 
Ind — x”) 1-x? 


x->0 1 1 


[form 00/00] 


: . (—sin x) 
Incosx cosx 


YG Solution: We have lim 
WN, x0 


Limits 1.89 


: x cos x Incos x 
= 2 lim 5 5 
x>0sinx . (1 — x*) Ind — x*) 


: x . COSX . In cos x 
= 2 lim — . lim 7 i ———— 
x>0sinx x>0]— x x0 In(1 — x*) 


=2x1x1x lim mess 


Resceesninenenes {form 0/0] 
x0 In(1 — x”) 


. (—sin x) 
= 2 lim COS X 
x>0 


a. (—2x) 


: es 2 
oie La) ee, 
2 x>0l x COS X 


@ Example 30: Find the values of a and b in order that 


lim x(1 + acosx) — bsinx 


; may be equal to 1. 
x>0 x 


x(1 + acosx) — bsinx 


3 
xX 


[form 0/0, so we shall apply L'Hospital's rule] 


1+ acosx — axsinx — bcosx (1) 


7 = 3x? 
Now the denominator of (1) > 0 as x > 0. Therefore if the 
numerator of (1) does not tend to 0 as x — 0, then the given 
limit cannot be equal to 1. Hence for the given limit to be 
equal to | the numerator of (1) must also > 0 as x > 0. 
1+a—b=O0ora-—b=-l (2) 
Now if 1 +a—b =0, then (1) takes the form 0/0. Hence by 
applying L'Hospital's rule to (1), the given limit is equal to 


—asin x — asin x — axcosx + bsinx 


lim 
x30 6x 
=i —ax cos x + (b — 2a)sin x , [form 0/0] 
x0 6x 
. —acosx + axsin x + (b — 2a)cos x 
= lim 
x>0 6 


[by L'Hospital's rule] 
_ —at+b-—2a ore a4 
6 6 
. b-3a=6. (3) 
Adding (2) and (3), we have —2a = 5 or a =—5/2. 
b=at+1=(5/2)4+ 1=-3/2. 
Hence a = — 5/2, b = -3/2. 


[as given] 
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Other Indeterminate Forms 
Form 0 x © 


This form can be easily reduced to the form 0/0 or to the 
form 0/o0, 


Let lim f(x) = 0 and lim g(x) = 
x7~a xa 


Then we can write lim f(x).g(x) 
x—a 


i). [form 0/0] 
x>a1/ g(x) 

or = jim g(x) , [form 00/00] 
x>al/f(x) 


Thus aes f(x).g(X) is reduced to the form 0/0 or 00/co which 
can now be evaluated by L'Hospital's Rule or otherwise. 


: Fi lim 
@ Example 31: Find ey COlX log secx 


© Solution: Blue cot x log sec x [0 . © form] 


log sec x 


lim [form 0/0] 
x>n/2 tanx 
.secx tanx 
lin 22% = lim sinxcosx=O 
x>n/2 sec2 xX x>1/2 > & ww 


@ Example 32: Evaluate Jim. (nm —2 tan“! x) Inx 


im (m—2tan™ x) Pn 
© Solution: x50 1 ; 
nx 
2 
2 
Applying L’ Hospital’s Rule = lim —ltx" | 
x i: 
(Inx)? x 
_ .,. 2x(in x)? (=) 
= lim ——— ma 
x—>00 1+ xX fore) 


_ — -2dnx)? +2x.2In x 
lim x 
x0 2x 


_ (Inx)? +2Inx 
lim re 


(om 


X00 x 
12 
= 2Inx.—+— 
lim x 
X—>00 x 


= lim + [2In x + 3] = 0. 


X70 X 


x30 m m" 


$ m n 
- Example 33: Evaluate wa x (InX) , where m, nare 
positive integers. = 


Y Solution: We have a x" (In x)" , [form 0 x 00] 


= i (In x)" ; [form 00/co] 
x30) xm 
— ndnx)"'d/x) n (nx)?! 
= lim = lim | -— . ————_ ], 
x0 —mx7™! x>0° m xm 
[form 0oo/oo, ifn > 1] 
[ 4 (n — 1) (Inx)"?.(1/x) 
= lim | —- ; 
x30\ om —mx7™! 
n-2 
aie ( fy? n(n : 1) (In x) 
x>0° m x a 
= Ties ( i)" n(n — 1) (n—2)...upto n factors (In x) ; 
x70" m=? xo 


[by repeated application of the above process] 


A ) n! ! 
= lim (-1)" —.x™ = (-1)". lim x™ =0- 


- Form (w — «) 


This form can be reduced to the form 0/0 or to the form 00/00. 
li = lim = 

When a f(x) = 00 and ae g(x) = 00, then 

[form oo — oo] 


lim ffx) — g(x), 


xa 


’ 1 1 
= lim 
tin | 
— tim {/ 800) - 1/F00} 
xa {1/f(x)}. {1/ g(x)} 
Now this can be evaluated by applying L'Hospital's rule or 


otherwise. 


. 1 1 
© Example 34: Find mt -2), 


x>0\sinx x 


[form 0/0] 


Y Solution: If x > 0*, then sinx —> 0* 


and J re 
sinx xX 

Similarly, if x > 0°, sinx >0- 

and : eee ee 00 + 00 
sinx xX 


Neither form reveals what happens in the limit. To find out, 
we first combine the fractions. 


1 1 


sinx xX 


x —sinx 


X sin X 
and then apply L'Hospital's rule to the result. 


Limits 1.91 


: 1 1 . X—sinx 0) : -1 
lim| — = lim —— = lim =-1l 
x>0\sinx xJ x30 xsinx 0 x>0\ sec? x 
7 1—cos x 2 w Le=et=lr. 
x90 sin X + X COS X 0 © Example 37: Calculate lim (x? = 5"), 
sin X 0 =n 
= lim =—=0U- i 
x>02coskx—xsinx 2 ©Y Solution: We first calculate Buus x*! 
it is just exp( lim _ x In x). 
© Example 35: Evaluate lim (5 - = x20 
PON tan” x ink 
1 1 Now lim xInx = lim —— by L'Hospital's Rule 
G Solution: lim (s- 5 (co = co) x>0 x>0° 1/x 
XPO\K tan” x 
: 1/ : 
= lim = lim-x =0 
5 0 x90 -]/x2 x30" 
=; tan” x—x form — . 
= ui 2 0 Hence lim xx = 1, 
x 2 tan” x 9 x0 
x 5K 
x : 
lim (x? — x*)=-1 
. (tan x +x)(tan x — x) Therelote has me . 
= lim a » 
x0 x P lao ry ) 
. (tanx + x)(tan x — x) © Example 38: Find jjm 27° * a 
= lim : oyy 80 64 
x0 X.X ris ; ‘ 
6 : . “+2 -4 
.. tanx x - G Solution: tim £2 * cost ee 
-=2 lim > » YY)” 00 94 0 
x0 xX ; 
» X ' t) -6 : 
2 Aw) . e -e —2sin80 F be Se 
=2 lim sec’ x—1 [by L'Hospital's rule] = lim = (by L’ Hospital’s Rule) 
2 (A) ’” 9=0 40 
x>0 3x 85 
2 = _. e&§ +e°8 —2c080 
= 2 im 12808" x 00 126° 
x0 cos? x 3x? 7 
‘5 3 ; _ lm’ °_*28in® 
i 0=0 240 
3x90 1.x? 3 


e+e %+2cos8 _ 4 1 
- Note: 6=0 24 24 6 


The indeterminate forms 1”, 0° are evaluated by first taking 


; ; a: ; © Example 39: Determine lim (cot x)!"2* 
logarithms and then finding the limit of the logarithm of the x0 


power [f, (x2 (which requires evaluating a form like 0.00 ). ©Y Solution: Let y = (cot x)!""*, 


: 1 
© Example 36: Evaluate i (cosec x)!"* nea log x Ber) 
: : - logcotx co 
i . = lim Inx oo lim ] = lim ——— == 
Y Solution: Let L= x > 9 (ensec x)!" [form 1°] > x~so 8Y= Yo loge = 
2 
énLe=li y) A [form 00/00] —cosec* x 
ee =, cosx (by L’ Hospital’s Rule) 
im ——?+— 
aa (1/ cosec x) (-cosec x cotx) x90 = 1 /x 
x70 1/x : xX 1 
= lim =-1 


x0" sinx COSX 


-x 
li ; [form 0/0] : i : 
tim log lim y=-1 = fim yoet= 1k, 


x>0° 
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1+sin x —cos x + log(1—x) 


© Example 40: Find lim 
x>0 2 

x tan” x 

Y Solution: The inconvenience of continuously diffe- 

rentiating the denominator, which involves tan? x as a factor, 

may be partially avoided as follows. We write 


1+sin x —cos x + log(1— x) 


x tan’ x 
_ 1+sinx—cosx+log(1— x) x : 
x?  \ tanx 
. 1+sinx—cosx+log(—x 
so that lim ; a ) 
x0 xX tan” x 
_ lim Lt Sin X= 008 x + log(l— x) i x e 
x30 x? x>0 tan x 
_ lim 2 sin x —cosx + log(i—x) 4 
x>0 x? 
._1+sinx—cosx+log(1— x) 
= lim 
x>0 x? 


To evaluate the limit on the R.H.S., we notice that the numer- 
ator and denominator both become 0 for x = 0. 


lim 1+sinx sais + logd—x) 


x0 x” 
. cosx—sinx—[l1/(1-x)] 
— lim 2 Aw 
x30 3x? ~_AY ° 
(by L’ Hospital’s Rule) 
: sinx +cosx —[1/( x)"] 
= lim 
x0 6x 
: 3 
_ fina —cosx—sinx[2/(-x)]_ 31 
x>0 6 6 2 
Cycling 


L'Hospital's rule does not help in evaluating the following limits. 
When we apply it we just keep on cycling. We need to find 
the limits using some other method. 


. .  S€CX oe) 
Consider L = lim (=) ges) 
x tan x ioe) 
2 
. secx tanx 
x5 sec” x 
tan x 
— lm oo (2) 
x5 S€CX = 
2 
2 
: sec” X . S€CX 
= lim ———— = lim =<L me. 
x52 sec x tan x xt tan x 
2 


Applying L'Hospital's rule again and again, we get the question 
back in (3). 


1 
However, in (2) we get L= - from where we can get the 


limit. We have L?=1 > L=#1. 

Since the function is positively valued, the limit is non- 
negative >L=1. 

Here are some more examples: 


ee J9x +1 Vx 


(i) ———— (i) lim 
x0 J/x +] x>0° ./sin x 
cot 
Gii) lim 2% 


x0" COSeECX 


Leibnitz’s Formula for Differentiation of Integrals 
To differentiate an integral function, one way is to find the 
integral and then differentiate as follows: 
x’ 3|* 
Let fy = frdt = +) = 
2x 4 


x” dx)” x 8x" 
3 3 3 


2x 
5 2 
—24 
as #5290 8x?. 
3 
But a better approach is given by Leibnitz rule: 
KC”, fv) 
— f (t)dt 
| | Fo 
u(x) 
The proof will be dealt in the chapter of definite integral. We 
can now differentiate the same function as follows: 


Hence, f'(x) = 


=v) & — farm &. 
dx dx 


x" 
hid | t2dt | = (x2)? . 2x — (2x)? 2 = 2x5 — 8x2. 
du A ; 
xX xX 
} tdt 


© Example 41: Evaluate lim 7 
x>0 xX 


2 
xX 


| t7dt 


tan: lim 2% 
©Y Solution: <"\ 


xX 


We apply L'Hospital's rule with the help of Leibnitz rule 
5 2 
Limit = lim 2* —8x a2 8 
ee) 2. 3. 3 


x* 
} éntdt 
© Example 42: Evaluate lim * 
xX—00 X: 
A 
} éntdt 
i Ke oe 
©Y Solution: me rz =) 


lim (énx?)3x? - (0nx7).2x 
4x3 


x70 


[by L'Hospital's rule] 
9xénx — 4é@nx 

4x? 
(9x —4)¢nx 


Ax? 


= lim 


X00 


=9x0=0. 


© Example 43: Find the constants ‘a’ 
such that, 


(a> 0) and '‘b' 


lim 
*>0 bx —sinx 


0) 
&Y Solution: rs form hence using L*Hospital rule 
x2 
: ja +X 
l= _ aS for existence of limit 
XU b—cosx 
lim » — cosx = 0 >be=l 
x>0 
2 : ; 
i lim 1 
henge. Jim * =1 
x30 Togosx  * 7° atx (m® 
2 
—s=l > az=4 
va x 
x—|costdt 
© Example 44: Evaluate J 
x30 x3 6x 
x 
2 
x—|cost*dt 
© Solution: J [form — ] 
lim —4 
x” —6x 


-—— [cost t 
: 0 : 1—cos(x”) 
x90 3x7 -6 x0 3(x? —2) 
l1-cosO_ O | 
3(0-—2) -6 


x4 x +xvx —3 


©@ Example 45: Evaluate jim 
1 
(2 frm 
0 


x71 


(x -1) + (vx -1) +(x? -)) 
(x -1)(x? +x+l1) 


, lim 
Y Solution: x1 
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isi Vx-1 (Wx-)  (@«*?=-1 1 
mec os ee os ee a | x°+x4+l 
= lim +] lim 
xol x—] xl ret x-l 
lim 5 
XL x +x41 
(by L' Hospital’s rule) 
: 1 1/3-1 1 1/2-1 3 3/2-1 1 
= | + + : 
Him 5009 2%) 2% | P4141 


ee res: ee ee eee ls eee 
- {io vane a 3 


is A oa | 24340) 1.7 
=|—+—+—].— = .-=-. 
c 2 >) 3 [ 6 3.9 


© Example 46: If jim —— nx 


noon x? 4] 


dx = k then find the 


Ory 
val oe 2] , where [. ] is the greatest integer function. 


3 
nx 
© Solution: lim J | i dx (co x 0) 
<4) 
Put n= u 
t 
2 
Ok 
iF, 5 dx 
- x’ +1 0 
lim [ ) 
t>0° te 0 
Applying L’ Hospital’s rule 
2 1 
) 2 
Be i> * 44 ! 
: t t 
lim ; 
t>0+ 3t 
ss, 1 4 
| | 5 = = 
lim 32+1° “Tat a k. 
t>0+ 
ED) Meal en 
k a 
*e* dx 


@ Example 47: Evaluate lim 


pe [J pet ax 
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2 
©Y Solution: If y = [[; coax , then 
0 


dy | x 
oof) g(x | - g(x) 
({ e% dx)” fp 
Now lim ~*— for 
xo (ee) 


Again using L' Hospital's rule, we get 


7 a lim =gP™ (93) _ a ix = 

10 *?° (2x) 10 10 
fe (+t?) at 
© Example 49: Find lim | ————_— 
ee te eee) ae 


Y Solution: Both the numerator and denominator tend to 


$= hc5 2x? x 
me e © Zero as X — oo, and hence L' Hospital's rule applies. 
_ 2 1 ee 
= lim “= lim —=0 I art 
x>0 eX Dx X30 X ae ak 
I. att 
© Example 48: Evaluate lim a 
P — x0\ x? 70 Co oe Cc, 2 1 
VQ 148x3 1+x? 
3[ eS dt-3x +x 0 gv) 4 3 
©Y Solution: We have lim 22 [oom Ve Yo ; ; 
50 xe 0 oy 1+64x" 1+27x 
U - *. = uf . g) 2 1 
sing L' Hospital's rule, we get KN 
; ° WS I/x?+8 1/x?+1 
lim 3e* —343x? 3 eo 14x? P (ay 4 2 
x30 5x4 ~ 4 a orm Lix? 264. Tx? 407 
Again using L' Hospital's rule, we get 244 
: —x’ 8 _ 108 
_ = lim —e .(—2x)-0+2x = 4 3 7 
7 0 ty 
ae 4x? 64.27 
Goncept Problems P 
1. Evaluate the following limits: 2x x Ix 
.. 7 In(lt+e ; a’ —b 
(ii) lim a) (iv) 


- a = 


@ li 
x>0 xX 
4. In(tan? 2 
(ii) peace 
x0 In(tan~ x) 
ii 
x0 In(sin Bx) 
2. Evaluate the following limits: 
x 
(i) im BOSD 
X00 xX 


@) ii 


In(l+e*) 
nu =X 
Xoo e 


lim —_ 
x>- In(ite*) xo In{x/(x—])} 


3. Evaluate the following limits: 


; _ 2x+xsin3x 
@) lim a 
x>0 5x°—2x+] 
ig ecard 
x>0 3x +sin xX 


om Se x —x 
(ii) lim ————— 
x>11l—x+Inx 


10. 


11. 


12. 


13. 


Show that Jim Inx =0, m>0. 


X30 x™ 


x+sin 


Show that lim 


xX 


x0 2x +sin X 


1l+cos x 


lim ——— does not exist. 


x0 2+C0S8 X 


Evaluate the following limits: 


@ jim 
x0 x 


(ii) 


ee tae | 


x2 
I, sin Vx dx 
3 


fs (tan! x)°dx 
lim +—_— 


Practice Problems 


Evaluate the following limits: 


2 
Gime 2 


to 3(14+t)? —t-3 


Gi) lim 


ees el 


x0 xl/2 43x 9 
Evaluate the following limits: 


exists even if 


@) li 


x>0 cos x — cos” x 


: 1 
Gi) lim 

x0] x(1 + x) 
log 


Prove that lim 
no n 


Show that lim 
xX—0o n 


positive integers n. 


integer. 


Prove that lim 
x>n X-nN 


(in x)” 


2 


In(1 a 


x 


=0 and 


Prove that lim (x — n)cosecxn = CE) 
xn 


{eo CCX — 


(-1)"n 
6 


sin 2x + 2sin? x — 2sinx 
m 


n 
—— 0) fora>l,a>1l 


n 
fin 26 tora 
Xo e* 


n 


, n being any 


(=1)" 
(x—n)n 


, n being any integer. 


7. 


15. 


. Evaluate lim 
x30 


Limits’) 1.95 


(iii) jm J, vi +40" dt 


xo x -1 


Evaluate the following limits: 


} “44 t4 dt 
(i) ta 
XO x? 

x" - 

7 edt 
(ii) qe” 
x>l x—-] 
x 2 
(iii) am i; Loe 
X>—00 x 


Evaluate the following limits: 


: . ly. " 
(i) lim — (sin x.sin 'x-x?] 
x0 x° 


ee : 1 = 
Gi) lim — (tan x.tan | x-x?) 
x>0 x° 

Suppose that F is a function differentiable on the open 
1 

interval (0, 00) and such that F’(x) = —, for every x > 0, 
x 

Show that 


ee 
@ tm?) -9 @) tim =o 
x70 X x0 X 
F 
(c) lim ce = 0, for every positive integer n. 
x0 x? 


Lema -[" ein Cat 
y yt+x 4 


xX 


. Evaluate 


the™ 3 t/3 3 
cos xdx—| cos” xdx 


ae 

: 3 
lim J 0 

h>0 2 
hela 
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1.19 Geometrical Limits 


©@ Example 1: A circular arc of radius 1 subtends an angle 
of x radians, 0 < x < 2/2 as shown in the figure. The point R is 
the intersection of the two tangent line at P and Q. Let T(x) be 
the area of triangle PQR and let S(x) be the area of the shaded 
region then find 


seex qe, P(X) 
(iii) sire 5(x) 


Q) T(x) (li) S (x) 


O 


© Solution: (i) In A OPR, 
PR =tan X =ROQ 
2 


(** Length of tangent from a point outside the circle are 
equal) — 

and Z PRQ = (a —- x) 

T(x) = Area of A PQR 


= —. (PR) (RQ) sin (x — x) 


7 ; . tan’ (=) sin Xx (1) 


x sin X 
tan | — | - 
eae 


(ii) S(x) = area of sector OPQ — area of A OPQ 


X dy .x- - (1). sin x 
2 2 


_ (x-sinx) 
2 x sin X 
T(x) n(3 2 
wey dim 1Q) _ jim AA 
(iii) x>0 S(x) ~~ x50 (x —sin x) 
2 
2 
= tan“ (x /2)sin x 
x>0 (x—sinx) 


[sance/2))) (sin) 
x/2 x x? 


= lim : 
x0 (x —sin x) 4 
—! lim { tan(x/2) 4 lim { sinx | 
4 x0 x/2 x0 7 
3 
x 


ci 
x0 (x—sin x) 2 
©@ Example 2: A tangent line is drawn to a circle of radius 
unity at the point A, and a segment AB is laid off whose length 
is equal to that of the arc AC . A straight line BC is drawn to 
intersect the extension of the diameter AO at the point P . 
Prove that: 

6 (1 — cos 8) 


(i) PA = ———— (i) 


lim = 
6 — sin 0 ca 


0>0 


6 — sin® 
tang = ——— (1) 


Now in A BPA, tan0 = —— 
PA 


6d - 
4 “phe 28 a Eee 
tan 0 — sin®8 


. 6 (1 — cos @) 


_ lim 1-cos@ jim _ ® 
6>0 02 8650 6 —sin®@ 
1-—cos@ A. 


lim = 
Now 90 ee og 


lim 9-sinO _ 


3t —sin3t 
Let £ = 9 59 ees aa 


27 
where 9 = 3t 


lim 
3 ~ t>0 
6 


3t — (3sint — 4sin’ t) 
ae 


| 
N 
~ 
alr 


@ Example 3: In the figure shown, let f(0) = area of A 
ABC and g(@) = area of sector OBC — area of AOAC. Find 
the limit of ratio of f(@) and g(®) as C moves to B along the 


circumference. 
ZN 
A 


rcos0 AY Rosé 


Y Solution: We need to find 


1 
—(r—rcos6)rsin0 
tim £9) _ tim —2 
00° g(8) 00" 1 29_ 
2 


Leen ee 
2, 


1—cos8 \sin@ 
0° 0 (2) 
6—sin@Ocos 90 
93 


Limits 1.97 


. 1 
rth, | 20)3 
[3 
9? 
1 12 3 
= {f= = 
2 8 4 


@ Example 4: The figure shows a fixed circle C, with 
equation (x — 1)? + y*= 1 anda shrinking circle C, with radius 
r and centre the origin. P is the point (0, r), Q is the upper 
point of intersection of the two circles, and R is the point of 
intersection of the line PQ and the x-axis. What happens 
to R as C, shrinks, that is, as r — 0*? 


- G Solution: We find the coordinates of the point Q by 
solving (x — 1)? + y?= 1, and x? + y?=r’. On 
2 


substraction, we get x = os 
2 


Points P, Q and R are collinear. Hence m,, = Myo 


Now, lim x = lim 
> 130° 


0° gu 
(9) 
4 


@ Example 5: Let (tan a) x + (sin a) y = o and 
(a cosec &) X + (cos a) y = | be two variable straight lines, a 
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being the parameter. Let P be the point of intersection of the 20, 
lines. Find the limiting position of P when a > 0. ae 
: 43 2 
: bh a: ; = lim lim =2 
©@ Solution: Here two straight lines, (tan a) x + (sin a) 090 pt 20 
y =a and (a cosec @) x + (cos a) y = | have their point of 
intersection as, 
cosa —sina = : a—x tana 
x= -—___—— and y= ae Again as, Het y= lim ——_—_ 
sin O —Q sina a>0 = =6sina 
when a — 0, we obtain the point P. 
lim . acosa—sina 0 + = tire | A= * 
Hence, 9 X= lim ————— 0 ie a>0\ sina cosa 
a>0 =6sina-a 
_ —OSiIN&+COSa—cosa - a ; 
= lm = lim — lim =1-2 
a0 cosa—1 a>0singa a >0cosa 
(applying L' Hospital’s rule) 
lim x =2 
5 OL. oO [as x= 2] 
eipiary a| 2 sin —cos— a8 
= litt 3. a : lim 
a0 —2sin?a/2 giao eT oe 
sin” — a as . 
OD; Hence, i in limiting position, P is (2, —-1). 


pt; Problems 


Show that the perimeter of a are poe - 6) 
n sides is given by P(9) = —— sin — os 


2m 
= —— is the central angle ear by ide 
n 


of the polygon. Hence show that a circle of radius R has 
circumference 27R. 

A straight line AB moves so as to include with two fixed 
straight lines OX, OY a triangle AOB of constant area. 
Prove that the limiting position of the intersection of two 
consecutive positions of AB is the middle point of AB. 

Find the limit of the sum of the lengths of the ordinates 
of the curve y=e*cos 7x, drawn at the points x = 0, 
1, 2, ....,n, asn > 0, 

Find the limit of the sum of the areas of the squares 
constructed on the ordinates of the curve y = 2'*as on 
bases, where x = 1, 2, 3, ...., n, provided that n > 0, 


6. 


A straight line AB moves so that the sum of its 
intercepts OA, OB on two fixed straight lines OX, OY 
is constant. If P be the ultimate intersection of two 
consecutive positions of AB, and Q the point where 
AB is met by the bisector of the angle XOY, then 
prove that AP = QB. 


A segment AB = a (see fig.) is divided into n equal parts, 
each part serving as the base of an isosceles triangle with 
base angles a = 45°. Show that the limit of the perimeter 
of the broken line thus formed differs from the length 
of AB despite the fact that in the limit the broken line 
“geometrically merges with the segment AB”. 


WON AN AN AV AN ANNAN: 


Practice Problems: (0) 


The point C, divides a segment AB = £ in half ; the point 
C, divides a segment AC, in half ; the point C, divides a 
segment C,C, in half ; the point C, divides C,C, in half, 
and so on. Determine the limiting position of the point 
C, when n + , 


8. 


The side a of a right triangle is divided into n equal parts, 
on each of which is constructed an inscribed rectangle 
(see fig.). Determine the limit of the area of the step-like 
figure thus formed if noo. 


aN 


ZL 
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of the substance available at the commencement of each 
interval and to the length of the interval. Assuming 
that the quantity of substance at the initial time is Q,, 
determine the quantity of substance Q” after the elapse 
of time t if the increase takes place each nth part of the 


time interval 7 = ar 


9. A weight hanging by a spring is made to vibrate by n 
applying a sinusoidal force, and the displacement at time Find Q, = lim (Q)” 
tis given by no 

; : 11. A straight line AB of constant length moves with its 

f() = 5 (sin ot — sin Bt) extremities on two fixed straight lines OX, OY which 

are at right angles to one another. Prove that if P be the 

where C, a, B are constants such that o + 8. What happens ultimate intersection of two consecutive positions of AB, 

to the displacement as B > a ? You may assume that o and N the foot of the perpendicular from O on AB, then 
is fixed. AP = NB. 

10. A certain chemical process proceeds in such a fashion 12. If PCP" be any fixed diameter of an ellipse, and QV any 
that the increase in quantity of a substance during each perpendicular to this diameter ; and if the tangent at Q 
interval of time t out of the infinite sequence of intervals meet CP produced in T, prove that the limiting value of 
(it, G+ 1)t) G=0, 1, 2, ....) is proportional to the quantity the ratio TP: PV, when PV is infinitely small, is unity. 

1.20 Miscellaneous limits oer [ ee. ) ( 0 ) 
im| lim ; = lim| —— | = 

Repeated Limits eae et 


The operations of proceeding to the limit zero with each of 
two variables x and y may or may not be commutative when 
applied to a function f(x,y). Thus 


lim {lim (x+y)}_ limx =0 
x>0 ‘ 


x>0 y>0 


lim {lim (x+y)}_ lim y=0 
y0 


y>0 x>0 


but on the other hand 


lim {lim(2—*)} = tim~ = lim1= 1 


x>0 y>0 x+y x70 X x>0 
lim (lim (2—%)} = tim— = lim(-1) = -1 
yo0 x>0 X+y yoo y y0 


Hence the limits may or may not be commutative. 


SG 


Example 1: Evaluate lim im ue ) and 
no 1+nx 


x>0° 


lim lim 
n>0\ x>0° 1+ nx 


. 2 nx 
Solution: Hin (ti ie lim | lim —~— 


>0'\n>0 1+ nx x>0°| no 


" n 
= lim [) — wr 
x30 \ x 


/A\, Caution 


Here we note that interchange of limits is giving different 
results. Hence it is advisable not to interchange the order of 
limits indiscriminately. 


Representation of Functions Using Limits 


© Example 2: Simplify the function y = din x", 
©@ Solution: When x?< lie-1 <x <1, 


lim x2" = lim (x7)"=0 
n->o n->o 


When x?> lie. x <—-lorx> 1, 
lim x7" = lim (x? \"=00, 
n-o no 


When x? = lie. x =+1, 


lim x7" = lim (x7)" =]. 


n-o no 

O, if x? <1 
lim x7 =21, if x?= 
n->o 
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-l<x<l 
x=+1] 
o, if x<-—lor,x>l 


Here y is defined only when —-1 < x < 1. It is equal to 0 when 
—1 <x < 1 and to | when x = 1. Note that the points x = 1 
and x = —I are the points of change in definition. 


xl nol J+ x2n 


2n 
©@ Example 3: Evaluate lim lim 2 - 


_ yen 
©Y Solution: Let f(x) = im! = 


nol 14x22 
We first simplify this function. We have 
0, if -l<x<l 
limx*" =41, if 9 x=41 
no 


o, if x<-—lor,x>l 
Hence, f(x) 
1-0 
1+0 
= ue) ; x<-I,x>l 
0+1 
1-1 


14+1 


3; -l<x<l 


Ae. al 


> 


noo 


Now we find the limit of f(x) as x > 1. 


lim f(x) =1 
xo 


lim f(x)=-1. 
xol 


eh ee 1-x"" . 
Thus, the limit lim lim [ 5 does not exist. 
xln>o0| [4 x7" 


_ @ Example 5: Evaluate tim lim 


2n 
© Example 4: If F(x) = lim ~ F(x) + 800 | find F(x) 
noo x2" +] 


in terms of f(x) and g(x). 


2n 
@ Solution: -.FOo = lim XO +8@) 


no xo a 
Of (x) + g(x) fone 
O+1 ° 
1f(x)+ g(x) 4 
_ 1+1 ~ 
F(x) + 8) 
= x<-lorx>1 
1+ 
x22 
g(x), if-l<x<l 
f(x) + g(x) 
F(x) = a ifx=+1 
f(x), if x <—lorx >1 


tanx* +(x +1)" sinx 


x30 n> x2 +(x4+)? 


tan nx” +(x +1)".sinx 


© Solution: Let f(x) = lim 


no x 4. (x 41)" 
2 ng 
lim SR AFD SOX soft nghd of x =0 
n> x +(x+1)" 
y) 
f(x) = TTA eo ine 
. (x+l" : 
lim , right nghd of x =0 
no x” 
+1 
(x+1)" 
tan 1x 
rae 2 , left nghd of x =0 
sin x , right nghd of x =0 


Since lim f(x) =7, lim f(x) =0 , the required limit does 
x>0 x>0 
not exist. 


© Example 6: Let f: R > R be defined by 


m—>o |n->o 


f(x) = lim {tim (cos!) | 


Prove that f(x) is 1 for rational values of x and, 0 for irrational 
values of x. 


&Y Solution: Let x be a rational number say p/q, where p, 
q are integers prime to each other. By taking m sufficiently 
large, m! mx can be made an even integral multiple of 7, so 
that cos m! mx = 1. 


Hence f(x) = Jn (1)*" = 1 where x is rational. 


If x is irrational, then cos m! 7x will always lie between —1 
and 1| for any integral value of m so that 

(cos m! x)" = (r_)°" where |r| < 1 
for a fixed value of m. 


Thus, f(x) = jnyco q500 (,,)°" = 0, when x is irrational. 


Hence, f(x) is 1 for rational values of x and, 0 for irrational 
values of x. 
©@ Example 7: Show that the function f: R > R defined by 
s 24 
f(x) = lim ieee 
noo! t>0 sin ?(n!nx)+t? 
rational and to 1 when x is irrational. 


| is equal to 0 when x is 


©Y Solution: Let x = p/q be a rational number. Then by 
taking n sufficiently large n! mx can be made an integral 
multiple of 7 so that sin n! mx = 0. 


Hence f(x) = lim 


5 = 9 when x is rational. 
t>00+t 


If x is irrational, then 0 < sin? n! mx < 1. 


1 
Then f(x) = lim lim 
en n>0t>0] + t?/sin?(n!n) 


1 


= ——=] when x is irrational. 


1+0 


Thus, f(x)=0 when x is rational and | when x is irrational. 


Summation of infinite series using definite 
integral as the limit of sum 


From the definition of definite integral, we have 
1 W(x) 


; b 
lim — (] = | f(x)dx 
met 2 m J 


(i) 2X is replaced by J sign, 


where, 


(ii) =. is replaced by x, 
n 


(iii) ‘ is replaced by dx, 
n 
(iv) To obtain the limits of integration, we use 


a= ii and b = ea | 


noo Nn noo Nn 


The limiting value is obtained by finding the definite integral. 
Special case of definite integral as limit of sum 


1 
lim — 1yt([£)- [foodx 
0 


noon 
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© Example 8: Evaluate 
n n n 
lim + eee 


noel? 41? n? 42? 


G Soluti es . + - + . 
omen: non|n?41? n?427 2n? 


=tan'1 —tan'0 = % 


©@ Example 9: Evaluate jim an 


noo Nn 


ae me inf 123 henee 2 
noon TL.DLD. 66.040 n 


Yw ‘Solution: 


= lim Jind vin 2+ en enete in 
noon n n n n 
1 
= [ ¢nxax =-1. 
0 
Hence, L =e. 
1 r 
© Example 10: Evaluate lim — >) 
noon ay n2 472 


©Y Solution: On dividing numerator and denominator by n, 


2n r 
we get lim -> 
nO et Ain be 
r/n 


Now we find 


a= fie =0 and b= eae 


noon noo n 
lim +5" Stn =f. oe ie 
noo NY aaa? P aie” 


2 
= lax 

0 
= a be 
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© Example 11: If A =[a,, ],,,,. where a, = i! + j, then 


find lim j=1 


no 
7/9 


n 
©Y Solution: We have > ay = Ay, Ag) tot Ann 
i=l 


n 


‘: Dai jim 2(1? +2! +... +n!) 
OW, dim iat yc a 


no n 
n/9l 


: 100 100 ; 9. 
ome BST afm 
ee A 101 
© Example 12: Evaluate the limit 


lim n7*)q! 2? ny. 


Xoo 


Y Solution: Taking the logarithm of the expression inside 
the limit, we find that it is 


-s[14 inn + Skink =25°¥n{ =) : 
n ) 


N” k=I Mya \n 
We can recognize this as the integral i x Inx dx, Evaluating 


this integral using integration by parts, we find that 


[/xinax = +x? inx|! - [<ax = 4 
: 2 cm 4 


1/4 


Therefore, the original limit is e~ 


Limit in Matrices and Determinants 


f(x) g(x) 
Let A= then we have 
u(x) v(x) 
lim f (x) lim g(x) 
lim A =| ~~" oes 
xa lim u(x) lim v(x) 
x >a xa 


Note that the limit exists if and only if the limits of each of 
the functions exist simultaneously. 


f(x) g(x) 
u(x) v(x) 


Let A= then we have 


lim A= lim (f(x)v(x) — g(x)u(x)). 


xa xa 


If the limits of each of the functions exist simultaneously then 
the above limit can be also be evaluated as 


Y Solution: ._ 1 
= lim — 


lim f (x) 


xa 


lim g(x) 
lim A_ xa 
x>a_ |Nim u(x) 
xa 


=m, —f,m,, 


sec x 
x cot x 


e ly 


lim v(u) ~ 
xa 


m, my) 


2 
© Example 13: Evaluate jim cs) 
x>0l (sin? x)* 


sec x 
xcot x 


lim sec x 
x>0 


[x7] 


x0 


©Y Solution: in 


(sin? x)* 
lim[x7] 
x0 


lim(sin? x)* 
x70 


Oy 


© Example 14: Evaluate lim — 
C x70 x 


lim x cot x 
x0 


sinx fn(1+x) 


tan x xX Sec xX 


sinx fn(d+x) 


x0 x? |tanx xsecx 


sinx fn(1+x) 


‘ xX x 
lim 
x—0| tan x 


X SCC X 


xX xX 


1 1 
ae 
@ Example 15: Evaluate lim 


x0 


sin2x  —xtanx? 
3 
cos ec” x 


cot x 


sin 2x —x tan x? 


Y Solution: lim 


x0 


COs ec’x cot x 


Here the limit of each of the functions does not exist 
simultaneously. Therefore, the above limit can be evaluated 
by finding limit of the expansion of the determinant. 


limit = lim (sin 2 x cot x + x tan x?cosec?x) 
x0 
. 2 
: sin2x xtanx 
= lim —— 
x>0\ tan x sin” x 
: 2 
2sin2x xX tanx 
= 
. x 
= lim) —%—+4_*_ | 94123 
x30] tanx sin? x 
x 3 


Limits 1.103 


Concept, Problems R 


1. Define the function without limit me 2 2.2 
; on (iii) y = lim yx“ +a 
y = lim(cos™ x). a0 
no 


2. Define the following functions without limit: (iv) Y= dare cot nx) 
(i) y= lim ¥1+ x" (x > 0) 
— 3, Let f(x) = lim x7 (x° ue +2" find Him gx), 
; ees 
(i) y= im (x20) 
x>o] +x 


Practice Problems P 
oy 
YQ, 


_ tannx? +(x +1)" sinx . 
4. Define f (x)= lim 5) A , and find Evaluate lim : 
: nyo x +(x +1) nooe= n+ 4k 
tne f(x). a) k=l 
xo ° 
; . 3 
5. —— the graph of the following mncdon di. Beanaes tea ye =(7 i 
7, n—-0o n n 
lim (1 net 
@ go= lim (2) © 
3i 
(b) W(x)= lim log.(1+ x") 12. Find the limit hm moe Ti 
ae log, n 
xX 0 in 
[x"], x> 13. Evaluate iim 1 Ypsin carat 
= : im j=) 0 n 
6. Let f(x) = ux t , find cai f(x) 
lim ,x <0 Vn 
t00 . i} 
- . 14. Evaluate Jin, Fea 
where [.] is G.LF. n!.n 
2 2 15. Evaluate 
i Beane im |i a tbote| 
x0 |ys0 dx" +exy + fy” ey [s peek ey . Fe Uk | 
ce le Z a 7 
2 2 
_ in| ad + 0, cf +0. : 
0 0 dx~ +exy + fy ny 
ce 16. Evaluate lim ye, 
iT D200 1 (Dk 
8. If al we y = then find the values of x. 
sin’ x) +1 
3n/2 ee 
ii 17. Evaluate _ we *sin( }. 
9. Simplify the function o(x) = “™ (2/7) arc tan(nx). ov n n 


noo 


1.104 DIFFERENTIAL CALCULUS FoR JEE Main AND ADVANCED 


target Problems for JEE Advanced 


© Problem 1: If « and are the roots of the quadratic x : x 
P cosa) + (sin a 
equation ax? + bx + c = 0, then evaluate @ Problem 2: Evaluate lim ( eK ) 
x>2 x-2 
im 1—cos(cx* + bx +a) Y Solution: Limit 
oat 2d —ax)? ee he 2. 2 
o = lim (cos a)” +(sin a)” —cos~ a@—sin* a 
©Y Solution: ax? + bx + c = 0 has roots o and B, then Eee Ke? 
= a b ha oo cos” a((cosa)* 7 -1) +sin? a((sin a)* ? -1) 
x x x2 x-2 
1 1 = 
1.e., perie Dre el Ma eO Oe Sn Put x-2= 1 
Qa t : t 
-1 -1 
b 1 1 = lim cos” o( S221) imi coo 
a t> to 
6. “Gla 4 a= Sele) s=— 
c OU o B : 7 : 
= COS*OL fncosa + sin’a ¢n(sina). 
a“ | 7 x a 
2 mY, = 
iii 1—cos(cx” + bx +a) : eo roblem 3: Evaluate hii 
x>l/a 2(1—ax)? Ny” xa g® 94 
(7 \¥ 
l> nd énx* éna 
e h 1s) ; $i e€ —_ e€ 
_9{ cx? +bx+a — G Solution: Limit = We Xa 
sin* | ————_——— Re tee a (a Day 
= lim zi (j® ” (x—a) 
xa ad ad ax)? \ ~ en afna ) 
= lim 
xa a"fna (x—a) 
; cx2 +bx +a enna saa -1) 
- sin} ——.— = lim (xfnx —aéna) 
= li 2 xa a" fna.(xénx —afna)(x —a) 
m 
x>l/a (1-—ax) : a® (x¢nx - ana ) 
a c 1 i xa a*.éna.(x—a) 
: 2 : a a B put x-a=t 
= im |}-AS 
x 1/a - a = (t+a)én(t+a)—aélna 
a ~ +30 (¢na)t 
ie 1 1 . 1 Sa a(fn(t+a)—¢na)+t.én(t +a) 
; lat at Bp a2 aa 90 (Cna)t 
7 earn c 1 1 pac —a t 
oy — ae in( 1+") date 
=e age 
t>0 tna t t>o0~=3rs f@na 
c{ 1 1 cima ta 
=| 2 a | ase Gy 1 
, —aQ 2ala 6 = Pe ee 


© Problem 4: The integral value of n for which the 


3 
2 x x x 
cos” X — cOSxX —e cosx +e 7 


lim 


x>0 x? 


is a finite nonzero quantity. 


&Y Solution: The limit is equal to 


: 1 2 4 6 2 4 
lim | epee tec ieee calle spree |b pene 
x30 x" 2! 4! 6! 2! 4! 


x? x? x> x x? 
+ + Essiees 
2 2 12 24 2 
= lim 
x70 x 


= nonzero if n = 4. 


© Problem 5: Evaluate 


lim 4/(x + p)(x +q)(x +1r)(x +s) —x 


© solution: lim [+ pa+QaANaTS) —x 


4 


= fim KEP +x +1V(K+8)—x 
— Lox + p)(x+q)(x +r)(x +8) +x) 


1 
(+ pix + qx +n(x +s) +x”) 
; a+—b* 
[using a—b= ae ba? eR) 
ha Ax? + Bx? +Cx+D 


saa (x + p)(x+q)(x +r)(x +s) + x} 
1 
(/(x + p(x +q)(x +1)(x +8) + x7) 
[where A = Xp, B = Xpq, C= Xpqr and D= Ip] 


Ag 4 4 2 
lim = 
x00 
fie? (11+ “1s an 
x xX x x 
A 1 
=—(pt+qtr+s), 


-d+p0d4+) 4 


Limits 1.105 


@ Problem 6: Evaluate a, b, c and d, if 
lim . fx +ax? 43x? +bx+2 


xt 2x3 cx? +3x—d) =4 


© Solution: Here, lim (x4 +ax° +3x7 +bx4+2 


x70 


—Vx4 42x3 —cx? +3x—d)=4 (co — o0 form) 
Rationalizing 
; (a—2)x? +(3+c)x? + (b—3)x +(2+d) 
lim 
Aone ie +ax? +3x7 +bx +2 eet + 2x3 —cx? 4+3x-d 


Since, limit is finite, so the degree of the numerator must be 
2.S0,a—-2=0 
le., a= 2. 


jig (3+¢c)x* +(b-3)x +(2+d) 


x90 AF say 43x24 bx $2 +-)xt 423 cx? 43x —d! 


Dividing numerator and denominator by x’. 
We get 


(3+c)+(b—3)/x+(2+d)/x? 


et See fe? we d 
xX x? x3 x4 xX x? x3 x4 
3+¢ 
a 


a ot 3+¢ 
It is given that a4 = €=5 


Hence, a = 2, c = 5 and b, d are real numbers. 


x+in(vx? +1-x} 


© Problem 7: Evaluate lia ; 


x>0 xX 


© Solution: Put In( Vx? +1-x) 2% «<i(l) 


Vx2 41 -x=e or [x24] +x=et 


On subtraction, 2x =et-—e! 


As x— 0,t—0 from (1). 
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at ant 29} ett _4 © Problem 9: Find the value of 
é=lim as lim = 
t0 13 t-0 2t 2 z= 
: el -1 
es ia (Bietsme a 
3y _ a 3y 6 
y0 2.27y" 3 
© Solution: sin’x = x 4% 4 3 ere 5 ae 
3 
(e% -e”} +3(e? -e’)-6y 6 40 112 
li 
y30 54y° ; eo ge 
and ete a ge Sauualbieiaid 
3 
ey —-e * Y_ey_ 
«tin =) a ay = 2 = 
7 = sf lim [= (sin x—tan! x) (1* form) 
x70 x 
3 
. 8 (e?¥-1 1 e’ -e ¥ —2y “~~ 
= lim t ee DY Dey F, 
y>0| 54 2y 9 ay* = tin 2 (sin x—tan x)-1] 
e 
4 4 8 4 1 2(sin x ~tan"! )-x? 
or f=—+- => = Sfa—, Now L= 21i 
27 9 9 27 6 gene, = 
1 8 YS ‘| ato eee x x? 
© Problem 8: Evaluate lim — PS ae 6 40 7 aw 
n r—8 - \ = 1 
Y ion: lim Fe a) 
&Y Solution: Ml era AN 2 
r=3 ; th 1 
n = 2 WU Limit = —= =e". 
_ tim T(4 = ee Je 
noo 3\r+2/)\ 1° —-2r+4 
3 © Problem 10: A sequence of numbers x_ is determined 
. pf r-2 \y4[ 1 4+: 2r+4 : 
= lim Il : _ Xn-1+Xn-2 
noo 3\rt2)/73( 9° -2r+4 by the equality X, = > and the values x, and x,. 
= aye ess ee Se) 3) (=) |g Compute x, in terms of x,, x, and n. Also prove that 
n>0|56789 (n-1) (mn) (n4]1) (n+2) 
lim x = Xo + 2X) 
19 28 39 (n? —2n+4) ef (n? +3) (a +20 +4) noo 2 P| . 
7 12 19°" (m?-6n+12) (n?—4n+7) (n?—2n+4) 
a 1.2.3.4 (n? +3)(n? +2n +4) © Solution: X, = a 
~ noe | (n—1)n(n +1)(n +2) 7.12 
X,+X Xy+xX Xn,+X 
_ 2 bm (n? +3)(n? +2n+4) fe ag eee etc. 
~ Tne | (n—1Dn(n+1)(n—2) 2 2 2 
Xj —X 
3 2 4 x,-x,= 071 
li Gra area 2 
- im 
7 n> 0 1 1 2 X)—Xy (X9 —X,) 
1 1} 1+ 1+ X.- x = eNO 
n n n os 2 as 
2 (1+0)1+0+0) 2 X2 —X3 (Xq —X,) 


7 (1-0) +0)+0) 7° — 9 33 


X-x= X3 — X4 (Xq —X,) 
5 4 
2 ~ 
x-X, = Xn-2 — Xn-1 =(-1) (Xq —X;) 
20 
add 
xX —-X 


_ ota ods ae +S 


9 2 2? 3 n-2 
lim . Xg-Xy 1 
oe) _ = lim 
n> (x, X,) Eanes 2 ts 
Bh sg a A 
noo on 1 ,) 3 
: Xy —-X X,) + 2x 
Tien x= 0 1 4 x= 0 1 
3 3 


@ Problem 11: Forn EN, let x, be defined as 


1 n+x, 
[1s *) =e, then find lim x, 
n no 


1 n+x, 
Y Solution: We have [+4] =e ..(1) 
n 


Taking log on both sides of equation (1), we get “AN” 


=> (nt+x) in( +2) 4 


n 
1 
= 1 
> n+x, in{ 2) 
n 
1 
> a -—n (1 
" in( +4] ) 
n 
n+l 
Let =u => nu=nt+l 
n 
1 
> ne 
u-l 


Gf 2 in| ne 
ai ull Qnu u-l 


: -l)-l 0 
jg ODS (2) foes 


ul (u-Dinu 0 
1 
= Lo 
= lim Le = lim U =, 
u>l u-l ul ) 


_-) Problem 13: Find lim = 


Limits 1.107 


@ Problem 12: If CL,, O,, ..., @, are the roots of equation 
x" + nax — b = 0, show that (a, — o,)(a, — O,) ....(A, — &,) = 
n(af! +a). 


&Y Solution: Since |, O,, .., &, are the roots of equation 
x" + nax — b = 0 we have 


x" + nax — b = (x —a,)(x — a,)...(x-a,) 


x +nax—b = (x — a,)(x — a,)....(x — @,) 
A= QQ, 
x +nax—b : 
> il = Lae [(x—o, )(K-OL,)...(K—O1, )] 


| — O,)(G, — O,)...(aL, — a.) 
xa. 1 


(using L’ Hospital’s rule on L.H.S.) 
> (0,-4,)(a, -— O,)...(@,—O,) = nar! + na. 


xt! (n+ 1x" +1 


xl (e* —e) sin nx 


if n = 100. 
nx"(x—1)—(x" -1) 


(e* —e) sin 1x 


Y Solution: /= lim 
x>l1 


Put x=1+h sothat as x51, h>O 


h-n(1+h)" -(d+h)° -1) 


h->0 e(e® —1)sinzth 


l=- lim] n-h(1+"C, h+"C, h? +"C, h? +...) 
xl 


(14°C) h+"C,h?4"C, h? +....-1) | 


, neo [& (22) 
h mth 


a= "CO, = [2 ech) 


Te 27e 
n°>+n  n(n+l) 
2(me) 2(me) 

If n=100 then/=-— () 
Te 
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® Problem 14: Let f(n, 6) 


) () 
= (1 — tan? >| 1 — tan2 <] (1 — tan? =] =e 


im fa ye 


to n factors . Show that I 
Dias tan 0 


cos 9 


Il 
uN 


& Solution: 1 — tan? ; 
1- tan =e oF 


Hence f(n, 9) 
cos 8 


sin 9 
= ine cy 
2° sin an 2 
Hence f(n, 0) = cot @. 2" tan ory 


6 tan 2 
=cotd. Te) 


Now lim f(n, 0) = 0 cot 0. 
no 


© Problem 15: Evaluate 


ir fs [el ants 
BO \. Ay a2 a, / 


where a,= 1 anda, =n(1+a,_))Vn22. 


a, +1 \( a, +1 ait 
ee ese cae 
G Solution: tim a, it ay an 


We know, a, ,+1= — ...d) 
n 
lim 42 |{ 23 |) Ba) Ant : 
n—o\ 2 3 4 n+1/)a).a.....a, 
: a l+a 
= 1 n+l — n is 
nae (n+1)! noo n! ee om 


| (- a) 
= lim| —+— 
n>oln! n! 


= lim : 4 nol 
nooln! (n—D! (n—D! 


_ (1 1 1 1 1 a, 
m t t becenee oe + + 
nox(n! (n—-D! (n—2)! (2)! 1! 1 


{a, = | as given} 


[using (1)] 


; 1 1 1 1 1 1 
= lim | + Fee : +—+-|=e 
n>o(n! (n-1)! (n—-2)! (2)! 1! 1 


| a es 
as, e=l+—+ + + 


1! 2! 3! 


© Problem 16: Solve Bs x,, when x =a+x,_, and 
Y Solution: Here, X= Ja; x,= va +a which shows 


X, > X : 


1-as<Xx, 


. AL : 2 
ve X, 7X, > Xy- = 


2 2 


sy fasts) fax} 
es | a SO 


2 V4a+1+4+1 


> x, 
2 
lim y -=limy, =] 
noo ml n>o 2 


=> P-Il-a=0 


)_ ltvi+4a 


=> , since />0 
2 
fe 1+ 1+4a 
2 
: v1+4a +1 
or lim x, = —————-.. 


@ Problem 17: Ifa,= ab, ,b, = =. 


a, +b, 
2 


and so on for (a > b > 0) then prove that 


f-2 2 
lim a, = limb, = aaa 
no no tant | . 


a= 


2 a,b, ’ b, = 


b 


©Y Solution: Putb=acos 6, we get b,= a cos” - and 


) 
a, =acos — 
2 


b, =a cos e cos? 2 and a, = a cos : cos 8 
4 2 4 
Similarly we get 
6 6 0 
a =acos — COS — ...... cos — and 
n oh 
) 0 , 9 
b, =acos — cos — .... cos? — 
2 4 2° 
asin9 
> a = ——— and 
2” sin 0/2" 
—_ asin @cos0@/2" 
"2" sin @/ 2" 
asind —_asin0 


Now, lim a, = lim = 
n-00 no 2" sin@/2" ) 


a,/(a* —b”) _ Va? —b? 
acos !(b/a) { | F 
tan ~ | ————— 


lima, = 
b 


and lim ia asin 0cos 0/2 _ asin® 


noo n>o0 2" sinQ@/2" ) 
242 
lim a, = lim b, = i? 
=> n> noo {2 _ 12 
tan”! A) 


T 
@ Problem 18: Let x, =2cos a andx = 4/2 +X,_; ,n=1, 


ee find lim 2'"*)../2-x, . 


no 


Tt 
© Solution: Let Pes 


X,= 2+X9 = |24+2cos x =2 cos— = 2 cos e 
6 12 2 
T T 6 

X,= §2+X, = /2+2cos| — | =2cos — =2cos 5 
12 24 2 
Tt T 

X,= /2+x, = 2+2cos oA mer = 2 cos ae 

6 
x =2cos —; /2-x, = ,/2—2cos— =2 
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20 sin —— 
Q n+l e 
[=2°+)2 sin —_— = ——q =20=2-27=%° 
gut 0 3 
gat 


anc 


I/n 
: ae where a and b 
ang = b 


n 


© Problem 19: Given lim 


are relatively prime, find the value of (a + b). 


; (3n)! nin! 
SY a : i. 3 Z 
Y Solution: Consider te nin)! Cm! 


3n(3n —1)......(2n + 1)(2n)! 
(2n)\(2n)(2n —1)....(2n +1)n! 


= (2n +1)(2n + 2)(2n + 3).....2n +n) 
(n +1)(n + 2)(n + 3).......... (n+n) 


ele I/n 
Let P= lim (a) Z } Mo (1+ ia ) 
NO” n+l n+2 n+n 


Taking logarithm, In P 


aime ie ee ae ee 
“n> n n+l n+2 n+n 


where T= “in{ 1+ 2 )- a 1+ J 
n n+r n 1+(1/n) 


1< 1 
In P= li In| 14 
_ a os ( is) 


r=1 


1 1 
= J In(x +2)dx — ) In(x +1)dx 
0 0 


= (x+2)in(x+2)-(x+2)|, 


— (K+Din(x+1)-(x+)), 


= [3 In3 — 3} [2 In 2 - 2]- [2 n 2- 2)-(0- 1) 
= [In 27 —- 3] —- [mM 4-2]-[m4-1] 
= [In 27-1] -[2 mn 4-1] 
= /n 27 — In 16 
Pata = => pa 
16 16 


b=16 > a+b=43. 
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Alternative: 
*"C, — Qn)! nin! 
ncn {(2n)! (2n)! 
= | Gn)(3n-DGn — 2)... (3n—@Gn-D) | 
=| i= GT =D) cosetscenen (n-@-D)] 
1 


, [2n(2n —1)(2n — 2)........ 2n—(2n—-1)]? 


~ ny) _ (zy 
(2n)*" 16 


r 


@ Problem 20: Let a eee PT 
r— r+ 


r= 


3.2 
=m sn, f@) (4, B,C De N) 
A B C OD 
where f (n) is the ratio of two linear polynomials such that 


lim f(n) = > Find the value of (A+B+C+D). 


no 


© Solution: T. = 


r’ 


(2r-1)(2r +1) 


_ 1) 16r*-14+1 
~ 16] 2r-D(2r+)) 


eal (4r? -—1)(4r? +1) +1 
"16 Ag 

ee (4r? +1) + : 
16| (2r—1)(2r +1) 


= Ela anst( Ser od) 
16] 2\ 2r—-N2r+) 


sali wand ot] 
16] 2\ (2r-1)  (2r+D 


Wage, A a 1 1 
Sn = got 162! Ges 7] 


— n(n+)(2n+1) % n 
7 4-6 16 


als) 5) ax ara | 


24 16 32 


nn 5n 1 n 

12. 8 48 16\2n+1 

nn? 5n f(n) 
+—+—+ 

A B C 


So A=12,B=8, C=48;D=16 
Hence, A+ B+C+D = 84 


2n°+3n?+n | n 1 [ 1 ) 
2n+1 


(given) 


© Problem 21: Evaluate 


a pea 27 M9 34 MM M18 =| 
lim lim 5 


mo no m 


Y Solution: 


ieee Yo 437 48/37 4 gn ee) 


lim lim 
mono 


= m 


. 142434+44...4m 
= lim ; 
mo m 


S : >O0asn>o; 2 >O0 as n>; 
2 3 
seni (2) >Oasn +} 
m 


e 


Vix} 
V{x} 
© Problem 22: Evaluate lim ferent) 
x0 


if it exist, where {x} denotes the fractional part of x. 


© Solution: LHL. = lim fx) 
x>0- 


1+{0—hy) Yo") i 
e 


1/(-h) 
_ pyl/d-h) 2 

bn h) ) 2 (2). 
h->0 e e 


= i - li 
R.HLL. = bey f(x) = an f(0 + h) 


lim (0 —h) = bn 
h>0 h-0 
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vihy Ea) vn \V/b We choose x and y such that x + ny =u and x-—ny=v 
: im{ =D 7 z in| Pe ee, era 
h>O0 e h->0 e 2 
ih (3) becomes, |f(u) — f(v)| < — for arbitrary n e N 
= lim (+h)! ~e) 3° 
a eee 
h Le.,asn—>o = [f(u) -f(v)| < lim — 
(i/h)Ind+h) n>o 3” 
1, e —e 
= eet® a) > |fw-fW|<0 => fw =f 
Hence, f is constant. 
Sa 1 © Problem 24: The function u, takes on the following 
-— lim |S 
er h values : u, = Z, u, = o + ee ; 
4 4 10 
ids 1 1 1 
fa te fear u,= 341 hae sevens a Ses 
= eo" (mehr) ne (1) + 3° +1 3" 41 
h ; 1 
Prove that lim u, < a 
— = n->o 
Now let P= io ...(2) 1 1 1 1 1 1 
hoo oh ©Y Solution: We have —<— ; —+—<—+-;..... 
replacing h by —h then ee ee wD 2 ie 
rom 1 1) 
= P(e 
P= fe nea ...(3) MYT 1 1 1 1 G 
h>0 h Thus, u, < 2+ a> tee < 
: a) 3 3 32 1 
adding (2) and (3), ~~ ~3 
_h? —h?2 “Cy 1)" 301 i 
op = jim MGR) «tim OB) __, | At nat [1-2] re 1-(3) 
nod he noo (Wy i 
P=- — from (1), J lim y < lim : 1-(5) = I 
2 noo 2 noo 2 3 2 


R.HLL. = eC = e!”, 
ex sin(2007)x -] 
L.H.L. # R.H.L. Hence P does not exist. © Problem 25: Let L = lim ——————- and 
x>0 = xInd+x) 


© Problem 23: Suppose that function f : R > R satisfies 
it Me= lim x(2x-(Vt ext ted 41) 
the inequality, Er6+ky) Hk <1 X00 
k=l then find the value of LM. 
for every positive integer n and for all x, y E R. xsin(2007)x : 
Prove that f is a constant function. © Solution: L= lim © af Senn) 


x>0 xsin(2007x) xInd+x) 
_ sin(2007x) : (2007x) 
<1 (1) ~ x90 (2007x) In(l+x) 


Y Solution: Replacing n by (n— 1) in, 


me = 2007. 
5°35 {f(x + ky) -f(x -ky)} 


we oo. M= lim si $57 20) ae Sc 4) ox] 
Sak oe tae i 4 
>3 {f(x+ky)-f(x-ky)}} <1. ..Q) = lim ( ; =| rx( ; :] >| 
k=1 X02 x x x x 
Subtracting (1) and (2) we get, pass 1 
[3" {f (x + ny) — f(x — ny)}| <2 at 
+ eee ales: ai sig id ttee yada tet =2) 
3" t>0 t2 
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t>0 


= lim r[l+saee) (t+t3)? 
t 3 


1 a1 a9 
1+—(-t+t’)—-—(t+t")* -2 
36 ) 9S ) | 


2 
LM = 9 x 2007 = 2 x 223 = 446. 


© Problem 26: Let a, = 2cos a —1 then show that lim 
Qu 


2cos0+1 


(a,a,a,....a, a.) = OER. 


Y Solution: Consider a a ee a,:a 


=4 gel =2 {1-+00s e \a1 
20 gant 


= 20085 +1 


0 ) 
Similarly, [200s re +1) [200s 5 -1) 


[ 400s" set )- = 2 


ll 
— 
| 
io) 
ie) 
a 
i) 
+ 
= 
K—_—_ 
| 
i 


“=. _ (2cos0+1) 


Hence Ta 7 0 
i=l BOO! 


2 1 
mec 


© Problem 27: Let f (x) = tan ~ secx + tan = : 
2 2 


xX xX xX xX 
sec — +tan — sec — +..... + tan —— sec 
2 93 92 on gel 


x T™ 1 
and g (x) =f (x) + tan — _ where x e€| ——,— 
he 2 2 


n EN. Evaluate the following limits: 
1 1 


(a) im 22.) (b) Him { £2) 


x x>0 x 


eas sin t=" 
ae 2 


© Solution: T.="_x = * 
om COS — COS X COS — COS X 
2 2 


Xx 
= tanx — tan — 


hae x x 
Similarly, T,= tan— —tan—> 
: 2 2 
x x 
T,= tan gp 
2 
T = tan = 
nm gnal on 


x 
f (x) = tanx — tan — 
n 


> f (x) + tan = g (x) =tanx 
Pla 


1 
iow Le in| =2*) 


x>0 x 


e€ 
2 . tan x — x 
Consider /= lim 
x>0 x 
tan x — x 
= lim lim x=0 >L=e® = 
x0 x3 x> 
1/x? 
(o) tim( 22%) = tin(SE-)S 
Ol x a 
x>0 x e 
= limit ®@* TX Qt, 
2 


Limits 1.113 


4+3a,,, 4+3a, 


(c) tim [@2%)* =¢ “Aa Baa Beg 34 2a, 
x> 
Shee _ (44+ 3a,,,)G+2a,)—-(443a, (3+ 2a,,,) 
where |= ine L{ : -1) (3+ 2a,,,,)(3+2a,) 
t ‘cat = — 
ita an X > ie = Bay 7 Ang ~4y i) : ‘ 
x90 x x>0 x x ~ (3+ 2a,,,)(34 2a, ) {vo a.,> ay 
= limit does not exist. 
ao a aad > 0 
n ‘ ae a..,>a,,, whenever a, >a, 
F ae 
© Problem 28: Let f(s = lim y3 sin 3 and “. The sequence of values a, is increasing and since 
n=l a, = 1,a, > 0 for all n, 
= lim (1+ g(x))°"* lima, = li 
g (x) =x—-4f (x). Evaluate a g : Now let, / = es = dim any 
Y Solution: Using sin 30 = 3 sin@ — 4 sin°0 lim a,,,; = lim 108 
i n—00 n> 3+2a, 
T, = sin’? = g [3sin sins ki 4431 
- lim 
= P= sr 
=> 31+ 2P=4+ 31 


ee, x x 
T, = 3sin’ Qo = 3sin sin : 
v4 [ 3° wan 
and so on........ “OTS fe, 
_ @ Problem 30: Find the values of a, b and c so that 


1 383 x : 
Ty i aaa” eas iim ae* —bcosx+ce * 2G 
x0 x sin x 
! 3° sin = 3sin~ x -x 
i= 4 32 a &Y Solution: We have jim 2° au =9: (1) 
(wv x0 X sin X 
lfin. x Ha — As x —+ 0, numerator > a—b+c 
i= 4 3 sin——-—3 si and denominator > 0 
Since limit is finitea-b+c=0 
wo Uf Ay oe OK ; or b=a+c (2) 
f@= lim (3 a x] From (1) and (2) 
x ee 
— in ae’ —(a EORSESE _9 
1 xen l x0 x sin x 
= >| lim ——=——sinx | = — (x-sin x) ee oe re re 
4| n> x A lim” * . -- 03) 
35 >. was ~ 
g (x)=x-4f (x) =sinx ae Se. =) = 
lim (1+ si coum lim (cot x )(sin x) => lim - —Cx) : (a+c)sin = 2 
Now ara +sin x) =e =e x0 sin x x0 (1+ cos x)x sin x 
».« 
4+3a a(e*—-1) c(e *—-1) 
© Problem 29: If a = 1 anda = “,n2>1, +e)sin2 
n n+ 34+2a, = x _x - lim (a+c)sin~ x 9 (4) 
x0 sin Xx x0 (1+cosx)x 


then show that a,,>a_,, andifa, has alimit/ as n> ©, ; .2 ; 
Since limit is finite, as x > 0, 


lim a 
then evaluate ie a(e*—1) c(e*—1) a 
© Solution: a,=l x (x) oer 
Jie eo ad . a-c=0 Daz=c (5) 
fo 2 a(e* +e * —2) 2a sin x 
a, >a, lim - + lim = 
“ x30 x sin x x0 (1+ cos x)x 


Assuming a, >a 
n+ 


1 n 
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; F 4 =] fi 2) b=14+1=2. 
> | a(e* —1)? +k 2asinx _ SO lee and somn 2) ' 
aa ei oa (l+cosx)x © Problem 31: Let a,, a, ....., a, be sequence of real 
{2 =) numbers with fort =a t, fl+a2 and a, = 0. Prove that 
. a 
x : lim an j=— 
se in i lin alee ae 
x0 ex { Sinx x0 (1+ cos x)x . 
tox @ Solution: Here, a. =a,t jl+a2 j 
= a(1)* 2 2a.1 _9 let a, = cot (a) >a, ,, =cot(a,) + cosec(a,) >a, _, 
1.1 2 : 
~ az=l cos(a,, )+1_ 2cos" (a, /2) ae Om ) a1 
From (5), c = 1 sin(a, ) 2sin(a,, /2)cos(a,, / 2) 2 
And from (2), b=1+1=2 
Alternative : Putting n = 1, a, = cot (a,) and a, = a, + 
Here we use L’ Hospital’s rule 
_ fy 2 
; x b +4 x = l+a, =1 
We have lim ——-““"**** _ = 9 CL) : a 
x0 XSIn X =1 =) 3 
As x — 0, numerator > a—b +c and => cot(a,)=1ora,= 4 
denominator >0 .. a-b+c=0 : Oy T 
= feqee (2) Again, a, = cot ca ee cot | o 
From (1) and (2) Ly . 
x -x 0) A, 4 Q> ™ 
lim 2° —(at+c)cosx+ce~ _ 2 form?) ; < , = cot a = cot ; 
x>0 x sin x 0 “N boa 4.2 
C? 4 
: , tal? Pa & a T 
Une ho vue : _ 7 O~ a,= co{ $3) = cot (5) eee 
lim ae ual Coie SE a _9 p 8) 4.2 
x0 (xcos x + sin x) = S Te 
As x > 0, numerator > a—b+c (& - a, oO 4.2! )* 
and denominator > 0 SY ; 
Since limit is finite a —c = 0 = 
= ase (4) a 
From (3) and (4) : ct i 
- in x —ae * Hence, lim | —*- | = |. 4.2>- 
im 2° _* 2asinx—ae ~ _ > ee tim {25 i 
x90 =xcosx+sinx no 2 
Again using L’ Hospital’s rule fut = 
ok* Ha 
x -x = Likth %, 
eae BS _9 i | 
x0 —x sin X +cos xX + cos x “ 
a+2a+a a 4 
eee ry . ‘ n — 
—~ “04141 = tim { 42,)=4. 
: a= 1 


Things to.Rememben 


1. Theorems on Limits : lim ff =f 
Let f and g be two functions such that Oso USB an 
Him f(x) = ¢, fim g(x) = m. Then (v) limé ffx) / g6x)] = £/ m, (m #0) 
(i) ~ K(f(x)) = k.2@, (vi) For any positive integer n, 
(ii) > [f(x) + g(x] = 0+m lim wF(x) = aflim f (X); provided lim f(x) > 0 when 


(iii) ~ [f(x) — g(x)] = 2 -—m n is even. 


m/n 


m/n 
Also lim(f(x))"" = [tim 0) where m/nisa rational 
xa xa 


number and the limit on the right exists. 


(vii) If limf(x)=b and g(x) is continuous at x = b, then 
xa 


lim g(f(x)) =a(1im £0) = (py, 


(viii) If limf(x)=b, with f(x)! b for every x in some 
xa 
neighbourhood of ‘a' and if lim g(x) =c, then 
x> 
lim g (f(x)) =C . (This theorem is sometimes useful if g is 
xa 
discontinuous at b. 

(ix) Domination Law : If two function f(x) and g(x) satisfy 
the inequality f(x) < g(x) for all the values of x belonging 
to a neighbourhood of a point a except possibly a then 
lim f(x) S$ lim g(x) provided that the limits of 
both functions, as x — a, exist. 

2. For all elementary functions, limit at any point in the 
domain is equal to the function's value at that point. 


3. The important indeterminate forms are : 


5. 
(i) 


(ii) 


(iii) 


(iv) 


O° 6s , 0 X &, 00 — 00, 0°, 00° and 1” 
4. Following are some of the frequently used series > 
expansions : 
Gi) a*‘=14 x18 . “In’a -= “In‘a BE soesesees a>Oc°AN b) 
1! 2! 3! ~) 
2 3 
se xX xX x 
(ii) eX =14+—4+—+4+—4 ee 
1! 2! 3! 
2 3 4 
Gi) In (lax) = 2-4 7 -< 7-4 Pe for—l<x <1 
: ‘ ex x! 
(iv) sinx =x re zi a steeds 
2 4 6 
(v) cosx=1 arr at ee 
x? 2x? 
(vi) tan x = Ra aa ee 
3 5 7 
(vii)tan?x = x Ba a a, 
3 5 7 
i ee. I Se 
(viii)sin'x = Tee + 51 + 7 9 ile ee 
2 4 6 
: 1 
(ix) sec x = 1+ pot Boe ites 
2! 4! 6! 
2 
(x) (1+ x= 1+ +n(n-D>— 4... for -1< x< 1 
ie [2 * 


ee 


1 
: 1 x — e|] lL—-—x +— x“ +... 
(xi) (1 + x) [ 5) A 


Limits 


lim Six _ 1 = lim tanx 
x0 x0 


Xx x 
-1 : -l 
_ lim @9_X _ jim SX 
~ x30 x ~ x30 x 


x 


cee a 
oe =Ina (a> 0). 


x0 
lim In(1+ x) ~~ 


x>0 xX 


ta log, (1+ x) 
x 


x0 


= log, e, (a> 0,a¥#1) 


. ties Sl 
lim —————_ 
x>0 x 


=n 


. n n 

lim x -a _ n-1 

xa =na ie: 
x-a 


lim xénx =0 
x0" 


I x 
) Lim (1+ x)* =tim(1+) =e 
0 x 


X70 


—, whenm=n 


0, whenm<n 


= a 
7 o, whenm>n and—2>0 
bo 
ag 
—o, whenm>n_ and—<0O 
bo 
: . SiNX |, COSX 
G) lim = lim =0 
x90 =X X30 X 


(ii) In fact, if n is a positive integer then 


x 
lim “— = 0, lim x"e* =0. 


X00 x? x30 
(iii) For sufficiently large values of x we have 
log.x << x? << aX << x! where 
a> p>O a>Il xeN. 
(iv) lim Es =(0,fora> 1. 
x 


x0 


a 
(v) tii = 0 for a> 0, 


nq 


(vi) lim *_=0 


n>o pn |! 
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10. 


11. 


12. 


13. 


14. 


The line x = a is called a vertical asymptote of the curve 
y = f(x) if atleast one of the following statements is true: 
lim f(x) =0oo0 «lim f(x)=0 lim f(x) =0 
xa xa xa" 


lim f(x) = — 00 
xa 


=-0 lim f(x)=- 0 
xa’ 


lim f(x) 


xa 
The line y = L is called a horizontal asymptote of the 
curve y = f(x) if either 

lim f(x) = Lor 7 f(x) = 


x00 
0, Os<a<l 
1, a=1 
lim.a* = 
X00 00, a>l 
dne a<0O 
If lim f (x)= A>O and lim f (x) =B, a finite quantity 
xa x>a 
then lim (f (x))®? =A®. 
xa 


: li én(f 
Also, lim (f ar =e um g(x) n(f (x)) 
x7a 


Let lim f(x) =1 and lim 1 8(X)= co then 


xa 


lim 1 (FOO) 8 = eM ocx)[f(x)-1] 


Siedvich Theorem : Suppose that g(x) < f(x) < h(x) féx) ° 


all x in some open interval containing c, aed pasoyy 
at x = c itself. 
If lim g(x) = in h(c) =1, then lim f(x) = &) LI, 

xc xc 
L'Hospital's me ‘aoe f and g are difverentinble 
on an open interval containing a, except possibly at a 


itself. Assume that g’(x) # 0 for all x in the open interval 


15. 


16. 


17. li 


f\J 


18. 


containing a, except possibly at a. 
Suppose that 
lim f(x) = 0 and 1 g(x) = 


xa 


or that lim f(x) = + 00 and la g(x) = +0. 


xa 
(In other words, we have an ca ican form of type 
0 
; ) 
x) a e) ee 
Then lim —— = lim ——.,, provided the limit on 
xa 9(X) x>a_ g(x) 


the right side exists or is 0 or — 
Leibnitz’s formula for differentiation of integrals 


v(x) 
: f foal eee” Jaume &, 
Xl uty du dx 
0, if -l<x<l 
lim x" J, if x=41 
no 
Cc. co, if x<-lor,x>l 
4 ») 1 wx) b 
lim— > f|— = [Fee 
pO Re ofa) 
>.< 
where, a = Cs Oo ‘ and b = im. 
n noo Q 


f(x) g(x) 
u(x) v(x) 
E f(x) lim oS 


lim u(x) lim v(x) 
xa xa 


Let A = [ then we have 


lim A = 


xa 


Objective Exercises 


SINGLE CORRECT ANSWER TYPE 


1. 


|sin x| 


I 


The value of in | (where [.] denotes greatest 
x> 


integer function) is 
(A) 0 
(C) -1 


(B) does not exists 
(D) 1 


ee 
The value of lim) ————— 
x0} sin x tan x 


I (where [.] denotes the 


greatest integer function) 

(A) 0 (B) 1 

(C) does not exist (D) none of these 

If lim (lx? —x? 41 -ax? —a) exists then a is equal to 
(A) -1 


(B) 1 
(C) a cannot be determined 
(D) none of these 


ein h 


: —(.+sinh) 
lim <—_—"“"* - 
ad (tan” (sin n)) 
(A) 1 (B) 2 
(C) . (D) none of these 
x b 
lim (1+a") “d+a2y* is (a,b € R) 
(A) Vb (B) b 
(C) b* (D) none of these 


10. 


11. 


12. 


13. 


2 

lim x? an = Ba tan! 2 iS 
x0 x242 

3 3 
(A) (B) -= 

5 5 
Cc) = D) -= 
(C) 3 (D) 5 


If f(x) = 0 be a quadratic equation such that 


Tt 3n* : f(x) 
—t)= = iy eee ae lim ———— 
f(—n)= f(x) = 0 andf ( = i? then pe Te 
is equal to 
(A) 0 (B) x 
(C) 2n (D) None of these 


20 
lim >)cos”" (x-10) is equal to 
na 70 = 


(A) 0 (B) 1 
(C) 19 (D) 20 
1+sin r( ‘ 

: 1+x2 ) is equal to 
lim 
xl 1+cos 1x 
(A) 0 (B) 1 
(C) 2 (D) None of these 
If f : (1, 2) > R satisfies the inequality 

—. = 2 = : m,' 
cos(2x — 4) —33 ne x” |4x-8| , Vx e (1, 2). 

2 x- _ASN * 
Then lim f(x) is 

x2 

(A) 16 


(B) cannot be determined from the given information 
(C) -16 
(D) does not exist 


2 
ue rf +x)* (where {x} denotes the fractional part of 
x>' 
X) is equal to 


(A) e& — 7 
(C) & -6 


(B) e?- 8 
(D) None of these 


The value of 
oe x? —4x - x+J2x af: fx 
x2 x? -8 x —2 Vx as J2 
(A) 1/2 (B) 2 
(C) 1 (D) None of these 
li m fa-x ). 
ea Hae cot[ 4 ' =) is equal to 
a 2a 
(A) — (B) — 
Tt Tt 
a 4a 
(C) -— (D) — 
Tt Tt 


14, 


15. 


16. 


17. 


18. 


19, 


20. 


21. 


22. 
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2(tan x—sin x)- x? 


li : : 
me tim = is equal to 
(A) 1/4 (B) 1/2 
(C) 1/3 (D) None of these 
lim 1—cosx + 2sinx —sin? x — x? +3x* i 
ae tan? x —6sin? x +x —5x? “an 
(A) 1 (B) 2 
(C) 3 (D) 4 
. log cos x 
lim —__=——~__. js equal to 
x0 Moos x — cos x 
Pq q—P 
(A) ———_ (B) —— 
q+p pq 
(c) PSL doy. 
q-Pp Pp-q 
The limit 
Tim. (1+ | C =| C =)-(1¥| 
wet 5 3 2 52 
_ is equal to 
— (A) 0 (B) 5/4 
(C) 4/5 (D) 1/5 
at (en ao” IF sine a 
The value of lim 7 is 
x0 ex!mx 
equal to 
(A) e (B) | m2 
e 
(C) efn2 (D) None of these 
Yn 
; ' 
Tad, i= = (m € N) is equal to 
no (mn)" 
(A) I/em (B) m/e 
(C) em (D) e/m 
exp{xln ( + =) -exp{ stn + ~)) 
lim | lim = = 
y>0 | x30 y 
(A) a+b (B) a—b 
(C) b-a (D) — (a+b) 
3 | _— 3A yl 
lim V+ ane of sas is equal to 
7 viene 2x (tn 2x 
(A) 1 (B) -1 
(C) 2 (D) None 
lim (¢nd.+x)- €n2)(3.4* 1 —3x) 
xo 1/3 7/29 equals 
((7+x)°° -—0+3x)"* ].sin(x -1) 
9 4 9 e 
(A) ri én (B) ri én ri 
(C) : én ; (D) None of these 
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23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


x tan( 1} 3x +7 
lim TX is equal to 


me x BT |x] 48 
1 
(A) x (B) es 
(C) - a (D) None of these 
T 
i cos” (1-cos? (1-cos” ( vestamens cos*(x)))} 
wae ' 4-2) 
sin | ~| —————— 
xX 
(A) 2 (B) /2 
(Cj) =42 (D) None of these 


hn [Va?x? tax +l Va2x? +1) 


[le ix +Vx ~vk | then the value of K is 


=K. lim 
x00 

(A) 1 (B) a 

(C) 2a (D) None of these 

The value of iM (x~+ (én x)!) is 

x70 

(A) 1 (B) 0 

C : D . 

(©) 5 (D) -5 

 tan(x —1).log, x* 7! 

lim ‘ = is equal to 
|x-1| 

(A) 1 (B) -1 

(C) 3 (D) None of these 

hi 1 1 1 I/x 

a = = +x én (I+a ).a>Oavl 

(A) a (B) 1 

(C) l+a (D) None of these 

-l 
: 4" -1 n 

lim = + CD is equal to 

n>-e | ne —2 2"-1 

(A) 2 (B) 1 

(C) 0 (D) None of these 
x 3; x<0 

If f(x) = and g(x) = f(x) + |x|. Then 
-x ; x>0 

i Jogyg D8 is 

(A) 0 (B) 1 

(C) 1/2 (D) not exist 

The value of the limit Him r (Va -"Ya) (a > 0) is 

(A) éna (B) e? 

(C) e* (D) none of these 


32. 


33. 


35. 


37. 


2m/x 
ens . x 3x . 
The value of the limit 1™ [sin — + cos >) is 
x0 m 


m 
(A) 1 (B) 2 
(C)ve™ (D) In 6m 
lim {x4 [x?43x sje is equal to 
aa ix| 
(A) 3/2 (B) -3/2 
(C) -1 (D) none of these 
a X +./x? +x” sin(1/x) is equal to 
(A) 0 (B) 2 
(C) -2 (D) none of these 
‘ 2n 9: ,n 
If — a is a non zero finite number, then 
x" —sin’" x 
n must be equal to 
(A) 1 (B) 2 
(C) 3 (D) none of these 
. If b < 0, b #-1 and a is a positive constant then 
lee at+x ; 
== equals 
aN? |x| —Vb?x? +x 4 
(A B) ——— 
na ‘B) 
1 1 
Cc) —— D 
© i © 
ie I/n 
lim r is equal to, (n € N) 
in| 
(A) m (B) m/2 
(C) em (D) e™ 
If k is an integer such that 


38. 


39. 


40. 


li og - esis j = 0, th 
hee 4 6) )|7 7 


(A) k is divisible neither by 4 nor by 6 

(B) k must be divisible by 12, but not necessarily by 24 

(C) k must be divisible by 24 

(D) either k is divisible by 24 or k is divisible neither by 
4 nor by 6 

iim sin Xx 

x5 cos! E (3sin x —sin 3%) | 


where [.] denotes greatest 


integer function, is equal to 


(A) 2 (B) 1 
TT 
(C) “ (D) does not exist 


cot”'(x log, x) 


The value of lim 5 
x sec (a* log, a) 


(B) 0 
(D) does not exist 


(a > 1) is equal to 


(A) 1 
(C) n/2 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


n 
n n 
lim (sexs) , Pp, q > 0 is equal to 
n-o 
(A) 1 (B) ./pq 
(C) pq (D) S 
tea cot '(/x—- =4/%) 
x00 2x +41) )_ is equal to 
sec! x") 
x-l 
(A) 1 (B) 0 
(C) 7 (D) non-existent 
. t —1))si 
The value of lim te Denes , where { x } 


>0 {x} {x}-) 


denotes the fractional part function, is 


(A) is 1 (B) is tan 1 

(C) is sin 1 (D) is non-existent 
Jim (én ({x} + |[x]))"! is equal to 

(A) 0 (B) 1 

(C) In2 (D) in 3 


49, Let P(x) = a,x + a,x* + a,x? + 


50. 


51. 


52 


where [ ] is the greatest integer function and { } is the oa 


fractional part function. » 0} 


x0] sin x 


The value oti] Oe «| P=) is (where [.] 


denotes greatest integer function) 


(A) 199 (B) 198 
(C) 197 (D) None of these 
- 1 
The value of li 1+—] i 
e value o tin TH] +) is 
(A) 1 (B) 2 
(C) 4 (D) none 
The value of 


lim 
ee (mee es eee n?)(1° +25 +3? + cae n’) 


14 
(A) 14 (B) 21 
7 8 
(CO. ©) 2 
17 7 
Let a, b, c are non zero constant number then 
a b c 
cos — — cos —cos — 
: r r r 
- bs. equals 
sin — sin — 
r r 
a> +b? —c” c? +a7 —b? 
(A) 2be (B) 2bc 
2 2 2 
(C) Dre =A (D) independent of a,b,c 
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100 
+ aX 


landa,¢ RV i=2, 3,4,...., 100. 
100/ 7 
then Jim 1+P(x) -1 has the value equal to 


where a= 


x0 x 
1 
A) 100 B) — 
(A) (B) ine 
(C) 1 (D) 5050 
hi : 
Assume that ae f(0) exists and 
2 2 
6° +0-2 <£) 9 +20-1 
0+3 07 0+3 


holds for certain interval containing the point 
—— lim 

0 1 then on (0) 

(A) is equal to f(-1) _—_(B) is equal to 1 

(C) is non-existent (D) is equal to —1 

6x” (cot x)(cosec2x) 


ne has the value equal to 
sec cos x + tan[ )-1 
sec X 
(A) 6 (B) -6 
(C)0 (D) -3 


53. 


54. 


55. 


56. 


Suppose that a and b are real positive numbers then the 


ptt! —ait it 
value of Hn ae has the value equals to 
t>0 —-a 


(A) alnb-blIna 
b-a 


(B) bin b-alna 
b-a 
1 


(C)bInb-alna_ — (D) ie 


a? 


1—x? 
If f(x) = cot’ - and g(x) = cos" (+) , then 
-x 


BOOED ace [o<a<3] is 
xa’ g(x)— g(a) 2 
(A) 1 (B) -1 
(C) 2 (p) L 
2 
2. 2 
lim énd+x+x~)+én(l—-x+x~*) ie. cgual'ts 
x0 sec X — COS X 
(A) 1 (B) -1 
(C) 0 (D) «© 


noo 


a 2 
If f(x)= lim = tan! nx, then value of lim [f(x) — 1] is, 
x>0 


where [.] represents greatest integer function 


(A) 0 (B) -1 
(C) 1 (D) does not exist 
1—cos(x—1) 
The value of lim ee! ee Sie 
xl x7 4+2x +3 
(A) e (B) el” 
(C) 1 (D) none of these 
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57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


F{f[f(x)]} 


1 tan x 


: e* —e : 
If f(x) = ee _ ‘aa xf ELEG@O)} is equal to 
(A) 0 (B) 1 
(C) - 1 (D) none of these 
lim a cree ges tease oa equals 
n>0 [10 107 10° 10” i 
(A) 3/4 (B) 2 
(C) 5/4 (D) 1/2 
x 2 
lim ww 3 dt is equal to 
x0 dx 1+t 
sin 2x 
(A) 0 (B) 1 
(C) 1/2 (D) does not exist 
fea _ 5 
75 I is equal to 
ra] +40 +1 +14) 
(A) 3/2 (B) 1 
(C) 2 (D) infinite 
ie kin yh theme 
x00 x 
is equal to 
(A) 4 (B) 5 
(C) 6 (D) none 
ie ee is equal to 
xn/2 1—sin x In sin x 
(A) 1 (B) zero 
(C) 2 (D) 2/3 
lim x 2» — is equal to 
Re n=0 n! 
(A) 1 (B) e 
(C) 2e7 (D) 0 


2 
If {t_} be a sequence such that t. = a , 8. denote the 
_ a 3n+1°"" 


sum of the first n terms and 


C=lim Sn Sn then 


n> ./2 n 
k 
\2 


0 = lim £4207 +307 +.......4(n+1De"" equals 
n—-oo 

(A) 18 (B) 9 

(C) 3 (D) 6 
In+(n-1(1+2)Hn-2)0+24+3)+.1.5¢8 

a r=1 

is equal to 

(A) 1/12 (B) 1/24 

(C) 1/6 (D) 1/48 


66. 


67. 


68. 
69. 


70. 


71. 


72. 


’ 
ne) 
If lim J sinx°dx is a non zero definite number, then 
x0 0 


n 


X 
value of n is 

(A) 1 (B) 3 
(C) 5 (D) 4 


If a, b and c are real numbers then the value of 


1 t 
lim In [: } (1+ asin bx)”* dx | equals 
0 


t>0 t 
ab 
(A) abc (B) — 
Cc 
be ca 
(C) — (D) — 
a b 
Th C5 Cy Co aise C, are binomial coefficients then lim 
2 
c.-(3esur(J coarncn(2} cs 
(A) 0 (B) 1 
‘ (C) -1 (D) 2 
ee sin ([x] + 2x) _ " 
If f(x)= [x] ec , where [.] denotes the 
0 if [x]=0 


greatest integer function, then lim f(x) is 
x0 


(A) 0 (B) 1 
(C) -1 (D) none of these 
1 


. Then the set of 


Let f(x) = lim 


30 (3 2n 
(Stan 2x +5 
Tt 


values of x for which f(x) = 0, is 


(A) [2x|> V3 (B) |(2x) |x V3 
(C) 2x} = V3 (D) |2x| < V3 
2n‘+1 
The value of lim (=) ia is equal to 
n-0o n 
(A) 1 (B) 0 
1 2/5 
(C) (2) (D) e* 
€ 


The value of lim ({1?x + 17] + [2?x + 27] + [2?x + 27] 


n-o0o nD 

Saree + [n’x + n’]), is (where [.] denotes the greatest 
integer function) 

x 1 
A) = B) x+— 
(A) 1 (B) 7 

x 1 
(C) i (D) none of these 
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73. The value of (A) 0 (B) 1 
(C) 2 (D) 3 
lim ( : + ! + J eee + 4 , is 75. A, is an equilateral triangle of unit area, A, is divided into 
noolna nat+l na+2 nb four equal parts, each an equilateral triangle, by joining 
5 the mid points of the sides of A,. The central triangle is 
(A) os ) (B) oe removed. Treating the remaining three triangles in the 
same way of division as was done to A,, and this process 
(C) log (ab) (D) none of these is repeated n times. The sum of the area of the triangles 
74. Let f(x) be defined for all x € R such that Removed mS, Wen — mas 
fica | ila 1 Lane (A) 1/2 (B) 1 
a eae ee = (© -1 (D) 2 


then f(0) is 


MULTIPLE CORRECT ANSWER TYPE FOR JEE ADVANCED 


76. Which of the following limits vanish? 80. The true statement(s) is / are 
iia ga (A) If lim f(x) = 0, then there must exist a number d 
XO xc 
(A) sin ia such that f(d) < 0.001. 
KX x >n/2 (B) he f(x) = L, is equivalent to im (f(x) — L) = 0. 


(B) (1 - sinx) . tanx 
(C) = (f(x) + g(x)) may exist even if the limits lim 


2 
(C) lim SS ui . sgn (x) Sate 
x90 x*+x—5 ( ep and lim (g(x) do not exist. 
2 " xa 
[x]” —9 : . . . 
(D) lim, —; (D) If lim f(x) exists and lim (f(x) + g(x)) does not exist, 
x73 x° -9 xa xa 
77. The true statement(s) is / are then lim g(x) does not exist. 
x7~a 


(A) If f(x) < g(x) for all x # a, then = f(x) < sim g(x). 
81. Which of the following functions have a graph which lies 


(B) If lim f(x) = 0 and |g(x)| < M ce a fixed nenkes M between the graphs of y = |x| and 
xc ° is 
and all x # c, then lim f(x): g(x) = 0. y =— |x| and have a limiting value as x > 0. 
xc (A) y =x cos x (B) y = |x| sin x 
(C) If lim f(x) = L, then lim |f(x)| = |L] and conversely 1 1 
xe xc (C) y=xcos — (D) y = |xsin— 
if lim |f(x)| = |L] then lim f(x) = x X 


(D) If f(x) = g(x) for all real number other then x = 0 82. The false statement(s) is / are 
and lim f(x)=L, then ene g(x) =L. (A) If P(x) is a polynomial, then the function f(x) = PQ) 
x x 


x—-l 
78. Which of the following functions has two horizontal has a vertical asyMplole aL A= 1. 
asymptotes (B) A polynomial function has no vertical asymptote and 


arational function has atleast one vertical asymptote. 


x 2 
(A) y= JBL (B) y= = (C) If f(x) has a vertical asymptote at x = 0, then f is 
= + o undefined at x = 0. 
(C) y om (D) y = cot(2x + 1) (D) A function can have move than two horizontal 
+1 asymptotes. 
79. hese a the following functions has a vertical asymptote 93° The function(s) which have a limit as n > 00 
atx =— 1. 
2 2 
2 -1 nfn-l 
5, ee ia all (A) (==) (B) (-1) (==) 
x+l1 x+l1 n+l n+1 
2 : 2 
+1 sin(x +2 n° +1 n? +1 
(C) y= x (D) y _ Sin(x +2) (C) (D) (-1)" —— 
x+1 x+l n n 
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84. 


85. 


86. 


87. 


88. 


The function(s) which have a limit as x + oo 
(A) ee (B) acos’xn + b sin’xm 


(C) x sin xm (D) tan xn 


Which of the following limits exist? (where [.] indicates 
greatest integer function all throughout) 


a 1/n 
(B) lim 2 
n—>0o Tl 


(C) im | sin(sin”! x)| (D) Jim | sin ‘(sin x) | 


[s<(«-2)} 
ee eer) 


i, = lim tan"! er +z) : 
3 - 4 
x>— L 


1,= lim cot’ | tan [« — *)| 
T 4 
—— 


(A) lim pnd 


x1 


Given |, = = lim cos! 
a 


89. 


90. 


1. 


where [x] denotes greatest integer function then which >y’ 


of the following limits exist 


(A) |, (B) 1, 
(C) J, (D) |, 
Give a real valued function f such that 
2 
eee for x>0 
(x? -[x])? 
f(x) = 1 for x=0 
{x}cot{x} for x<0O 


where, [.] is the integral part and {.} is the fractional part 


of x, then 
(A) lim f(x) = 1 
x>0 


(B) lim f(x) =cot 1 
x0" 


2 
(C) cot" lim £()} 7 


(D) none of these 


lim f(x) does not exist when 
xc 


where, [.] is the greatest integral part and {.} is the 
fractional part of x, then 


(A) f(x) = [ [x] ] - [2x - 1], c =3 

(B) f(x) = [x] -x,c=1 

(C) f(x) = {x}? - {-xP,c=0 

(D) f(x) = tan(sgn x) c=0 
sgn x 


92. 


93. 


94. 


a 
2x?" sin —+x 


Let f(x) = lim —————_ 
n->o 


lax? then which of the following 
+X 


alternative(s) is/are correct ? 
(A) lim x f(x) =2 


(B) 
(C) 
(D) 


lim f(x) does not exist 
x1 


lim f(x) does not exist 
x0 


lim f(x) is equal to zero. 
X00 


: : ax +1)" 
Consider the function f (x) = (= 7 =| where 
a+b? +0 then lim f(x) 

x—00 
(A) exists for all values of a and b 
(B) is zero for a < b 
(C) is non existent for a > b 
3) ete] 

(D) ise ‘*/ ore \*’ ifa=b 

_C mx*+n for x <0 
Let f (x) -| nx+m _  forO<x<I1 where mneR 
d nx?+m_ for x>l 


then which of the following must be correct 


(A) lim f(x) exist for all values of m and n. 
x>0 
(B) lim f(x) exists only if m =n. 
x0 
(C) limf (x) exists for all values of m and n. 
x0 
(D) 7 (x) exists for no values of m and n. 
: 2x sin™ 
lim J ae n, € N) equals 
x30° “Xx 
(A) 0ifm2n (B) In2 if n-m=1 


(C) toifn—-m=1  (D) None of these 
If lim [ve —-x+l -ax-b}=0, then fork >2,k € 
x70 

N which of the following is/are correct ? 

(A) 2a+b=0 

(B) a+ 2b=0 

(C) lim sec” (k!b) =1 
n>o 

(D) lim sec” (k!na) = 

no 


X —cos? x 
—— _ and 
x>o VY x+sinx 
1 


Let l= = lim 


L= 


2 


lim . Then 


h>0' he a 
22 
(A) both /, and J, are less than cs 


(B) one of the two limits is rational and other irrational. 


(C) 1 >], 
(D) J, is greater than 3 times of /.. 


95. In which one of the following cases, limit tends to e 


1 
(D) lim (1+f(x))f@) when lim f(x) > 0 
x—>00 x70 


Assertion (A) and Reason (R) 


Code: 
(A) BothA and R are true and R is the correct explanation 
of A. 
(B) Both A and R are true but R is not the correct 
explanation of A. 
(C) Ais true, R is false. 
(D) A is false, R is true. 


96. Assertion (A) : If [x] denotes the greatest integer function 


: x : 
then lim —— does not exist. 


x0 [x] 
Reason (R) : lim [x] does not exist. 
x—00 


97. Assertion (A) : The value of 
i n+3 _ 1 
> 7 is —. 
mi 2"(n°+3n+2) 2 
Reason (R) : 


ao 


x n+3 


=: “( 2 1 
“2°(n7 +3n4+2) 442" (n+l n+2 


2 
3 


98. Assertion (A) : lim (@/x3 +x? —4/x3—x2)= 
x—o0o 


Reason (R) : lim [x+5-ax° +x? } = 0 and 


lim (x-5-3*= =" | =0 
X—>00 3 


99. Assertion (A) : lim ie -x*) =_| 


x>0° 


Reason (R): lim x* (x- 1)=-1 
x>0° 


100. Assertion (A): An equilateral triangle is filled with n, 
rows of congruent circles. The limit of the ratio of area 
of circle to the area of triangle as 


30 


n> ois —. 
6 
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Reason (R) : Let the triangle have side length 1 and 
radius of circles be r. Then 2(n — 1) r+ 2rv3 


-1 
= |. There are _ ) circles. the area ratio 
—1 
— ae x which approaches 3m 
Of3 GiG/2—1) 6 
as N—> 00, 


101. Assertion (A): Let f : (0, 0) — R be a twice continuously 
differentiable function such that 
[f"(x) + 2x f(x) + (x? + 1) f(x) | < 1 for all x. 
Then lim f(x) = 0. 


Reason (R) : Applying L’Hospital’s rule twice 


iD 

on the function i(@e* we get lim f(x) =0. 

x” x—00 
e2 

102. Assertion (A): A circle C, is inscribed in an equilateral 
triangle ABC with side length 2. Then circle C, is 
inscribed tangent to BC, CA and circle C,. An infinite 
sequence of such circles is constructed, each tangent to 


BC, CA and the previous circle. The sum of areas of all the 


infinitely many circles is =. 


‘ 1 
= , that of C, is —= and 


WE 3V3 


radius of the remaining circle each shrink by a factor . : 


Reason (R) : Radius of C, is 


el/x | 


eX 41 


103. Assertion (A): lim, af ) where [.] represents greatest 


integer function does not exist. 


I/x 
Reason (R) : lim : ; does not exist. 
+1 


x0 el/* 


sin (cot? x) 1 
104. Assertion (A): lim = 
x>n/2 (n —2x) 2 


sin 0 


. . tand 

Reason (R) : lim =1 and lim “* =1 , where 0 
00 e-0 8 

is measured in radians. 


105. Consider the function f (x) = cos"'[cot x] where [ ] 
indicates greatest integer function. 
Assertion (A): lim f(x) exists 
x32 


2 
Reason (R): Both lim f(x) and lim f(x) are finite. 
xt x0 


Comprehension - 1 
Let f(x) = x[x[x]], x € [-1, 3] where [.] represents the greatest 
integer function. 
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106. If the value of x so that f(x) = 13 is - a, b € N and 


g.c.d. (a, b) = 1 then the value of a + bis: 


(A) 14 (B) 18 
(C) 22 (D) None of these 
107. The number of points of where limit of f(x) does not 
exist is : 
(A) 3 (B) 4 
(C) 5 (D) None of these 
108. The value of lim f(2sin x) is : 
x a 
(A) 2 (B) 4 
(C) 8 (D) None 


Comprehension - 2 


Consider a new definition for approximating the values of a 


function f(x) in the neighbourhood of a point x = a Approx 
xa 


f(x) = lim f(x) whenever [| lim f(x) 
xa" xa 


— lim f(x)|]< 1, otherwise Approx f(x) is said to be 


xa’ xa 


non-existent. Here [.] denotes greatest integer function. 


109. For which of the following functions, Approx f(x) exists : > 
117. Ifp =2 anda=9,b=1 and @ exists then the value of 


x71 2{x}—4 
(8) Approx [5a] @®) ABmeK 9-9, MOS 


1 (rr) 
(C) Approx ~ (D) None of these 
x0 
2-—2* 


[x]}+|x|] 2 
110. The value of Koo : 


x0 [x]+ | x | 
(A) -l (B) 0 
(C) 1 (D) None 
[x*]+a, x >0 
111. Let f(x) = sinx \ . The complete set 
lim (=) », x<O0 
t—00 x 
of the values of ‘a’ for which Approx exists is 
x0 
(A) (0, 2] (B) @, 2) 
(C) [-1, 1] (D) None of these 


Comprehension - 3 
Consider the function f(x) = [sin x x #0. Where [. ] 
»< 


represents greatest integer function. 


112. Which of the following function will be periodic 
(A) f(x) (B) f(|x|) 


(C) f(x) (D) f ( x | +2) 


113. If [ . ] represents greatest integer function, then which 
of the following, is identical to f of (x) for x € (a, 27) 


(A) sgn (x) (B) = 
(C) sinn[x] (py. 
sin X 


114. The limit of function g(x) = sgn f(x) as x tends to 0 is 
(A) 0 (B) 1 
(C) - 1 (D) does not exist 


Comprehension - 4 


i t°dt 
_ aati y’? 
Suppose lim - =f wherep € N,p22,a>0,r> 
x>0 bx —sinx 
0 and b # 0. 
115. If @ exists and is non zero then 
(A) b> 1 (B) 0<b<1 
(C) b<0 (D) b=1 
116. If p = 3 and ¢= 1 then the value of ‘a’ is equal to 
— (A)8 (B) 3 
(C) 6 (D) 3/2 


£ is equal to 
(A) 3/2 
(C) 1/3 


(B) 2/3 
(D) 7/9 


Comprehension - 5 
Let a, > a, > a, ... a,>13;p, > p, > Py > p, > 0; such 
that p, + p, +p, +. +pi=1. 


118. lim F(x) equals 

x0" 

(A) p, na, +p, Ma,+..... +p, fna, 
(B) abi tab +..ab 


P,P: P, 
(C) aj' +a, t.....a5 


119. lim F(x) equals 
X00 


(A) fn a, (B) e® 

(C) a, (D) a, 
120. lim F(x) equals 

(A) fna, (B) e* 

(C) a, (D) a, 
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MATCH THE COLUMNS FOR JEE ADVANCED 


121. 


122. 


123. 


124, 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 


(B) 


(C) 
(D) 


(A) 


(B) 
(C) 
(D) 


. (n+l)n\., 
sin ——— | is (where n € N). 
2n 


Column - I 

lim cos? (1 (an? +n? 4+2n )) where n is an integer, equals. 
n->oo 
lim n sin(2n Vl+n? ) (n € N) equals. 
n->oo 
lim (-1)" sin (nw Vn? +0.5n +1) 
n->oo 
If lim [ cal 

xr-o\l x -—@a 


value of 'a' is equal to. 


Column - I 


x 
) =e where ‘a' is some real constant then the 


If lim (f/x? —x-1) -—ax-—b)=0, where a > 0, then there 
x70 


exists atleast one a and b for which point (a, 2b) lies on the line 


3 1/x 
If i 
x>01+(1—b°)e’ 


= 2, then there exists atleast one 


a and b for which point (a, b*) lies on the line 


If lim (J (x4 —-x’ +1) -ax?- b) = 0, then there exists 
x70 


atleast one a and b for which point (a, —2b) lies on the line 


7 7 
If lim ~—# 


x>-a xt+a 


= 7, where a < 0, then there exists atleast one 


a for which point (a, 2) lies on the line. 


Column-I 


If f(x) = |x — al + |x — 10| + |x — a — 10], where a e€ (0, 10), 


then the minimum value of f is 


. x(1 — cos a5) — a(sin x — 
lim 5 a 
x>0 tan” x + asin’ x 

_ n®sin?(n!) 

lim —————— 


n>o n+] 


tan x) . 
is equal to 


,0<a<I1,neN, is equal to 


The number of solutions of the equation 
log (2a — x) = log?x, a> 0, a # 1 is 


Column - I 


lim (yx +-Vx —x —Vx) equals 


sin2x—2tanx , 


The value of the limit, lim 
a> 


x70" 


0 In(i+x?) 


lim (dn sin? x — In(x* + ex3)) equals 
0 


Let tan (27 | sin 8 | ) = cot (22 | cos 0 |), where 8 eR 


and f(x) = (| sin 8 | + cos 6 | )*. The value of lim 


2 
—— | equals 
tin] 2 


(Here [ ] represents greatest integer function) 


Column - II 
®) 
@ + 
(R) = 


(S) non existent 


Column - II 
y= 
(Q) 3x-2y-5= 0 


(R) 15x-2y-13=0 


(S) y=2 


Column-II 
(P) 0 
(Q) 1 


(R) 4 


(S) 10 

(T) depends on a 
Column - IT 

(P) —2 

(Q) =! 


(R) 0 
(S) 1 
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125. Column - I Column - II 
; 1—cos 2x 
(A) lm—, equals (P) 1 
x>0e*% —e* +x 
: 3/x)+1 
(B) Ifthe value of lim Ss can be expressed in the (Q) 2 
x>0°\ (3/x)-1 
form of e”", where p and q are relative prime then (p + q) is equal to 
3 3 
(C) lim aS equals (R) 4 
x>0 
x+2sinx 
(D) lim (S) 5 
x90 x? 4 2sinx +1 —Vsin? x —x +1 
Review) Exercises for JEE Advanced 
1. Evaluate the following limits : 


ee tan(a + 2h) —2tan(a+h)+tana 


i) l 
@) nO h2 
Gi. tea 344 tan! 3x ~31—sin-! 3x 


x>0 1 — sin”! 2x — i +tan7! 2x 
Evaluate the following limits : ~ 


(i) 


. 1l-cosxcos2xcos3x 
lim 


x>0 


aS 


txt 


sin? 2x 


(sin x — tan x) — x(1—cos ox) 


Gi) lim - 
x0 8tan® x +5sin> x 


Evaluate the following limits : 


(Ss) COs X 


tan* Xx 


lim 


(i) 


ti) i Jl+xsin x —Jcos 2x 
li) lim 


x>0 2x 
tan” — 


2 
Evaluate the following limits : 


: ; 1 2 2 
(i) lim z | 1-cos x cos * 
x0 X 2 4 


x? x? 
+ cos cos 
2 


2 


2) 


. _ sin sin tan 
(i) lim 
x>0 


én cos 3x 


Evaluate 
i sin(3x + a) —3sin(2x +a) +3sin(x +a)—sina 
im 


x30 x3 


(l—x)(1- x”) 
[(d—-x)(d—x?) 


(l-x?") 
(l—x")P 


Evaluate lim 
xl 


Evaluate 
1 


im 2, [oro(ne2] 


noo n” 


(7) 


sin 2x)les sin 2x 


8. Evaluate lim (log, 
x>0° 
9. Evaluate 


cx! t J(tan x sin x)+ (tan x sin x)+ Vic 


Ah =1+ yx? txt ti. oO 
> SY 

y . f1— re 

10. Find lim wu where 


noo XyXoXy4 


_ fl+x, 
a 


r+1 


11. Evaluate lim —4 1____1 
n-0 n 
Ve oa a . 
12. IfT.= ae = ** andS, => (-1)'T, then find 
+ +r 
r=1 
lim S.. 


n 
XO 


Ines (vx? +1-x 


x+1 


). 


x? +1 


13. Evaulate lim 
x70 


14. Prove that the graph of f(x) = 


is asymptotic to the 
graph of g(x) = x? using lim (f(x) — g(x)). 
x— 00 


pe) 


(sin x-tan x) +(1-cos 2x)4 $x 


x41 x 


. Evaluate lim x an[ 
x—00 


x+2 x+2 


16. Evaluate lim 


x30 7tan’ x +sin® x + 2sin? x 


17. Find 


(A) lim f(x) (B) lim f(x) 
x>1/2 x—3/2 


18. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


Esau x|x—-1|+2 
where f(x)= 2 
x-2+— 
Prove that 
2 
Ga Ee N2=2008% 145.005, 
x30 x xn/4 sin(x —1/ 4) 
1 11 
(1+ x)* e+ ex ex” 
Evaluate lim 3 
x0 x 
162, =./24), ,a,= Vx, find tim 222, for 
n+1 n ?°*0 2 x34 x—4 2 
r= 1 and3. 
"£(x)+ 
Simplify the function >, (x) = aE) as Nn > 0. 


x" +1 


. | asinx btan x a 
Evaluate lim + where a, b are positive 
x0 x x 


integers and [ ] denotes the greatest integer function. 


If f(x) = 5 ti0, Vv x € R and defined by f (x) = 


f{f,_,()}, V 2 2. S then evaluate lim f,(x) . 
no 


1/x 
: 1 a‘-l - 
Evaluate lim | —. where a>O0,a¥ 1. 
x>0| x a-—l (CW 


Simplify the function 


y=1- lim (im (cos¢mtzex)}*" 


1 2 
Let f(x) = x3(1-x)3. 
; . £(x) . 
Find m = lim —— and b= lim (f(x) —- mx). Hence 
X70 OX x00 
show that lim (f(x) — mx — b) = 0. 
x70 
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27. Simplify the function y = lim 3 
n> 1+nsin~ 1x 
28. Simplify the function 
eecie w(x) + —_ sin? 1x 
noo 1+nsin“ 2x 
; x tanx + 2x—-1 

29. Show that the function f(x) =————————— does not 


30. 


x+1 
tend to a unique limit as x — ©, through all real values, 
but if x ranges through the sequence of values x = nz + 


F(a =0, 1, 2, ....), then f(x) > 3. 


The function f(x) and (x) are such that f(0) = (0) = 0. 
By considering the case where 


f(x) = x’ sin 1/x, (x) = tan x, show that lim f(x) may 
x0 Xx) 


: ‘ Xx , 
exist when lim Lac) does not exist. 
x0 @'(x) 


. Show that the function 
_ f(x)+ in? 
_ lim (x) AGEL TUX 
@z 1+nsin° 1x 


~ is equal to f(x) when x is an integer, but is equal to (x) 
_ in every other case. 


33. 


. Evaluate 
1 
firm | +E Mn? +23)? +09) ° 
n—->00 no 


3 
x 


2 x 
If lim & = ve ee k, then find the value of [6 ¢nk], 


where [.] is greatest integer function. 


x2 45 —92x3 43x45 


34. If lim = b, then find the value 
noe 546 = Vax 460 +4 
of 230b. 
. cos4x +acos2x+b : : 
35. If = a =a finite quantity, then find 
x x 


the value of a?*! 


Target Exercises fon JEE Advanced 


x+l * 
. : x +x41 
Find tin SSH) 


in| ax” a>x +2a*)(x 2a)! +2a(x+a) 2 | 


3 
x —a>x 


1 
(= ~1)(x? oh 


(x —a)* (Ina? )a?! 


Evaluate lim 
xa 


where a>0,p €Q 


- 


Evaluate: lim x Jn 
x30 


I-x 
se 
x 
b énx 
(x-1? 
value of the expression a’+ b? + c”. 
1+ ax 


1+ bx 


(34 ax)>/? 


If lim csin(x —1) 


xl 


= 2, then find the 


If the lim 


1 1 
x0 x3 [a 
3 


12 
equal to /, then find the value of rear 


exists and has the value 
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10. 


11. 


12. 


13. 


14, 


15. 


16. 


17. 


18. 


‘ : : 1 
Evaluate lim x? (sin x. sin? — 
X00 x 


— (x tan? = )sgn (x)) 
x 


51 wl 
ncos” —n7+sin a 


n> 9 cme) 
n| cos’ —nt+nsin° —nt 
2 2 


If ais (a, + x) a, = 0, and b, = (b, + yy", b, =0, 


+1 


a 
Bt 4 , 
je" cos" t dt ae tdt 


Evaluate lim ,neN 
x0 4 = 
x ex 
én = in(; x 
. +X 
Evaluate lim iu ane 
x07 én(1—x*)+ 2x 
Let g(x) = f(x — 1) + f(x + 1) where 
I-|x|,|x|s1 
f(x) = find lim g(sin x). 
[x], |x]>1 iat 
2 
i r-r hs - 
Prove that lim )*cot™'!| ———— | == 
rove tha 2 ; 5 


(1—cos x)(e* —cos x) 


Evaluate lim 
x70 x? 


If a, B are two distinct real roots of the equation ax? + 
x —1-—a=0, (a#-1, 0), which are not equal to unity 
then prove that 


In(+a)x>—x?+1-a) . [ B) 
isa F 
(e ™ -1)(x-1) 


2\7! 4 
: 4 1-3x+x x" -l 
lim 5 = z +3=4——> = 
xl} \ x —x 1-x x” —-x 


If 2f(sin x) + 2 f(cos x) = tan x , then evaluate lim 


VI=x f(x) if [+5] = a ~ 


x >l/a 


Find 


; Ja +x > 
lim 
xa Ya —4x x4 _ 


—zree 


24fax 


—1 
al/4x M2 + ql2xl4 _ =r| 


19. Find values of o and B such that 


lim \/(ax* + 2bx + ¢ — ax —B =O and prove that 


x—00 
ac —b* 


2aJa 


lim x (ax? +2bx +c —ax B}- 


x00 


. Show that the functions y = | — x — [x] — [1-x] andy 


: 2n+l . ‘ 
= 1-x- lim(cos*"* 2x) are identical. 
no 


. If f(x + y) = f(x) + f(y) for all x, y e R and f(1) = 1, 


of (an x) 
then find lim oa 
x>0 x “f (sin x) 


— f (sin x) 


n n 
Cx 


. Show that lim >=" =e-2 


n>, gn K(k +3) 


- Calculate the limit of the sequence {x,} if it is defined 


by the recursive relation : 


Xp 


X= s{ 4] Vn=l1,a>0, 


: where x, is an arbitrary negative number. 
Show that if -1 < x < 1, then 


n 


_ m(m—1)....m—n+1) Sis m a 
n! n 


tends to zero asn 4 ©. 


. Ifc,, s, denote the sums of the first n terms of the series 


1 
Fy + cos0 + cos26 +...., and 


sin 9 + sin 20 + sin 36 ....... 
and @ is not a multiple of 27, then prove that 


lim (c, +c, + ....+¢,)/n = 0 
n> 7 

lim (s, +s, + +s )/n= bee 
lim (5, + 8, +... i I 


. Draw a graph of the function y defined by the equation 


. 1 
x7" sin — 1x + x? 
y= lim 

non XP 4] 


. Show that the graph of the function 


x"O(x) +x "P(x) 


—n 


y= lim ri 
neo xX" +X 


is composed of parts of the graphs of o(x) and V(x), 
together with (as a rule) two isolated points. 


. Prove that the function y which is equal to 0 when x is 


rational and to 1 when x is irrational, may be represented 
in the form 
y = lim sgn{sin?(m!zx)} 

mo 


where sgn x = lim —arctan(nx). 
m>o JT 


29. Evaluate 
_ cos? d- cos” d- cos? (...cos” (x)))...) 
lim 


x0 5-2) 
Pi Aca 
xX 


30. Let the sequence x, be defined as 


sbsdessiesdsuttlstenstebeisessetes , find lim x,. 
n-oo 
1 
[x]+—[2x]+ ga Picsess + —[nx | 
31. Evaluate lim 
ne (3 49" cen” 
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32. If f(x) = lim {sinx + 2sin’*x + 3sin°x +....nsin"x} then 
no 


1 


evaluate lim {(1—sin x)? f(x)} (sin x—) 
x—>m/2 


33. The function u, attains the values 


1 1 1 1 
u=ssu=—+ + : 
2 2 2.4 2.4.6 
1 1 1 
u=— + — +... ——_ 
"2 2.4 2.4....(2n) 
Prove that lim u, < 2. 
no 
k , 5k k 
34. Prove that, if k > 0, in pa a a ! . 
n—>0o nXt k+1 
F(n) 


Hence evaluate lim —— sr” Where F(n) is the 


n> (n +1) 


coefficient of x"? in (x — 15) (x — 25)... (x —n¥). 


A. FILL IN THE BLANKS 
1. If f(x) 


= 2, otherwise 
and g(x) = x°+1,x 40,2 


= sin x, xenon, n= 0,+ 1,42, 4% 


=4,x=0 
= 5.x 2 
then a g[f(x)] is... [IIT - 1986] 
x! 
x* sin (+) +x? 
2. lim |_ AXA Be. [IIT - 1987] 


x—>—00 


(l+|x[) 


3. ABC is an isosceles triangle inscribed in a circle of radius 
r. IF AB = AC and h is the altitude from A to BC then 
the triangle ABC has perimeter 


P= 2(V2hr —h? + ,/2 hr ) and area 


A-=...... also lim—=....... [IIT - 1989] 
h>0 Pp 
ib x+4 
4 tim [2 = ecsecsesssessees [IIT - 1990] 
xo0l x +] 
1 5 2 1/x 
5 im gets = ceecesstestsesees [IIT - 1996] 
x0 | 143x? 


x 2 
cos tdt 
0 


6. lim ———___ = ha seeeeeeeeee [IIT - 1997] 
x0 xsinx 

fe i [IIT - 1997] 
h>0 h2 

B. True / FALse 

8. If lim [f(x)g(x)] exists then both lim f(x) and 

xa xa 

lim g(x) exist [IIT - 1981] 


x7a 


C. Muttipte CHorce QueSsTIONS WITH 
ONE corRECT ANSWER 


9. If f(x)= jp2—S then lim f(x) is 
X+COS” X x00 


(A) 0 (B) 
(C) 1 (D) None 
[IIT - 1979] 
1 2 . 
10. lim cies is equal to 

n>0(]{—n* 1—-n? 1-n 
(A) 0 (B) -+ 
(C) = (D) none of these 

: [IIT - 1984] 
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sin[x ] 


11. If f(x) = , [x] #0 
[x] 
=0, [x] =0 
where [x] denotes the greatest integer less than or equal 
to x, then lim f(x) equals 
x0 
(A) 1 (B) 0 
(C) -l (D) none of these 
[IIT - 1985] 
12. lim X” =0 for 
X70 4X 
(A) No value of n 
(B) nis any whole number 
(C) n=0 only 
(D) n= 2 only [IIT - 1992] 
13. lim equals 
x0 | tan! 2x 
(A) 0 (B) 1/2 
(C) (D) [IIT - 1992] 
1/x 
14. lim {ran(E+x)} equals 
x0 4 
(A) 1 (8). =1 
(C) e (D) e 
[IIT - 1993] 
1 3 r — 
15. lim — ) ——— equals 
nO Th ain’ it~ 
(A) 1+ V5 (B) -1+ 5 
(C) -1+ V2 (D) 1+ V2 
[IIT - 1997] 
. xtan2x—2xtanx . 
16. lim 5 is equal to 
x30 (1—cos 2x) 
(A) 2 (B) -2 
1 1 
(C) 3 (D) 5 [IIT - 1999] 
F x=3\" 
17. Forx eR, lim [ equals 
xo0 (x+2 
(A) e (B) e 
(C) e (D) & [IIT - 2000] 
: 2 
18. lim —s equals 
x0 x 
(A) -1% (B) x 
(C) 1/2 (D) 1 [IIT - 2001] 
19. The integer n for which 


(cos x —1)(cos x —e”* ) 


lim is a finite nonzero number is 
x30 x? 

(A) 1 (B) 2 

(C) 3 (D) 4 [IIT - 2002] 


20. 


21. 


22. 


(28, 


24. 


25. 


((a —n)nx — tan x)sinnx 


If lim FI = 0, where n is non 
x>0 x 
zero real number, then a is equal to 
(A) 0 (ans 
1 
(C) n (D) n+ — 
m [IIT - 2003] 
The value of ou ((sin x)!* + (1 + x)"*), where x > 0 is 
x> 
(A) 0 (B) -1 
(C) 1 (D) 2 [IIT - 2006] 
sec’ X 
i) f(t)dt 
lim — ; equals 
re x2 Tu 
16 
(A) 2 #2) (B) 2 £(2) 
qT T 
: (©) 2 £(1/2) (D) 4f(2) {IIT - 2007] 
5 
The value of lim os J ae dt is 
x>0x" 5 t +4 
(A) 0 (B) 
1 
(Cc) — (D) 1 [IIT - 2010] 
24 64 


1 
If fim] 1+ x In (1+b*) | = 2bsin’®, b > 0 and 
x>0 


6 € (-m, 7), then the value of 0 is 


Aye" (B) +— 

4 3 
(C) (D) += [IT - 2011] 

2 
If im | aa a b)-4 then, 
x00 x4+1 
(A) a=1,b=4 (B) a=1,b=-4 
(C) a=2,b=-3 (D) a=2,b=3 
[IT - 2012] 


D._INTEGER ANSWER TYPE QUESTIONS 


26. 


Let m and n be two positive integers greater than 1. 


cos(a’) 
‘ e€ —-e 
If lim = 
a0 oa 


© then the value of a is 
2 n 


[2015] 


27. 


oR MORE THAN ONE corrEcT ANSWER 


28. 


29. 


30. 


Let o, B € R be such that 


_ x’ sin Bx 
lim t——— 


- = 1. Then 6( + B) equals 
x0 OX — sin x 


[2016] 


MuttipL—e CHoice QuesTIoNs wiTtH ONE 


Z (1—cos 2x) 
The value of lim 4,=—————— 
x30" x 
(A) | (B) -l 
(C) 0 (D) none of these 


[IIT - 1991] 


_ af{l—cos2(x-1) 
lim -——___—— 


x1 x-l1 


(A) exist and it equals J2 


(B) exists and it equals — f2 
(C) does not exist 
(D) none of these 


[IT - 2009] 


[IIT - 1998] — 


Limits 1.131 


os : J fora 
1-x 


1-xd+|l-x\]) 
c 


31. Let f(x) = 1 | 
—xX 


then 


(A) lim f(x) does not exist 
x>1- 

(B) lim f(x) =0 
x>1- 

(C) lim f(x) =0 
x>l+ 


(D) lim f(x) does not exist 
xl+ 


[2017] 


F,_ Supjective PROBLEMS 


49: Hoa imo 
° Vaiuate SS SE 
xa /3a+x —2,/3x 


(a > 0) 
[IIT - 1978] 


(a+h)” sin(a +h)- a’ sina 


33. Evaluate : lim 
‘ ) h-0 


h 
[IIT - 1980] 
5. Use the formula 
; *-1 . *-1 
lim = log, a to find lim ———__,— [1982] 
x90 X x0 (1+ x)'"-1 


. 2 afl 
35. Find the value of lim =(n +1)cos {2 }-n 


X70 JT n 


[IIT - 2004] 


Previous) Years Questions (JEE Main Papers) 


(1 —cos2x) (3 + cos x) 


1. lim is equal to 
x30 x tan 4x 
(a) 1/2 (b) 1 
(c) 2 (d) -1/4 
[2013] 
: sin(z cos” x) 
2. lim ——+— is equal to 
x0 x 
(a) m2 (b) 1 
(c) -« (d) z [2014] 


tan(x — 2) {x7 + (k-—2)x- 2x} 


3. If lim ; = 5, then k 
x2 x -4x+4 
is equal to 
(a) 0 (b) 1 
(c) 2 (d) 3 [2014, online] 
4. If lim —** is equal to 
x90 sin’ x 
(a) 3 (b) : 
3 = 
2 
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5 


(c) 4 (d) 2 [2015] 
5. If Him (£7 8082G + cos x) is equal to 
x30 xtan4x 
(a) 4 (b) 3 
(c) 2 (a) ; [2015] 


1 
6. Let p = lim (1+ tan? Vx }?* , then log p is equal to 


x0+ 
(a) 2 (b) 1 
1 1 
= d) — 2016 
(c) 5 (d) A [2016] 


a 4)" 
7. If lim i+2-4) = e*. Then a is equal to 


Xoo BG x 
3 
2 b) = 
(a) (b) 5 
1 2 : 
(c) = (d) = [2016, online] 
2. 3 
= 2 
i. ig 
x0 2x tan x — xtan2x 
(a) 2 One 
2 
(c) —2 (d) ; [2016, online] 
vV3x -3 : 
9. li is equal to 
x93 /2x-4-J2 
(a) V3 (b) 1/2 
V3 1 
(c) — (d) — = [2017, online] 
2 2/2 
10. 1f lim — 194+ 2%4--4+n° _ 
n—-oo 


[n+ 11° '[(na +1) + (na +2) +--+ (na+n)] . 


1 si 
6 for some positive real number a, then a is equal to 


(a) 7 


15 
(c) > 


(b) 8 


(d) < [2017, online] 


11. 


12. 


13. 


14, 


15. 


16. 


cot x — COs x 


lim —H——— ] 

Racers (a — 2x)? er 

(a) 1/4 (b) 1/24 

(c) 1/16 (d) 1/8 [2017] 


For each t ER, let [t] be the greatest integer less than 
or equal to t. Then 


gle eleae) 


(a) is equal to 0 
(b) is equal to 15 
(c) is equal to 120 


(d) does not exist (in R) [2018] 
. xtan 2x-—2x tan x 
lim ; equals 
x20 = (1—cos 2x) 
(a) -1/2 (b) 1/4 
(©) 12 (d) 1 [2018] 
_ (27+x)'8-3 
lim ———— —a,5 banals 
x>0 9 — (27+ x) 
(a) : (b) : 
ay a 
3 6 
1 1 
c) -— d) — [2018] 
(c) 6 (d) 3 
. ai eaiie yy Ssi2 
lim rl 
y>0 y 
(a) exists and equals : 
44/2 
(b) does not exist 
1 
ists and ls —= 
(c) exists and equals ra 
1 
(d) [2019] 


exists and equal 22 (V2 +1) 


For each x ER, let [x] be the greatest integer less than 
or equal to x. then 


x([x]+|x]) sin [x] . 
m 


Eo ix is equal to 
(a) -sin 1 (b) 0 
(c) 1 (d) sin 1 [2019] 


17. For eacht &€R, Let [¢] be the greatest integer less than 
or equal to ¢, then 


(1=[xl4sinft—xsin( 21a 


[1 — x|[1- x] 


lim 
x1+ 


(a) equals —1 (b) equals | 


(c) does not exists (d) equals 0 [2019] 
18. Let [x] denote the greatest integer less than or equal to 


x. Then 


wy ae sin? x) + ({x|— sin (x[x])) 


li ; 


x0 x 


(a) equal 7 (b) equals 0 


(c) equals 7+ 1 (d) does not exist 


Limits 1.133 
ice: es xcot (4x). 
"x30 sin? x cot? (2x) aero 
(a) 2 (b) 0 
(c) 4 (d) 1 [2019] 
20 i cot? x —tan x is 
" xon/4 COs (x + 7/4) 
(a) 4 (b) 8V2 
(d) 8 (d) 4/2 [2019] 
fay ce 1 
21. lim va = y2sin'x is equal to 
x7 1- al —-xX 
1 1 
ee b al 
(a) ce (b) 4 
© 2 (d) Va [2019] 
1 


ANSWERS 


AS 
KN 
aww: 

aN NY 

Practice PRoBLEMS—A (WW, ” 

1. @ 1 (ii) does not exist 

2. (i) O (ii) does not exist 

(iii) -1 


3. No, we donot conclude anything. 
4. No, no, we donot conclude anything. 


5. (a) No (b) No 
(c) Yes (d) 0 

7. 7/2 8. 0 

9. does not exist 

Concept ProBLEMS—A 

1 @ -o (ii) co 
(iii) 1 (iv) 1 

2. (i) does not exist qi) -5 
(iii) 4 

3. 4. does not exist. 

5. 0 6. O 

7. does not exist 8. 0 

Concept ProBLEmMs—B 

2. -1 3. In 

4. 0 


6. since limit of g(x) does not exist. 


Concept PRoBLEMS—C 


1. 1 
2. L.H.L. = 1, R.H.L. = 2, lim f(x) does not exist. 
x>1 
3. (i) lim f(x) = does not exist 
x>0 
(ii) lim f(x) =0, 
x1 
(iii) lim f(x) = 1 
x33 
4. (a 1 (b) 1 
(c) 1 (d) 2 
5. (a) 2 (b) 2 
(c) 1 (d) 2 
6. (i) does not exist,O (ii) 0 
7. (i) 0 (ii) =5 
(iii) 1/2 (iv) does not exist 
8. limit does not exist since function is undefined in the 
neighbourhood. 
9. O 11. 0,1 
12. does not exist 13. 8 
14. (a) 3 (b) does not exist 
(c) does not exist 
15. -3 
16. lim f(x) is not known but lim f(x) =-7. 
x72 : 


x>-2 
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PRACTICE PROBLEMS—B 


17. (i) -13 (ii) 1 
18. (i) does not exist ai) O 
19. (i) 7 (ii) 0 
20. 0 21. —2 
22. 0 23. does not exist. 
24. 1/2, 0 
25. (i) ©, 0 (ii) 0, O 
(iii) 1/2, 0 (iv) 0, 0 
26: Gi). 2.9 (i) 1,4 
(iii) a2, a1 (iv) 2, 5 
29. (i) 2,2 (ii) 10n —1, 10n 
ieee dL 1 
(iii) 51 5 


Concept PRoBLEMS—D 


0 
1. (i) determinate form (ii) a form 


(iii) (O x 00) form (iv) (co — 00) form 

(v) (0)° form (vi) (00)° form 

(vii)(1)” form (viii) determinate form 
5. @) 0 qi) O 

(iii) O (iv) O 
7. 7 
8. (i) 4 (ii) —2 


PRACTICE PROBLEMS—C 
9, Oifa<O0,dneifaZ>0 


10. (a) O (b) © 
(c) 0 (d) —% 
(e) © (f) —% 
11. «© 12. does not exist 


Concept PRoBLEMS—E 


lL (i) = (ii) — 00 (limit dne) 
(iii) 2x (iv) oo (limit dne) 
2. (i) 0 (ii) 00 (limit dne) 
3. (a) 0 (b) 3/4 
(c) dne (d) 2/3 


4. oo (limit dne). 


5. £(5*)=1,f (5) =0; limit dne 
6. (i) 1 (ii) — co (limit dne) 
(iii) 0 (iv) 1 
PRACTICE PROBLEMS—D 
7... ID (ii) -1/4 
(iii) 1 (iv) -7.2 
8. (i) 7 (ii) 3 
(iii) 3/4 9. c=-—6 limit =4. 
10. (i) 2,4 (ii) 0, -1 


Concept PROBLEMS—F 


1. 2 

2 Gi) _ J 
(iii) 3 

3. -1/4 

5. a=2,b=1 


PRACTICE PROBLEMS—E 


6. log.6 
7 @ V7/I4 
(iii) 32 
sg. —1 
3 
10. (i) 2/3 
(iii) 9/25 
Concept PROBLEMS—G 
1G -1/9 
(iii) 0 
2 @ 13 
(iii) 1/3 
4.2 
5 


5. limit does not exist. 


PRACTICE PROBLEMS—F 


7 Gy <i 
(iii) 00 
8. (Gi) a/m—b/n 
(iii) -19/3 
9. (i) 1/80 
(iii) 1/2 
10. 13/60 
10) see ee 
| 
1 3 
14. 72, a= —,b=—, 
4 4 
Concept PRoBLEMS—H 
i yy Se 
- © TR9 
a, Gi) 26 
(iii) — 3/2 
3. (i) 4 


(iii) log,e 


(ii) 
(iv) 
4. 


“ple wlry 


(ii) — 2/3 
(iv) 2 
(ii) 24 
(iv) — 1/2 
4. 1/2 


(ii) O 

(iv) -1 

(ii) a/m + b/n 
(iv) 0 

(ii) —1/5040 
(iv) — 11/6 
11. 1/2 


(ii) 0 


(ii) 8/3 
(iv) 25/6 


2, =D 
Gi = 
m 


_. 8 
(iv) 7 


4. Gj ae bee A 
. aa (ii) 7 
5 @ ie Gi) In— 
m n 
6a 2 Gi) -1 
3 
Gas (iv) 4/5 
3 
7. (i) No (ii) No 
(iii) No (iv) 0 
8 (i) 1 (ii) 2 
(iii) 3/4 (iv) 1/8 
9 (i) 12 (ii) 25/9 
(iii) 2 (iv) 3 
10. (i) In(8/7)/ In(6/5) (ii) 9/4 
(ii) dn 5 In4y(In3.In6) (iv) 13 
Ll. (i) « (ii) 1/2 
12. 1/2 
13. (i) —J2/4 (ii) 1 
Gis” vies 
4 
14. (i) 2 di) 1 
T e 
(iii) — In 2 (iv) 5 


PRACTICE PROBLEMS—G 


17. —2 18. tanl0—10 
19. 0, ifn >m, 1lifn=m, cifn<m. 
20. — sina 


1 
21. (i) a G) aa 
(iii) — 6 (iv) 1 
22. (i) 3 (ii) 2/3 
(iii) 2/3 
23. (i) 3/5 (ii) 3 m3 
(iii) 16 
24. Oforn=1; 4.9 forn=2 
25. (i) -1/3 (ii) In 4 
26. (j sin 2B iy a 
(i) 3B (ii) : 
27. (i) 2,1, No (ii) —J2,V2 , No 
28. 1 
29. (i) V2 (ii) a 


(iii) a Jn ea 
30. @ 1/3 qi) 1 


2, GQ Caee | mo | Eee | ie 


- 21 iy A 
31. (i) Dn (ii) 5 
$9.0). 52 (ii) 1 
33. (i) -2 (ii) co 

(iii) -1/12 (iv) 3/2 


Concept PRoBLEMS—I 


1. @ O (ii) 8 
(iti) 2 (iv) 2 

2. (i) 25 qi) 1 
(iti) 1 (iv) 9 

3. (i) 3 (ii) O 
dies T : 
(iii) 5 (iv) 1 

5. (i) 0 (i) =3 
(iti) 1 (iv) — 1/3 

6. O 


PRACTICE PROBLEMS—H 


yl V2 _N2 
Or" 4 
0,ifm>n 
ae —3,ifm=n 
8. limit = 


oo, if m<n and n—m odd 


—oo, if m<n and n—m even 


‘ 2 we 1 
%® @ B (ii) oA 
(iii) 51°/3?5 (iv) 2 
10. 5 uu. V2 
12. Gi) «© (ii) 0 
(iii) 0 (iv) O 
13. G@) 1 (ii) 0 
(iii) does not exist (iv) O 
14. 100 15. 1 


16. -2 


Concept PRoBLEMS—J 
1. (i) x=-2,y=2 (ii) y =2 


2 


Limits 
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PRACTICE PROBLEMS—I 


1 
6. (i) 5 qi) 3 
(iti) 0 (iv) 1 
a8 
7 1 8. @ 3 
ree | ee | 
(ii) 5 (iil) mn 
9, log; x 10. 3 
ll. @ = (ii) —1 
3. (i). 2 
Asymptote x=0 : Asymptote x=1 (iii) ome 
: x 
“/\ Concept ProBLEMS—L 
1. @ O (ii) 2a/n 
(iii) a/n (iv) O 
2. (i) O (ii) O 
— (iii) 0 
3. gx - 1/2 (ii) O 
(ii) 2x ‘ (ait) 0 (iv) 1/2 
Asymptote x = —1! ‘ Asymptote x = 1 4. (1) 0 (ii) 0 
a Gii) —J2 (iv) 0 
: “wy 5 @ © (ii) 2/3 
\ / aii) — 3/5 (iv) (a—c)/2 
/ 6. Both are wrong. The limit is —13. 
: 1, Gy 2 ays 
Asymptote y = | 2 2 
tix (08 : 
(iii) = (iv) 0 
8. (i) (ii) 4/3 
(iti) 2 
9. (i) Ina 
Gi) oforn>1;aforn=1;0forn< 1 
4. (iii) a (iv) 0 


PRACTICE PROBLEMS—J 


y 1. G@) 2/9 Gyo? 
a 
i (iii) Ss (iv) 
12. Gi) 1/2 (ii) 2 
: a : a+b+c 
Concept ProspLemMs—K (iit) 3 av) A 
L @) 5 (ii) 8/3 : 
aa) ae 13. 1, 5 14, 2 
2. (i) 1/2 Gi) 1/3 (5.451, 51, 16. > 
(iii) 5 (iv) 1/2 ? 


17. 


18. 


19, 


(i) 2 Gye (5 
(iii) i (iv) —12/4 
1 
(i) 42 (ii) 1 
Gis’ 
4 
(i) 0 Gi) 1/2 


(ii) 1/120 


Concept PRoBLEMS—M 


L iP 2. 0 
3 
3. 0 4. 0 
1 
5. 5 6 
e 
PRACTICE PROBLEMS—K 
1 1 
7. ri 8. F 
9 & 10. 1 
11. 0 12. e 
13. 1 14. 99 
Concept PRoBLEMS—N 
2. (i) e (ii) e 
(iii) = liv) 
a: @ 2 Gi) ve 
e 
(iii) ae (iv) 1 
4. (i) & (ii) 1 


ii) cifn< lreifn=1;lifn> 1. 


(iv) l/e 


PRACTICE PROBLEMS—L 


5. 


10. 


mn 


Oe (ii) e”” 
(iii) g-*"/2 (iv) n! 
OifO0<a<1;Inaifa> 1. 

(i) 1 (ii) e'? 
(iii) 1 (iv) e'8 
(i) el? (ii) el? 
(iii) el (iv) ie 
. os n-l 
@) 1 ie ae 
(iii) e? (iv) e74 


A=1,neER 


1 


7 
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Concept PRoBLEMS—O 
1. V5 2. limit is 1 


3. limit is 1 at x =—1 and 1; limit is 0 at x = 0. 


1 1 
5. g(x) = —<y, h(x) = <y, limit = 0 


6. b 
PRACTICE PROBLEMS—M 
8. 0 9, 4 
10. (i) 0 (ii) 0 
(iii) 2 (iv) dne 
11 2 
a) 
13. (i) 1 (ii) 0 
(iii) 0 (iv) 0 
14. * 15. 1 
3 
16. they have same limits as before. 
17. 0 18. 1 
19. 1 
Concept PRoBLEMS—P 
1 (i) 5 (inay (ii) 1 
(iii) 1 
2 (i 1 (ii) 1 
a 
ee in 
(iii) 2 (iv) as 
3. (i) 0 (ii) 2/3 
(iii) -2 
5. 1/2 
6. (i) 2/3 (ii) 12/4 
Gii) V5 
7. (i) 1 (ii) Le 
(iii) 1/2 


PRACTICE PROBLEMS—N 


8. (i) -9 (ii) 2/3 
1 

9 i) 4 ii) -— 

(i) (i1) 5 

14. Gi) 1/18 (ii) 2/3 
16. esim'y 17. 0 


Concept ProBLEMs—Q 


e 


4. 12 


3. 
e-1l 3 


1.138 DIFFERENTIAL CALCULUS FoR JEE Main AND ADVANCED 


PRACTICE PROBLEMS—O 19. A 20. B 21. B 
22. B 23. C 24. B 
Gee he g, ab 25. A 26. B 27. D 
ne 3 2 28. D 29. C 30. B 
31. A 32. C 33. B 
9. 7 cosatt 34. D 35. B 36. B 
. 37. A 38. D 39. A 
10. Q” =Q, [ + “) , where k is the proportionality factor me a P ie . 
: O- kt 46. B 47. D 48. C 
(law of compound interest) ; Q, = Qe*. a a ae 
Concept PRoBLEMS—R 52. D 53. B 54. A 
1. Ifx #kz (keD, then cos’x < 1 and y = 0; but if x = ka, 55. B 56. D 57. B 
then cos? x = 1 and y = 1 58. C 59. A 60. A 
: 61. C 62. B 63. B 
2. @ y=1whenO<x<1;y=x whenl <x<o. 64. D 65. B 66. D 
(ii) x > J 67. A 68. A 69. B 
(iii) y = [| . 70. A F.C 7.0 
(iv) y =m when x < 0; y= > when x = 0; y = 0 when 73. B 74. A 75. B 
Si 77. BD 78. ABD 
3. 2 80. ABCD 81. ABCD 
83. A 84. A 
PRACTICE PROBLEMS—P 86. AB 87. BC 
89. ABD 90. BCD 
sin x x >O : F 92. ABC 93. BCD 
4. f(x)= ; lim =0., lim =% mK)’ : 95. ABD 96. D 
eae aoe <) 98. A 99. B 
= 2 <0 101. A 102. D 
vs 104. D 105. D 
; limit does not exist 107. A 108. A 
110. A 111. B 
5. (a) | 113. C 114. A 
116. A 117. B 
Ol] xX : 119. C 120. D 
- (A)-(Q) ; (BAR) ; (C)-(P) ; (D)-(P) 
6. 0 - (A), (Q) ; (B)AP) ; (C)-(R); (D), (S) 


. . (AS) 5 (BAR) ; (CP) ; DQ) 
8. x  [0, sin 1) . (AS) 5 (BAP) ; (CQ) ; (D){R) 
9. (x) = 1, (K > 0); (x) = 0, (x = 0; (x) =—1, (<0). 125. (A)-(R) ; (B)-(S) ; ©-(P) ; DQ 


10. In 5 11. 40 
12. B. Wx REVIEW EXERCISES for JEE ADVANCED 


14 
3 
14. 4 15. 1 1 (i) a (ii) -1 
e cos’ a Z 
16. 8 17. 1 2. Gi) 7/4 (ii) — 
3. (i) 1/3 (ii) 6 
OBJECTIVE EXERCISES 4 i 
4. (i) ar (ii) = 
1. A 2A 3. B 2 
4.C 5. B 6. B i eee 6 2! 
7.C 8. B 9. A (ny? 
10. C ll. A 12. A 
13. D 14. A 15. B 7 & 8. 2 
16. C 17. B 18. B 9. (1/2) 10. cos'x, 


nu. + vy, -2 
24 3 
13. -1 i= 
2 
16. 1/2 
17. (a) —3N2 (b) 5 12 
19, —/& 20. 42, 44 
16 


1 
+ OX) = F(x), (x] > 1s 600) = g(x), x] < Ds 6) = 5 {f(x) 


+ g(x)}, (x = 1); and $(x) is undefined when x = —1. 
-atb-1 
. 20 
. 1if0O<a<tljaifa>1l 
. The function is equal to 0 when x is rational and to 1 
when x is irrational. 


24. 


25. 


29. 


31. 


Limits 1.139 


If m is a positive integer, u, = 0 for n > m. 
Otherwise as ees x >-x, unless x = 0 
un n+l 
1, I x), nel 
ne 26. W(x) 
0, n¢iI d(x), nél 


. If x is rational then sin*(m!nx), and therefore 


sgn{sin?(m!2x)}, is equal to zero from a certain value 
of m onwards; if x is irrational then sin?(m!mx) is 
always positive, and so sgn {sin?(m!2x)} is always 


equal to | 

4 a; ees 
T 2 

0 32. e 


PREVIOUS YEAR'S QUESTIONS 


27. The function is equal to 0 except when x is an integer, ( JEE ADVANCE D) 
and then it is equal to 1. x 
2 e)yy 1 
26. m=1,b=- 2 MAS 1 2 <t 3, e 
fae _ aN’ 128r 
28. The function is equal to (x) unless x is an integer, and 5 2&2 é 1 7 4 8. &§F 
then it is eau bas (x). ~ Nd 9 Cc 10. B ll. D 122. B 
30. The former limit is 0, the second does not exist. A bs 13. B 14. C 15. B 16. C 
ME ray ¥ 17. C 18. B 19. C 20. D 
O2 tant 33. 4 (OY WC 89 A 2. B %4.-D 
_ 25. B 26. 7 27... 2 28. B 
34. 400 35. 256 > 
29. C 30. AC 31. B,D 32. ag 
33 
TARGET EXERCISES for JEEADVANCED [is 
2 
a 5. iS 
2. -—-l/a for a # 0, for a = 0 there is no limit. u 
3 p-l+ alna 4 3 
. 2a 'e ras 
. 2 QUESTIONS FROM PREVIOUS 
5. 41 6. 24 
ae Se eee YEAR'S (AIEEE/JEE MAIN PAPERS) 
10. If n is even, limit does not exist. If n is odd limit is 0) 
11. © 12. 3 1. (c) 2. (d) 3. (d) 4. (b) 
0 if n<3 5. (c) 6. (c) 7. (a) 8. (a) 
14, 1/2 if n=3 16. 3 9. (b) 10. (a) 11. (c) 12. (c) 
co if n>3 13. (c) 14. (c) 15. (a) 16. (a) 
17. (d 18. (d 19. (d 20. 
17, 18. 2? =) ma - . 
V2 (c) 
21. Iino 23, -va 
2 


HINTS & SOLUTIONS 


Objective Exercises 


SINGLE CORRECT ANSWER TYPE 


: sin h +2 
1. Li ‘ fi (ci * -1)(1+sin? h) 
= [x| : ho0 2tan! sinh 
7 sin x _ 
RHL asx—>0', 1 
=> oy 
__| [sin x| 2 
So, Lim Hence, C is correct. 
x>0° |x| a b 
sin x = 5 Lim(1+a") :_——__ = 
LHL asx—>0, 1 * x00 ( zi 
&6, 4s |sin x| a 
he rn = As(I+a ) > o forx 90 
Hence, B is correct. 
Hence, A is correct. 5 
x? 6. Limx?| tan! ante tan! 2 |= 0x00 form 
2. Lim a X—>00 ree 
x0] sin x.tan x 
Cy 
RHL as x>0*, 7 1 ©) tan! ca, —tan7'2 
sinx tanx N\ < x2 42 
- . ¢) > Lim i => —form 
LHL as x > 0, - . iz Ye x0 ve 
sinx tanx 4 
2 ° NE Apply L — Hospital Rule. 
So, Lim] ———— | 0 oN ((x* +2)(4x)-(2x7 +1)2x} 
x0] sin x tan x = XS in 1 . x! 
f ) 4 x0 2 2 — -3 
Hence, A is correct. (YY (2 3] (x? + 2) 2x 
x7 +2 
3. Lam/x* =x" 41 ax* =a 3 
x00 . Xx (6x) 1 3 
. Lim ; x ; 7 > 3x 5 — 5 
x*—x? +1-(ax? +a] X00 (2x? +1) +(x? +2) 


oe x” =x" 41x +4 
(1-a”)x* -(2a” +1)x? +(1-a”] 


Vx? =x? 4144x" 4a 


For limit to exist, coeff of xt =0>a7=1 


Lim 
x00 


Hence, B is correct. 
7. £(x)= a(x’ -n?) 


f mT) an? 7 ~3n" 
2 4 4 


Hence, a=1 


—(2a?+1)x?+(I-a?) — —(2a? +1) 
ro aa | Pra) ven OO A)K +R) 
xe x4 _ x 4d tax? +a Ita 7 a 
; Putx = —a+h 
=> It exist only for a = 1 
(-2n+h)(h)_ sinh 
Hence, B is correct. oo sacl x aah = 20 
: enh _ (1 +sin h) Hence, C is correct. 
. mo (tan in h) a 
i 8. Lim} cos" (x-10) 
Apply L — Hospital Rule ne xel 
ie Pe, een = Lim cos?" 9 +cos”” 8 +.....+ 6087 0+ 00571 +...+.608” 10 
>? oO tan sin hx eae xcos h All except cos’0 will tend to zero & cos?0 = 1 


1+sin7h 


Hence, B is correct. 


Limits 1.141 


. 3x Tt 
9 Lina | 0 ane Bene 6/22 
: ; 1+x Lim x x 
Lim => —form are 0 - 0 
x91 1+.cos 1x 0 tale a |) tar? 
2 2 2 
Apply L — Hospital Rule, Pe 
2 Tt 
3x (1+x )-x.2x) ; 
COST x |x 3m x “(ey Hence, D is correct. 
1+x 2 
1+x : 3 
. 2(tan x —sinx)—x 
Lim 14. Lim ( 
xo —TSIN 1X x0 x° 
. (1 7 x) (1 n x) ae Use series expansion, 
Lim-3— x x X| cost] ——> || 0 3 1 5 
x>l SIN 1X (1+x?) 1+x CA eer ee ae ee ae ee x 
1 6 120 1 
at 5 4 
Hence, A is correct. i a 
Hence, A is correct. 
cos(2x —4)-—33 
10. Lim ( >-16 _ 1-cosx+2sinx —sin? x —x? +3x* 
x92 o 15. Lim ; ; 5 
x0 tan” x —6sin° x +x—5x 
2 2 ; 
x~ |4x -8 4x“ |x-2 1 = i 
; | | iin | | S46 ‘ Apply L — Hospital Rule 
a ee ne ee “Lim Sit + 2.008 x —3sin? x cos x —2x + 12x" 
Applying Sandwich Theorem, x90 3tan? xsec” x —12sinxcosx +1—15x? 
d Hence, B is correct. 
Lim f (x)=-16 eKN \ 
x92 2 Aw Og cos X 
= 16. Lim => > form 
Hence, C is correct. (CY x0 Ycos x —Ycos x 
: aad 1 1 
11. Lim (c + x)” } Lim x sin x) x ; 
x0 x0 COSX 1 | . 
pcos x)P (- sin x) 
As Lim(1+x)”* > e? &e? ~ 7.29 | 1, 
x0 ——(cos x)q (-sin x) 
i. 21x 2 
So, Lim(1+ =e°-7 
0, Lim(1+x)"" =e _, Pd 
: q-p 
Hence, A is correct. 
Hence, C is correct. 
-1 -1 
: x” -4x X+¥2x 2 1 
12. Lim 5 v2 17. Lim} 1+ 1+ d 1+ ee os 
x32|{ x38 x2 Saale n—>00 5 52 54 52 
1 
multiply & divide by - :) 
(x-2)(x?+4+2x) — (x-2)(vx-v2) i 5 
Lim = 
x32 x(x—2)(x+2) vx (x-2)-2(x-2) 2 i 
Hence, A is correct. eo y 5 
oo a 4 
= N—-co 
13. Lim Va’ —x? cot kil peal 
xa 2Vat+x Hence, B is correct. 
Put x =a cos0 Ux 


exin(2! -1) 


‘cot —(2*-1) sin x 


Lima sin cot E tan 0] 30 exinx => 1° form 


650 
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19, 


20. 


Pm) rye gs etn 
ian e (2 y sin x-e | 
an xe™ 

e 

7 (2'-1) ~(2*-1) a] 
= X.x* 

e L 

(2-1) _, 

Lim x z 2*-1) sinx 
a x x x 
e 


1 In2 
elinin2-l] _ , (22) _In2 
e 


Hence, B is correct. 


1/n V 
! ,\'" 
Lim} — = “im ( 
n—eco (mn)" M n>0\ yn” 
n!)\" 
Let y = Lim] — 
n—->o0 n” 


=> Iny = Lim— -Sitoe{ = 


noon. 


= flog xdx 
0 


= xlogx x[p = 1 [iim x1og x} 
x0 


x00 1/x 


=-1-tiy(-2) 


=-] 


1 
So,y =— 
e 


1/n 
egy | ee 
n—eo (mn)" me 


Hence, A is correct. 


xin( 1422} xin( 1-22 
e X/—e - 


Lim| Lim 
y>0 | x00 y 

1+ | - (1 + * | 
Lim Lim s 


x0 y>0 y 


gi. 


ane u > eG zy Lim al zy 
y0 y y0 y y0 y 
>a-b 


Hence, B is correct. 


om Wit tan! 3x = 34 sin | 3x 


21. 
pe ais sin7! 2x — vi +tan7! 2x 
Rationalise 
: tan7! 3x + sin7! 3x 
Lim 
x0 —(tan™" 2x +sin! 2x) 
(vi —sin7! 2x + vi +tan7! 2x] 
x 


(1 +tan! 3x) + (1 -sin! 3x) + (( +tan7! 3x} (1 +sin7>* " 


_ 6x2 _-] 
4x3 


Hence, B is correct. 


23. 


(In (1+ x)-In2)3(4*" -x) 


1 (74x)!° —(143x)!? ]sin(x-1) 


Putx = 1+h 


oe (In(2+h)-In2)(4 -(1+h)) 
ae [(8+n)"" ~(4+3h)"" sinh 


— In(1+h4)(4" -1-h) 


hol (84h)? ~(4+3h)"” sinh 


Hence, B is correct. 


x? tan +3 |x” +7 
TX 


li 7 
ae ca Ix} +7|x|+8 
Put x = mo 

y 


2 
oo tne eS 7 
li y mY 
im 7G 
yop +48 
a 4 


2 
Ty? + 3y? —tan 
Tt 


lim 
y0 8y° +Ty* + y- 


2 

Ty} +3y —tan~ _ ; 
lim —_,—, = 

yo0 = 8y' +7y" +1 T 


Hence, C is correct. 
cos” (1-cos? (1-cos*( devsieesin cos? x))) 


lim 
24. x50 2) 
sin| 7} ————— 
x 
cos” (1—cos (1-cos*( saiesiae cos” x))) 
lim 
—_— n( vx +4 -2)(vx+4 +2) 
sin 
x( x+4 +2) 
cos” (1-cos? (1-cos*( es cos” x))) - S ao 
lim = /2 
x0 : Tl - 
sin} ————_- 
[5] 
Hence, B is correct. 
(vax? +ax +1—Ja?x? 1)x(vabx? +ax +14+Va2x2 +1) 
25. lim 
Se (Vax? +ax+1+Va*x? +1) 
= lim = 
Bare Va2x? t+ax+1 +Ja2x? +1 
= lim : = ; 
— ae a’ gee 
x = x? 
[Vice vir = )e( Yicr eva Vx 
Now, lim 


x70 


= lim vx+ vx 
Ae x taxtx tax 


26. 


Limits 1.143 

i 14UVx 1 
= li 

Xoo f 2 

ja 
x 
So, K= 1 
Hence, A is correct. 
10 
Inx 

lim x + (In x)” = lim ( == form 
x00 x—00 xX co 


Apply L — Hospital Rule, 


Applying L-Hospital again and again, will reduce the power 
of In x to zero while power of x remains 4. 

Hence, finally, the limit tends to zero. 

Hence, B is correct. 


28. 


‘ 
. [x =) 
Putx=1+h 
fe (tanh )h (log (1+h)) 
h>0 [h} 
1l+h 
RHL = jim tanh so ( Le 
hoo hh h 
LHL => tim th, -h, eel“) __, 
hoo =—h h —h 
Hence, D is correct. 
eit ee ie 
im | at! 2 }extn(ies ) 
2 
ee eee —* + im xIn(1+a"") 
x0 x x0 
2 In(1+al* 
=> lim = +lim | 


ee a ee -1) x30) 


If ae (0,1) > limxIn(1+a'*) 0 


x>0 


Hence, Ans is : 


Ifae (1,00) 
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29. 


30. 


31. 


32. 


lim = —form 
x0 1/x (eo) 

. 1 al’* Inax—l/x? 
= lm V/ 2 

x>01+a"* -1/x 

. na 
= lim =Ina 

x0 qa lx 1 


Hence, Ans is 1 +Ina 
2 


4" (-1)° 
lim| Aaa e =0 
190) HO =D OPT 


Hence, C is correct. 
a(x) 
lim (loghins x) 
x>0 


As x > 0* > g(x)=0 


0 
Hence lim (log) na) *] =1 
x>0° 


Hence, B is correct. 


tim n°] (a) ~(a)" | 


n 


antl xn? x] ar) 4 


lim x : 
n—>00 1 n(n +1) 
n(n +1) 
1 
oe a n(n+l) -] 1 
lim a®*+! x x 
no 1/(n+1) 1+1/n 
=> Ina 


Hence, A is correct. 


2m 
: eo) & 3x |x 
lim | sin} — |+ cos — 
x>0 m m 


: xX 3x 2m 
lim} sin—+cos—-—l |— 
290 m m x 


[s x 3x } 
sin—+cos—-—l 
m m 


2mlim 
+90 % 


33. 


(34, 


35. 


Apply L— Hospital Rule 


Pailin eos Ga 
>e om mm m 
=e? 

: 2 1 
lim | x+ {x* +3xcos— 
X——00 |x| 
1 
Put x =-—— 
y 
: 1 1 3 
lim} -—+ /|—~-—cosy 
y>0 y y y 
. 1—3ycosy -1 
lim 
y>0 y 
lim —3y cos y 2 


0 y(Ji=ayeosy +1) 2 


Hence, B is correct. 


- . < ; 1 
~ lim | x+,/x? +x? sin— 
X——00 x 


1 
Put X =—-— 

y 
lim | — : + ——sin 
y>0 y y- 2 y 

. 1-siny -1 
lim 
y>0 y 
—siny 1 


lim =— 


90 y(fi=sin y +1) 2 


Hence, D is correct. 


; x7" sin” x 

lim 2n 2n 
x>0X sin” xX 

: x7" sin” x 
lim 


sb +sin" les —sin” x} 


sin" x/ x" 


lim 
" n ° 
aM sin x x" —sin” x 
1+ 
x x".x" 


For limit to exist, 


x” —sin" x 


lim a should exist and non zero. 


x0 x? 


| 


Limits 1.145 


1 5 n ‘a sin X 2 
3, xX = oe ee ee 
. x” {bs *T90 7 seemees x COs '[sin’ x| 1 
lim 5 me 
x0 x > (Penominao will be exactly 3 while numerator will tend to 7 


For n = 2, this will be non zero. . 
: Hence, A is correct. 
Hence, B is correct. 
cot! (a° log, x} 
at+x 40. lim 


lim. —— lar 
30. [x| = hy252 = X30 geo! (a log, a) 
log, 
eee: As lim = 0 & lim a* log, a — 
-l{ -a 
1 cot (x “log, x 
a-— i Thus lim ( }_ni2, 
lim = lim —*— x0 sec! (a* log, a) m/2 
y>0 1 b2 1 y>0] b2 y 
ry rae, a Hence, A is correct. 
‘ Y 2 Vn, gin 7 
=i -] 41. lim pea |) =1° form 
—— = — asb<0 no 2 
1-|b] 1+b 
Hence, B & C are correct. te sie ta 


on 1/n ~~ e 
37. tin $e ox ¢ Inp+Ing 
KN e 7 =,/pq 


= jim (" Fe ae ES m") Hence, B is correct. 


aia wy cot! (Vx= -vx) 
i ‘ In 42. lim 
x0 x 

a | (2) ene ) “((*2)) 

n—>0o m m x—-l 

| 1 n 2 n Vn As lim cot! (vx =—h= vx} 
. x00 
=mlim (=) (2) HF eecees 1 
n->0 m m 


= lim cot! 


Hence, A is correct. 


=> 7 and 
2 


38. lim [co =) [co =) =0 x : 
no 4 6 : 1] (2x41 : 1] (2+1/x T 
= lim sec = lim sec == 
ies ie Xoo x-l Xoo 1-1I/x 2 
This will always hold true if cae or cos oe is not equal 


to +1. cot” (vx-1- x) 


Hence K #4 K, or 6K, te : 
: i ; Hence, * _1|( 2x41 
So, K is not divisible by 4 & 6. But K can be a multiple of 24. sec a 
Hence, D is correct. 
. Hence, A is correct. 
lim _— ; 
39. my eo ay tan ({x}~—1)sin {x} 
7 COS (3sin x —sin3x) . lim 
x0 {x}({x} I) 
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tan(x —1)sinx / 
RHL= lim a a yy a f(x)’ dx 
x>0° x (x = 1) 2 i 12 
24 lim =7242 _ 
‘tie ia tan(1+x—1)sin(1+ x) Bead noo 3 n3(n+1) (2n+1) 2 7 
x30 (1+x)(1+x-1) n! 
Hence, D is correct. Hence, D is correct. 
{x} Oe ag 
44. lim (In ({x} + [x])) cos COs — COs 
x30" 48. lim —~-—___*__[ - ~ form 
ae sin ue ¥ 0 
P 1+ 
lim (In(1+x+1)) ror 
x30 Apply L — Hospital Rule, 
1+ a.a b.b ce b.c 
lim (In(2+ x)) * —In2 “7 sin ——7sin “cos =~ cos sin = 
x30 lim 
Hence, C is correct. ies 5 cos a sin as sin 2 cos : 
r r ror r 
. | 100x sin x 
45. lim} — +/ 99 .sina/r ,» sinb/r 2 b sinc/r 
x0] sin x x a b cosc/r—c* cos 
lim a/r b/r rect 
sin X x r>0 " b sinc/r b c sinb/r 
=100 + 98 = 198 (As <1& >1) ; C COS — : C COS — 
sin X a < ref r bir 
Hence, B is correct. 
] ev 2,2 ,2 
abs tim [T+ =| » X > ee =e 
2be 
Multiple & divided by (1 = | YY,” Hence, C is correct. 


49, . 01+P(x)-1 


lim 
ee ead |p ee i+) ae Xx 
2 2 9? g2n 


ee " - (14P())-()" p(y 


x 


2 x0 P(x) x 
i ae 
_ lpm 100 
ae ix A = Hence, B is correct. 
: 6° +0-2-07-20+1 9 (8+1) 
Hence, B is correct. 50. 0+3 _ (0+ 3) = 
fie 1° +29 43° +o +n° oe > 
47. : x” cot x cosec2x 
no (Vr HI Sh i on +n?)(1 +2? Pe es +n°) ey ue 7 
: sec cos x +a ja 
: [428 9? dese, +n° 4secx 
lim ; 
"> n(n+1)(2n+1) n(n+1) 6+. * 
6 2 lim tan sin 2x ae 
x30 TT 
n 1° sec} cosx + 7 tan -1 
lim 24 4secx 


ae Sen (n+ 1) (2n +1) Hence, D is correct. 


t+ t+ 
b lla 1 I/t 
52. lim 
t>0 b-a 
bb -_ 
lim| pM De 
“e t t b-a 
e€ 
b(b'-1)a(a'-l 
di 
eo) t t b-a 
e€ 
» \ho 1 
blInb-alna n( =) b° pea 
e ba =e \? =| 
a 


Hence, D is correct. 
53. Put x =a tan0 


f (x) =cot! [5] = cot! tan20 
—Xx 


a Fe tan”! tan 20 
2 


2 
=] —xX =] 
g(x)=cos =cos (cos 20 
(x)= or [5] =n (oo 20 
T -1 
—-—tan tan20-[ 
f(x)-f(a 
ji () tim 2 ; 2 OWN 
x>a g(x)-g(a)  , @ cos cos20—-1n/2 
4 (WW 
7 _tan7 tan 20 ag — (20) 
lim = lim 2 =-1 
x cos! cos 20-~ xo 1 aa 
2 2 
Hence, B is correct. 
In(1+x+x7)4+In(1-x+x? 
54. jg Mille x tx’) in(I-x+ x?) 
x30 sec X — COS X 
In(1+x? +x)+In(1+x? -x} 
lim ; X COS X 
x0 l—cos* x 
2\2 2 
In (1+x ) —xX 
lim —~———_,———~ x cos x 
x0 1—cos* x 
In(1+x* +x") x? (1+x’) 
= lim Z ; x X COS X 
x0 x +x 1—cos* x 
=1 


Hence, A is correct. 


55. f (x) = lim 2B gil nx = |x| 
n>o TT 


56. 


57. 


58. 


Limits 
Then, lim] f(x)~1] = lim ||x|-1] 
RHL = lim [|x|-1]=-1 
LHL = lim [|x|-1]=-1 


Hence, B is correct. 


1-cos(x-1) 


(x? 42x7 4x41) (A 
lim} —.————— 
x° +2x+3 


1 
ars 
; 1 1-x x-l 
Py) —— -x x 
1-x 
fofof ( —_——— 
7 be) 7 
x 
tanx __,fofof(x) tanx 4x 
So, lim = lim ~—_* 


x0 tan x — fofof (x) x0 tanx—x 


e* Cae -1) 


lim =| 
x0 (tanx—x) 
Hence, B is correct. 
; 7 29 5" 42" 
s= lim | —+—+...00.0... 
nx] 10 107 10" 


n—-o 1 

1 

_ 12 5 

ye.” TS 
ee 
4 4 


Hence, C is correct. 
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59. 


60. 


61. 


x? 2 
} ww 3 Je 
vx 1+t @) 


lim - = 
x00 sin 2x 
Apply L — Hospital Rule. 


A 
1 
lim | tan7! S ; 2x tar : x 
x-po0 +x l+x)} 2x 


2cos 2x 


Hence, A is correct. 
2 
rt (:? + 1) 


r=l (r* 44" +1)(r? +r) 


2 


x r4rdltrsr 


tal (r* +r? +1)(r? +r) 


fl 1 1< 1 1 
> 
aE = Lies a) 


Hence, A is correct. 


(729)* —(243)* -(81)" +9* +3" -1 


lim 
x0 x? 
sam 8) x(3*-1) -9* (9 1) +3" -1 
x0 x? 
(3° - 1)((243) —9* (38 +1)+1] 
i et: 
x>0 x” 
(3° -1)((243)" —(27)* -9* +1 
kina AAAS = 


x0 x? 


62. 


63. 


64. 


65. 


lim q 
x0 x 
Hence, C is correct. 


: * sin x 
. sin x —(sin x) 
i 
x52 1-sinxInsinx 


Apply L — Hospital Rule 


: sinx : 
cos x —(sin x) [cos x +.cos x In sin x] 


xt —[cos x + cos x Insin x] 


2 


Hence, B is correct. 


Hence, B is correct. 


As,S,,,—-S, =t aD 
> ntl n n+l 3n+4 
jinn 2(n +1) 2 
no (3n+4)x,/n(n+1) 3 
Now, 
Let oP $30 4 ciccns 00 
|| a inde?) ae <0 
(I-IL=14P +P to 00 
1 

1-1)L=—— 
U=DLo SS 
a ee 

(1-1) 1/9 


Hence, D is correct. 


(1.n)+(n-1)(1+2)+(n—2)(14+2+3)+ 


(ie Ca cl ee 


\ (r)(r+1) 
n-r 
lim 2 ss 
n->oo n* 
1 i nye ¢+nyir-> or -yir 
2 ie n* 


n(n)(n—1)(2n—1) Y n(n-1)(n) n? (n-1) 


6 2 4 
n(n—1)(2n-1) 
i ~ 6 
eee 7 
2n?(n -1)(2n—1)+6n? (n—1)—3n?(n—-1) 
be —2n(n—1)(2n-1) 
2X2X6 n> n* 
ala Ga) 
1 n n non 
3A lim 2 
noo 
at) 2-222) 
n non n 
1 1 
—yx(4—3)=— 
24 “4 3) 24 
Hence, B is correct. 
66 [ sin x7dx 
lim ~___ — Y faim 
x00 x 
Apply L — Hospital Rule, 
(sin x") 2x 
lim 


x00 nx?! 


For limit to exist & non zero 


xi - x 
>n-1=5 
n=6 

t c/x 
. 1 : 

67. in| fain »| dx 
t>0 t 5 
fr /: 

fq+ asin bx) * dx 

Now, lim o = a form 
t>0 t 0 


Apply L — Hospital Rule. 


lim (1 +asinbt ‘ = 1” form 
t>0 


lim(asin bt )(c/t Z 
eimlasin )(c/t) ~ gabe 


c/x 
1 t 
Hence, lim In -{( +asin bx) dx |= abc 
t>0 t 5 


Hence, A is correct. 


68. in| (Feu (2) 2: ne ( 2) o| 


69. 


70. 


Limits 


[ 2 
2 2 
lim | Cp -—C —| Cho Heecececceceeees 
pees 9 3 (2) n—-2 * | 


in| (1-2) Jeam(2) 0 
n—00 3 n>o\ 3 


Hence, A is correct. 


Asx > 0°,[x]=0> lim f(x)=0 
x70" 
Asx > 0°,[x]=—1= lim f(x)=sinl 
Hence, D is correct. 
I 


If lim =0 


n> 0 ( 3 2n 
(2 ea! 2x) +5 
Tt 


Then arg 2x >1 or ae 2x <-l 
eT T 


> > y T a ™ 
tan 12x> or tan! 2x <-— 


71. 


T _ T T E T 
— Stan Ie>— of =— Stan 2x = — 
2 3 2 3 


o> 2x >J3 or =< 9x <=9 
= |2x|> V3 


Hence, A is correct. 


2n*4+1 
; n! )5n°41 
I= lim = 0° form 
n>o\ yn” 
2n*+1, n! 


I= aos el n" 


2n‘+12 


r 
lim 5 ¥n(=) 
=e on tla \n 


lim 2+1/n Sin vr 
=e? 54+1/n? fa \n 


2} 
—|Inxdx 
2a) 


act. 


ig. 
=e an 
eZ 


Hence, C is correct. 


72. 


; [12x41 ]J+[2?x+27]+[3?x+37| 
lim — 
of HP ssscevess +[n°x+n? | 


1.149 


1.150 DIFFERENTIAL CALCULUS FoR JEE Main AND ADVANCED 


[Px }#[2?x Jpn [nx] 74. in «(pen t- heme) =0 


I= an a? x>0 f( ) 
: f(x) 
I tim(#(x)+In(e -1)-#(x)-Inf(x))|=0 
Me oe he eee +n 
+ lim - mas 
a n lim In =0 
A x30 f (x) A 
I, Hence, lim f (x) >0 
x0 
Using Sandwich Theorem, ~~ 0). : 
17x 1427x1437 x -1tccecssen. *x-1 u 
lim — ema eae - z als << Hence, A is correct. ; 
— ” 75. If AC =a units 
(VP OP esas +n )x , 
lim a,=EC= — units Cc 
n—eo n° 2 B 
D 
L-x &Le= 1 A= Areas of A Removed = 
1 jaar 
3 3 
A 9352 383.92 49? YB a2 4 adasadasies 
So, l= 3 + 3 : 4 4 
; Where a, is side of A formed when process is repeated two 
Hence, C is correct. Wimes and so on 
| 1 1 2 2 2 
73, lim —+ sissies eis ———_— _ V3) a a 2fa 
n>oona natl na+n(b-a) A gh 4 a. 4 +3 8 SHisccaascuses 
lim x 3 : 2 
n>on| pj a+r/n _v3 av/4 V3 2 rl 
41-34 4 
b-a 
= b-a . 
J —~ dx =In(a+x) |p Now Area of AABC = | sq unit 
= In(b/a) = Bye Then A= 1 
Hence, B is correct. Hence, B is correct. 
MULTIPLE CORRECT ANSWER TYPE 
1 ABD .. Bx* 43 
va... 1 C) lim ————~sgn x 
x ae sin (1/-vx ] i x0 xX +X—5 
A) lim = lim x7 =0 2x2 43 
x00 an X00 Ux xX lim Rex9s5 7 = 2 
vx ay ee 
D) nh, = 
E xo x" —9 
i fl . )t i (1-sin x) 0. 
im (1—sinx )tanx = lim = —form 
B) et xo cotx 0 He 20 
2 2 A) limf (x) may or may not exist. 
xa 


Use L — Hospital Rule 
. -—COSX B) lg(x)|$M=>-M<g(x)<M 

= lim 5 =(0 
aa —cosec”x 


Hence, lim f (x).g(x)=0as lim g(x) = finite value 
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C) If lim|f(x)]=|L| 80. B,C, D 
oes A) It may or may not exist 
Then, limf (x) may or may not be L only B) Itis correct 
xc ; f{x)= &g(x)=2- 
D) If f (x)=g(x)Vx #0 C) Itis correct eg x = 
. as x >0 
Then, limf(x)=L, Then lim g(x) will also be L. D) Itis correct 
x>c x>0 81. As 


78. A, B,D 


: : ‘ 5 ee iil 
lim xcos x = lim | x | sin x = lim xcos — = lim)xsin—|=0 
x30 x30 x30 x x30 x 


If lim f (x) =a, Then y =a isan horizontal asymptote. 
x— 00 


1 
Now cos x,cos—, sin x all lie between [—1,1] 
x 


x 
A) lim | L =1, Hence y = 1 is an asymptote 


x—+00 X + SO, 
[x| => -X< xXCOSXSX 
lim = -—1, Hence y = —1 is anas tote se ; 
i5-:x 4] y on Similarly —| x |<| x|sin x <| x| 
2x 1 
B) lim =2 & —x<xcos—<x 
eae cae | x 
: 2x = 1 
lim =-2 for y=|xsin 1 
Sere | ae. < x 
sin X Ng ad me 
C) lim ——=0 By, %, y =|xsin—| <|x| 
x0 x" +] > Xs ~ 
lim = =0 . x \ Hence, all graphs will lie between y = |x| & —|x| and will 
x0 x +] AY ” have a limiting value at x —0. 
Dy: ia eat (2x +1) -0 ( ( } ) 7 Hence, A, B, C, D are correct. 
cre ; 82. A, B, C, D 
: -1 
— cot (2x - 1) = A) It will depend whether P(x) = 0 has 1 as a root or not 
79. C.D B) A rational function may or may not have a vertical 


asymptote. 


For vertical asymptote at x = a : : ti 
ee C) For vertical asymptote, there is no condition on value 


lim f (x) = +00 of f(x) at that point. 
5 D) For a function, it can have at max two horizontal 
A) iim [x || 25 asymptote. 
x>-l x41 83. A, B, C 
2 
2 n-l 
: —6x—7 A) lim| ——]| =1 
By. dig, ag 
ae x+l1 aol n+] 
x41 B) &D)as(—1)"is not defined when n co 
im =00 2 
ee C) lim > 0 
lim noo 
C) x5-1x41\ 
x7 +1 84. A,B,C, D 
lim i = —00 a 
xo-1 : 1N X7U 
ah A) li =0 
So, x =—1 is a vertical asymptote x30 X 
a sin (x a 2) Sis B) lim (a cos? x+bsin? xr} = Does not exist 
+ X70 
sin(x+2) 7 el 
D im ————— C) lim xsinxz = Does not exist 
) 
x1 x+l NX . x0 
sin (x +2) 
m ———=-° D)_ lim tan (xz) = Does not exist 
x>-1 x+l x20 
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85. B,C, D 
ft ei 
‘ xl 
re sin[x] RHL 7 
im 
oe [x] LHL‘ 
lim —— = not defined 
xo 


I/n 
B) in| = = lim “_ =0 
x>0| 7 (a) 


Cc) lim [sin sin! x| 


xl 


As RHL will not exist & 


LHL > lim [sin sin”! x| -0 
xol 


D) tim | sin sin x| =1 
2 


86. A,B 


0 
; o ( *) RHL 7“ 
1, = lim cos "| sec] x —-— 
x58 4) }LHL 
A 
m/2 
bee ed ( *) RHL 7 
1, = lim sin | cosec}] x +— 
a: 4)}LHL N 
4 
—t/ 
( *) RHL 7 
1, = lim tan] cot] x+— 
ae: 4)|LHL\ 
4 
n/2 
n)|RHL 7 
1, = lim cot | tan a aN 
a 31/4 
87. B,C 
2 
tan = ell 
(x?-[x}} 
f(x)= 1 ,xX=0 
{x}cot {x} 5x <0 


A) RHL > Limf(x)=1 
x>0° 


LHL -> Lim f (x)= Vcot! 


x30 


B) 


C) cot! 


B) 


C) 


Lim f (x) = vcotl 


x30 


- BC 


2 
lim r(x) =cot cot! =1 
x30 


: 2 2RHL/ 

la A LHL\, 
+1 
tan | 


—~. tan(sgnx) RHL 

NOie fn Ce? 

x30 sgn x LHL, | 
al 


. A, B,D 


nl 


f(x)= lim x 
( ) i300 14x22 
ins a 
= lim x 
no 1 
1+ 5 
x n 
li f 
Ay ima) 
ee “7 
= lim lim XxX =2 
x—-0 n—->00 1 1 
+ 2n 
ee 
Limf (x) = lim lim 
B) x>1 x>1ln>0 1+ 1 
2n 
RHL = 2sin1 
LHL = 1 
oo" oe ca 
RHL 
C) limf (x)= lim lim ———*~— 
x30 x0 n->00 14+x22 LHL 7 


90. 


91. 


92. 


jing 
p 4: . ; = 
D) lim f (x)= lim lim —————— = 0 
x00 xX—>-0 N00 1 
1+ a 
x n 
B, C, D 
. . ax +1)" 
L= lim i (x)= lim 
x00 x>o0\ bx +2 
= iin a+l/x \* 
x>0\ b+2/x 
L=0ifb>a 
L=oifb<a 
Ifa=b 
L=(1)” form 
L in( 5-1) 
ax+l—ax—2 
__ cial ax+2 } 
age at2/x ella ore 1/ 
B, C 
mx? +n,x <0 
f (x)= nx+m, 0<x<l 
nx? +m, x >1 
A) lim f(x)=m 
n>0° 
lim f = 
on (x) " 
lim f (x) will exist only if m= ny 
n>0 
lim f (x)=m+ 
lit (a)=men 
lim f =m+ 
c) limf(x)=m+qy 
limf (x) will exist for all values of m & n 
n->1 
A 
2x 
[ sin” tdt 
I= lim + 
x30" x? 


Applying L-Hospital Rule 


. 2sin™ 2x —sin™ x 
I= lim 


x>0° nx 


n-l 
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Ifm=n -1 

—2mtip 2-1 
n n 
Ifm2>n 
I=0 

93. B,C, D 


lim [ve -x+l1 -ax-b} 


x00 


I 


i x? —x+1-(ax+b) 
im 
9" Ix? —x+1+(ax +b) 


os (1-a”)x? -(14 2ab)x +(1-b’) i“ 


ne Vx —x+1+(ax+b) 


>a’ =1 & 2ab+1=0 


>a=+1& oe & pee 
wel 2 2 


4 ) a= —-1&b= sis invalid as limit will not be zero 
Hence, a=1, b=-1/2 


lim sec?" (k!xb) = lim sec” (Multiple of 7) 


no no 

=1 
lim sec?" (k!na) = lim sec” (Multiple of 7) 
n->0 noo 

=1 


94. A,B,C, D 


X —cos” Xx 


1, = lim 1 


xoo VY x+sinx 


‘ hdx 
1, = lim 5 5 
hoO" ho +x 


= lim hx a tan” (=) | 5 
hoo oh h 


= lim tan | —/—-tan | -—— 
h>0" h h 


=T 


95. A, B, D 
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B) 


C) 


D) 


Assertion-Reason Type 


96. 


97. 


xX 


As f(x) = =1+ 


[x] 


Xoo Xoo 


lim f(x) = lim [ 


(es) 
[x] 


+h) 
[x] 


And lim[x] does not exist. 


X— 00 


Hence, Discorrect. 


n+3 


co 


As)’ 


2" (n? +3042) aati 


1 
o( = =] 


1 
35 ‘in +1) =| 
1 i & 1 ) ( 
= + + 
E | 2-3 22.4 
ai. 1 
2. De?) 


n+3 


1 


Now Dey .y 


2° (n?+3n+2] 2 


1 1 )- 
ae eee 


99. 


100. Number of circles 
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lim 


X00 (d+1/x)"" Hey dS ey) 


a 
3 


noo 


As lim [x+3 tia? ]-0 
(41/3) “Aix ax y 


= lim 


1/27+x/3 


i 
3 


lim 


x00 ] 2 3 2 2/3 
[x+4] +(x3 +x ) +(x +1/3)¥x? +x" 


Similarly, lim x 
‘am x00 


x70 


Hence, A is correct. 


As lim x* >1 
x00" 


=> lim ie -x*) =-] 


x>0° 


& lim x*(x-l)=-1 
x>0° 


Hence, B is correct. 


_ Subtracting, (I) from (II), we get 


yy af 3 3 
itn ax + x2 33 x? 


3 


Let side of triangle is ‘a’ 


=> a=2(n-Dr + 2reot = = 2r(n-1+ v3) 


1 


98. 


Hence, A is correct. 


x70 


lim (ae ro 3/3 a 


lim 


n—>00 2/3 
(x x2)? 4 


101. 


102. 


2 
n(n +1) a 
T 
Area of circle _ 2 2(n—1+ V3) 
Area of triangle V3 y 
—a 
m(n +1) 


~ 23(n 14.43) 
x(ny(n +1) Br 


lim —— 


n> 2/3(n+/3-12 23 6 


Hence, C is correct. 


f(x)e* ? 


Let f(x) = ; 
ex /2 


e* F(x) +X f(x)e* ’ 
x’ /2 
e 


lim f(x) = lim 

x70 x70 x 

et 78" (x) + xe* /7f (x) + (xf (x) 
+f(x))e™ 7 +.x7£(x)e* ? 


x2e* /2 er? 


= lim 
Xoo 
f(x) + 2xf (x) + f(x) + x7 (x) 

= lim = 


; 0 
X00 x° +1 


= lim f(x) =0 


x—00 


Hence, A is correct. 
Let side of AABC = a units 


1 V3 a 


Gy =-—-xX—a =— 
a on ae 


Now, (1, +Iy y + (1, =%)° +(V3(n -)) 


=> +m =2(4-1) . 


31 =I, 


- 108. 


Cc 
Sum of areas of all circles 


Ve!) 
(1; +15 +...] 


_ m/3 _3n 
1-1/9 8 


Hence, D is correct. 


Limits 


x>0° 


Vx 
103. RHL—> ints ‘|=0 


ix 
LHL > lim : ‘ea 


x>0° el 
Hence, B is correct. 


sin (cot” x) 


xo (m-2x) 
2 
sin (tan? h) 1 
lim ——-———~ = — 
10 = Ah? 4 


Hence, D is correct. 
. -RHL > lim cos '[cot x]=7 
co 
2 
LHL > lim cos™'[cotx]=0 
xo 
2 
So, lim f(x) does not exist 
™ 


x3 
2 


Hence, D is correct. 
Comprehension Type 


f(x) =x[x[x]], x €[-1,3] 
x=-1,f(x)=1 


For x €[-1,0), f(x) =0 
x €[0,1), f(x) =0 
x €[1,2), f(x) =x 


2 >} fa =4x 


[F.2}.t00 =5x 
3 


x = 3,f(x) =9x 


Xe 

xé€ 

: : 13 

106. As f(x) =13 is possible when x = a 


>a+b=18 


Hence, B is correct. 
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107. Limit of f(x) does not exist at * = —1,1,2,5,3 


lim f(2sin x) = lim f(+2cosh) = 2 
om h>0- 
2 


Hence, A is correct. 


Comprehension 2: 
2 at | 


108. 


109. A: lim ~ 
xo |x-1| 


> 


lim = 

xo! |x-1| 
Approx f(x) does not exist. 

B: lim ——— =4, lim 22574 _y 

: x32 [x]-3 

Approx f(x) does not exist. 

Oi ag, fies 

x90 2-2"x 2 
Approx f(x) exists. 

Hence, C is correct. 

- (oh = 2) 


lim —-—————— = -] 
x20" [x]+ | x | 


lim aad 2 = lim 


x90 [x]}+ |x| x0" —l-x 


110. 


Approx f(x) = -1 
Hence, A is correct. 


dW. lim f(x)=0, lim f(x)=a 
x>0° x>0° 


For approx f(x) to exist [|-a |] <1 
=> 0<|-a|<2 

=>2<a<2 

=>ae(-2,2) 

Hence, B is correct. 


Comprehension-3: 


112. f(x) |=] P 
x 


Atx=0*, f(x)=0 

InI* quad, f(x) =0 

Inf" quad, f(x) =0 

atx =n, f(x)=0 

Int & IV" quad, f(x) =—1 


Hence, D is correct. 


113. As fof(x)=0 
=> Hence, C is correct. 


114, lim g(x) = limsgnf(x)=0 
x70 x>0 
Hence, A is correct. 
Comprehension-4: 
i tdt 
V 
0 (a + ') . 
lim 


x>0 bx—sinx 


: x? 1 
=> lim ies 
>0 - 
x (a+x'] COS X 


115. 


For limit to exist and non zero > b=1 
Hence, D is correct. 


lim rr are 
116. x90 (I—cos x) (a+x')” 


yl > 
>a=8 


Hence, A is correct. 


x2 1 1/2 2 
117. lim - = 
x0 l—cosx ]\9+x!' 3 


Hence, B is correct. 


Comprehension-5: 


: (p,a; +p.a} +---+p,a; —1) 
lim 9 sO 


U8. jim F(x) = 
x>0° xX 


x>0° 
=m el? Ina,+p, Ina,+---p, Ina, ) 
x0 


PigP: — aPn 
By’ Ap. 28, 


Hence, C is correct. 


I/x 
119. F(x) =(p,af +p2a} +...) 


1 xX Xx 
log F(x) = oe (p,ai +pa5 +4 


log(piat +pa5t... 
lim log F(x) = lim 


x00 X00 xX 


Xx Xx 
= tim 21 Ina, +P,a, Ina, + 
as x x 
aoe Pia + P2a2 + 


P| Ina, +p3(a,/a,)" Ina, + 
m 


a Pi +P2(az/a,) + 


=Ina, 


=> lim F(x) =a, 


x70 


Hence, C is correct. 
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. Put, x =-l/y 


log(pia;"” +pyay 7 +...] 
lim log F(-1/ y) = im ———_ 
y>0 y>0 -l/y 

pa; Ina, +pya,” Ina, +...+p,a,/” Ina, 


—l/y —l/y -l/y 
Pia; + Ppa. ° +e" Ppay 


= lim F(x)=a, 
X—-00 


Hence, D is correct. 


MATCH THE COLUMN FOR JEE ADVANCED 


n-o 


3 
121. A) lim on'{m(e2+ 3) | 
non 


. 2 1 2 
lim cos” | nt eae a 
neo 3n 3n 


: Tt 
lim cos” | nt+—+—+ 
n>o 3n 

x | 
cos’ — = — 
3 4 


B) lim nsin {2x14 n? l+n °) 


noo 


= lim os am(te 4) | 
noo 


= lim nsin( 2m 1+ + ) 


no 


= lim nsin= =T 
no n 
C) lim(-1)" sin{nVn? +0-5n-+1)sin Ba 
n> 2. “Zhi 


lim (-1)" sinnx eee as cos| 
noo 4n 2n? 2n 


lim (—1)" sin] nt+— Fg Eye. leash = 
noo 4 2n 2n 


f|- 


(= } 
——-1 |x 
D) lim e\*~* 
x—00 
2ax 
: ; 2 
lim ex-* =e" =e 
X00 


1 
— 
2 


A>Q,B>R,CP, DP 


122. A) lim vx" —x-—l-ax-—b 


lim =e <1-(ae+by* 
98 ig ee aah 
(1-a*)x? (1+ 2ab)x-(1+b") 


lim 
Been vx? —x-l+ax+b 


For limit to be zero; a* =1, 2ab+1=0 


>a=+1,b = oF a=-1, D=1/2 
(a,2b) => (1,1) which lies on 3x -2 y-5=0 
(1+a°)+8e!” 
x 14(1—b* Jel” 


9+a3 


2=h° 
=> 5 +a t 2b? =0 veces (1) 


=> (a,b? Jcanbe (1,-3), Ga 
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For 15 x—2 y-11=0 2 a-l 

_ n*sin? Zn : (sin Zn)n 

r C) lim == lim =0 
S15§ a = 2b S11 HO) sessseasisnrensiessasseeceoieeses (I) n90 n+l noo = 14+1/n 
Solving (I) and (I) => a> +15a—6 =0 D) log,(2a—x)= (log, x) has only one solution at x =a 
Which will have a real solution A>S,B>R,C>P,D>Q 
&b? #2 
124. A) lim ( xtvx - x-vx] 
C) lim x4 =x? +1-(ax? +b] Xoo v v 

x00 


xa 4 l<a*x" = b? =2ebx~ Vx 


i = lim 
we vx4 =x? +1+(ax? +b] in | 


(1-a”)x* -(1+ 2ab)x? +(1-b’) =| 2 |. 
x00 Vxt—x? +1 +(ax? +b) = x90 Ha divx +y1-1/ vx 


sin 2x — 2 tan x 


B) lim 


ee oe ae x90 In(1+x’) 
2 
C. . 2 
& (1+2ab = 0) OO? oeugem x) 48 
‘  =hm x 
=> (a,—2b) oy y 0 cox x? In(1+x’) 
=(1,1) >> =-2 
7 _¢_py7 * ; . Se 3 
D) lim ~ =(-a) = 7(-a)® =7 AN C) Jim Insin x In(x (x +e)) 
xa x —(-a) : .) : 
V~ i 
a=+tl>a=-l (asa<O) = lim In _ z =in( - 1 
x0" x" (x +e) e 


so, (—1,2) lies only on y = 2 


. m8 
123, A) £(x)=|x-al|+|x-10|+|x-a-10| D) 2n| sin @| +21 | cos® F -- 
Atx =a, f(x) =}a—10|+]-10|=10 (Min value) 5 
2 => |sin8|+|cos@|=— 
Atx =10, f(x) =|10-a|+]|-—a|=10 (Min value) 4 
Atx=a+10, f(x) =|10]+]|a|=10(Min value) roo=(3} 
_ x(1—cos2x)* —a(sin x — tan x)’ 
B) lim ( : iG : ) x 
x0 tan? x + asin” x lim| 2x 4 -¢ 
_ 5 x00 5 
x ‘ial , (2sin x/2) 
i sin? x \ sinx cos” x sin? x A>S,B>P,C>Q,D>R 
= lim 
x0 sin” X sin® x (sec® x + asin’ x) 1egede 
125. A) lim— 
x0 e* —e* +x 
4 r 
= lim 4{ ba sa r (sec® x +asin’® x) lim Z5ma% = lim acos 2x =4 
ees cos x{2sin cos) x90 2xe* —e* +] *904x7e* 420% —e* 
1/x 34x) seo 
ed B) lim (=) = lim AC ie 
> x30 \ 3-x x>0° 


2 


= lim e?-* =e 
x30" 


2/3 


=>pt+q=5 


— tan x 
5 


3 
C) ian tan” x 


x0 x 


3 4 2 
=1 (Ascoeff of x? in pe SS eo 
3. 15 


Limits 1.159 


lim x+2sinx 
D 
) x0 Ui Reins i al tn eg 
(x+2sinx)(vx? + 2sinx +14 dei x x4 i} 
lim 
x0 (x? +x +2sin x ~sin? x) 
(4 2805 (Vi? 2sinx 41+ Vin? x—x +1) 
lim x 
x0 2sin x “a 
1+x+—— - —— 
x x 
= 2 


A>R,B->S,C>P,D>Q 


Review Exercises for JEE Advanced 


tan(a + 2h) —2tan(a+h)+tana 
h2 


1. (i) lim 
h>0 


lim 


tan(h)(1+ tan(a + 2h) tan(a+h))—tan(h)(+tanatan(a+h)) 


h30 h2 
h 2h °K) 
a [tan(a + h)] ———— “ ) [1+ tana tan(a + 2h)]_ 
h>0 e Db 
AY 
2si “A) ” 
= 2tanasec’a = _ # (& 


cos a 


34 +tan7 3x — 3h sin | 3x 
(ii) lim 
a= wie sin"! 2x -— vi +tan7! 2x 


: tan”! 3x +sin7! 3x 
lim = aI 
x00 | tan” 2x+sin” 2x 
J1—sin7 2x +14 tan™! 2x 


+ (1 -sin! 3x) + (1 +tan7! 3x)" (1 —sin! 3x) 


15. \23 1/3 
(1 +tan 3x) 


= -—-—xX-— = —| 
2 3 
2. @ lim a 2x COS 3x 
x0 sin* 2x 


li sin x cos 2x cos 3x +2sin 2x cos x cos3x + 3sin3x cos x cos 2x 
= lim 
x30 2-2sin 2x cos2x 


_14+44+9 mel 
8 4 


(sin x — tan x)? —4xsin* x 


(ii) lim 8 
x>0 gin *x(5+8sin® X COS x} 


Cu 2 
~ .. 1—cosx 4x 1 
4 — =lim ( ae ; x 
x0) cos’ xsin” x sinx (5+8sin’ x cos® x) 


= 
5 


WwW 
oO” 


1-V1+x? cosx 


3. Gi) jim 


x0 tan” x 


2 4 2 4 
1 ce - “lp : ee) 
(D) 


Coeff of x* 
Hence, from (1), 


in Numerator = — 


1 
—x* +ax° + bx? +... 


lim ; 
x>0 3 
x 5 
X +—+—x?+ 
_l 
3 
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Gi) im V1+xsinx —J/cos 2x 


x0 tan? x/2 
. (l-cos2x + xsin x) 
x0 tan“ x/2 
1 


Vl+xsinx + J/cos 2x 


sin x(x +2sin x) 
oe une 


= lim 
mo tan? 2 
2 
1 
(V1 +xsinx + cos 2x) 
ie sin X (1+ 2SnX 
x>0 X xX 
x? 1 
7) x 
tan“ x/2 (V1+xsinx + J/cos 2x) 
=6 


1 2 2 2 2 
4. (i) lim aes 408 aeeus ae 
8 2 4 2 


fl 2 
1—cos 7 1l—cos s 
2 4 


_— li 
= a 
_ 2sin?x7/4 2sin? x7/8 
= lim x 
x70 x? x’ 
wget gl 
16 6+ 28 


Bs pte 2 
. sin sin tan | x*/2 
ay, sisinen( x) 
x0 In cos3x 


sinsintanx?/2 sin tanx7/2 


x30 sintanx7/2 tan x7/2 


tan x7/2 < X (cos 3x —1) 


x?/2 orn = 1)(cos 3x —1) 


sin (3x +a)—sina 
5. . —3(sin(2x + a)—sin(x + a)) 
lim 5 
x70 x 


2eos( **£2" )sin3x/2— 600s 


(75578 Jina 


3 


= lim 
x0 x 


2eos{ 2828] Ssinx 4sin® sin 


‘ 2 2 
= lim 
x0 x? 
; 3x +2a ) sin*x 2 
= lim—8cos =-—cosa 
x0 


7s (-x)(1- hk ‘(1- x? = 
Boel] 


Divide Nr &Dr by (1—x)"" 


=| 


7. lim 


(Bees) ] 


= lime 
no 
11 1 
[+4 ++: tr }iener power of | 
: 2° 3F 3 
= lime 
no 
= e 
2 Fi log sin 2x co 
8. y= lim (login sin 2x) =I" form 
x90" 
in( (log sin 2508S og sin2x (1) 
aur log SINX  —_s] is tenet nett eee ee eee e ects eeeeees 
y=e 
: log sin 2x — log sin x . 
Now, lim (log - é dod si 2x 
x0" log sin x 
: log sin 2x 
= lim (log 2 + log cos x) x cia ean 
x0 log sin x 


lim ees 24 
=log2 x0 log sin x 


From (I), y=el2=2 Ans 


10. 


11. 


(tan x —sin x)+ 
—I+ 


. vtan x —sinx + ---foo 
lim 


as 14+ x3 +x? feeqfon 
Let y> =t+yt+vt+-- 


=> y" -y-t=0 
1+ V1+4t 1+V1+4t 
= 7) = 7) 


Put t=tanx—sinx &x*? & use eq (1) 


i —1+./1+4(tan x —sin x) 
im 
= ~14+1+4x3 


/ 3 
. 4(tan x —sinx) pea +1) 
= lim : x 
x0 4x (/1-+ 4(tan x= sin xX) +1) 


ait [As Him sn _*) 
9 3 


x30 x 2 


| 2 

I-x 1+ 

‘ 0 x 
lim —*———— _ where x r 
N0 XjXo 0X, 


r+l = 
2 


Let Xp =cos 0 


= X, =cos0/2 


1—x?2 e 
= lim o = jim ane 


N02 XjXot*K, 90 0 0 0 
cos 5) COs 72 -*-COS 5A 


— lim 2” sin Osin @/2n 


n> sin 9 


l= r(n—-(r-))(m-(r-2)) 
2 
— r(m+1)—1r)(n+2)—r) 
2 


((n+1(n+2)-r(2n+3)+r?) 
- 2 


1 3 2 
=5/: -r (2n+3)+r(n+1(n +2) 


12. 


Limits 1.161 


m(ntl? (2n+3)n(n+D(2n+) 


= 1 
Sn = T, rao ‘ 

=I 2 n n(n+1)?(n+2) 

2 
n n-l 
Iirt+ 2) r+--tn-1 

Now lim —=! lo 

n—eco n 


6 


3n7(n +1)? —2n(n +1)(2n + 1)(2n + 3) 


1 | +6(n)(n + 1)?(n +2) 


pa et DOr+)x4 _ 22r+1) _ s| +s 1 | 


6-1 (r+1)" 3r(r+1) 


> lim s, =-T, +7, -T, + T, ++-20 


13. 


14. 


X— 00 


3 


r rtl 


-bhGs)-Ga Ge] 


(dei +5] 


x00 In(x? +1)-In(x +1) 


1 jae 


x 
aa ¥ x+ x2 41 Vx? 41 
ran 2x 
x74] xt] 
(x+1(x? +1) 
ee ees ee 
(Yi? 41)(x? +2x-1) 
(1+1/x)(1+1/x?) 
=-— lim = 


1 


9" V+ 1/x? (14+2/x-1/x?) 
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= lim (=)=o 
X—xteo XK 


which means at x tends to infinity, value of both the functions are 
tending towards same finite value. Hence, they are asymptotic 
to each other. 


_1( x+l1 fx 
tan tan 
x+2 x+2 


15. lim 
X00 1/x 
lim J ie J ; = x 2 7 4 
X— oo (x +1) (x +2) x (x +2) 
1+ ; i 
(x+2) (x +2) 
(-(x+2)? +x?)+2((x +2) +(K+D")) 
lim 
x0 (x +2)? +(x + 1)*)((x +2)? +x”) 
(x42) £2(x 41) —x")x? 
lim 
X00 


((x-+2)? + (+?) (x42)? +x?) 


. 2 4,5 
16. Jim (sin x — tan x)” +(1—cos2x)" +x 


x0 7tan’ x+sin° x +2sin> x 


7Ttan’ x+sin® x +2sin° x 
204 
4sec* xsin’ x /2 : ; 
+24 sin? x +(x / sin x? 
sin” x 7 
7sin? xcos’ x +sinx+2 2 


-1 2 
bs Pee 1| +2 
Xx 


17. A) lim 


[x=1| 


+x|x-1]+2 


1 
x-2+— 
x 


18. 


19, 


20. 


V2 -2cos(n/4+h) 
sinh 


& lim = lim 


tT. T h>0 
X>7 sin} x —— 
4 


V2 —J2 cosh+ J2 sinh 


sinh 


= lim 


sinh /2[sinh/2+cosh/2] 
=2y2 lim = 
v2 lim 2sinh/2cosh/2 v2 


Now LHS = sti2= 1.914 


-— RHS =1o0g0.005 = -2.301 


= LHS > RHS 
dase ee 
lig = 24 
x>-0 x 
ex ll 35 Tx%e ex ll 
e +—e ooo ex 
; 2 24 16 2 24 
= lim ; 
x30 x” 
7 
=-—e 
16 
For r=1, 
d, -2 ry - 
lim 2 lim X24 =2 
x24 x-4 x74 x-4 
vx-2 
= lim 
vs (x-4)[J2+ Vx +2] 
: 1 1 
= lim —————qecxq—“— = — 
4 (Jc +2)( Vo4ve +2) 16 
For r=3 


d, = /2+d, =,/2+,/24d, = fo+24 neve 
= 2+ a+ 2+ve ys) 


x-4 


x74 


Apply L-Hospital Rule, 
1 1 1 


lim 


= abel Soe Na+ dx re 
1 = 
ee 8 
21. jae) 


x" +1 
Case 1: |x |<1 


x"f(x)+ g(x) 


lim = E(x) 
neo x" +] 
Case 2: |x |>1 
lini Fx) +x g(x) _ f(x) 
noe 4x7" 
Case 3: x = 1 
fm XEOO+8C0 _ £O)+ 80) 
noe x" +] 2 
Case 4: x =-1 
lim a Not defined 


n—eo x" +1 


22. tim] 28 || Pen 
x>0 x xX 


>1 when x > 0 


bt 
an x a 


Xx Xx 


= nim] SS") | Pn | tb 
x70 x > 4 
x+20 
2 


23. As f, ()=F+ +10= 


X+20 49 


i G@j=-—__2_ a 


x+20+40+80+160+--- 


f, (x)= 7 


20(2” -1) 


fines 
2" 2 


24. 


25. 


26. 


Limits 1.163 

. fx 20(1-2") 
lim f, (x) = lim + 
n—-co nol 9” 1 
= 20 
If0<a<l, 

7 1 1/x 
fim | =(0)° =1 
xe0| x(a—1) 
If a>l 


xy I/x 
y= lim ie 
x-e0| x(a—1) 
1 *—] 
Iny = lim —In 
X00 X x(a—1) 


x(a=D x(a—Ia* Ina—(a* -1)(a-1) 


= lim 


eS a*-1 x*(a-1) 
—  xa* Ina-a* +1 
= lim ——__ 
X—e0 x(a* 1) 
. a*Ina_ 1 
= lim — 
as (a* -1) x 
= li ( md + )=Ina 
xoel l—a X 


y=1- lim [im (cos (m!nx)”" } 


mc \n—9oo 


When x is rational, m!zx — Integral multiple of 7 
= cosm!mx =+1 
: 2n 
=> lim (cosm 7x) =1 
n—-co 


=>y=0 


When x is irrational, m!7x — Irrational multiple of 7 
cos m !7x = (-1,1) 
=> lim lim cos (m Inx)" =0 
M—oo noo 
=>y=l 
2 
x!8 qx)? 
lim 


. : 1 3 
—__——. = tim( 2-1} =+l=m 
X— oo xX x ool X 
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27. 


28. 


29. 


b= lim x!?7q-x)*? -x 
X—oo 


: x(- x)? = 
= lim 43,2 13 223 
x00 x (1 — x) + x* +x-x' (1—-x) 


, x(1—2x) —2 
= lim = 


X— oo 4/3 2/3 3 
|(L.) ve(1-1) | 
x x 


Now as b= lim (f(x) — mx) 


= lim(f(x)—mx-b)=0 As b is independent of x. 


X00 
y= lim =a 
n> |+nsin~ 1x 
when x is not an integer 
: I/n 
y= lim a = 
n> 1/n+sin” 1x 
when x is an integer 
sin? 1x will be equal to zero 
= nsin’ nx =0 
y = bm ———_,— =] 
n> |+nsin~ 1x 
+2 
. x)+ndo(x)sin* 1x 
y= lim ax) ua y 
neo 1+nsin“ 1x 
When x is an integer 
2 
: x) +no(x)sin* 7x 
y= lim ax) ua : 
neo 1+nsin“ 1x 
= (x) 
When x is not an integer 
x : 
oan (x) sin? TUX 
y= lim = = 0(x) 
noe = 1 /n+sin* 1x 
. Xtanx+2x-1 
lim. ——— 


X00 x+l1 


3 


x 
AS tank = K++ TEX +... 


= Power of x in numerator is larger than the denominator, 
then limit is not defined. 


Now, if x tends to nz+ us 
4 


(w+) -2{ans 1 
4 4 


Tt 
nx+—+l1 
A 


lim 
Tv 
n7nt+— 
4 


lim 
n—co 


a(n) 1 
TY 23 


lim 
neo Tl 
nt+—+1 
2. 
20, lima f(x) lim x~ sin(1/ x) 
x0 0(xX) x30 tan x 
. xsin(1/x) 
= lim — 
x0 ( tanx 
Whereas, 


NOI 


32. 


f (x) = —cos(1/x)+2xsin(1/ x) 


o (x)= sec” x 


; f (x) . 2xsinl/x-—cosl/x 
lim —; = lim 5 
x00 (x) x30 sec” xX 
. > . 1 2 1 
= lim| 2x cos* x sin ——cos*~ x cos — 
x0 x x 
_ = Not defined 
F(x) + n(x) sin? mx 
y= lim 5 
n—eo 1+nsin“ 1x 
Similar to Q.28 
1/n 
(n° +15)(n° +23)..(n3 +n') 
y= lim 
n—-eo 


(n')! 


1 
1 1 2 
3 in(x +1)-=In(x -x+l) 


i ..<j( 3-1 
ee 2] F 
-(in2-34na+ 8 2)-(-82] 


= xIn(I+x°)-3x+3 


=2in2-3+—~ =In4—-3+-& 


v3 v3 


4 
>y = 4e¥3 


Limits’ 1.165 


a . 7 2 =| 
(352.41) Fx 50) ME 527) aS 7. = 
33. lim = = = 
x 3x? —] te 1 22° 80-22x12 
(= af 3 5 12 80 12x80 
tls 
= lim 0 70 _ +1 12x80 _ +40 
; 3 «184 23 
= lim a 23 
x=" (14+ x) (3x? =. => 230b = 400 
= 6Ink=6Ine”? =4Ine=4 35. lim — =finite quantity 
=> [6Ink]= ae x 
De HO seid cacccntseassnaete shen cas steadsities send Seuestates (1) 
Vx? +5 —9)2x3 43x45 
34. bi : ; ie —4sin 4x — 2asin 2x 
x> 
Vx+6 ~ 4x? +6x+4 oh AS 
1/2 
(x? +5} -(9)!” (2x° +3x+5)" *_ a7 i: —2 sin 2x(4cos2x +a) 
= m 
x-2 x30 4x3 
S. r limit to exist, a= —4 
ae (x +6)'3 — gy! : (4x? +6x+4)" > _ ay oe 
x-2 
1 = (-4)4 = 4* = 256 
2, 2 1/2 5 gy) 
Gao er — (2x? +4x +11 £ 
(x? +5-9] ; 
3 ue 13 >» 
((2x +3x+5) ~(27) 
(2x3 +3x+5-27] 
= lim 
x32 


i 2 1/5 
+6989 ay (4x? + 6x +4) 


~ (32) 


(x+6-8) 


4x? +6x +4-32 


Target Exercises for JEE 


* form. 


. (x 4+xt]—x*! 
lim] ——a-—— x 
ra x 

e 


(x +1) 
rc ae 


e x* 


=1 


(x? =9ax* =a" x+ 2a*)+ 2a(x +a)(x — 2a) 


—2x(x +a)(x — 2a) 


=> lim 
Aone x(x? —a \ox- 2a) 
x? Dax” +a?x 429° + Qax? da? 
; =2a'x =x" + 4a*x+ Jax 
=> lim 
2 xa x(x —a)(x +.a)(x — 2a) 


xa 


i a —2ax? —a?x +2a7)(x—2a) | + 2a(x +a) 


x(x? 2") 
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. 9x? 4" ax 4+ Dax = 2a" 
=> lim 
x>a -X(X —a)(X +a)(xX — 2a) 


As Lim x—>a, Numerator tends to finite value & denominator 
tends to zero. Hence, Limit does not exist. 


i 
(a —1)(x? —a? a =| form 
x>al (x—a)? (In a? )(a?") 


__{ (a*-1)(x?-a)-(x-ay' Ina"(a™")) 


(a* —1)px”" +(x" -a’)(a** In a)-2(x-a)Ina’ (a”’) 


> en 3(x—a)’(Ina’ )(a"") 


(a* *=1)p(p-1)x? *4+(a"*px" ‘Ina)+p(x’ ‘\(a* : Ina)+(x"—a" )a* “(Ina)’—2Ina’(a?") 


I 
> a 6(x—a)Ina’(a"") 


in plna(p—1)(a"* }tpa™ (Ina)? +2(In a’ ya? In a+(p—la”’) 
6pInaa”" 


e 


(p—la’? +a" In a+2(a'" In a+(p-l)a’*) 
6a"! 


e 


(p—D+alna 
> e 2a 


1-x 
4. in x12) | 
Xoo x 


Put x = 


Kl R 


wt 


1 
lim —In] e(i+y) ” 
y0 y 


141-“}ina+y 
y 


lim 
y>0 y 


im Jt yD ind + y) 


1 
= y0 y- 
y-l 
1+——+Ind+y) 
>, y+l 
lim 
y0 2y 
=> 2y+inil 1 
fi ee es y 


y>0 2y(y+l)) y>0 yt+l 


1 3 
=> 1+ -=— 
2 2 
— B+ax)? — bin x —c(sin(x — 1) 
lim ; 
xor (x=1) 
For limit to exist, a= —3 
Now, 
a 2 (dl eee ccos(x — 1) 
lim 
xol 2(x — 1) 


For limit to exist => b+c = 0 


Now, 
a 15 gx)!” +? + csin(x 1) 
li x 
Pate 2 
=> b=4 
=>c=-4 


a 4b? +c? =41 


lim 1 1 1+ax 
x90x3 4 JI+x  14+bx 
: (1+ bx) -(1+ ax)V1+x 
=> lim : 
x0 x’ (1+ bx)v1+x 


1+ bx —(1+ax)} 14 ox 


=> lim 
x90 x3(1+ bx)V14+x 


__ lee) 


x0 x3(1+bx)vl+x 


For limit to exist, b—a— ; =0& 


1 

1_a_y 

8 2 

ey es 
4 4 
-1 1 1 44! 

= poe 

16 8 4 16 

2 ~+o=4 32+4=-24 
a 


7. 


1 1 
lim x? (sin xsin? —— E tan? *)en00 
X—oo x Xx 


1 
Put x =— 
y 


. Il}. 1.3 1 3 
lim —| sin—sin" y tan” y 
yo0y y y 


ee) ‘ 
lim asin no | 


yoo y y y cos’ y 
=-1 
nt . 9nt 
ncos* ——+sin” > 
lim 


y=n—eoo ni P ni 
n| cos? —+nsin? — 
2 2 
If n is even integer, Then 


ys iim = 1 


n> yy 
If n is odd integer, then 


. 1 
y= lim — =0 
n—eco n2 
Ifn is Real no, then 
2 nt sin? nt/2 
cos” — + ————_ 
y= lim 
n—co 2 ni Pas?) ni 
cos” —+nsin~ — 
2 2 


n 


= Does not exist 


-I 1 
and =a, +x) = are 
1 
b — 
n+l b+ y 
b.- 
ans n+l nn ay x) 
(a, + x)(b, + y) 
Put n=0 
—x 
eee ame rer eee? (I) 
xy 
For n =2 
a, —b, 


im — ——_ 
xy (x-y)(xt+y) 


b, -a,+y-x 


— li 
sy (a, + x)(b, + y) (x-y)(xt+y) 


Limits 


meee 


= lim “Y 
xy (ay + x)(b, + y)(x+ y) 


=| 
=> lim a 


xy (2 Ie 
xy| —+x || —+y |(x+y) 
x y 


<=] 


~ (x? +1) (2x) 


1 
10. Let x4ex = y 


As x >0, yO 


TT 
: <+ foes 
If n is odd, Je * cos" tdt is finite 


Hence the limit is zero. 


AY Inx ( x ) 
at, < 7 7in 
Me, (1+x) alk 


x90" In (1- x?) +4 2x 


Inx —(Inx)(1+x)* +(Ind+x))(1+ x)? 


li 
x0 : xIn(I-x?) 
(1l+x)°-x- a A: 
x 
2 
(in x)(-x -2)+ Indi+x)(1+ x) 
lim x 
eA In(1-x’) 
(l+x)?] x +42 
1-|x-1], |x-1]<1 
12. f(x-D= 
|x-I|, |x-I1]>1 
X, O<x<l 
_ 2-x, 1<x<2 
7 x-1, x>2 
1-x, x <0 
x+2, —2<x<-l 
—x, -l<x<0 
f(x+lh= 


x+1, x>0 


-x-l, x<-—2 


1.167 
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13. 


14. 


2x41, O<x<l 

0 x=0 

3, 1<x<2 
g(x)=4 2x x>2 

1-2x -l<x<0 

3 —2<x<-l 


—2x x<—2 


tere r (1? -r) 


= tan” 
141? (r?-1) (x? -1) 


= tan '(r? +1) —tan "(1 =1) 


oo 4.2 
ro-r +l 
Now, sot) | —_$_—— 
>, = ] 


r=1 


= tan! (2) —tan7'0+tan7!6—-tan7!2+--- 


= tan”! oo— tan !0 


aw 
2 
(1—cos x) (e* — cos x) 
lim 
x0 x? 


case-1 n=3 


. (1-cosx \{ e* —cosx 
lim 5 
x70 x xX 


. (1-cosx \{ e*—cosx | 1 
lim 5 zs 
x>0 x x x 


case-3 n<3 


. (1-cosx )\{ e*—cosx ) 3_ 
lim 5 x” "=0 
x0 x x 


15. 


1 
x3 
o 


16. 


17. 


a, are roots of ax? +x-—1-a=0 


a+B+1=0 
oB+a+Bp=Il1/a 
l+a 


a8 = — — 
dine is a root of (a+1)x?-x?-a=0 
a 
& (at+1)x? —x? -a=(x-1/a)(x-1/B)(x-Dat) 


In(1+(@+1x? —x? ~a) ((a+1)x3 —x? —a) 
x 


((a+1)x? —x —a) 


G ey ox)(x —1) 
1-ax 


171 1 
“z(t 


--26-«) =a -4) 
a oO 


/ Hence Proved 


1 
= 2 
ee [Ste ie 


x71 x? -1 
lim(x -1+3x) =3 
x71 


2f (sin x) + V2£ (cos xX) = tan x 


Put x= = x 
2 


2 (cos x)+ /2¢ (sin x) =cotx 
=> 2f (sin x) = 2tanx — 2 cotx 


cot x 


2 

x Vix 
lox? V2x 
Now, lim J1—x f(x) 


xo 
x (—-x)vl+x }|_ 1 
Vl+x J2x ae 


=> f(sin x) = tan x — 


= f(x) = 


= lim 


18. 


19, 


20. 
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i 8 y=1l-x-x-1+x=-x 
lim Va — x ae 2log, al’ and 
xa || Ja + Vx (x V4 a) goa “ 82 
y =1—x_-— lim cos”"*! 27x = —x 
n—-co 
(x4 -al#)(xi? +a?) V4 _ a) )(x\? + al”) Hence both functions are identical. 
lj 
ea (x4 Soe 21. f(xty)=f(x)+f(y) Vx,y ER.f(x) =I. 
Solving functional eqn 
ie ae V2 ai”) f(x) =x 
iin ptanx 7 gsinx gsinx Cae =, 1 
Then, lim 5 = lim : 
x90 =x“ sinx x0 2 SInNxX 
8 x" -——"'X 
= {-a'’*} ait x 
a In2 
lim Vax? + 2bx +c —(ax +B) =0 ape 
X—o0o 
(ax? +2bx +c)— (ax +B)° 2. lim We, 


in. $$ —— lim 2 k+3 
x Jax? +2bx+c +ax+B Poa *( ) 


Now 
es ae _ _R2 A) 
lim (a i )x pas 20)x +(c B )_ > Gx)" = Cy +0X +X" +...0,% 


x as 2 aX 
md Vax" +2bx+c+ax+f Multiply by x* & integrate 


n 


2 
=>a=a° & 2b= 208 jas 3 4 
b ‘ x?(L+x)hdx =O 4S +e. 
=>oa=+Va, =—_ 
iva - 1 c 1/n 2 Fy 
b VS ae a7 =[ x7+x)"dx 
= a= Va, rr n? Shnk(k+3) 70 
a — ; 
2 => lim y= lim le x°(1¢x)"dx (D 
Now, lim x(e-B noe Cpnk(k+3) ae 70 
xe Vax? + 2bx +c +0x+B VV 2 n+l n+l 
n 1 Ix(1 
2 I=] x7(1+x)"dx = As) J aes) dx 
_e= 8 o n+l n+1 
ae eae _ 2x(+x)"? ax)" i 
es n+1 (n+1)(n+2) (n4+1)(n+2)(n +3) °9 
a —(b? -ac) 
ie ae +m" 20+y" a+"? 


n+3 n+3 n 
Hence Proved. n"* n"*(n +2) (n 8)(n +2)(n+3) 
CaseI > If x #I 2 


3 Yolo) —s) (n+1)(n+ 2)(n +3) 
y = (1-x)-[1-x]-[x] From (1) 
y = {1-x}-[x] =1-{x}-[x] iy 1 nt] 
y=1+x -tin| (1 ) 21+ ) ee 
noo n n n+2 

and 
y=1-x- lim (cos***! 2nx) =1l-x 2(1+1/n)"*? n? 

a ~(n+2)(n+3) 


Case II > If x =I 
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2n? 
(n+1)(n+ 2)(n +3) 


AS n> ,X14) D> Xq 


Bis a 
=x? =a>x, =iva 


AS xX, is a negative ? x, = aya 


as noo 
24. U, 1 CER. 
Now, if m is smaller than n, then one of the bracket amone 
m(m — 1)(m —2)---(m—(n—1)) 
becomes zero 
=U, =0 
Else, 
Uns a a al & U, A a a 
m n+l 
U n+l 
Forn 30%, lim —?*! ( 7 
noo U, Ok 
: 'm 'in!m—n 
= lim x x 
xoe0!n+1l !m—-n-l 'm 
. —n , m/n-1 
= lim ‘x= lim X=-xX 
noo n+] noo\ 1+1/n 
Hence, lim ™c,x" =0 for all values of m 
n—-co 
25. Let d, =cos0+cos20+---+cosn@ 
_ sinn 0/2 6+n0 
= cos 
sin 8/2 2 
, sinr@/2cos ous 
. dy +--t+d, . 2 
lim = lim - 
neo n neon Ty sin 0/2 


26. 


n>o Zn 


1 ) 
= lim —sin@/2 6+ — |+sin(—6/2 
im ; sin ¥ (sin 4 sin( | 


1 
sin—0/2)+ sin(r6 + 8/2 
=z ar iin(? 2< ) 2) | 
eae aa 1 etna!) 
noon sin@/2 
__1 0 es 
~ F6in6/2| cae Guaadia ~ 3 
sin} ——+—_——_—_ 
2 
= fim ETO Pete 
neo n 
hm ef er tts Fd, -0 
n—co n 


Similarly, s, =sin0+sin20+...+sinn@ 


. . n0 
) sin 2 Q A nd 
= sin 
sin 8/2 2 


km S, +S, +...+8, lina Ly a sin( 2) 


aes n neon ty sin 0/2 2 
, lim — >y cos (6/2)- cos (r0 + 0/2) 
Jin 


1 : 


_ cot@/2 
2 
Hence Proved. 
. TX 
x7" sin + x? 
= lim 
Gee x7" 4] 


If x=l1, or-1 


y = lim ———2-—_ =] 
neo x41 
If |x|kl 


y = lim ——_——-= x 

neo xB 4] 
If |x Pl 

_ sinmx/2+x77" sox 
y= lim = = sin 

nee 1+x 2 

1, x=lor-1l 
=y=) x’, -l<x<l 
sin, x<-lorx>l 


X"O(x) +X "@(x) 


n 


27. y= lim 
neo Xx" +X" 


case-l:x=1 ofx=-l 


— 0%) + G(X) 
a 2 


case-2: when |x|<1 


2n 
y= tim 2270+ 009 _ 
noo x” +1 
case-3: when |x > 1 
—2n 
ime aS ae 


nee 1+x 


Hence, y is composed of two parts of graphs (x) & (x), 
together with two isolated points at x = +1. 


: be . 
28. y= lim lim —arctan (n sin? m!nx) 
m—>oon—->eoo 1) 


Case 1: When x is rational, sin? m!x be equal to integral 
multiple of = & is equal to zero. 


= tan! (n sin? m!7x) =0 
=> y=0 


Case 2: When x is irrational, sin? m!nx is always positive & 


: na j T 
a fraction, then, tan™! nsin? m!zx_ tends to 5 


=>ye=l 


29. 


30. 


31. 


32. 
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cos” |1—cos? (1-cos? (---cos” x)}} 


lim 
x0 nAkt4=2 
X 
Now, as 
Vxt4—-2  (x+4)-4 _ 1 
x xX(V¥x+44+2) Vx+4+2 
. vVxt+4-2 #1 
lim ————— = — 
x30 x 4 
& lim cos (I-cos? (1-cos? (---cos” x))}=1 
x70 
2 2 2 2 
cos* {1—cos (1-cos (---cos x)}} r 
=> lim = 
x30 2) T 
x) ~-——_— 
x 
As X, =VatvVatvat ---0 
=x, = atx, 
=>x)-x,-a=0 
x _ 1ltvl+4a 
. 2 
As x, is positive > x, =1+yl+4a 
1 1 1 
[x]+—[2x]+—[3x]+...+—[nx] 
p) 3 n 
1 1 
=nx —} {x}+—{2x}+---—{nx} 
2 n 
Now, 
1 1 1 
[x]+ —[2x]+ —[3x]+---+—[nx] 
= lim —— 3 n 
n—>oo n(n+1)(2n + 1) 
6 
1 1 
of (x14 4 2xde Lima] 
: 6nx : 2 n 
=> lim lim 
5 “(= +1)(2n4 =| nen n(n+1)(2n +1) 
=0 
let y = sinx + 2sin* x +3sin? x +---00 


xy = sin? x+2sin? x +-++00 
(l1—sinx)y =sinx +sin” x+sin? x +---c0 


sin X 


~ (=sinx?? 
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1 
Now, lim (a —sin x)°£(x)}siax 
T 


x3 
2 
= lim (sinx)/"*"! 
xoe 
2 
1 
wdies a GiaxD 
xoe 
2 
1 
33. v);=—<2 
2 
1 1 1 1 
Y= tS st se 
2 24 2 2 
1 1 1 
Now, U, ==+2—+2——— 
2 2:4 2-4-6 
2 1) 1 r 1 
2 
AS n> 0 
lim U, <=+ : re oo 
n—co 2? 33 


=> lim U, < ue 
neo 1-1/2 


=> lim U, <1<2 


n—oo 


Hence proved. 


34. him ge ee 


n-eco n-nk 
1 
12 k 1 k+1 
= lim +y(+) = x*dx =~ 
noon i \n 0 k+1), 
ol 
k+l 


Now, coefficient of x"? in (x - i (x - 2k)...(x - nk) is F(n) 
=> F(n) = 12" 4 1"3K 4...4 23 4 okqk 4.64 (in —1)km* 
=>, ae 
1SSjsa 


NSE > *t- Da 
g” Isisni<jsn oj 


ey 2 


1. lim g(f(x)) = ef (0*)= g(sin0*) = 2(0°) = 
lim g(£00) = g(F(0-) = g(sind- )=g(0")=1 


= Hence, lim gf (x) =1 
x0 


sin(l/x) | 4 
rt en v ay, 
2. lim aa ae = fim |— 2 de 9 
X—-00 1+ X—>-00 
(+1xP) a 
x 
3. BD = Jr° —(h—r)* = V2rh—h? 


BC =2V2rh—h? 
Area of AABC = hy2rh—h? 


fey 8 
ALO ig 


3 3 
ere 3 (VJ2mh—n? + V2) 


fie 
98 (J2r—h + Vir) 
1 


= lim - 
x0 xcosx+sin x 

4 
: 2cosx 
= lim : 
x30 sin xX 
cosx+ 


10. 


11. 


12. 


13. 


14. 


. Ind+2h)-—2Ind +h) 
lim 


ra) h2 
1+2h 
In 1 
. (1+h) 
lim ———.——= 
h0 h2 
42 
In} 1 2 
: 1+h*+2h 1 
lim 5 5 
ho0 —-h 1+2h+h 
1+h? +2h 
=-1l 
Consider Pepe a8 sage AS 
x-a |x-a| 


Then, lim f(x)xg(x) exist but lim f(x) or lim g(x) 
xa xa xa 


does not exist. 
Hence, it is a false statement. 


lim f(x) = lim 
x00 x—00 


Hence, C is correct. 


. 1 2 n 
lim aa aoihirveesch 5 
n>o\]—n l-n° l-n° 


. 4+2434+.....4n) 
im ————————_ 
n> (1 =n?) 

. n(n+1) -l 
lim ———— = — 
n>00 2(1 —n? ) 2; 
Hence, B is correct. 

sin[x] 
f(x)=4 [x] 
0 ,x €[0,1) 


missin 
x30 h>0 [-h] 


,X € (—0,0) U[], 00) 


=sinl 
lim f(x) = lim0=0 

x>0' h>0 

.. Limit does not exist 
Hence, D is correct. 


n 
So, 
lim — =0 
x0 @* 
= For n is any whole no, it will hold true 
Hence, B is correct. 


2x 1 


im | * )=tim = 
x>0\ tan” 2x *>02(tan™ 2x) 2 


Hence, B is correct. 


1/x 
: T 
lim} tan} —+x 
x0 4 
(fs) 2tan x 1 , 
lime\"™"* /* =lime x !tanx =e 


x0 x0 


16. 


17. 


X00 


18. 


19. 


20. 


21. 


Limits 


12 r 
lim — 5} — 
noe Na yn? +r? 

12 r/n 
= lim 5 
noe N iy 1+(¥/) 
+ x 
=| dx 
0 1+x? 
1 5/7 
=—x2yl+x?| =J5-1 
2 0 


Hence, B is correct. 
x tan 2x —2x tan x 


lim i 

x0 4sin™ x 

lim a a aan 
x0 4sin” x L1—tan* x 

1 x 1 1 1 


lim ——.- =" a = 
2x>«sinX cos’x l—-tan’x 2 


Hence, C is correct. 


tim (23) = im (Ee) _ 


x+2 


Hence, C is correct. 


sin (cos? x) sin (sin? x) 2 
lim = lim 
x0 x x0 


msin? x x? 


Hence, B is correct. 


(cos x —1)(cosx -e*) 


L=lm 
x>0 x? 
xX 
. (cosx—1) (cosx-e ) 1 
= lim : x 
n>0 x2 x xn3 
For L to be finite non zero, n—3 = 0 
=>n=3 
Hence, C is correct. 
. ((a—n)nx — tan x)sin nx 
lim =0 
x>0 x2 
. sinnx tan x 
>nlim a n)n =0 
x>0 nx >< 


=>(a-n)n-1=0 


1 
>a=n+— 

n 
Hence, D is correct. 


1 sinx 
lim] (sinx)!”* +] — 
x30 x 


sinx 
= lim(sinx)* + lim] — 
x70 x>0\ x 
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msin~ xX 
x =X 
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22. 


23. 


24, € 


25. 


26. 


Inx 


lim 
=e cosec x 


limsin x In(1/x) 
=0+e™ 
. sinx 
lim tan x 0 
=e x =e = 1 


Hence, C is correct. 


sec” x 


J fat 
lim — 
Rass? nm 
16 
f (sec? x} 2sec” x tan x 2f(2) 8£(2) 
lim = = 
eo 2x nt/4 Tt 


4 

Hence, A is correct. 
x 

lim Massena) dt 

x0 x" t +4 

afin xInd+x) _ 1 

aoe (x* +4)3x? 12 


Hence, B is correct. 
n(l+b") _ ob sin? 6 
2 2 
1+b 
ee eae =1 as = >1 
2b 2b 


3pei2 
2 


Hence, D is correct. 


2 
jn he ees | at 
X00 xt+l 
_ (-a)x? +(1-a—b)x +(1—b) 
lim 
X00 x+l1 
>1l-a=0 & 1l-a—-b=4 
sa=1 & b=-4 


=4 


Hence, B is correct. 


x? x” sin(Bx) 


Here, lim =1 
x0 OX — Sin x 
5 
(xO , BX) ) 
3! 5! 
=> lim =1 
x>0 x? x° ] 
ox —| x -—-+—---. 
3! 5! 
3.2 5.4 
[ph Bx ] 
3! 5! 
=> lim =1 
cam = 


Limit exists only, when o—1=0 
a=1 


@ [b- B3x? . Box4 -) 


3! 5! 
.. lim =! 
x0 (3 x2 ] 
Ped (ee eee 
3! 5! 
=> 6p=1 
6(a +B) = 60+ 68 
=64+1>7 
Ans is 7 
cos(a") _ _ 
- Given, lim cota 9) Pia 
a0 om 2 


=>ex1x(-2)x1x lim =— 
a0 «64 2 


For this to exists,2n —-m=0 
m 

=>—=2 
2 


Hence ans is 2 


_ afl1/2(1—cos 2x) . —sinx 
lim = lim =-1 


x0 x x>0 x 
Hence, B is correct. 


= ~ flim [sats I 
i 


x> xl 
=>Limit bee not exist 
Hence, C is correct. 
2 
a—Va?—x? - = 
L=lim 4 
x70 x? 
: 1 1 
= lim 
x90 y2(q 4 [2 _x?) 4x 
. (4-a)- a> —x? 
lim 


For Numerator —> 0, if a =2 
Then, L = = 
64 


Hence, A, C is correct. 


a0 cos( q”™ 2 
els ma sin a /2_-e 
=> lime = 
a0 cos( rier 2 
NX as - 
=> ex1x( 2) lim — z a 
a0 Qt” Ee 2 
A 
on™ -e 


. li 


- ili 
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1—xd+]1- 1 
f(x) = x(1+ | zal) a} 2cos sae ae 
|1—-x | 1-x . 2 2 ; 
lim h + lim 2a sin(a + h) 
J-x(14+1-— 1 h0 h-0 
Now, lim f(x) = lim Sn oa) cos( os 
xol xol 1-x 1-x 
=a’ cosa+2asina 
= lim (1=x)oos{ )-0 x 
xol —-xX . | 
34. lim — a 
: . 1-x(l-1+x) 1 x0 (1+x)/? -1 
and lim f(x)= lim cos 
xl xo!" x+l1 1-x 2X] x 
1 a . /2 
= lim(x+ Deos{ +} which doesn’t exists. 7 = eS 
zo xt] In2 
; =—— =2In2 
B, D are correct options. 1/2 


im Nat 2x —y3x 35. lim 2 (n+ eos" | 

xa 3a +x —2Vx need 

Rationalising both Numerator & Denominator lin [2ncos" (+) _ ns iat ee (=) 
n 


at 2x —3x V3at+x +2V¥x ce 


lim x CO 
xa 3a+x—-4x Ja+2x +V3x : tin 2a os-'(2 Shan 
1 4/9 2 os" ‘ 

3 2V3Va 3V3 NX sin"(*] 

2. 2. > C lim ny 2 +1 

mth) sin(a+h)—a‘ sina aN ess 1 rT 

h>0 h oA) n 
an (sin(a +b-—sina) +2ahsin(a+h)+h’ sin(a +h) 2 

lim i 


h>0 h 1 


1.176 DIFFERENTIAL CALCULUS FoR JEE Main AND ADVANCED 


Previous Years Questions (AIEEEJJEE MAINS) ss 


1—cos2 x 
i. «Ti (1—cos 2x)(3 + cos x) ie te e* —cosx 
x0 x tan 4x x30 gin? x 
ae 2sin” x(3+cosx) Apply L-Hospital Rule, 
x>0 Xx tan4x sik lim e* -2x+sinx 
4x x0 2sin x cos x 
_ 2sin*x .. (3+cosx) 1 ae ‘ 
= lim > lim x = lim| 2e% +°"* oS ee” 
x00 x x>0 4 . tan4x x50 x x 2 
lim ae 
ae Hence, B is correct. 
=ox bx 5. lim (1—cos 2x)(3 +cos x) 
4 x0 x tan 4x 
53 lin sin 0 ee sifies 2sin? x(3+cosx) 
620 8 x>0 xXxtan4x 
———— x 4x 
i tan 8 -1 4x 
ed (a) ~ ag 2sin? x in (3+cosx) 1 
=2 30, x x0 4 fim tan 4x 
* * 4 ») 7 x90 4x 
Hence, the correct option is C. aNY sin tan 
; dm Ot 2xbal. lim -— =1 and in 1} 
sin (x cos x] aNY 4 00 80 
2. lim —— aKd = 
x0 xX °. \o) 
. 125 oKN Hence, the correct option is C 
sin x(1—sin x} “~~ \Y? V/2x 
= lim oo » = 2 
can = (, 6 P oe (1+tan vx) [1 form ] 
: . 2 : ee lim 5 ] 
sin(m—msin x] sin (sin x] >e™ (tan x +1-1)— 
= lim ; => lim 2x 
x>0 x x>0 x 
: 5: lim tan? Vx 
{' sin(t—0) = sin 0} >See“ 
2x 
Hea sin msin? x 206 sin? x sin 2) in whi) 
x90 qsin® x i age DT alge Ae 
. sin® => el”? 
=T ‘lim =|] 
ee D log P = loge!” 
Hence, D is correct. “P=1/2 
tan(x — 2) [x? +$(k-2)x- 2k | Hence, option C is correct. 
3. lim : =5 a 4)" _33 
x2 x —4x+4 Ts tim[1+2-4) =e 
2 x0 4 xX 
_ tenen9) (x +(k=2)x = 2k) 
= lim x limf/a 4 > 
x92 (x—2) x-2 —e ey x 2X 
. tan(x-2) (x-2)(x+k) lim 4 
= lim x =2+k=5 a 2a _ 3 
5 (x-2) (x—2) =e (a Shave =e 
>k=3 
>a=-— 


Hence, D is correct. 
Hence, B is correct. 
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2 : = 
Ties ee ese sl 
x0 2x tan x — x tan 2x 8h>0 ~cosh-h 
4 
— lim 4sin” x 1 sinh(2sin?h/2) 
x70 1 =—lim 3 
2x tan x a Bare 8 h>0 cosh-h 
—tan* x 
beats ae sin h- sin? (h/2) 
= lim (tan? x 1) 4 h30 h° cosh 
x0 x tan? x A 
=-—2 —tim an sinh/2\ 1 Jas ghee! 
Hence, C is correct 4h>0\ h h/2 cosh 4 4 4 16 
9. lim 3x -3 Hence, C is correct 
x73. /2x—4—V/2 i mime 15 
. —]+|—|+---+) — 
(3x 33x +3(V2x—4 + V2) eae A A F] 
lim 
x93 (/2x —4 —/2)(V2x —4 + V2)(V3x +3) fio cl 1588.7) 1), [2\ 3) its 
_ 3(x-3) (V2x-4+42) x30" x el cle dels 
im 
x3 2(x —3) (3x +3) => 120 
1 Hence, C is correct 
aa ., x tan 2x —2x tan x 
ii 
v2 14, you (1—cos2x)? 
Hence, B is correct NS 1 
1° +2? +---+n? Lo 2xtanx{ 1 —-1| 
10. lim a-l = —- \ lim 1—tan xX 
noe [n +I] [(na +1) + (na +2)+---+(nat+n)] ee. » x30 Aga x 
ty" (r/n)' (A Y lim 2x tan? x a 
jim ; a ; — x0 dsin® x (1 tan” x] 2 
(1+4] (Ay («+£)| ; 
n nol n Hence, C is correct 
| (Tea 3 
[xx 1 6 14. 5 23 
2 1 x —(27+x) 
0 atl = = 
=> > 1/73 
! 1 0 (at+1)(2a+1) 60 Gn (27+x) 
fa +x)dx at 2 oan 13 13 
, (3- (27+x) es ) 
> 1 — = 
(a+1)(2a+1) =120 - =I 
>a=7 6 


Hence, C is correct 


Hence, A is correct h+aJity* Jity* y ar) 
ea 


cot X —COSX 15. 


11. : 
x>n/2 (qt —2x)° 


.1Lcosx(1—sinx) im ver a2 i+ i+ y* iy" el 
im ————_ 
x>1/2 8 3 

sinx( x] lee y? 42 


mL. costa /2— byl ~sin(e/ 2 —h)] 1+ l+y* —2 


=li 
h>08 3 = 
olES9 eee 
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l+y* = 


= lim ara +1 


1 
= v*{ 1+ Jl+y4 Jig na) ee l+y* +1 


l+y*-1 
a 
- y*{ Ye viey ea +1) 
= ka SA 
y>0 
[Vie diey? 14y* eat l+y' +1) 
1 


- [Vir vivo Ai +1) ~ 42 


Hence, A is correct 
x([x]}+|x |) sin[x] 


16. lim 
x70" | x | 
Ai x(—1-—x)sin(-l) 
x00" —xX 


E lim [x] =—-1 and lim |x -x| 
x30 


x30" 
=-—sinl 


Therefore the correct option is A 


(I-|x | +sin]1-x psin( 211—x1] 


17, lim 
xl |1-x|-[1[-x] 


= iim (1—x)+sin(x —- 1) «sin( 2c »| 
xor (x -1(-D 2 


: sin(x —1) 
= Hi (x a ) 
=(U-DC)) 
=0 


Hence, D is correct 


tan (sin? x)+(| x | —sin(x[x]))" 


18. lim 5 
x>0 x 
tan(msin® x) +x? 
RHL = lim 
x30" x? 
t in? in? 
an{msin” xX) pin? x 
= lim = x 5 +1 >n+1 
x>0° Sin x x 
Now, 
a) : 2 
tan(msin x)+(-x +sin x) 
LHL = lim 


x>0° x2 


G x 30° >[x]= 


19, 


20. 


21. 


ie x 30° => [x]= -1) 


= lim 
0- in2 
x> mMsin~ x x 


.. LHLARHL 
So, Limit does not exist 


in? ; : 2 
tan( sin x) sin” x sin x 
x gt ee = 


Hence, D is correct 


. x cot(4x) 
lim re 
x0 sin* x cot” (2x) 


: x tan? 2x 
lim ——— 
x0 tan 4x sin* x 


. 4x re tan? 2x 
lim aleeae ls 5 4=1 
x>04tan4x sin*x 4x 


Hence, D is correct 


: cot? x —tan x 
lim — 
xn/4 cos(x + 1/4) 


r Applying L-Hospital, 


‘ (-3 cot” x cosec” x —sec” x} 
lim 


ui ; T 
er —sin| x +— 
4 


Hence, C is correct 


lim V2 —V2sin x 7 V2sin7! x 
xol i= x 


Ve= V2sin! x Nm ty 2sin x 
ror v1-x on ve eee x 


2cos! x 1 


= lim a x : {Putting X =COos 0} 
00° J2 sin(0/2) 2Vn 


4 2 


"oon Tt 


Hence, C is correct. 


CONTINUITY OF FUNCTIONS 


2.1 Definition of Continuity 


Earlier we came across continuous functions and widely 
used their properties when constructing the graphs of simple 
functions, though the term “continuous function” was not 
used that time since the definition of this notion was not 
given then. 

In the first stage the graphs of functions, say, y = ax +b, 
ax’ or y = ax’ were plotted point by point. The procedyny 
as follows: we first tabulated the values of a give: tion 
for certain values of the argument and then wd tructed 
the points whose coordinates were put down in the table 
and then joined the plotted points with a “continuous curve”. 
Thus, we obtained the graph of the given functions. We 
did not notice then that the graph of such functions were 
continuous. 


The geometrical concept of continuity for a function which 
possesses a graph is that the function is continuous if its graph 
is an unbroken curve. A point at which there is a sudden break 
in the curve is thus a point of discontinuity. 

The notion of continuity is a direct consequence of the concept 
of limit. The special class of functions known as continuous 
functions possesses many important properties which will be 
investigated in this chapter. 


Continuity at a Point 


The question for our consideration is as follows: given any 
function f(x) defined in the neighbourhood of a, is the function 
f(x) continuous or not at x = a? 

The graph of y = f(x) is said to be continuous at x = a if it can 
be traced with a continuous motion — without any jump — of 
the pen from left to right at x =a. 


Definition A function fis continuous at x = a if the following 
three conditions are met: 


(1) f(x) is defined at x = a. 


ii) lim f(x) exists. 
Se lim f(x) = f(a). 


_ Inother words, function f(x) is said to be continuous at x =a, 
if. lim f(x) = fla). 
xa 


In terms of one-sided limits, f(x) is continuous at x = a if 
L.H.L. = f(a) =R.HLL. 
ie. lim f(x)=f(a)= lim f(x) 

xa x>a" 


ie. lim f(a—h) =f(a)= lim f(at+h). 
h->0 h-0 


There is another way to discuss about continuity. Let there be 
a function y = f(x), x € (a, b), and let x, be a certain value 
of the argument from the interval (a, b). Then, if x € (a, b) is 
another value of the argument, the difference x — x, is called 
the increment of the argument and is denoted by Ax, and the 
difference 
f(x) — f(x,) = f(x, + Ax) — f(x,) 

is termed as the increment of the function f at the point x, and 
is denoted as Af or Ay. 


If the function f is continuous at the point x,, then, by definition, 
lim f(x) =f(xX9) and 
XX, 
consequently, lim f(x)—f(xg) =9, 
XX, 
which means lim Af =0. 
Ax—>0 
It follows from the last relation that if f(x) is continuous at 
the point x,, then to a small increment of the argument there 


corresponds a small increment of the function or, the increment 
of the function f is an infinitely small quantity as Ax > 0. 


2.2 


Y 
y=y,+ Ay 
Ay 
4) (eae AX 
0 X, X=X, + Axy 


Formally, the function f(x) is continuous when x = a, if given €, 
a number 6 can be found, such that, whenever | x —a| <6, we 
have | f(x) — f(a) |< €. 


Points of Discontinuity 

If a function f(x) is continuous at a point x =a, then the point a 
is called the point of continuity of the function f(x). Otherwise, 
when the limit of the function f(x) at the point a does not 
exist, or exists but is not equal to f(a), the function is said to 
be discontinuous at the point x = a, the latter being called the 
point of discontinuity of the function f(x). 

In particular, if f(x) is defined for all points of the interval 
(a— 6, a + 5) except for the point a, then x =a is also a point 
of discontinuity of the function f(x) in the interval. It follows 


given point, or (iii) the limit of the function is unequal to the 
function's value at the given point. (CY 


(i) 


(ii) 


(iii) 


(iv) 
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(v) 


(vi) 


0 ax 


The function shown in figures (i) to (v) are discontinuous at 
x =a while that in (vi) is continuous at x =a. Thus, a function f 
can be discontinuous due to any of the following three reasons: 
(i) lim f(x) does not exist 
xa 


ie. lim f(x) # lim f(x) [figures (i) and (iv)] 

(ii) f(x) is not defined at x =c [figures (ii) and (v)] 

(iii) lim f(x) #f(o) [figure (iii)] 
me AXha" 


Geometrically, the graph of the function will exhibit a break 


from the aforegoing that a function is discontinuous ata given ta es 
point if either (i) the given point fails to be in the domain of — 


the function, or (ii) the function fails to be have a limit at the 


& Note: It should be noted that continuity of a function is 
the property of interval and is meaningful at x = a only if the 
function has a graph in the immediate neighbourhood of x = a. 


For example, the discussion of continuity of 


1 
f(x) = i at x = 1 is meaningful, but continuity of f(x) = 
x- 


In x at x =—2 is meaningless. 

Similarly, if f(x) has a graph as shown in the figure below, then 
continuity at x = 0 is meaningless since we can’t approach 0 
from either side of the point. Such a point is called an isolated 
point. 


Consider the following examples: 


1 
(i) The function f(x) = cs is discontinuous at x = 1. 
—x 
This function is not defined at the point x = 1. 


(ii) The function f(x) = finale 


[x] 


x = 0, since f(0*) = lim. ee 1 and 
x>0 


has a discontinuity at 


sin xX 
= —| . 


{0 = lim 
x90 —-xX 


O28 
7 =8 when 0 < x <a, 
xX-a 
(iii) Let f(x) = a when x =a, 
2a when x >a. 


Here lim f(x) = 2a, f(a) =a, lim f(x) =2a, 
Xa xa 


and there is a discontinuity at x =a due to the isolated point P. 


To understand explicitly the reasons of discontinuity, consider 
the graph of the following function y = f(x). 


i 
' 
i 
i 
i 
i 
t 
t 
t 
t 
t 
t 
t 
t 
t 
t 
t 
t 
t 
i 
i 
i 
i 
i 
L. 


Let us comment on the continuity of the function, = 

(i) fis continuous atx =0 andx=4 : / ‘ 

(ii) fis discontinuous at x = 1 as limit does not exist 

(iii) f is discontinuous at x = 2 as f (2) is not defined although 
the limit exists. 


(iv) fis discontinuous at x = 3 as lim f (x) # f(3) 


(v) fis discontinuous at x = 5 as neither the limit exist nor f 
is defined at x = 5. 


© Example 1: Discuss the continuity of the function [cos x] 


TT . . 
atx = 5° where [- ] denotes the greatest integer function. 


© Solution: L.H.L= lim [cosx]=0. 


x3 
2 


R.H.L= lim. [cos x] =-], 


or 
2 


(a)-[>al* 


Since, L.H.L #R.H.L the limit does not exist. 


Bits: se oe 2 TT 
So, the function is discontinuous at x = 5° 


© Example 2: Test the continuity of the function f(x) at 
1/x 


x = 0, where f(x) = 


ign” when x # 0 and f(0) = 0. 
+e 
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©Y Solution: Given, f(0) = 0 
1/x 

LLL. = lim f(x) = lim “—_ = C26 

x0 x>0 1 + e/* 


. ‘ 1 
since lim | —|=-© 
x70 \ X 


I/x 


R.H.L. = lim f(x) = lim ; 
x30" x>0° ] + el/* 


a | 
0+1 


lim 
x30 «1 


el/x 


. (+) 
since lim |—|]=©0 
x30 \ x 
Since lim f(x) # lim f(x), 
x70 x70 
f(x) is discontinuous at x = 0. 


@ Example 3: Find whether f(x) is continuous or not at 


. TX 
. sin— , 
x= 1, if f(x) = 2 ; 


[x] , x2l 


where [- ] denotes the greatest integer function. 


; h g Solution: For continuity at x = 1, we determine, f(1), 
~ lim f(x) and lim f(x). 
xo xol 


Now, f(1) = [1] =1. 
lim f(x)= lim sin ~ =sin 2 =1, 
xol xol p) 2 


and lim f(x)= lim [x]=1. 
xol" xl 
So f(1)= lim f(x)= lim f(x). 
xo xo 
f(x) is continuous at x = 1. 


One-Sided Continuity 


A function f defined in some neighbourhood of a point 
a for x < a is said to be continuous at a from the left if 


lim f(x) = f(a). 


A function f defined in some neighbourhood of a point 
a for x 2 a is said to be continuous at a from the right if 
lim_ f(x) = f(a). 

xa 

One-sided continuity is a collective term for functions 

continuous from the left or from the right. 

If the function f is continuous at a, then it is continuous at a 
from the left and from the right . Conversely, if the function f 

is continuous at a from the left and from the right, then lim 


f(x) exists, and lim f(x) = f(a). _— 
xa 


The function y = sgn x is neither left continuous nor right 
continuous at x = 0. 
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The function y = sin"! x is left continuous at x = 1. We cannot 
discuss the right continuity here as the function is not defined 
in the right neighbourhood of x = 1. 


The function y = {x} is right continuous at x = 0 but left 
discontinuous there. 

At each integer n, the function f(x) = [x] is continuous from 
the right but discontinuous from the left because 


lim f(x) = lim [x]=n=f(n) 
x>n’ xn 
but lim f(x)= im | [x]J=n-1#f(n), 


xon- 


2 if x>2 


e * 
Example 4: Let f(x) = ee 
Show that f is continuous from the left at 2, but not from the 
right. 
© Solution: f(2) =2+1=3 

lim f(x) = J (x+1)=3 and 


x>2 


lim f(x) = “ xr =4 
x>2° =>2° 


Since jim f(x) = f(2), f is continuous from the left at 2 and 
x72 


lim f(x) # f(2), fis not continuous from the right at 2. 
x2" 


Continuity at End Points 
Let a function y = f(x) be defined on [a, b]. 
Then the function f(x) is said to be continuous at the left end 
point x = aif, f(a)= lim f(x), 
x>a" 

and f(x) is said to be continuous at the right end point x = b 
if, f(b)= lim f(x). 

x>b 
For example, consider the function f(x) = {x},0 <x < 1. It is 
continuous at x = 0 and discontinuous at x = |. 


x — 
b-— 


iS) 


@ Example 5: Discuss the continuity of f(x) = 


~ 


where a <b, atx =aand x =b. 


©Y Solution: We notice that the domain of the function is 
(a, b). At the left end point x =a, we have lim f(x) =0= f(a). 


xa" 
Hence f is continuous at x = a. 
At the right end point x = b, f(b) is undefined and lim f(x) =. 
x>b 


Hence f is discontinuous at x = b. 


Continuous Extension to a Point 


A function may have a limit at a point where it is undefined. 
Then we can extend the definition of the function at that point 


to make it continuous there. Suppose f(a) is not defined, but 


lim f(x) =L exists. If the point a is added to the domain 


xa 


of definition of the function f(x) and if at that new point the 
value of the function is put equal to the common value of the 
left hand and right hand limits, the (new) function F(x) thus 
obtained, is continuous at the point a. Then, we can define the 
new function F(x) by the formula 


F(x) = i 


The function F is continuous at x = a. It is called the continuous 
extension of f to x =a. 


if x is in the domain of f 


if x=a 


sinx , : 
For example, the function y = is not defined at the point 


: . sinx F : 
x =0. But since lim = 1 wecan introduce a new function, 


x70 X 


defined for all the values of x and coinciding with the old one 
for x #0, which is everywhere continuous: 


= as for x# o 
F(x) = 


1 for x=0 


Indi + ax) — Ind — bx) tid the 
x 


eo Example 6: Let f(x) = 


2 ‘ ine which should be assigned to f at x = 0, so that it is 
continuous at x = 0. 


© Solution: lim f(x) 
x0 


=n 2[" ad _ E ce] 
x0 ax (—bx) 


1+b.l=atb. 


cE lim 080+ %) -1] 
x70 x 


So, f(0) =a + b, if fis continuous at x = 0. 


©@ Example 7: A function y = f (x) is defined as 


(x +3) 


ksin for x <2 
f(x) = 
®) 3-Vll-x 
ae a for x >2 
x— 


If f (x) is continuous at x = 2, then find the value of k. 


Y Solution: Since f (x) is continuous at x = 2 
lim f(x) =f(2) > lim f(x) = — 
x92 x2 
: . (5a 
Now, f (2) =k sin (=)-5 and 


f (2*) = lim 3-VH-x 


x>2 x-2 


= lim GeZ) a 
x2 (x — 2)(3+ ti Jil=x) 


1 
=> k=—-. 


ale 


Wid)? x 
2 


@ Example 8: Let f(x) = , then find the 


value of f(0) so that the function f is continuous at x = 0. 
(1+x)In(+x)—x ( : } 
form 


Y Solution: limf(x)=lim ; 
x>0 x70 xX 


tim MO+H 41-1 
x>0 ax 

L ji NOX) _ 1 
2x30 xX 2 


For continuity, we must have f(0) = lim f(x). 
x0 


(by L’Hospital’s Rule) 


1 
Hence, f(0) = 3° 


© Example 9: Examine the continuity of the function 
2 
x° -1 


en a x#l 
x” —2|x-1|-1 
1 


f(x) = ,atx=1. 
5 x=l 
x7-1 ®, 
© Solution: R.H.L = f(1*) = lim ———~—— 
xo x? —2\x—1]— 
2 
lim — 
xol x 2 _9(x— 1-1 
(x +1) 
im ———~—. = 
xol (x +1)-2 
There is no need to find the L.H.L. at x = 1 since R.HLL. is 
non-existent. 


Thus, f(x) is discontinuous at x = 1. 


©@ Example 10: Check the continuity of the function 
xsin(l/x), x #0 

f(x) = 
0, x=0 


atx=0. 


1 
© Solution: Consider the limit lim xsin (+) 


x30 Xx 
If x > 0,-—x <x sin (1/x) Sx, 
and if x < 0, x <x sin (1/x) S$-x. 
Thus, for x # 0, —|x| <x sin (1/x) $ |x|. 
Since both |x| — 0 and — |x| — 0 as x — 0, the Sandwich 
theorem applies and we can conclude that x sin (1/x) — 0 as 
x — 0. This is illustrated in the following figure. 
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-ssal 
y=xsink 


It follows that the function is continuous at x = 0, since the 
value of the function and the value of the limit are the same 
at 0. This shows that the behaviour of a function can be very 
complex in the vincinity of x = a, even though the function is 
continuous at a. 


© Example 11: Test the continuity of f(x) at x = 0 if 


f(x) = d(x ces 
0 


x #0 

x=0 

@ Solution: L.H.L.= lim f(x) = lim f(0 —h) 
yA) x90 h>0 


e)yY” {satan } 
= lim (CO-h+p OH OD 
h>0 


“(paras 
= lim(O-h+1) \-b @-») 
~ h>0 


=0)"=1. 


lim (1-hy=(1 
h>0 


RH.L= lim f(x)= lim f +h) 
x>0+ h>0 


fied 
lim (h+1) SPB 
h->0 


72 
lim (h+1) 5 
h-0 


2 
= lim(h +1) “hee? 


f(0) = 0. 
L.H.L. # R.H.L. 
Hence, f(x) is discontinuous at x = 0. 


© Example 12: Discuss the continuity of the function 
a2ixi{x} _ 4 
2[x]+ {x} 
log.a , 

at x = 0, where [x] and {x} are the greatest integer part and 
fractional part of x respectively. 

©Y Solution: f(0) = log, a 

L.H.L. = lim f(x)= f(0 —h) 


x>0- 


f(x) = (a# 1) 


x=0 
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2[0-h]+{0-h} 
. a -1 
lin. ——_____— 
h>0 2}/0—h]+ {O0—h} 
g210-bIH-14-n)} _ 


lim 
h>0 2[(0—h]+{-1+(1—h)} 


Oe ee Oe | 1 
= lim = =|-_, 
hoo —2(0.—h) -l a 


= lim f(x)= lim f(0+h) 
h>0 


x>0+ 


g2OH{O+h}-1 


lim. ——_____- 
h>0 2/0+ h]+{0+h} 


hoo 6h 
We find that 1 — 1/a = log.a only when a = 1, which is not 
acceptable. Since L.H.L. #R.H.L. = f(0), f(x) is discontinuous 
atx =0. 
©@ Example 13: If the function 


tan(tan x) —sin(sin x) 


f(x)= 


tan x —sin x 


then find the value of f (0). 


@ Solution: £(0) = tim ran») —sinGin AY 
x30 tanx—sinx 
tan(tan x) —sin(sin x) 


= lim 
x30 mn Loess) 3 
— Xx 


2 


x x 


tan(tan x) —sin(sin x) 


= 2lim 5 
x0 x 
3 
=2tim (tans ae . tan? x +...... 
x30 x? 3 15 


x>0 


tan?x sin? x 
“3 gp 
on (| : 


(x # 0) is continuous at x = 0, 


J2cosx-1 


© Example 14: Let f(x) = 
cotx—l 


Vxe (o 4 except at x = a . Define f (=) so that f(x) may 


be continuous at x = 


Ala 


© Solution: f(x) will be continuous at x = ~, if 
4 
T 
lim f(x) =f} — 
Jim fo =t(F) 


(=) . J2.cosx —1 
f}— |= lim mW 
xon/4 


4 cotx—l 


: (V2 cos x —1)sinx 
lim 


x>n/4 


cos X—sinx 


Wie (V2 cos x -1) (V2 cosx +1) (cos x + sin x) sin x 


xon/4 (V2 cos x +1) (cos X—sin X) (cos xX +sin x) 


XK D . 
oyy (2cos x-1] (cos x + sin x )sin x 
lim 


=x -n/4 (cos? x—sin? x) (V2.cos X+ 1) 


sin X(cos x + sin x) 


(J2 cos x +1) 


= im 
x>n/4 


1/1 1 


aa). 


1 ye 
aie | 
2 


© Example 15: Let 


e™* _ e* + In(secx + tanx)—x 


f(x) = be a continuous 


tan x —x 
function at x = 0. Find the value of f (0). 


Y Solution: For continuity of f at x = 0, we have 
f (O) = lim f(x) 
x>0 


_ eX _e* ss In(secx + tanx)—x 
= lim + lim 
x>0 tanx—-x x0 tanx—x | 3 
x 
x tanx —x 
ss e(e 1) 3 lim In(sec x — tan x) —x 
x0 tan x —x x>0 x3 
. secx—1 ; 
=1+ 3lim (by L’Hospital’s Rule) 
x0 3x2 
1 3 
=l+—=-., 
2 2 


© Example 16: Leta function f(x) be defined in the 
neighborhood of as 


In(2 —cos 2x) 


; for x <0 
In“ (1+ sin 3x) 
f(x) = 
sin 2x 
ea allie forx>0 
In(1 + tan 9x) 


Find whether it is possible to define f (0) so that f may be 
continuous at x = 0. 


© Solution: lim f(0+h) 
h>0 


— eh _y sin 2h. (2h) 

= lim - 
h->0 In(1+ tan 9h) sin 2h.(2h) 

eo =] sin2h ,. 2h 
= lim li i 

>0 sin2h h>-0 2h h->0In(1+tan9h) 
= 1.1. lim au 

h—>0 tan 9h In(1+ tan 9h) cot 9h 

: 2h 2 . 
= lim =—. limf(0-h) 

>0tan9h 9  h>0 


2sin7h 


li ; 
h->0 In“ (1—sin 3h) 


_ In(i+2sin” h) 
= lim 


h>0 2Qsin*h 


_ 2sin2h h* 
= lim , -hm —, 7 
h>0 h h>0 In*(1—sin 3h) 
h2(—si 7 2 
= ie 2-h*(~—sin 3h) _ 


h>0 sin? 3h-In2(1—sin3h) 9 


2 
Since f (0*) = f(0-) = 9 the limit exists. 


Therefore, it is possible to define f(0) such that fis continuous 
atx =0. 


f(0) = ’ 
rae 
© Example 17: Determine the value of p, so that the 


x? +2cosx—2 


x 


for x<0O 


function f(x) = p for x=0 
sin x — fn(e* cos x) 


Pa for x>0 
x 


is continuous at x = 0. 
h? —2(1—cosh) 


© Solution: limf(0—h)= lim ; 
h>0 h>0 h 
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ht gin? * 
= lim 2 
h>0 h* 
eva” io 
= lim lim 2 
h>0 h a 
2t—2sint 
= 2-li a where h = 2t 
t>0 8t 
. t-sint 1 
= lim = 
t>0 23 12 


sinh — In(e® cosh) 


lim f(0+h) = lim 
h-0 h>0 


6h* 
. sinh—h-—Incosh 
= lim 
h—>0 6h2 
1 
sinh-h 1 ov 
= —;— — ~/n(cosh)* 
6h 6 
XY inh—-h ae 
= lim ah + lim —+ In (cosh) 
ho0 h>0 6 
1 
1 Lim —(cosh-1) 1 
=0-—me'™™ 4 =— 
6 12 


1 
Hence, lim f(0O—h)= lim f(0+h) = f(0) = — =p. 
h>0 h->0 12 


sin2x +Asinx+Bcosx 


x3 


continuous at x = 0, find the values of A and B. Also find f(0). 
© Solution: As f(x) is continuous at x = 0, 


© Example 18: If f(x) = 


sin 2x +Asinx+Bcosx 


3 
x 


(0) =lim 
x0 


As denominator + 0, when x — QO, numerator should also 
approach 0, which is possible only if 


sin 2(0) + Asin (0) + Bcos(0)=0 => B=0 


sin 2x + Asin x 


. (2 (74) 
x>0 xX x? 


. 2cosx+A 
= lim as 


x0 


Il 
5 


Again we can see that denominator > 0 asx — 0. 
.. Numerator should also approach 0 as x > 0 
=> 2+A=0 > A=-2. 
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«2 
= £(0)= lim [25 2) = nn ead 
x0 x x0 xX 


if Sei So 
= in| ——_—— = <1 
x0 x2/4 


So, we get A=— 2, B =0 and f(0) =- 1. 
@ Example 19: Let 


a(1—xsinx)+bcosx +5 
5 ; 
x 


f(x) = 3 »x=0 


3 1/x 
cx +dx 
1+} ——— ,x>0 
x2 


If fis continuous at x = 0, then find the values of a, b, c and d. 


© Solution: f(0) =3 
R.H.L. = lim f(x) = lim f(0+h) = lim f(h) 
x 0° h->0 h->0 


3 /h 
: ch+dh 
= lim,1+)| — .~— 
h>0 h- 


Since fis continuous at x = 0, R.H.L. exists. 
For existence of R.H.L., c must be 0. 


R.H.L.= lim {1+dh)' — (form 1°) 
h>0 

lim(1+dh-1) 4 

=e =e 


L.H.L. = lim f(x) = lim (0 —h) 
x70 x>0 


a(1—(—h)sin(—h)) + bcos(—h) +5 
m 


— ili 
es (<hy” 
. a(1—hsinh) + beosh +5 
= lim 
h>0 h2 
For finite value of L.H.L. the numerator must tend to 0 as h > 0. 
a+b+5=0. 
LL. =n a —ahsin h— . +a)cosh+5 
h>0 h 
.  (5+a)(1—cosh)— a hsinh 
= lim oI 
h-0 h 
{ +5)(1—cosh)(1+cosh) ahsin ‘ 
= lim 7 5 
h-0 h*~(1+cosh) h 
: (at 5)sin7h asin h 
= lim oo 
h—0 | h“(1+ cosh) h 
(a +5)(1)* 
= —— -a.l 
141 


a+5 (52) 
= a= 7 
2 2 


Now, f(x) is continuous at x = 0. 
L.H.L. = R.H.L. = f(0) 
5-a 
2 
a=1,d=1n3,c=0, b=-4. 
@ Example 20: Let f(x) 
1+acos2x + bcos4x 


=el=3 


. a if x40 
= x* sin* x , 


c if x=0 


be continuous at x = 0, then find the values of a, b and c. 


1+acos 2x + bcos 4x 


4 
x 


As x 0, Denominator > 0 and 
Numerator > 1 +a+b 


Y Solution: lim 
x>0 


For existence of limit, a+b+1=0 (1) 
6a iis SOS EES) .Q) 
x0 xX 
a(l—cos2x) | b(1—cos4x) 
f 2 2 
 =- lim Xx x 
x30 x2 


‘The limit of numerator = 4a( 3) + 166( +) 


=> 2a+8b=0 > a=—4b (3) 
From (1) and (2) -4b+b=-1 
1 4 
=> b= 3 and a 
4(1—cos2x)-—(1—cos4x) 


From (2), c = lim F 
x>0 3x 


. 8sin? x —2sin* 2x 
= lim 7 
x>0 3x 


Pa) . 2 2 
8sin* x —8sin~ xcos* x 


| 
5 


x0 3x4 

i 8 sin?x  sin?x 8 
= ims - . = >, 

x0 3 x? x? 3 


@ Example 21: Discuss the continuity of the function, 


In(2+x)—x7" sinx 


f(x) = li tx=1. 
a a 
@ Solution: We have f(1) = (In3 — sinl)/2 


0, if x? <1 


nso wo, if x? >1 


and lim x7" -| 
For x” < 1, we have 

_ In(2+x)-x?"sinx 

if. = 


f(x) = li 


no 


; In (2 + x) 
1+x™ 


Again for x? > 1, we have 


J in(2+ x)—sin x 
f(x)= lim + 


no 1 
1+ 5 
n 
x 


= -— sin(x) 


Here, as x > 1 
lim f(x) = 1In3 and lim f(x) =— sinl 
xl xl 


So, lim f(x) 4 lim f(x). 
xo xol 
Therefore, f(x) is discontinuous at x = 1. 


@ Example 22: Find the value of f(1) if the function 


x™! _(m+1)x +m 


f(x) = lim ; 
(x-D 


n>o 


,x#l1 


is continuous at x = 1. 
Y Solution: We have 


m = = = 
imoste = » 
x0 x0 (x -l) 


> 


_ 2: m-ly _ = 
= lim *& Hd+x+x*+....4x )—m(x-1) 


x0 (x-1)* 
i 2 1 3 1 4 m 4 7 
Se (x+xX°+xX°>4+...4+x° )-—(4+1+4...m times) ; 
x>0 x-l * he 1.) 
eXRN 
ip (@=D4G@" -H4@?+Htc.46"-T,XY? 
~ x30 x—-l (A) y 
VL 
2 3 m 
gh recs iat a — 
x30 x-l x-l x-l 
m(m +1) 
14+2+34 
? 2 
Hence, for f to be continuous at x = 1, we should have 
m(m+1) 


f(1) = 


© Example 23: A function f(x) satisfies f(x + y) = f(x). 
f(y) for all x and y € R. Show that the function is continuous 
for all values of x if it is continuous at x = 1. 

©Y Solution: We have f(x + y) = f(x) . f(y) (1) 
Putting x = 0, y= 0 in (1) 


A> wat 
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we have f(0) = f(0). (0) = f(0)=0or 1. 
If {(0) = 0 then putting y = 0 in (1) 
we get f(x) = f(x) . f(0) 
=> f(x) =0 forall x. 
Hence f is continuous for all x. Here the continuity of f at 
x = | is not required as a condition. 
If f(0) = 1 then we have the following: 
Putting x = 1, y=-1 in (1) 
we have f(0) = f(1). f-1) > f(1). f-—D=1 
Hence f(1) is non-zero. .(2) 
As the function is continuous at x = 1, 
we have lim f(1 + h) = f(1) 
h>0 


(using f(x + y) = f(x) . f(y) 
=> lim f(1) . f(h) = f(1) 
=> lim f(h) = 1 using (2) .(3) 


Now, we consider any arbitrary point x. 
lim f(x +h) = lim f(x) . f(h) 
h->0 h>0 


m = 16) fim f(b) 


= f@x)using 3) 
_ Hence, at any arbitrary point x, limit = function's value. 


Therefore, the function is continuous for all values of x. 
©@ Example 24: Let f be a function satisfying 

f(x + y) + [6—-f(y) = fO0f(y) and lim f(x) = 6. 
Discuss the continuity of f. 


@ Solution: lim f(x + h)= lim [ Foor) - f6-F(h) | 


2 f(x) lim f(h) lim J6—f(h) 


= f(x).6 — 0 = 6f(x) ¥ f(x) 
Putting x = 0, y = 0 in the given relation, we get 


f(0) + ./6-f(0) = f°(0). => f(0) 40 
f(x) = 0 for all x is not possible. 
Thus, lim f(x + h) 4 f(x). 
h>0 


Hence, f is discontinuous at all x. 


GConcept Problems A 
1. Check the continuity of X+A ,x<3 
iat t) _ sint #0 2. Iff(x)=) 4 , X =3 is continuous at x = 3 then find 
f(t) = sin t att=0. 3x-5 ,x>3 
1 , sint=0 


the value of A. 
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6. Use continuity to evaluate the limits : 


54x 


2 
3. Iff(x)= ry ea , x #0 is continuous function at x =0, (i) 


then find the value of f(0). 
x? —(a+2)x+2a 
x-2 
2 , 


4. If the function f(x) = is (ii) 
7. For the function (x) = x./nsin’x when x > 0, and 0(0) = 0, 

discuss the right continuity at x = 0. 

The function f(x) = (x + 1)” is undefined at x =0. Find 

the value which should be assigned to f at x = 0, so that 

it is continuous at x = 0. 


continuous at x = 2 then find the value of a. 
5. Iff and g are continuous functions with f(3) =5 and lim 8 
x33 - 


[2f(x) — g(x)] =4, find g(3). 


Practice Problems A 
9. If possible find value of A for which f(x) is continuous at 1 

eee 14, If f(x) = +ax)* x <0 
2 =b x=0 

i 1—sinx T ; 

= Tr e0s2x * G __G@toi-1 
_ x Z T d Y x 
ei od airs 2 , i d the values of a, b, c, f(x) is continuous at x = 0. 
y l 2 
V2x-T1 . If f(x) =cos(x cos Es and g (x) = aoe for 

= x > x x sin x 


* Hae 
Find the value of f(0) so that the function 


x #0 and they are both continuous at x = 0 then show that 
f(0)=g(0)=1. 
. The function f(x) = a [x + 1] + b [x -1], where [.] is the 


10. 


(A) 


f(x) = is continuous at x = 0. greatest integer function then find the condition for which 
x - f(x) is continuous at x = 1. 
11. Show that the function f defined on R by setting f(x) = 17. Let f(x) 


a 


| x |" sin Es , when x #0, f(0) = 0, is continuous at x = 0 
Xx 


whenever m > 0. 


(1+ |sinx |)! for a x <0 


= 4b for x =0 
12. The function f(x) = 1—xsin zs is meaningless for x = 0. tan 2x o 
x e tan3x for 0<x<— 
How should one choose the value f(0) so that f(x) is 6 
continuous for x= 07 Find ‘a’ and ‘b’ if f is continuous at x = 0. 
13. Find the values of a and b such that the function 1 
f(x) =x + aV2 sinx, O<x<2 18. If f(x) is continuous in [0, 1] and (5) = 1 then 
= 2x cot x +b, Le ee find tim t| —Y8_). 
4 2 n—-00 2 n+l 
=acos 2x —b sin x, Texsn sin(e* 2 —1) 
2 19. Let f(x) = ———_ , x #2. 


log(x —1) 


; T T 
1s continuous at a and 3" If f(x) is continuous at x = 2 find f(2). 


Roughly speaking, a function is said to be continuous on 
an interval if its graph has no breaks, jumps, or holes in 
that interval. Continuity is important because, as we shall 
see, function with this property have many other desirable 
properties. 


2.2 Continuity In An Interval 


We can extend the concept of continuity and say that a function 
f(x) is continuous in an interval if it is continuous at every 
point in the interval. 


Continuity in an Open Interval 


A function f is said to be continuous in an open interval (a , b) 
if f is continuous at each and every point lying in the interval 


(a,b). 


Continuity in a Closed Interval 


A function fis said to be continuous ina closed interval [a, b] if: 
(i) fis continuous in the open interval (a , b) 
(ii) fis right continuous at ‘a’ 
ie. lim f(x) = f(a). 
xa 


(iii) f is left continuous at ‘b’ 
ie. lim f(x) = f(b). 
xb 


For instance, f(x) = V-x* +3x—2, where 1 <x <2, isa 
function continuous on this interval, since it is continuous at 
every point of the interval (1, 2), continuous on the right at 
the point x = 1, and continuous on the left at the point x = 2. 


1 
The function y = ——— is continuous in the open interval 
en ee 


(1, 1). It is discontinuous at the points x =— 1 andx = 1. 
Similarly, fis continuous on the half-open interval (a, b] if it is 


continuous at each number between a and b and is continuous — 


from the left at the endpoint b. 


In the case where f is continuous on (—°°, °°), we will say that f_ 


is continuous everywhere. The general procedure for showing 
that a function is continuous everywhere is to show that it is 
continuous at an arbitrary real number. 


Continuity of Elementary Functions 
All basic elementary functions are continuous in the intervals 
where they are defined. 


The constant function and the identity function are continuous 
over R. 


We know that y = sin x and y =cos x are continuous for every 
value of x. 


From the graph we see that f(x) = sin x is continuous in its 


entire domain. 


We see that the functions 


sin X cos xX 
a ED sin x 
1 1 

Yrscex = ag 2 Y ~OSMOX= og 


are continuous for all those values of x for which they are 
defined. The discontinuities of these four functions arise only 
when the denominators become zero and for such values of x, 
these functions themselves cease to be defined. 


f(x) = tan x is continuous at all points except 


x=(2n+1) 5.nel 
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Thus, the domain of continuity of each of the functions sin 
X, Cos x, tan x, cot x, sec x, and cosec x coincides with the 
corresponding domain of definition. 


T 
f(x) = tan x is continuous at all points except x = (2n + 1) 5 5 
nel, 


G Note: f is a continuous function if it is continuous at each 
number a in its domain. 

The examination of the graph of the function y = 1/x in the 
vicinity of the point x = 0 clearly shows that it "splits" into 
two separate curves at that point. 

However, the function f(x) = 1/x, whose domain consists of 
the intervals (—c°, 0) and (0, °°) is continuous. Although this 
function explodes at 0, this does not prevent it from being a 
continuous function. The key to being continuous is that the 
function is continuous at each number in its domain. The 


/ number 0 is not in the domain of f(x) = 1/x. 
_ However, f(x)=1/x is discontinuous in the interval (ee, °°) 


Theorem Every elementary function is contin-uous at every 
point in its domain. 

The polynomial function f(x) = 
a,_,X +a, is continuous over R . 
It follows from the preceding theorem and the fact that constant 
function and the identity function are continuous over R. 

If f(x) is continuous for any particular value of x, then any 
polynomial in f(x), such as 
Alt) + a {iy rt as +a 
continuous 


, {f(x)} + a, is also 


-l 
ApX” tax" +....+a 


The rational function f(x) = 
©) fig 2 be eb 


is continuous at every value of x except at those points where 
the denominator becomes zero. 


is continuous 


7 


throughout the entire number line except for the point x = — ri 


For instance, the function f(x) = ax a7 


at which the denominator of the fraction vanishes. And the 
x 44x? eet 


function f(x) = is continuous everywhere 


x74+x41 
on R, since the denominator never vanishes. 


Now, each of the irrational functions ,/(x —a)(b — x), 
3/(x—a)(b—x) and [2 — =) are continuous at each 
—x 


point in their domain, since these functions are elementary. 
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All trigonometric functions, exponential and logarithmic 
functions are continuous in their domain. 


© Example 1: Test the following functions for continuity 
2x° -8x7 +11 


a) f(x)= 
ae x*4+4x748x748x+4 
3sin? x +cos? x +1 
(b) f(x)= 
4cos x —2 
© Solution: 


(a) A function representing a ratio of two continuous functions 
(polynomials in this case) is discontinuous only at points 
for which the denominator is zero. 

But in this case (x* + 4x? + 8x? + 8x + 4) 
= (x? + 2x + 2)’= [(x + 1)? + 1]? > 0 (non-zero). 
Hence f(x) is continuous everywhere. 

(b) The function f(x) suffers discontinuities only at points for 
which the denominator becomes zero i.e. at the roots of 
the equation 

4cosx-2=0> cos x= 1/2. 

=> x=2nnt +7/3,neE I. 
Thus the function f(x) is continuous for all real x, except at the 
points 2nt +7/3,ne I. 


2. 
@ Example 2: Let f (x) = vx? thx 41 


4° ~k <x 
values of k for which fis continuous forevery xe R. 


Vx? +kx +1 (a) ¥ 
x?-k — 

For f to be continuous V x € R 

x?+kx+120and x*—k must not have any real root. 

“ k?-4<0 andk<0O 

=> ke [2,2] andk<0 

From above, k € [-2, 0). 

@ Example 3: Where is the function F(x) = In(1 + cos x) 

continuous? 

Y Solution: We know that f(x) = In x is continuous and 

g(x) = 1 + cos x is continuous (because both y = | and y = 

cos x are continuous). Therefore, F(x) = f(g(x)) is continuous 

wherever it is defined. 

Now In(1 + cos x) is defined when 1 + cos x > 0. So it is 

undefined when cos x = — 1, and this happens when x =+ 1, 

+ 31, .... Thus, F has discontinuities when x is an odd multiple 

of 7 and is continuous on the intervals between these values. 


©Y Solution: f (x) = 


@ Example 4: Where is the function 


In x+tan7! x 


f(x) = 5) continuous? 
x2 — 


©Y Solution: We know that the function y = In x is con- 
tinuous for x > 0 and y = tan''x is continuous on R. Thus, 


. Find all possible 


y = In x + tan" x is continuous on (0, c°). The denominator, 
y = x’ — 1, is a polynomial, so it is continuous everywhere. 
Therefore, fis continuous at all positive numbers x except where 
x? — 1 =0. So fis continuous on the intervals (0, 1) and (1, ©). 

We need to examine the continuity of non-elementary functions 
carefully. 

For instance, the greatest integer function f(x) =[x], is continuous 
everywhere except for the integral values of x. 


y = [x] is discontinuous at x € I. 

Also, the fractional part function f(x) = {x}, is continuous 
everywhere except for the integral values of x. 

Hence, the continuity of functions {f(x)} and [f(x)] should be 
checked at all points where f(x) becomes an integer. 


The function y = sgn x (or y= Ix], is discontinuous at the 
~ x 
- point x =0. 
~ Hence, the continuity of the function sgn (f(x)) should be checked 


at the points where f(x) = 0. (Note that if f(x) is constanly equal 

to 0 when x — a then x =a may not be a point of discontinuity). 

Usually there are only a few points in the domain of a given 

function f where a discontinuity can occur. 

To find the points of discontinuity, we collect all the doubtful 

points and examine them for continuity. 

We use the term suspicious point for a number a where 

(i) The definition of the function changes or domain of f 
splits, or 

(ii) substitution of x = a causes division by 0 in the function. 

A function may be discontinuous at a suspicious point which 


can be found using the test of continuity. 
2 


For example, y = has two suspicious points x = +2 


x= 


(where the denominator becomes 0). 


1 
y = xX sin— has one suspicious point x = 0. 
x 


For the function y = |x? — 4] we have 

y = x’?-4 when x?-420 

and y = 4 — x? when x*?- 4 <0. 
This means the definition of the function changes when x?—4=0, 
i.e. x=+2. Thus, the function has two suspicious points x =+2. 


[ Note: There is no chance of continuity at points where 
the function is not defined. We know that the function cannot 
be continuous at such points. 


©@ Example 5: If f(x) =[sin mx], O0<x<1 


= ee sgn 2 ,1<x2, 
3 4 


where {.} represents the fractional function then find the 

suspicious points for continuity of function in the interval [0, 2]. 

©Y Solution: 

(i) Continuity should be checked at the end-points of intervals 
of each definition i.e. x = 0, 1, 2. 

(ii) For [sin 7x], continuity should be checked at all values of 
x at which sin 1x € I ie.x=0, 1/2 


(iii) For {x — = sgn (x - 3] , continuity should be checked 


when x —5/4=0 ie. x=5/4 and when x— 2/3 € I ie. 
x = 5/3. 
Finally, continuity should be checked at the suspicious points 
x = 0, 1/2, 1, 5/4, 5/3 and 2. 


©@ Example 6: Show that the function 


2x+3, -3<x<-2 
f(Xx)=4 xt+hL —-2<5x<0 
x+2, O<x<l 


is discontinuous at x = 0 and continuous at other points in the — 
interval [-3, 1]. > ¢)~ 


&Y Solution: The graph of 


2x+3, -3<x<-2 
f(x)= 7 x+1, —2<x<0O 
x+2, O<x<l 


is plotted below : 


y=(xt+l) 


Here, we observe from the graph that at x = 0, 
lim f(x)=1 and lim f(x) =2, which shows that the function 
x30 x>0' 


is discontinuous at x = 0 and continuous at every other point 
in [-3, 1]. 
©@ Example 7: Let 


—2sin x if x <-1/2 


f(x) = {Asinx+B_ if 5 <x <m/2. 
COS X if x>n/2 


Find A and B so as to make the function continuous. 
Y Solution: Atx =— 1/2 
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L.H.L.= lim (—2sinx) = 2 
xo 
2 
R.H.L. = lim | Asinx +B=-A+B 
xo 
2 
So B-A=2 (1) 
Atx=7/2 
L.H.L.= lim Asinx+B=A+B 
pares 
2 
R.H.L. = lim, cos x =0 
xo 
2 
So A+B=0 ) 


Solving (1) and (2) we gett A=-— 1 and B= 1. 


@ Example 8: Find the intervals on which f and g are 


— 3-x if -5<x<2 
continuous where f(x) = ee me ee 
3 F 2-x if -5<x<2 
and 2S x-2 if 2<x<5' 


G Solution: The domain for both function is [—5, 5). Both 


~ functions are continuous except possibly at the suspicious 
point x= 2. Examining f, we see 


lim f(x)= lim G-x)=1 
x32 x32 


and lim f(x)= lim (x -2)=0 
x32" x2" 
so lim f(x) does not exist and fis discontinuous at x = 2. Thus, 
x2 
f is continuous for —5 < x < 2 and for 2<x<5. 


For g, we have g(2) = 0 
and lim g(x)= lim 2-—x)=0 
x>2° 


x2” 


and lim 
x>2° 


g(x) = lim (x-2)=0. 
x2" 
Therefore, lim g(x) = 0 = g(2), and g is continuous at x = 2. 
x2 
Hence, g is continuous throughout the interval [—S, 5). 
@ Example 9: Find the points of discontinuity of the 


following functions for x € R. 


O 1) = Sea] (ii) fa) =? 3) x [2 


(iv) f(x) = 


xT 

1-ex-? 

(v) f(x) = [[x]] — [x — 2], where [.] represents the greatest 
integer function. 


1 
i) f(x) = 
mee) ae ae 


@Y Solution: A function is discontinuous at all such points 
where it is undefined. 
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(i) f(x) 


f(x) is discontinuous when 2 sinx — 1 =0 


- 2sinx —1 


1 
le. sinx= — > x=2nT+ = See” pe7 
2 6 6 


1 
x’ —3|x]42 
f(x) is discontinuous when x? — 3|x| + 2 =0 
=~ |xP-3|x]+2=0 
=> = (\x|- 1) (x|-2) =0 
=>  |xj=1,2 
> x=+1,+2 


(ii) f(x) = 


1 
ili) f(x) = = 

mye) ae ae a 2 ae 3 
x°+—| +2 
2 4 

2 
: 2» I 3 

Now, x*+x?+1=]x vs +7 21VxeR 


=> f(x) is continuous Vx E R 


. 1 
(iv) f(x) = =a] 


l-ex- iad 


f(x) is discontinuous when x — 2 = 0 and also 


x-l x-l 
xXol x-l oe 
when 1 — e*-2 =0 Sex? = 15 
eu 


Thus f(x) is discontinuous at x = 1, 2. 
(v) f(x) =[[x]] -[x—-2] = [x] - ([x] - 2) =2 


= f(x) is continuous Vx € R 


© Example 10: Draw the graph and find the points of 
discontinuity for f(x) = [2cos x], x € [0, 27], (where [.] 
represents the greatest integer function) 
© Solution: 

Ys 


nm 2m 4m Sn 

3 ? 3 > 3 ‘ 3 > 

when 2 cosx = 42> x =0,T, 27. 

Clearly from the graph given above, f(x) is discontinuous at 


when 2 cosx=4+1>5 x= 


nm nm 3n 2m 4m Snr 
x=0, Ba Reo 2 oa! ee? —, 20. 

ee ee? es 
©@ Example 11: Draw the graph and discuss the continuity 
of f(x) = [sinx + cosx], x € [0, 27], where [.] represents the 
greatest integer function. 


©Y Solution: f(x) = [sinx + cosx] 


Let g(x) = sinx + cosx = Vsin{ x 4) 


The range of g(x) is (aes ald ]. 


The suspicious points occur when g(x) =0,+1 


0, nm 30 tr, 3m TT on 


> X= ? ? 
2 4 2 2 


ee 9 3 
©@ Example 12: Discuss the continuity of f(x) in [0,2] where 


| [cos 1x], x<l 
f(x) = 
|2x—3|[x-2], x>1 


and [.] denotes the greatest integer function. 


Y Solution: For x € [0, 1], f(x) = [cos 2x] 
Since [x] is discontinuous at x € I, we must check continuity 
of [cos 1x] at points where cos 7 x is an 


1 
integer. This happens at x = 0, >? I 


a : 1 
When x € [0, 1], the suspicious points are x = 0, 5 i. 


Now for x € (1, 2), -1<x-2<0 
[x — 2] =—1 Thus, f(x) =-| 2x —3 | 
Since | x | is a continuous function, f(x) is continuous in (1, 2). 
The right end point x = 2 is a suspicious point. 
3 


bet ‘ 1 
Hence, the suspicious points are 0, a) 1, a? 2. 


1 x=0 
0 O<x<— (O<cosnx<1l) 
1 5<xsl (-1<cosam x <0) 

Now f(x)= 

2x-3 l<xs— ((2x-3|—3-2x) 

3 

3-2x aoe (|2x —3|=2x—3) 

0 x=2 ([x — 2] =0) 
Graph of f(x) 


It is clear from the graph that f(x) is discontinuous at x = 0, : ; 
2 and continuous at all other points in [0, 2]. 


sgn(x —2)x[In x], l<x <3 


@ Example 13: ics) =|" rey, 


continuity of f(x) should be checked. Hence, find he OS 
of discontinuity. 
Y Solution: Continuity should be checked at ne end- 
points of intervals of each definition, i.e., x = 1, 3, 3.5. 
{x?} is discontinuous for those values of x where 2 is an integer. 
Hence, continuity should be checked when x? = 10, 11, 12 or 
x= v10,vi1,vi2. 
sgn(x—2) should be checked when x —2 = 0 or x = 2. 
[Inx] should be checked when Inx = | or x =e. 
Hence, continuity must be checked at x =1, 2, e, 3, 
V10, V1, v12, 3.5. 
Now, f(1) = 0 and 

lim f(x) = lim sgn(x-2) x [Inx] = 0 


Hence f(x) is continuous at x = 1. 


uu f(x) = in sgn(x—2) x [Inx] = (-1) x 0=0 
lim £(x) = lim. sen(x—2) x [Inx] = (1) x 0=0 


x>2° 


Hence, f(x) is continuous at x = 2. 
i F(x) = a sgn(x — 2) x [Inx] = 1 
lim f(x) = lim = 
x73 ( ) x33* {x"} =0 

Hence, f(x) is discontinuous at x = 3. 

Also f(x) is discontinuous at 


X= V10, V11, V12 because of {x?}. 


Continuity oF Functions 2.15 


Jim, f(x) = lim {x2} = 0.25 = (3.5). 


Hence, f(x) is discontinuous at x = 3, V10, V11,V12. 


@ Example 14: Let f(x) =maximum (sint,0<t<x),0<x< 


T 
27. Discuss the continuity of this function at x = 5° 
©Y Solution: f(x) = maximum (sint,0<t<x),0<x <2 


y=sint 


™ it : F : 
Ifxe [o. 4 , sint is an increasing function 


Hence if t € [0, x], sin t will attain its maximum value at t = x. 


f(x) = sin x if x € [o, 4 


AK as 2n| and t € [0, x] 


>) i 
NY, ne sin t will attain its maximum value when t = > 
where [.] denotes the greatest integer function and {.} 
represents the fractional part function, find the point where the 


=> f(x)=sin = =1ifxe |, 2n 
a 2 
sinx if x co, 4 
2 


1 ; it xe(Z,20| 
2 


f(x) = 


lim f(x)= lim  sinx =1 
xo" x95 
2 2 
lim lim 
wot fx)=,,7 1=1 
2 
Since f(— an L.H.L.= R.HLL., f(x) is continuous at x => 


© Example 15: If the function 
2—(256—7x)'8 
(5x +32)'% —2 

everywhere then find the value of f(0). 


f(x) = 


, X #0 is continuous 


@Y Solution: f(x) is continuous at all points except at the 
point where (5x + 32)!"= 2 i.e. x =0. 
For continuity at x = 0, 
f(0) = lim f(x) = lim f(0 +h) 
x0 h>0 
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[ note that here h assumes both positive and negative values 
close to 0] 


mn 08 7Thy!’8 — (2561/8 
boo (Sh +32)"5 —(32)'° 
(256—7h)” ~(256)"" 
(256 —7h) — 256 
h>0 (5h +32)! — (32)! 
(5h +32)—32 
(256—7h)* —(256)'" 
on (256—7h) — 256 
lim 
5h>0 (5h +32)! — 32)" 
(5h +32) —32 


1 1/8-1 
— (256) a. 
7 _ 
= ee {" in -oat"} 


5 1 5-1 
—.(32 
5 (32) 


(7h) 


(5h) 


(2° aa oe oe, 
8 (2)4 8 23? 64° 


7 
Hence, f(0) = 6A 


©@ Example 16: If f(x) is a continuous function for all real. . 


values of x and satisfies x* + (f(x) —2)x +2 Rick = ak 
f(x) =0, V x € R, then find the value of f(/3 ). — AS * 
©Y Solution: As f(x) is continuous for all x ER. 

feet ; f(x) = f(/3 ) where 


x 2 2054 94/5 <3 


f(x) = c xe v3 
—xX 
: . ees ae ee 
1h 09 = im, FES 
(2-3 -x)(v3 -x) 
=20-v3 
a — (- 3) 
f(V3 ) = 21 - V3). 


° Example 17: Let y = f(x) be defined parametrically as 

y=t+t|t|,x=2t—|t|,t e R. Then examine the continuity 

of f(x) at x = 0. 

©Y Solution: y=+t|t| 

When t = 0, 
x=2t-t=t,y=?+t?=20 

=> x=t and y=2t 

=> y=2xV x20 

When t < 0, 

> x=2t+t=3tandy=t-t=0. 


and x =2t—|t| 


=> y=O0forallx<0. 
2x?, x>0 


Hence, f(x) = which is clearly continuous 


0, x <0 


for all x as shown graphically below. 


@ Example 18: Let f(x) = x?- 3x2+6V x € R, and 


max f(t),x+1<t<x+2, -3<x<0O 
= Vyas, for x>0 
Test continuity of g (x) for x € [-3, 1]. 


Y Solution: Since f(x) = x3 — 3x? +6 


f(x) = 3x? — 6x = 3x (x — 2) 

For maxima and minima, f'(x) = 0 

=> x=0,2 
 £" (x) =6x-6 

f" (0) =-6 <0 (local maxima at x = 0) 
f"(2)=6>0 (local minima at x = 2) 

Also, f(0) = 6. 

Now graph of f(x) is : 


Clearly f(x) is increasing in (— 00, 0) and (2, ©) and decreasing 

in (0, 2). 

Consider x+2<05x<-2 

For —3<x<-2, 
—2<x+1<-land-l1<x+2<0 

Since f(x) increases, the maximum value of g(x) is f(x +2). 
g(x) =f(x + 2) if -3<x<-2. 

Now consider x + 1 <Q andO<x+2<2 


For —2<x<-l, g(x) = f(0). 
Now forx+120Oandx+2<2 
Le. —1<x<0, g(x)=f(k+ 1). 


f(x+2) , -3<x<-2 
feed fO) , —-2<x<-l 
f(x+1) -l<x<0 

1-x : x20 


Now, we can check that g(x) is continuous in the interval 
3,4), 
© Example 19: Consider the function 
1 . 1 
oo) 2 Gis Gan 


I 
" (1+2x) (1+3x) 


2) for x #0. 


Find f(0) if f(x) is continuous at x=0. 
Y Solution: We have the sum upto n terms as 


i  @+3x)=0s%), 449 = 49x) 
(+x)(+2x) 9 (1+ 2x) (1+ 3x) 


(45° 


—Gtnxy-G+n-1x) 


2 1 


upto n terms when x! 0. 
1+nx 


Now, f(x) = is if x #0 andn>oow, 


Thus, for continuity of f at x = 0, f(0) should be equal to the 
limiting value of f which is 2. 


© Example 20: Examine the continuity of the function 


. sin x 
f(x)= lim = 


———— in (0, 7). 
n> 1+ (2 sinx) 


© Solution: f(x) = lim ua 


n>” 14 (2 sinx)*" 


5u 
I 
O<k<¢ or eo <x<0 


sin x, 
= 1 _t 5a 
= Ae SG. 
5a 
Tt 
0, 602 2 6 


We can see from the simplified definition of f that it is 


: : Tt 
discontinuous at x = 7 and aka 
6 


ConTINuITY OF Functions 2.17 


@ Example 21: Given f (x) = Se ees, x #+1 and 


r=l 
lim (f(x) -2n)x?"?(-x?)) for x #+1 
g(x) = <noow 


—l, for x =+1 
show that g(x) is continuous for all x in the domain. 


uw 1 
© Solution: f (x) = 3 +2] 


r=1 


n : n 
= Dx +) 
f=1 t= 


(x7+x4+,,.+ x7") + 


1 


ai +2n 


x x x 
Co] 
2 2n On 
1- 1 an 
ee Sa 
(-x*)  x* jot 
x2 
2/7 ¥2n 1—-x?? 
Tete a ( + 2n 
1=x? (d—x*)x™ 


2n 
fo)== = (es rz }tans x# eI 
x 


1 
(f(x) — 2n) (1 — x2) = a-x(x? +5] 
xX 
Now consider 
g (x) = lim (f(x)—2n)x"* (1x?) for x #41 


F 1 1 
= lim a-x 9x24 ah. x#+#+1 
x X 


n—0o 7 


oe (1—x7")(x7"*? +1) 


ce are aaah © eae 
; 1 1 
= lim | -1 1+ 
n—>0o x20 x 2nt2 
-1 if |x>1 
Now g (x) = | undefined if |x|<l 
-1 if x=+1 


The domain of g(x)is x € (—0o, -1] U [1, ©). 
Now clearly g is continuous for all x in the domain. 
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© Example 22: Let f: R— R bea function which satisfies 
f(x + y*) = f(x). (f(y)? V x, y € R. If fis continuous at x = 0, 
prove that fis continuous everywhere. 


Y Solution: To prove lim f(x + h) = f(x). 
> 

Put x = y = 0 in the given relation 

f(0) = £(0) + (f(0))* > f() =0 
Since f is continuous at x = 0, — f(h) = f(0) = 0. 

> 
Now, lim f(x +h) = lim f(x) + (f(h))° 
h0 h>0 
= f(x)+ lim (f(y = f(x) + 0= f(x). 
h-0 

Hence fis continuous for all x € R. 


@ Example 23: If f(x + y) = f(x) . f(y) for all x, y € Rand 
f(x) = 1 + g(x) . G(x) where lim g(x) =0 and ee G(x) exists, 
x> x> 
prove that f(x) is continuous at all x € R. 
© Solution: lim g(x) =0 
x>' 


=> lim g(h)=0 (1) 


lim G(x) exists > lim G(0 + h) = finite ..(2) 
x0 h-0 
Now, lim f(x +h) = lim f(x). f(h) = f(x) lim f(h) 

h>0 h-0 h->0 


[ f(x + y) = f(x) . f(y] 
= f(x) . lim: {1 + g(h) G(h)}, 


[using the given relation] 


= f(x). {1+ lim: g(h). lim Gih)} 
= f(x). {1 +0. finite}, using (1) and (2) 
= f(x) 


lim f(x + h) = f(x). 
h>0 
f(x) is continuous everywhere. 


Single Point Continuity 


There are some functions which are continuous only at one point 
in an interval, though they are defined everywhere in the interval. 


if xeQ 
if x¢Q 


x=0. The limit of the function does not exist anywhere except 
at the point x = 0. 


x 
For example, f(x) = is continuous only at 


—x 


f x ifxeQ . F int 

(x)= 0 ifxeO is continuous only at x = 0. 

P x ifxeQ . : I _ 

(x)= Lx tevo.” continuous only at x = 1/2. 
x? if xe Q. : 

f(x)= : is continuous only at x = | or— 1. 
1 if x¢Q 


@ Example 24: Find the values of a and b if the function 
f(x)=x?+ax+1, if x is rational 
=ax*+bx+1,_ if x is irrational 
is continuous at x = | and 2. 
Y Solution: Continuity at x = 1 implies 
. &h2=atb+1 

which gives b=1. 
. “Continuity at x = 2 implies 
! 2a+5=4a+2b+1 


which gives a=l. 


‘ 


G& Note: Point functions are treated as continuous. If the 
domain of the function contains a countable number of points 
then it is continuous at all of these points. 


For example, f(x) = V1—x + ¥x—I is continuous at x = 1. 


Here the function is defined only at x = 1. 


Also, f(x) = is defined only for integers. Hence, 


1 
{x}+{-x}-1 
it is continuous at all points in the domain. 


Goncept, Problems B 
1. At what points are the tangent and cotangent functions 4. For what value of ‘k’ is the function, 
continuous? sin 5x 
2. Where are the following functions discontinuous? f(x) = 3x > aontiiwene? 
Lax k  , x=0 
(i) secx (li) 
1-x? 5. Is the function 
3. Prove that the function Qx4+1 if —3<x<—2 
x+1l, -l<x<0,. . . > = i = 
f(x) = is discontinuous. f(x)= 4 X-1 if 25x<0 
ag OSS) x+2 if O<x<l 


continuous everywhere in (—3, 1) ? 
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6. Ifbandc are given, find all values of a for which 11. Find the numbers at which f is discontinuous. At which 
Duos af xe: of these numbers is f continuous from the right, from the 
f(x)= 4.2 is continuous. left, or neither ? 
ax°+b if x>c 2 . 
1+x° if x<0 
7. Find constants a and b so that the given function will be Gy Hjet2=e GOs? 
continuous for all x in the domain. F 
(x-2)° if x >2 
tanax . f 0 
‘ x42 if x<0 
@ fx)=; 4 if x=0 (ii) f(x) = 4e* if O<x<l 
ax+b if x>0 9-x if x>l 
12. Choose parameters, entering into the definition of 
2sin(acosx) if -1<x<0 the function such that the function f(x) becomes 
continuous: 
(ii) f(x) = V3 if x =0 V(x-1) 
. 2. > x<il 
ax +b if x>0 @ f«)=) 3 
ax” +bx +l, x21 
8. For what (if any) values of x are the following functions 5 be 
discontinous: (ii) f(x) = eked 22-1 
ce. i -1. 
(i) y = [x’], (ii) y= [vx lL F nD sin 7(x oe < 
. ate the discontinuities of the following functions: 
Gi) y= V@-ED, (iv) y= 2x1), C . 
madd iy oe 1 oy vinta 
(v) y=[x]+[-4]? oY (i) y= lpelx (ii) y=In(tan*x 
9. (i) For x # 0, let f(x) = [1/x], where [.] denotes the — ee 
greatest integer function. Sketch the graph of fover 14. Let f(x) = 2 for x 4 0. 
the intervals [-2, =] and ie ee aS (i) Find lim f(x) (ii) Find lim f(x) 
What happens to f(x) as x > 0 through chs values? (ili) Is it possible to define f(0) in such a way that f is 
and through negative values? enue for all ral ? 
Can you define f(0) so that f becomes continuous 15. pone the set of all points where the function f(x) = 
at 0? rare | is continuous. 
(ii) Answer the same when f(x) = (-1)""*! for x # 0. is — : 
16. Examine the continuity of the function over x € R. 
(iii) Answer the same when f(x) = x(-1)""! for x 4 0. ; { : x-1 
10. If f(x) is continuous on (—0%, 0°), then it has no vertical @) f(x) =tan = Gi) f(x) = x(x +1)(x? -4) 
asymptotes. True or false. (iii) (x) = [x] + [Ex]. 
Practice Problems B 
1 
a <2p 18. If f(x) =sgn |. - s}) [In x], 1<x<3 
x 
17. Let f(x) = a, x=0 = {x’}, a5 2533 
Find the point where the continuity of f(x) should be 
vx checked 
7. Pe2 x> 0 . 
(16+Vx)!? -4 19. The function f(x) is defined as 
then find the value of ‘a’ for which f(x) is continuous at fx) {* cose!’/*, x#0 
x=0 ae : 
. 1, x=0 


Show that f(x) is discontinuous at x = 0. 
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20. If 


xX 
f(x) = {1 


— 2x for irrational values of x in [0, 1] 


for rational values of x in [0, 1] 


Show that f(x) is continuous only at x = 1/3. 


. : — x? —2x 
21. Find the points of continuity of f(x) = =. 
x- 


22. If the function f given by 


fanex #220 
3bx 
c if x =0 
f(x) = 
fel if O0<x<l 
x xX— 
b if x>1 


is everywhere continuous, find a, b, and c. 
23. Let f : [0, 00) — [0, 0), 


f(x) = x + /x+-Vx +.....Isf right continuous at 0? 


24. What are the points of discontinuity of the function 
cosx if xe 
f(x)= )., ; . ? 
sinx if x¢Q 


25. Let f be the “nearest integer, with ae down” 
function. That is, > 


2.3 Classification of Discontinuity 


Discontinuity of First and Second Kind 

Let a function f be defined in the neighbourhood of a point a, 

except perhaps at a itself. Also let both the one-sided limits 
lim f(x) and ~ f(x) exist, but the conditions of continuity 
xa x a 


are not satisfied. Then the function f(x) is said to have a 
discontinuity of the first kind at the point a. 

. p> &#0 
142* 

1, x=0 


discontinuity of the first kind at x = 0, since both the one-sided 
limits are 0 but this is not equal to f(0) which is 1. 


For instance, the function f(x) = has a 


x 
The function f(x) = ix] has a discontinuity of the first kind 


at x = 0 since the left hand limit is i f(x) = —1, while 
x30 


the integer nearest to x if x is not 


midway between two consecutive integers 


f(x) = 
x= 4 if x is midway between two 
consecutive integers 
(i) Does lim f(x) exist? Ifso, evaluate it. 
x— 3/5 


(ii) Does lim f(x) exist ? Ifso, evaluate it. 
x33.5 


(iii) Is f continuous at 3.5 ? 
(iv) Where is f not continuous ? 


26. Test the continuity of the function 


= lim 
n> | + (2cos x)" ° 
27. If f(x) =x + {— x} + [x] ,where [-] denotes the greatest 
integer function. and {.} denotes the fractional part 
function. Discuss the continuity of fin [—2 , 2]. 
28. Discuss the continuity of the function f(x) = [[x]]—[x- 1], 
where [.] denotes the greatest integer function. 
29. Find all possible values of a and b so that f (x) is continuous 
forall x € Rif 


jax+3] , if x <-l 
|3x+al_ , if -l<x<0 

f(x) = beindx ~2b, if0<x<x 
ey ifx2n 


30. Examine the continuity at x= 0 of the function 


x x 


>< 
(0) = x41" &4DOx4h Ox4+DGx4h 


the right hand limit is Bu f(x) = 1 i.e. the one sided limits 


exists. 


x <0, 
x =0, 
x >0, 


The function 


has a discontinuity of the first kind at x = 0 because the one- 
sided limits exist. 


A function f(x) having a finite number of discontinuities of 
first kind in a given interval is called sectionally or piecewise 
continuous function. 


Sometimes, a function f is discontinuous at x = a because 


lim f(x) does not exist as one or both of the one-sided limits 
xa 


do not exist. 

The function f(x) is said to have discontinuity of the second 

kind at x = a, if atleast one of the one-sided limits (L.H.L. or 

R.H.L.) at the point x = a does not exist or equals to infinity. 

Let us show that for the function f(x) = a , the point x = 3 
—xX 

is a point of discontinuity of the second kind. 


Consider the limits on the left and on the right at the point 
x= 3: 


Thus, the one-sided limits of the function f(x) at the point 


x = 3 are infinite, and according to the definition, this means | 


that the function f(x) has a point of discontinuity of the second =, _ 4 


kind at this point. 

_ bs . 
(x —2)(x —3) (A) 
x = 2 and x =3. Therefore x = 2 and x =3 are discontinuities 
of the second kind. We can see the graph of the function 
below. 


The function y = has no one-sided limits at 


The function y = In |x| at the point x = 0 has the limit 
at In |x| = —00. Consequently, ae f(x) (and also the one- 
x> x> 


sided limits) does not exist. Hence, x = 0 is a discontinuity of 


the second kind. 


It is not true that discontinuities of the second kind only arise 


when lim f(x) = 00. The situation can be different. The function 
xa 


y =sin (1/x), does not have the one-sided limits as x > 0 since 
the values of the function sin (1/x) do not approach a certain 
number, but oscillate an infinite number of times within the 
interval from —1 to 1 asx > 0. 


It has a discontinuity of the second kind at x = 0. The graph 
is shown below. 
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Removable Discontinuity 
A function f is said to have a removable discontinuity at x = a, 


if lim f(x) exists but is not equal to f(a). In this case we can 
xa 


redefine the function such that lim f(x) = f(a) and make it 
xa 
continuous at x = a. 


For example, f(x) = [x] + [—-x] has a removable discontinuity 
at x = 1 since _ f(x) =— 1, but itis not equal to f(1) which 
is 0. a“ 


Removable discontinuity can be further classified as: 


(i) Missing Point Discontinuity 
A function f is said to have a missing point discontinuity 


at x =a if lim f(x) exists and the function is undefined at 
- ? xa 


(l= x)(9-x*) 
(1-x) 
discontinuity at x = 1 since lim f(x) = 8 but the function is 

x>1 


For example, f(x) = has a missing point 


undefined at x = 1. 


(ii) Isolated Point Discontinuity 


A function f is said to have an isolated point discontinuity at 
x =a if lim f(x) exists and the function is defined at x =a, 


but they are unequal. 
x’ -4 
For example, f(x)= 4 x —2 
1 ,x=2 


discontinuity at x =2 since lim f(x) 
x72 


ag has an isolated point 


exists and is equal to 4, but it does not match with the function's 
value at x = 2, which is 1. 
0 if xel 


Also the function f (x) = [x]+[-x] = PxeT 


has isolated point discontinuities at all integral x as shown in 
the figure 
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2 -1 1 2 
The function f(x) = sgn(cos2x—2sinx+3) 
= sgn( 2(2 + sin x)(1 — sinx) ) 
0 if x=2nn+— 
2 


1 if x#2nn+— 
2 


; ‘ ; wo Tt 
has an isolated point discontinuity as x=2n7t + - 


Y: 


-3n/2 OF x/2 5n/2 KX 


Continuous Extension of a Function 


A function F is called a continuous extension of a given function 
f, at a removable discontinuity a of f, if the values of F and f 
agree at every point of the domain of f and the value of F at a 
is the limit of f at a. 


Forexample, _ let f(x) = (x* 
x = 2 is a missing point discontinuity. 2 Aw) 


: . xX 
But since [jm 
x72 xX — 


= lim(x+2)=4: 
x>2 


we see that x = 2 is a removable discontinuity. 
Here F is defined as 


F(x) = 


It is the continuous extension of f at x = 2. 
2 
x° —9 
The function f(x) = 2x3 ° ** R-(3} 
4 ,x=2 


x €R. Atx=3 it has the following left hand and right hand 
limits: 


is defined for all 


2 
. x°-9 li 

lim ~— = lim (x +3) =6, 
rea sono & + 3) 


4)/(x —2), x € R— {2}. Then 


fe = ti, DSHS, 


x3-0 


that is, the one-sided limits are equal. Hence, lim f(x) = 6. 
x33 


However, the point x=3 is a discontinuity in the function since 
the limit is not equal to the function's value. 


Let us see how we can make the function continuous at 
x = 3. Consider the function F(x) defined as 


F(x) = for x #3 
6 for x=3 


The values of F(x) coincide with those of the function f(x) = 
(x? — 9) / (x — 3) everywhere except at x = 3, where the “old” 
function was defined as 4, while at x = 3 the “new” function 
has a value of 6. 


The function F(x) fulfills the equality 
_ lim F(x) = FG) =6, 
WISP 


which means that F(x) is continuous at x = 3. Thus, the 
discontinuity of f(x) has been removed. 


Note that we were able to get a continuous function F(x) from 
the discontinuous function f(x) because the one-sided limits 
were equal. 


Irremovable Discontinuity 


A function f is said to have an irremovable discontinuity at 


x=a,if lim f(x) does not exist. In this case we cannot redefine 
xa 


the function such that lim f(x) = f(a) and make it continuous 
xa 
atx =a. 


Irremovable discontinuities can be further classified as : 


(i) Finite Discontinuity 
A function fis said to have a finite or jump discontinuity at 


x =a if lim f(x) does not exist since the left hand limit and 
x >a 


the right hand limit are unequal, but the one-sided limits 
do exist. 

For instance, f(x) = [x] has a finite or jump discontinuity at 
all integral x. 


Jump of a Function at a Point 


Ifx =a is a point of finite discontinuity of the function f(x), then 
the graph of this function undergoes a jump at x = a. 


The difference R.H.L. — L.H.L. i.e. f(a*) — f(a’) is called the 
jump in the function at x =a. 


ae 


:Jump of discontinuity 
- 


The graph of the function f(x) = sgn(x) makes a jump of 2 units 
at the point x = 0 since 


£(0*) — f(0-) = 1 


Cij=3, 


The difference between the greatest and least of the 
three numbers f(a*), f(a’), f(a) is the saltus or measure of 
discontinuity of the function at the point a. 


ho j=" 
(i) lim tan” (=) a a ;jump=7 
= f(0) a 


f(n*)=— 
(ii) lim | sin x | ; Jump = —1 
xOn X—T f(x )=0 
(2° )S1 
ei cae 
Gi) lim — eae 
x22 X f{(2 )=— 
(iv) f(x) = l-e* and f(0) =e. 
f(0*) = lim Torky = 
hoof —e MOH) h504 — eh 
a 
l=e" 1-0 
and f(0 ) = ev ~ @th=h) ~ h>0] ee! 


1 1 


i. 1-e& ~ es 
Hence f is discontinuous at x = 0, the discontinuity being of 
the first kind and irremovable. This function has a jump of one 
unit at 0 since f(0*) — f(0-) = 1. The saltus is e. 


(ii) Infinite Discontinuity 

A function is said to have an infinite discontinuity at 
x =a if atleast one of the one-sided limits is infinite. For 
instance, the following functions have infinite discontinuity: 


f(t) =— 
-r= 1 < 


fd )=00 


G@) f(x)= 
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1 — Jtanx _h 
(ii) f(x) =2 wxF 
£(0")=00 
(iii) f(x) = — atx= 0 
f(O") =00 


x <0 


x>0 


2 
(iv) f(x) = ; ; 
Inx, 


has an infinite discontinuity at x = 0 since the right hand 
limit is infinite (note that the left hand limit is 0. 


Pole Discontinuities 
The concept of pole discontinuity is related with infinite limit. 
Fora point x =a to qualify as a pole of a function f, we must 


1 
have Nit —— =0. 
xa f(x) 


e, ‘ What this means roughly is that a becomes numerically big 
and stays big as x gets close to a" 


1 
The function y = (x—2)(x—3) has pole at x = 2 and x =3. 
x? , x0 
Note that f(x) = lies es 


does not have a pole discontinuity at x = 0, even if it has 
an infinite discontinuity at x = 0 since the left hand limit 
is finite. 


Again, the reciprocal of a polynomial of degree n has atmost 
n poles : in fact, the real zeros of a polynomial are the poles 
of its reciprocal. 

In particular, the reciprocal of the quadratic polynomial 
with negative discriminant has no poles. The poles of a 
rational function in "lowest terms" are the zeros of the 
denominator. 


The zeros of sin x and cos x are respectively the poles of 
cosec x and sec x. 

Consider the following graph to understand the nature of 
discontinuity. 
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From the above graph note that lim. f(x)= lim. a[x]-l=x-1. 
(i) f is continuous at x =— 1 xt x38 
(ii) f has non removable (finite type) discontinuity at x=0 ” 


(iii) f has isolated discontinuity at x = 1 The jump of discontinuity = R.H.L. — L.HLL. 


™ T 


(iv) f has missing point discontinuity at x = 2 =nm-l—-—=—-—-1. 
(v) at x =3 non removable infinite type discontinuity. 2 2 
saa 7 . oe 2 —sin 2 
(iii) Oscillatory Discontinuity © Example 3: Let f (x) = a 
A function is said to have an oscillatory discontinuity at (n= 25) 
x =a if atleast one of the one-sided limits does not exist because eT CO8K fe x), x< 1/2 
ft h oscillation in the val f the function. xX) = ———— , andh (x) = 
of too much osci cae ahaa He pan _ g (x) ay de (x) g(x), x>n/2 
oo f(x) = sin = has an oscillatory discontinuity then show that h has an irremovable discontinuity at x = 77/2. 
1. 2cos xX —sin 2x T 
The function f(x) = E naa x p| oscillates between 0 a aos 
and | at x =0 and hence has a oscillatory discontinuity at x =0. © Solution: h (x) = 
B Note: In all the cases of irremovable discontinuity the —— xX a 
value of the function at x = a (point of discontinuity) i.e. f(a) — 
may or maynot be defined. L.HLL. at x = 11/2 
|... 2sinh—sin 2h 
xX, x<l Ni 
©@ Example 1: If f(x) =e eae i ee Ah? 
then find the type of discontinuity at x = 1. N Nod = lim 2sin h(—cosh) =0. 
ay h>0 Ah? 
X, x<l 
Y Solution: f(x) =)_ 2 uA esinh -] 
x Kel ANY REL.= fm —_maah\cde 
_AY ” h>0 0((n/2)+h)—4n 
lim f(x)= lim x=1 
xl xol : eh _41 sinh 1 
. . = lim . = 
and lim f(x)= lim x*=1 hoo) = 8h_~—Ss Sinh~—s 88 
xl" xl 
1 T 1 
lim f(x)= lim f(x)=1 Thus,h} — | =Oand h|- | =< 
xol xor 2 2 8 
but f(1) is not defined. < _ 
T T 
So, f(x) has a missing point removable discontinuity atx =1. We have n( #h [: ) 
: Pine ee ‘ 2 2 
The discontinuity is of first kind. 
T Since L.H.L. # R.H.L., h(x) has an irremovable discontinuity 
@ Example 2: Let f(x) = cos" {cot x}, x < > atx = 7/2. 
Set T © Example 4: State the number of point of discontinuity 
, ae 2 and discuss the nature of discontinuity 
1 
Find jump of discontinuity at x = * : for the function f (x) = inlz| and also sketch its graph. 
cos | {cot x} if eee — if x>0,x#l 
. nx 
© Solution: f(x) = 7 © Solution: f(x)=} 
T[x]-—1 if ar new if x <0,x ¥-l 
lim f(x) = lim cos" {cot x} The function is obviously discontinuous at x = 0, 1, —-1. as it 
xt xt is not defined. 
lim f(x) =0 
=cos'0=—. Taree Limit exists at x = 0. 
x>0 


Hence there is a removable discontinuity (missing point) at 
x=0. 
lim f(x) =< 


xl 


lim f(x) =—00 


xl 
Hence there is a nonremovable discontinuity (infinite type) 
atx=1. 


Limit dne. 


lim f(x) =—0o 

a Limit dne. 
lim f(x) =0 

x>-l 


Hence there is a non removable discontinuity (infinite type) 
atx =-l. 

Note that f (x) is even => the graph is symmetric about y axis. 
The graph of f (x) is as follows. 


@ Example 5: Let f(x) = lim 


n> 1+nsin? x 
and also comment on the continuity at x = 0. 


© Solution: Let f(x) = i@ unset: 


f (=)- lim : 

— l+n.sin? Z 

1 

ee en 0 

l+n] — 

2 
Now, 
1 
£(0) = : 


= n.sin?(0)+1 ~ 140 — 


lim f(x) = lim in venta’ {form | }=0 
x20 |2>014n sin* x 1+00 


Here sin’x is a very small quantity but not zero. 
Thus f(x) is discontinuous at x = 0. The type of discon- 
tinuity is isolated point removable discontinuity. 
©@ Example 6: Examine the function 
f(x)= lim 


no 


for continuity in (0, 71). Plot its graph 
1+(4sin x) 
and state the nature of discontinuity. 


T 
© Solution: For x= — or = , 4sin’x = 1 


6 


, then find # (= . 2 yy 
4: 3 4 
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foe lim x x 
= nm Sree 
- n>o J4]" 2 


fe 2k ee i 
aaa x Bg 2s 


f (x) = lim a =0 
n> 14+ (greater than 1)" 


TT 
For 0< x < = 


or ot <x < 71,4 sin’x <1 
6 6 


f (x)= lim a ee 
n> 1+(less than 1)" 


x for O<x<2 or aE ee 
6 6 


Hence f (x) = ~ for x= = or an 
2 6 6 
QO for —<x< ae 
6 
Y 
itl cinensenenndevcnccacaos 
) 6 ! 
y = fx) 
fi | 
# 1 1 
| i 1 
5 “ 
a ao earere it 
RL es T | 
7 | 
+ # | | 
Tt “4 | H 
oe | 
14 = 
12; 0 
“ mT Qn 3n 4n Sn 6x X 


6 6 6 6 6 6 


The graph of f(x) is as shown above. 
From the graph it is clear that f (x) is continuous everywhere 


5n 


in (0,7) except at — and = and where it has removable 


6 
discontinuity of finite type. 


@ Example 7: Consider f(x) 


b-a . 
1 —z~ sin 2x 
/ 2 
=p 5 a+btan~ x 
4 b-a . 
1+ q sin x 


for b > a > 0 and g (x) = sgn (f(x)). Find whether g (x) is 
continuous at x = 0 or not and state the nature of discontinuity, 


if discontinuous. 
1 _Nb—a-sin 2x-Ja +btan? x 


Y Solution: f(x) = ra a+(b—a)sin x 


a 
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sin 2x-Ja +b tan” x 
vacos” x +bsin? x 


sin Qox-Ja cos” x + bsin? x 


| cos x | Vacos? x +bsin* x 


sin 2x 


Hence, f (x) = lease 


sin 2x 
Now, g (x) = sgn 
| cos x | 


We have g(0)=0 


sin 2h 
a | lim sgn 2sinh 
g (0") = tin sn) lim sgn(2sinh) = 1, 


- lim sgn (—2sinh) =] 


~ hoo 


(Osainsen —2sin 2h 
s ~ 30 cosh 


Hence, g (x) = sgn (f(x)) is discontinuous at x = 0. The nature 
of discontinuity is irremovable discontinuity of finite type. 


Goncept; Problems 


©@ Example 8: Let 


e*-1 : 
———<—————————d if. x#0 
Vd+x2)—V1-x2 

f(x) = , 
: if x=0 


then find whether f(x) is continuous at x = 0 or not and state 
the nature of discontinuity, if discontinuous. 


Y Solution: 


(= a 1x2) 4V1—x2 
xX 
Limit = lim 
ma Jas x*)-vI 2 4 x2) +V1—-x? 


- lim = im —— 


mn) — yy -(d-x? x90 iE +3x? 


Lt. = 


Now R v2 d L.H.L. = 
ow = an +-— 
B “8 
xi is discontinuous at x = 0. The nature of discontinuity 
emovable discontinuity of finite type. 


1. Let f(x) =x, x<l © 
=x*,x>1 
=2) x=] 
Find the type of discontinuity at x = 1. 
2. Let f(k) =x, x<l 
=2x, x>1 


Find the type of discontinuity at x = 1. 


3. Prove that the function h(x) = 2 has infinite discontinuity 
at x = 77/2. 


4. If f(x) =x+——— 


+2 
x x4+2| find the points of discontinuity and 


determine the jumps of the function at these points. 


1 
5. If f(x)= — find f(a*) and f(a’). Is the function 


ae 
a 


continuous at x = a? 


6. Test the discontinuity of the following function at x =a 
and specify the type of discontinuity. 


f(x) = : cosec : , x #aand f(a) =0. 
xX -a X-a 


1 
7. The function f(x) = tan“! 5 is meaningless for x = 2. 
i= 


Is it possible to define the value of f(x) in such a way that 
the redefined function becomes continuous at x = 2 ? 

Which of the following functions f has a removable 
discontinuity at a? If the discontinuity is removable, find 


a function g that agrees with f for x # a and is continuous 
on R. 


x? -2x-8 
i 2 fe ae 
() f= a 
a x—7 = 
Gi) f(x) = (eo 


Practice Problems (ce 


9. Test the function f(x) for continuity and indicate the kind 
of discontinuity, if any. 
(i) f(x) =x sin (1/x) 
(ii) f(x) = sin(//x), 


(iii) f(x) = {x}, 


x’ if x is an irrational number 


(iv) f(x) = 


1 if x is a rational number 


x7 + 


@ i= 
x +1 
(vi) f(x) = tan“!(1/x), 


> 


P 1 
(vii) f(x) = Ley > 
2 


ae xX 
(viii) f(x)=In (41x —3) 


x) fi x? for0 <x <I], 
= 2-x forl <x <2, 
j cos(mx/2), |x| < 1, 
ccd (ro | fe 
10. What is the nature of the discontinuities at x = 0 of the 

functions: 

. sin x e 

@) y= - (ii) y= [x] + [4] 


(ili) y =cosec x 


) y=4(2) 


sin(1/ x) r 
sin(1/x) ¢ 


1 
(iv) y= [=]. 


(vi) y = cosec Es 
x 


(vii) y= 


2.4 Algebra of Continuous Functions 


It is easily deduced from the theorems on limits that the sum, 
product, difference or quotient of two functions which are 
continuous at a certain point are themselves continuous at that 
point (except that, in the case of the quotient, the denominator 
must not vanish at the point in question). 

Further it is true that composition of a continuous function with 
a continuous funcion is a continuous function. 


1. If f(x) and g(x) are continuous at x = a, then the following 
functions are also continuous at x = a. 
(i) cf(x) is continuous at x = a, where c is any constant. 
(ii) f(x) + g(x) is continuous at x = a. 
(ii1) f(x). g(x) is continuous at x = a. 
(iv) f(x)/g(x) is continuous at x = a, provided 
g(a) #0. 
Theorem If the functions f(x) and g(x) are continuous at a 
point x = a, then the sum h(x) = f(x) + g(x) is also continuous 
at the point x= a. 


Proof Since f(x) and g(x) are continuous, we can write 


lim (x) = f(a) and lim g(x) = g(a) 


xa 


By theorem on limits, we can write 
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11. Can f(x) = x(x? 1)/|x? — 1| be extended to be continuous 
atx = 1 or-1? 

12. Show that the only discontinuities a rational function 
can have are either removable or infinite. That is, if 
r(x) is a rational function that is not continuous at 
a, show that either a is a removable discontinuity or 
lim |[r(x)| = 00. 
xa 

13. Let f(x) = lim (1 + x). Comment on the continuity of 
f(x) at0. "”” 

14. Investigate the following functions for continuity: 
ti: are a —3 

x -4 


es _ 4 
(Gi) y=(1 +x) tan ae 


1 
(iii) y = —_ 
1+el* 
15. Investigate the following functions for continuity: 


(x 2 0) 


n 


ot yy = lim 
@ y n>o]+ x 


(ii) y= Jim (x tan nx) 


lim h(x) = lim [f(x) + g(x)] 
= lim f(x)+ lim g(x) = f(a) + g(a) = h(a). 


Thus, the sum h(x) = f(x) + g(x) is a continuous function. 


Note, as a corollary, that the theorem holds true for any finite 
number of terms. 

Theorem The sum ofa finite number of functions continuous 
at a point is a continuous function at the point. 

Proof Suppose we are given a definite number of functions 
f, f,, veoh, continuous at a point x = a. We have to prove that 
their sum g =f,+ f, +... + f, is a continuous function at that 
point. The functions fs f. wolf, being continuous, we have 


lim f;(x) =f,(a), lim f,(x) =f, (a), 
xa xa 


lim f,, (x) =f, (a), 
xa 
By the theorem on the limit of a sum we write 


lim g(x) = lim(f, +f, +...+f,) 
xa xa 


= limf,(x)+ limf,(x)+_ + lim f, (x) 
xa x>a xa 


f(a) + f,(a)+....+ f,(a) = g(a). 


Thus, lim g(x) = g(a) which is what we wished to prove. 
x >a 
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By the above theorem we at once recognize that the functions 
y=x°+3xt+ Vx, 

y = sin*x — x sin x — (x*— 1) cos x, and 

y = sin x — 2x/(x* + 1) are continuous at every point in a 
domain common to all functions involved. 
We can show that a polynomial is a continuous function. The 
polynomial function P : R — R is given by P(x) =a, + a,x + 
.. + ax", where a,, a,,...., a, € R. The functions f,, f,, ...., f, : 
R- R defined by 
f(x) =x, £,(x) = Rpecsagall (x) = X"are continuous. 
Hence, ns aucetions af,, a,f,, .... af, are also continuous 


yaa 
functions. Therefore, the finden 


P(x)=a,t+af,+...+af, 

is also continuous as the sum of continuous functions is a 
continuous function. 

Theorem The product of a finite number of functions 
continuous at a point is a continuous function at that point. 
Proof Letg=f,.f,..... f, retaining the notation of the above 
theorem and using the theorem on the limit of a product, we get 


lim g(x) = lim(,. f,....f,,) 


x—a 


= limf,(x). lim f,(x)...... lim f, (x) 
xa x—a xa 
= f,(a). f,(a) ...... f (a) = g(a) 
which is what we set out to prove. 


Theorem The quotient of two functions continuous ata point 
X =ais acontinuous function at the point x =a provided that the 
denominator does not turn into zero at the point. 


f : 
Proof If g = =, then by the theorem on the limit of a 


quotient, we have 


fix) h@) 


lim f, (x) 
xa 


_ f, (a) 
~ f, (a) 


om 1 g(x) = = lim = g(a) 


xa f, (x) 


if ae f(x) =£,(a) #0. Therefore g = a is acontinuous function 
me 2 
at the point x =a. : 
2. If f(x) is continuous at x = a and g(x) is discontinuous at 
x =a, then we have the following results. 
(i) Both the functions f(x) + g(x) and f(x) - 
discontinuous at x = a. 


g(x) are 

For example, consider, f(x) = x and g(x) = {x}. 
Here f(x) is continuous at x = 0 and g(x) is 
discontinuous at x = 0. Both the sum function x + {x} 
and the difference function x — {x} are discontinuous 
atx =0. 

(ii) f(x). g(x) is not necessarily discontinuous at x = a. 
We need to find the result by getting the limit of the 
product f(x). g(x) and comparing it with f(a). g(a). 


For example, consider, f(x) = x? and g(x) = sgn(x). 


a) Example 1: Discuss the continuity of f(x) = 


Here f(x) is continuous at x = 0 and g(x) is 
discontinuous at x = 0. But the product function 
x?, x>0 
f(x)g(x) =) 0, 
—x?, x <0 


As another example, the product of the functions 


x =O is continuous at x= 0 


ll 
ee ee i x #0 
O x=0 


is continuous at x = 0 even when f(x) is continuous 
at x = 0 and g(x) is discontinuous at x = 0. 
However, the product of the functions f(x) = x and 
g(x) = [x] is discontinuous at x = 1. 

(ii1) f(x)/g(x) is not necessarily discontinuous at x = a. 
Here also we need to work on the function f(x)/g(x) 
to get the result. 

x>0 


x<0° 


x+1, 

Let f(x) = x(x? -1) and g(x) = a 

im Here f(x) is continuous at x = 0 and g(x) is 

- discontinuous at x = 0. We can check that f(x)/g(x) 
is continuous at x = 0. 


x]+|x-1]. 


@ Solution: Let us draw the graphs of the functions y = [x] 
and y=|x-1| 


It is a clear from the figure that f(x) = [x] is discontinuous at 

all integral points and g(x) = |x — 1| is continuous for all x € R. 

The sum of a discontinuous and a continuous function is 

discontinuous. Hence f(x) + g(x) is discontinuous at all integral 

points. 

3. If f(x) and g(x) both are discontinuous at x = a, then we 
have the following results. 

(i) The functions f(x) + g(x) and f(x) — g(x) are not 
necessarily discontinuous at x = a. However, atmost 
one of f(x) + g(x) or f(x) — g(x) can be continuous 
at x =a. That is, both of them cannot be continuous 
simultaneously at x = a. We have the following reason. 
Let us assume that both f(x) + g(x) and f(x) — g(x) are 
continuous. Then the sum of functions (f(x) + g(x)) 
+ (f(x) — g(x)) = 2f(x) must be continuous at x = a, 


which is wrong as it is given that f(x) is discontinuous 

at x = a. Hence our assumption is wrong. So, both 

the functions cannot be continuous simultaneously 
atx =a. 

For example, consider, f(x) = [x] and g(x) = {x}. 
Here both f(x) and g(x) are discontinuous at x=0 
The sum function [x] + {x} being equal to x is 
continuous at x = 0. The difference function [x]— {x} 
however is discontinuous at x = 0. 

But this does not mean that one of the functions f(x) + 
g(x) or f(x) — g(x) must be continuous. We can have 
both the functions discontinuous. For example, 

if f(x) = 2[x] and g(x) = {x}, then both the functions 
f(x) + g(x) or f(x) — g(x) are discontinuous 
simultaneously at x =0 . 

(ii) f(x) - g(x) is not necessarily discontinuous at x = a. 
We need to find the result by getting the limit of the 
product f(x). g(x) and comparing it with f(a). g(a). 
For example, consider, f(x) = [x] and g(x) = [-x]. 
Here both f(x) and g(x) are discontinuous at x = 0 
but, the product function [x]-[—x] is continuous at 
x=0. 


Further, f(x) = [x] and g(x) = {x} are both 
discontinuous at x = 0 and, the product function phi 


{x} is discontinuous at x = 0. 


Hence, we cannot comment in advance, when both 
the functions are discontinuous at x = a. 


(11) f(x)/g(x) is not necessarily discontinuous at x =a. Here 
also we need to work on the function f(x)/g(x) to get 


the result. 
x?-l, x20 x+l, x20 
Let f(x) = va: e206 and g(x) = a 


x<0° 


Here both f(x) and g(x) are discontinuous at x = 0. 
But we find that f(x)/g(x) is continuous at x = 0. 


@ Example 2: If f(x) = [sin(x—1)] — {sin(x—1)} then 

comment on continuity of f(x) at x = se 1. 

© Solution: f(x) = [sin (x — 1)] - {sin (x — 1)}Let g(x) = 

[sin (x — 1)] + {sin (x-—1} = sin (x-1) 

which is obviously continuous at x = = +1 

Here [sin (x — 1)] and { sin (x — 1)} are both discontinuous at 
T 


x=—+1. 
2 


*, Atmost one of f(x) or g(x) can be continuous at x = 5 +1. 


T 
As g(x) is continuous at x = 5 + 1, therefore, f(x) must be 


discontinuous. 
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Continuity of Composite Functions 

Theorem A function composed of a finite number of 
continuous functions is a continuous function. 

It is sufficient to prove this assertion for a composite function 
formed by two continuous functions because after that it can be 
extended, consecutively, to an arbitary number of constituent 
functions. 

Theorem If f(x) is continuous at x = a and g(x) is continuous 
at x = f(a) then the composite function (gof)(x) is continuous 
at x =a. 

Proof Let y = g(u), u = f(x) and y = g(f(x)) = F(x) 

where f(x) is continuous for x = a and g(u) is continuous for 
u = b= f(a). We have to prove that 

y = F(x)) is continuous at the point a. 

Indeed, let x — a. The continuity of the function 

u = f(x) implies that La f(x) = f(a) =b, 


that is u — b. The function g(u) being continuous at the point b. 
we have I eae g(u) = g(b). 


Noe since u= f(x), we can rewrite the last relation in the form 


; “tim a(f(x)) = = g(f(b)) or, equivalently, 


lim F(x) = F(a) which is what we wished to prove. 
xa 


This theorem is also named as the chain rule for continuity. 
; : . ua 
For example, f(x) = sin x is continuous at x = 2 and 


x? -1, x<l 
a= | 


is continuous at x = f( ts = 1. Hence 
x-l, x>l 2 


: . . : T 
the composite function (gof)(x) is continuous at x = a 


1 Note: 


1. Leta function f(x) be continuous at all points in the interval 
[a, b], and let its range be the interval [A, B] and further 
the function g(x) be continuous in the interval [A, B], 
then the composite function (gof)(x) is continuous in the 
interval [a, b]. 

2. Ifthe function fis continuous everywhere and the function 
g is continuous everywhere, then the composition gof is 
continuous everywhere. 

3. All polynomials, trigonometric functions, inverse 
trigonometric functions, exponential and logarithmic 
functions are continuous at all points in their domains. 

4. If f(x) is continuous, then | f(x)| is also continuous. 


x sin x : 
For example, f(x)= —3—— and g(x)= | x | are continuous 
x 


+2 
for all x. Hence, the composite function (gof)(x) = 
x sin x 


x7 42 


is also continuous for all x. 
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© Example 3: Check the continuity of 


>: . 
x? cosx +x” sinx 


f(x) = 


cos(1/sin x) 


Y Solution: The numerator is continuous for all x. As far 

as the denominator is concerned, according to the theorem on 

continuity of a composite function, it is continuous at points 

where the function u = 1/sin x is continuous, since the function 

cos u is continuous everywhere. 

Hence the denominator is continuous everywhere, except at 

the point x = kz (k an integer). Besides, we must exclude 

the points at which cos (1/sin x) = 0. 1.e. the points at which 

1/sinx = (2p + 1) 7/2 (p € DJ, or sin x = 2/[2p + 1)7]. Thus, 

the function f(x) is continuous everywhere except at the points 
2 

x =k and x = (-1)" sin! Opaia 

where k, p,n € I. 


© Example 4: What can you say about the continuity of the 
function f(x) = V9-x? ? 


Y Solution: Because the natural domain of this function is the 


closed interval [—3, 3], we will need to investigate the continuity — 
of f on the open interval (—3, 3) and at the two endpoints. Ifc is any 


number in the interval (—3, 3), then lim f(x) = lim V9— x? 
xc ~~ o 


xc 


= flimO—x2) = V9—c? =f(c) 


xc 


which proves f is continuous at each number in the interval 
(-3, 3). The function f is also continuous at the endpoints since 


lim f(x) = fim 9 =x? = [lim @-x?) =0=1@), 
x03° x33 > 


x73" 
lim f(x)= lim /9-x? 


x>-3' x73 


lim (9 -x*) =0=f(-3). 


Thus, f is continuous on the closed interval [—3, 3]. 


G Note: The nth-root function f(x) = x is continuous 
everywhere if n is odd and it is continuous for x 2 O if nis even. 


We may combine this result with the previous theorem. Then we 
see that aroot of a continuous function is continuous, wherever 
it is defined. That is, the composition 


box) = Ya) = [goo]! 
of f(x) = Yx and the function g(x) is continuous at a assuming 
that g(a) = 0 if n is even (so that aig(a) is defined). 
For example, the above theorem tells us that composite 


functions like Jsinx, Vx , (vx + 1)3, ¥cos? x +3, 


are continuous at all points at which the functions are defined, 
because polynomials and trigonometric functions like sine and 


cosine are continuous at every point, while root functions are 
continuous on their proper domains. 


©@ Example 5: Show that the function 


x-7 ae ; ‘ 
f(x) = i is continuous everywhere. 
x°+2x4+2 


&Y Solution: Note first that the denominator 
x? +2x+2=(x + 1) + lis never zero. 
Hence the rational function 
x-7 
is ae vee 
is defined and continuous everywhere. It then follows from 
the continuity of the cube root function that f(x) = [r(x)]?" = 


¥[r(x)/° is continuous everywhere. 


As was mentioned earlier, all the basic elementary functions 
are continuous in the intervals where they are defined 
and therefore the theorems proved here imply that every 
elementary function is continuous in those intervals where 
it is defined. 

An elementary function can only be discontinuous at those 


points where some of the constituent functions it is formed of 
are not defined or where the denominators of some fractions 
involved vanish. 


Xx 


For instance, the function y = a is discontinuous at the 


points x = + 2 and continuous at all the other points. 

The function y = x? tan x is discontinuous at the points 
1 

x=(2k+ Ie skel 


© Example 6: Find the points of discontinuity of 
1 


= > ,, where u = 
- a +2 x-l 


1 
©Y Solution: The function u= f(x) = is discontinuous 
x 


at the point x = 1. (1) 
1 _ 1 
ue+u—-2 (ut+2)(u-1) 


discontinuous at u = —2 andu= 1. 


The function y = g(u) = is 


1 
When u=-2, —— = -2 
x-l 
1 
=> | > x=1/2 (2) 
1 
When u = 1, —— =1 
x-l 
=> x-l=l > x=2 (3) 


Hence, the composite function y = g(f(x)) is discontinuous at 


three points x = 3 x 12. 


@ Example 7: Iff(x) = —— ~ and BX) = 5 =e , then discuss 


the continuity of f(x), sea a (fog)(x). 
+1 
@ Solution: f(x) = 3 
X-— 
f(x) is a rational function it must be continuous in its domain. 
fis not defined at x = 1 


f is discontinuous at x = 1 


8X) = T_5 
g(x) is also a rational function. It must be continuous in its 
domain and it is not defined at x = 2 
g is discontinuous at x = 2 
Now fog(x) may be discontinuous at 
(i) x=2 (point of discontinuity of g(x)) 
(ii) g(x) = 1 (when g(x) = point of discontinuity of f(x)). 


1 
If g(x) = 1 then =1> x=3. 
x-2 
The discontinuity of fog(x) should be checked at x = 2 


and x =3 


J +1 
At x =2, fog (x) = 22— 
= 
We see that fog (2) is not defined. 
' +1 
lim fog (x)= lim %=2 = lim a 
x2 x02 x2 1-x+2 
x2. 


fog (x) is discontinuous at x = 2 and it has a removable 
discontinuity at x = 2. 
At x = 3, fog (3) is not defined. 


+1 
lim fog (x)= lim x=2 = 00 
x33" x>3° 1 
—1 
x-2 
. ! +1 
lim fog (x)= lim x-2 =— 0 
x33 x3" 1 
-1 
x-2 


fog (x) is discontinuous at x = 3 and it has an infinite 
irremovable discontinuity there. 


@ Example 8: Given the function f(x) = 1/(1 — x). 
Find the points of discontinuity of the composite function 
y = f((4(X))). 


Y Solution: The point x = 1 isa discontinuity of the function 


1 
v=f(x)= [ox HX # 1, then 
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x-l 


u=TO) = {oyti=ay 


Hence, the point x = 0 is a discontinuity of the function 
u = f(f(x)). If x #0, x 4 1, then 


y = f(f(f(x))) = 


“Dix = X 1s continuous everywhere. 


Thus, the points of aa aiaay of this composite function are 
x = 0, x = 1, both of them being removable. 


© Example 9: If f(x) = sgn(2sinx + a) is continuous for all 
x, then find the possible values of a. 

©Y Solution: Since f(x) = sgn(2sinx + a) is continuous for 
all x, we should have 2sinx + a # 0 for any real x. 

=>  sinx -a/2 

=> |a/2|>1 

=> a<-—Jora>?. 


Continuity of the Inverse of a Continuous 
Invertible Function 


Theorem If the function y = f(x) is defined, continuous 


and strictly monotonic on the interval I, then there exist the 
_ inverse function y = f'(x) defined, continuous and also strictly 
- monotonic in the range of the function y = f(x). 


Theorem Assume f is strictly increasing and continuous 
on an interval [a, b]. Let c = f(a) and d = f(b) and let g be the 
inverse of f. Then 

(i) g is strictly increasing on [c, d], and 

(ii) g is continuous on [c, d] 
There is a coresponding theorem for decreasing functions. That 
is, the inverse of a strictly decreasing continuous function f is 
strictly decreasing and continuous. 


For example, we prove that the function y = Ux is continuous 
V x € R, considering it as the inverse of y = x*. The function 
y =x? is continuous V x € R, and its range is y € R. Also, it 
is strictly increasing and hence invertible. Hence, its inverse 
function, 


y= ‘/x , x € R, is continuous V x € R. 


Continuity of Integrals 
Assume f is integrable on [a, x] for every x in [a, b] and let 


A(x) = ff (t)dt . Then the integral A is continuous at each point 


of [a, b]. (At each endpoint we have one-sided continuity) 


Proof We choose a point c in [a, b]. Now we prove that 
A(x) — A(c) as x — c. We have 


A(x) -A(o) = Jf (Dat 
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We estimate the size of this integral. Since f is bounded on 
[a, b], there is a constant M > 0 such that -M(x —c) < A(x) — 
A(c) < M(x -c). 

If x < c, we obtain the same inequalities with x —c replaced by 
c —x. Therefore, in either case we can let x — c and apply 
the Sandwitch theorem to find that A(x) — A(c). This proves 


the theorem. If c is an endpoint of [a, b], we must let x > c 
from inside the interval, so the limits are one-sided. 


@ Note?) If f is continuous on [a, b], then it is integrable 
on the interval. Hence, the integral of a continuous function 


. : xsint . : . 
is continuous. For example, f, a is continuous in the 
interval [1, 0%). 


Concept) Problems) D 


1 x20 
1. tertto= | 220 and 
_ |-l 220 
w= {i x <0 


Show that f + g is continuous at x = 0 even though f and 
g are both discontinuous there. 
2. Will the sum of two functions f(x) + g(x) be necessarily 
discontinuous at a given point x, if : 
(i) The function f(x) is continuous and the function g(x) 
is discontinuous at x = X,, 


(ii) Both functions are discontinuous and the function at? ) 


=x? ; 
x Xo! 


3. Is the product of the two functions f(x) g(x) necessarily 8. 


discontinuous at a given point x, if : \ 
(i) The function f(x) is continuous and the function g(x) 
is discontinuous at this point; 


(ii) Both functions f(x) and g(x) are discontinuous at 
X=X,? 
4. Prove that if the function f(x) is continuous and non- 
negative in the interval (a, b), then the function F(x) = Jf) 
is likewise continuous in this interval. 
Prove that f(x) = 1/Vx*+7x?+41 is continuous 
everywhere. 
Suppose that the function fis continuous everywhere and 


6. 
il composition f(g(x)) is continuous at x = a. Does 
U6) 


ur 


llow that g(x) is continuous at a ? 

an one assert that the square of a discontinuous function 
is also a discontinuous function? Give an example of 
a function discontinuous everywhere whose square is a 
continuous function. 
Give an example of a function f such that f is not continuous 
but || is continuous. Show that f? can be continuous when 
f is not. 


Practice Problems, D 


ee x if x#0 4 
S et f(x) = > if x=0 
3x if x+#0 
BO)= 15 if x=0 


Show that f + g is continuous at x = 0 even though f and 
g are both disontinuous there. 


10. Let f(x) =x? and 
cos= x+#0 
g(x) = * 
0 x=0 
Show that f.g is continuous at x = 0. 
11. Let f and g be two functions defined as follows: 
for x<0O 
for x >0 
Find a formula for the composite function h(x) = f[g(x)]. 
For what values of x is h continuous? 


f(x) = sal for all x, g(x) = 2 
2 x 


12. Let fand g be two functions defined as follows: 


a ; 
f(x)= 


x? -1 
i 
(x-1? , x<O0 
1 
(x +1)2 x>0 
Comment the continuity of gof(x) 
13. Let f and g be two functions defined as follows : 
he 1 if |x|<1 _ j2-x? if [x|<2 
©) =I0 if |x| >17 8 = }o if |x|>2 
Find a formula for the composite function h(x) = f[g(x)]. 
For what values of x is h continuous? 
14. Discuss the continuity of the composite function h(x) = 


x <0, 


° 
x20 


g(x) = 


f(g(x)) where f(x) = —S , g(x) =x? 45, 


1 

15. If f(x)= Tox: Find the points of discontinuity of the 
function y = f (f(f(x))). 

1l+x , O<x<2 

3-x , 2<x<3_ 


Determine the form of g(x) = f(f(x)) and hence find the 
point of discontinuity of g, if any. 


16. Let f(x) = 


2.5 Properties of Functions 
Continuous on a Closed Interval 


Functions continuous on a closed interval possess d in the 
following theorems. 


Boundedness Theorem 

If a function f(x) is continuous at every point of a closed interval 
[a, b], then the function f(x) is bounded on this interval. 

Note that the boundedness of a function on the interval [a, b] 
means that there is a number K > 0 such that |f(x)] < K for 
all x € [a, b]. 


Represented in the figure is the graph of a continuous function 
f on a closed interval [a, b]. Obviously, there exists a number 
K > Osuch that the graph is located between the straight lines 
y =K and y =-K. 

Note that if a function is continuous on an open interval 
(a, b) or on a half-open interval [a, b) or (a, b], then it is 
not necessarily bounded on such an interval. For instance, the 
function y = 1/x is continuous but not bounded in the interval 
(0, 1]. There is no contradiction with the theorem since the 
function in question is not continuous on a closed interval but 
only in a half-open one. 


If the continuity condition is not take into account, then the 
assertion that the function f(x) is bounded may not be true. For 
instance, the function 
1/x for O<x<l 
Y=\0 for x=0 


is defined on the closed interval [0, 1], but is not bounded on 
this interval since it is discontinuous at x = 0. 
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17. If f(x) =-1+|x-1], -l<x <3 and g(x)=2-|x +l], 
—2 <x <2, then discuss the continuity of f(g(x)). 
x-l, -l1<x<0O 
x’, O<x<l 


Further let h(x) = f (| g(x) | ) + | f (g(x))|. Discuss the 
continuity of h(x) in [-1, 1]. 


and g(x) = sin x. 


18. Let f(x) = 


Weierstrass Theorem (Extreme Value Theorem) 


If a function is continuous in a closed interval there exists 
atleast one point at which the function assumes the greatest 
value and atleast one point at which it assumes the least value 
on that interval. 
If a function f is continuous on a closed interval [a, b], 
then there exist its minimum and maximum values on [a, b], 
i.e. there exist points a, B, € [a, b] such that f(a) < f (x) < f(B) 
for all x € [a, b]. In other words, 
min f(x)=f(a), max f(x) =f(f). 

b] xe[a,b] 


 xela, 


“In other words, if m = min{f(x) :a< x <b} and M = max{f(x): 


a<x <b}, then there are two points a, B € [a, b] such that 
f(a.) = m and f(B) = M. Note that these points a and B need 
not be unique. 

The continuous function y = f(x) represented in Figure | attains 
its minimum on [a, b] at the point x = o& and maximum at the 
point x = B. In this case both points @ and B belong to the 
interval (a, b). 

The continuous function y = f(x) represented in Figure 2 
reaches its minimum on [a, b] at its left end point and maximum 
at a certain interior point B of this interval. 


Bb 


Minimum value 'm' occurs at x = @ and maximum value M occurs at x = B, a, B € (a, b) 


Figure 1 


i _ 
a=0. B b X 
Minimum value 'm' occurs at the end point x =a and the maximum 
value M occurs inside the interval 
Figure 2 

The value (&) and f(B), whose existence is affirmed by the 
theorem, are respectively the absolute minimum and absolute 
maximum of the function on the interval [a, b]. 
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The extreme value theorem guarantees that the maximum and the 
minimum exists, but does not tellus how to find them. The problem 
of finding them is discussed in the chapter of maxima— minima. 
If the function f(x) is continuous in the open interval (a, b) or 
in the half-open interval (a, b], then the function may not attain 
its least or greatest value. Further, if f(x) is a discontinuous 
function, then the theorem may not hold true. 

To see that continuity is necessary for the extreme value 
theorem to be true refer the graph shown below. 


a 


ae 
There is a discontinuity at x = c in the interval. The function 
has a minimum value at the left end point x = a and f has no 
maximum value. 

Also, the function 


x for 
f(x) = 0 for 


which is continuous on an open interval [0, 1) has no absolute 


X=C 


O<x<l, 


x=1 


attain the value 1. Incidentally, f takes on its minimum value 0 
on the interval [0,1] at two places, atx =O andatx=1 _ 

If we consider the function y = x in the interval 0 < x < 1, there is no 
least and no greatest values among them. There is no extreme 
left point, since no matter what point x = x, we take there will 


x 
be a point to the left of it, for instance, the point = . Likewise 


there is no extreme right point; consequently, there is no least 
and no greatest value of the function y = x,0<x< 1. 


Consider the function f(x) = tan-'x for x = 0. 


It is obvious that lim tan! x = 7/2. But there is no x for 


x30 
which the function tan-'x takes on the value 7/2, and it does 
not attain maximum on x = 0. In this case the conditions of 
the theorem are not fulfilled : here the domain of the function 
[0, 00) is unbounded. 

If a function fis discontinuous, then it may have both a maximum 
and a minimum value, but this is not always true. 

X, O<x<2 


For example, the function f(x) = 2ex<4 


3-—x, 
has a maximum at x = 2 and a minimum at x = 4, even if it is 
discontinuous of x = 2. This can be concluded from the graph 
of y = f(x). 

@ Example 1: Let f(x) = 1/(1-x’) in the open interval (-1, 1). 
Show that f does not have a maximum value in this interval. 
©Y Solution: For x near 1, f(x) gets arbitrarily large since 
the denominator 1—x? is close to 0. The graph of f, for 


x € (-1,1), shows that the function is continuous throughout 
the open interval (—1, 1), but there is no number c in (—1,1) 
at which f has a maximum value. However, f has a minimum 
value, f(0) = 1. 


Sign Preserving Property of Continuous Functions 


If f is continuous at c and f(c) # 0, then there exists an interval 
(c — 6, c + 8) around c such that f(x) has the sign of f(c) for 
every value of x in this interval. 


Its truth is obvious if we understand that a continuous function 
does not undergo sudden changes so that if f(c) is positive for 
the value c of x and also f is continuous at c, it cannot suddenly 
become negative or zero and must, therefore, remain positive 
for values of x in a certain neighbourhood of c. 


If lim f(x) = b and b > O, then there exists a deleted 


neighbourhood D of c such that f(x) > 0 for every x in D. 
Similarly, if b < 0 there exists a D such that f(x) < 0 for every 
xin D. 


Proof Suppose f(c) > 0. By continuity, for every 
€ > O there is a 6 > 0 such that 
 f@)-€ <f(%) <fo@+e (1) 


whet -~6<x< ; 
maximum. As x — | from the left , f(x) > 1, but f(x) doesnot _ Whnevere=0 <x < 646 


If we take the 6 corresponding to € = f(c)/2 
(this € is positive), then (1) becomes 


SH(o) <fex)< Sf e-Fex<er8, 


c r 6x 
Here f(x) > 0 for x near c because f(c) > 0. 


Therefore f(x) > O in this interval , and hence f(x) and f(c) 
have the same sign. If f(c) < 0, we take the 6 corresponding to 


1 ; : 
Ee= a (c) and arrive at the same conclusion. 


Corollary. If f(x) is continuous at x = c, and f(x) vanishes for 
values of x as near as we please, or assumes, for values of x 
as near to c as we please, both positive and negative values, 
then f(c) = 0. 

This is an obvious corollary to sign preserving property. If 
f(c) is not zero, it must be positive or negative; and if it were, 
for example, positive, f(x) would be positive for all values of 
x sufficiently near to c, which contradicts the hypotheses of 
the theorem. 


GB Note: If there is one-sided continuity at c, then there is 
a corresponding one-sided interval [c, c + 5) or (c — 6, c] in 
which f has the same sign as f(c). 


Bolzano's Theorem 


If a function f is continuous on a closed interval [a, b] and the 
numbers f(a) and f(b) are different from zero and have opposite 
signs, then there is atleast one point c on the open interval (a, b) 
such that f(c) = 0. 


The function whose graph is depicted in the above figure 
satisfies the conditions of Bolzano's theorem. It is continuous 
on [a, b] and f(a) < 0, f (b) > 0. Geometrically, it is obvious 
that the graph must intersect the x-axis atleast at one point 
c € (a, b). This is just what is stated by the theorem. 

In other words, if f is continuous in [a, b] and f(a) and f(b) have 
opposite signs, then there is atleast one value of x for which 
f(x) vanishes in the interval (a, b). 


Proof To fix the ideas, suppose that f(a) < 0 and f(b) > 0. 
Since f(x) is continuous, it will be negative in the neighbourhood 
of a and positive in the neighbourhood of b. The set of values of 


x between a and b which make f(x) positive is bounded below by _ %' 
a, and hence possesses an exact lower bound k: clearly a < k <b. 


From the definition of the lower bound, the values of f(x) 
must be negative or zero ina < x < k. Since f(x) is continuous 
when x =k, (A) * 

lim f(x) =f(k). 

x>k- 


Hence f(k) is also negative or zero. We shall show that f(k) 
cannot be negative; for if f(k)= — c, where c is positive, then 
there exists a positive number 6 such that 

f(x) — f(k)] < c when |x — k| < 6, 
since f(x) is continuous when x = k. The function f(x) would 
when be negative for whose values of x in (a, b) which lie 
between k and k + 6, which contradicts the fact that k is the 
lower bound of the set of values of x between a and b which 
make f(x) positive. It follows that f(k) = 0, and the theorem is 
therefore proved. 
In the following figure, f(a) and f (b) are of opposite signs but 
f (x) has no root in (a, b) as f is discontinuous. 
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Hence, if a function is discontinuous in the interval [a, b] 
and f(a) and f(b) have opposite signs then f(x) may or maynot 
have a root in (a, b). 


© Example 2: The equation x*- x — 2 = 0 may have a 
solution somewhere between x = | and x = 2. Apply the 
Bolzano's theorem to show that this is true. 


© Solution: The function f(x) = x*— x — 2 is continuous 
on [1, 2] because it is a polynomial. f(1) = —2 and f(2) = 4. 
Since, they have opposite signs, Bolzano's theorem implies 
that the function vanishes at some point in (1, 2). 
In particular, there exists atleast one c in (1, 2) such that 
f(c)=c? -c-2=0. 

So x =c is a solution of the equation x* — x — 2 = 0 which lies 
in (1, 2). 

@ Example 3: What can be said about the roots of f(x) = 
cosx — 2x” in the intervalO <x <1? 

Y Solution: f(x) = cosx — 2x? in the interval 0 < x < 1. 
Since f(x) is a difference of the two continuous functions, it 


is continuous. We find values of f at different values of x as 
shown in the table. 


TABLE 

x f(x) 

0 1.00 

0.2 0.90 

0.4 0.60 

0.6 0.11 
; ee Roots occur where the graph of 


a function crosses the x-axis 


We conclude that f(x) has atleast one root in the interval 0.6 < x 
< 0.8, since f(x) changes sign from positive to negative on that 
interval. The graph of f(x) suggests that there is only one root 
in the interval 0 < x < 1, but we cannot find the root from the 
graph or the table of values. 


@ Example 4: Given that a > b > c > d then prove that the 
equation (x — a) (x —c) + 2(x — b) (x — d) = 0 will have two 
real and distinct roots. 


©Y Solution: (x — a) (x—c) +2 (x —b) (x-d) =0 
Let f(x) =(x—a) (x-c) +2 (x—b) (x-d) 
f(a) = (a—a) (a—c) +2 (a—b) (a—d)=+Vve 
f(b) = (b-—a) (b-c) +0 =-ve 
f(c)=0+2 (c—b) (c—d) =-ve 
f(d) = (d—a) (d—c) +0=+Vve 


a 
Hence (x — a) (x —c) + 2(x — b) (x — d) = 0 has atleast one real 


root in (d, c) and atleast one real root in (b, a). Since, a quadratic 
equation can have atmost two real roots, exactly one real root 
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lies in each of the two intervals. Thus the roots are real and 
distinct. 


© Example 5: Show that e~ sin x = In x has atleast one 
solution on the interval [1, 2]. 


© Solution: Notice that the function 
f(x) = e* sin x — In x is continuous on [1, 2]. 
We find that 
f(1) =e! sin 1—In 10.31 > 0 and 
f(2) = e* sin 2 —In 2 > -0.57 <0 
Therefore, by Bolzano theorem there is atleast one number c 
on (1, 2) for which f(c) = 0, and it follows that e~ sin c = Inc. 


@ Example 6: Given a function on the interval [—2, 2] 


x42 jf =0<x<0, 


f(x) = 
®) ee if O<x<2 
is there a point on this closed interval at which f(x) = 0? 


©Y Solution: At the endpoints of the interval [-2, 2] the 
given function has different signs : 

f(-2) = 6; f(2) =- 6. 
But it is easy to notice that it does not become zero at any 
point of the interval [-2, 2]. Indeed, x? + 2 > 0 and — (x? + 2) 


at the point x = 0. a 


© Example 7: Let f be a continuous function defined from 
[0, 1] to [0, 1] with range [0, 1]. Show that is some 'c' in [0, 1] 
such that f (c) = 1 —c. J 
Y Solution: Consider g (x) =f (x)-1+x 
g(0)=f(0)-1 <0 (asf (0) <1) 
g()=f(1)20 (as f(1) € [0, 1] ) 
There are three cases: 
Case I: 2(0) =0 
This happens when f(0) = 1. In such a case c = 0, which lies 
in [0, 1]. 
Case Il: g(1) =0 
This happens when f(1) = 0. In such a case c = 1, which lies 
in [0, 1]. 
Case Ill: g (0) and g (1) are of opposite signs 
By Bolzano's theorem there exists atleast one c € (0, 1) such 
that g (c)=0. 
>eg(c=f()-l+c=0>f()=1-c. 
Combining the three cases, there exists some c in [0, 1] such 
that f(c)=1-c. 


@ Example 8: Let f : [0, 2] — R be continuous and 
f(0) =f (2). Prove that there exists x, and x, in (0, 2) such that 
x,—-x,=landf(x,)=f(x,) 

Y Solution: Consider the continuous function g on 
[0, 2] defined as g (x) =f (x + 1)—f(x) (x, =x, +1) 
Now,g (0) =f (1) —f (0) =f (1) -f (2) (1) 


g()=f2)-f()=f2)-fM (2) 
Thus, g (0) and g (1) are of opposite signs. 
Hence by Bolzano's theorem there exists some c € (0, 1) 
where g (c) = 0, 
ie. f(c+1)=f(c) {c+1e(,2) as c € (0, 1} 
Putting c=x, ;c+1=x,, obviously x,, x, € (0, 2) we 
have f (x,) =f (x,) where x,—x,=1. 
© Example 9: Prove that the function 

f(x)= avx—1 +bJ2x—-1 — V2x?-3x+l1 
where a + 2b = 2 and a, b € R always has a root in (1, 5) 
VbeR. 


© Solution: There are three cases: 

Case I: Let b > 0, then f(1) = b > 0 

and f(5) = 2a + 3b —6 = 2(a+ 2b) —b-—6 
=4-b-6=-(2+b)<0 

Hence by Bolzano's theorem, there exists some c € (1, 5) such 

that f (c) = 0. 

Case Il: If b=0thena=2. 


2 f(x) =2Vx 1 = Jj2x?-3x+1 =0 


=> A(x= 1) = 2s? = 3x4 1=Qx-DG=-1) 
< 0 at any x; this is due to the fact that f(x) has a discontinuity 


=> (x-1)(2x-5)=0 > x= 


Hence f (x) =0 if x= : which lies in (1, 5). 
Case Ill: If b< 0, f(1)=b<Oand 
f(2)=a+b V3 —- V3 
= (a+ 2b) + (/3 —2)b- V3 
=(2- ¥3)-(2- V3)b 


=(2— J3)(1—b)>0 (as b<0) 
Thus, f(1) as f(2) have opposite signs 
Hence there exists some c € (1, 2) C (1, 5) for which f(c) = 0. 


Isolation of Roots 

A real number x, is said to be a real root of the equation 
f(x) = 0 if f(x,) = 0. We say that a real root of an equation 
has been isolated if we exhibit an interval [a, b] containing 
this root. 

If f is a continuous function in an interval I and f(a) f(b) < 0 for 
some a, b € I, then by Bolzano’s theorem there is a point c 
between a and b for which f(c) = 0. This is often used to locate 
the roots of equations of the form f(x) = 0. 

For example, consider the equation x? + x — 1 =0. 

Let f(x) =x? +x-l. 

Note that f(0) =—1 whereas f(1) = 1. This shows that the above 
equation has a root between 0 and 1. 


Now we try with 0.5, f(0.5) = 0.375. So there must be a root of 
the equation between | and 0.5. We again try 0.75, f(0.75) > 0, 
which means that the root is between 0.5 and 0.75. 

So we may try 0.625, f(0.625) < 0. So the root is between 0.75 
and 0.625. 
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Now if we take the approximate root to be .6875, then we are 
away from the exact root by atmost a distance of .0625. If we 
continue this process further, we shall get better and better 
approximations to the root of the equation. 


Eoncept, Problems E 


1. The boundedness theorem tells us that every continuous 
real-function on the closed interval [0, 1] is bounded and 
attains its bounds. For each of the following intervals I 
give an example of a continuous function f from I to R 
which is unbounded, and an example of a function g from 
I to R which is continuous and bounded on I, but such that 
g does not have a maximum value on I. 

G) I=[0, 1); Gi) 1 =, oc) ; ii) I= [0, 0). 

2. Prove that the equations have a solution in the given 
intervals 
(i) x*+2x—1=0o0n (0, 1]; 

(ii) x°— 5x*+ 3 = 0 on [-3, -2] 
3. Prove that the equation sinx — x cosx = 0 has a root 


between 7 and = ; 


4. Let f(x) = tanx. Although f(7/4) = 1 and f(37/4) = -1, 
there is no x in the interval (7/4, 37/4) such that 
f(x) = 0. Explain why this does not contradict Bolzano’s 
theorem. 

5. With the aid of Bolzano’s theorem, isolate the real roots 
of each of the following equations (each has four real 
roots). 

(i) 2x*-14x*+ 14x-1=0 
(ii) xt+ 4x37+x?-6x+2=0 

6. Suppose that f is continuous on the interval [0, 1], that 
f(0) = 2, and that f has no zeros in the interval. Prove that 
f(x) > 0 for all x in [0, 1]. 


~ 


Practice:Problems “a E 


oKN 
7. A function f from R to R is said to be periodic, and a 
real number T > 0 is said to be a period of fit, for all 
x € R, f(x + T) = f(x). Suppose that f is a continuous 
function from R to R and that f is periodic. Prove that f 
is bounded. 
8. Does the function 2* — x? + x° have (a) a maximum value 
for x in [-3, 10] ? (b) a minimum value for x in [-3, 10] ? 
9. Prove that the function 
x+l, -Il<x<0O, 
f(x) = 
-x, 0<x<l 
is discontinuous at x = 0 and still has the maximum and 
minimum value on [-1, 1]. 
10. Show that there is a number x between 7/2 and 7 such 
that tanx = —x. 
11. Show that the given equation has atleast one solution on 


the indicated interval. 
(Gi) Vx =x?+2x-10n (0, 1] 


2.6 Intermediate Value Theorem (I.V.T.) 


Theorem If f is continuous on the closed interval [a, b] and 
kis any number between f(a) and f(b), then there is atleast one 
number c in (a, b) such that f(c) =k. 


ss 1 5 
(ii) —{ 7 2 1 on [1, 2] 
(iii) Vx-8 + 9x23 = 29 on [0, 8] 
(iv) cos x = x?— 1 on [0, 7] 
12. Prove that the equation tan x = x has infinite number of 
real roots. 


2nt+2 _ cos x 


x20 


13. Let (x) = : , show that (0) and (2) differ 
in sign but (x) does not vanish in [0, 2]. 

14. (i) Prove that the only polynomial function (with real 

coefficient) p such that, for all x > 0, p(x)/x? € [2, 3] 

are those of the form p(x) = Ax’ for some constant 

Ae [2, 3]. 

(ii) Give an example of a continuous function f from 
(0, ©) to R which is not a polynomial but such that, 


for allx > 0, 2< IO) 29. 
wy) 


In other words, a continuous function defined on 
[a, b] takes on all values between f(a) and f(b). Pictorially, it 
asserts that a horizontal line of height k must meet the graph of 
fatleast once ifk is between f(a) and f(b), as shown in the figure. 
That is, when you move a pencil along the graph of a continuous 
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function from one height to another, the pencil passes through all 
intermediate heights. This is a way of saying that the graph has 
no gaps or jumps, suggesting that the idea of being able to trace 
such a graph without lifting the pen from the paper is accurate. 
The following graphs of functions continuous in a closed interval 
illustrate the theorem. 

¥ 


Any one of these 
three numbers 
serves as Cc. 


Note that continuity through the interval [a, b] is essential for 
the validity of this theorem. This is illustrated by the following 
figure 


X 
Even though the theorem guarantees the existence of c, it does not 
tell how to find it. Such theorems are called existence theorems. 
To find c, we must solve the equation, namely f(c) =k. 


Proof Let us define a new function g(x) = f(x) — k, where k 
is a constant number lying between f(a) and f(b). Since f is a 
continuous function on [a, b], so is the function g. 

Without loss of generality let us assume that f(a) < k < f(b). 
Now g(a) = f(a) —k < 0 and g(b) = f(b) —k > 0. The function g, 
obviously, attains values of opposite signs at the end points of 


the interval [a, b]. Therefore, by Bolzano theorem , there is a 
point c lying inside (a, b) such that g(c) = 0 or f(c) -k = 0, that 
is f(c) =k. This is what we wished to prove. 

Since k is any value between f(a) and f(b), it follows that f takes 
all values between f(a) and f(b) atleast once. In other words, 
a continuous function cannot pass from one value to another 
without assuming once (atleast) every intermediate value. 


Alternative proof: For definiteness, let f(a) < 0 and f(b) > 0. 
Divide the interval [a, b] into n equal parts and consider the 
values of the function with their proper sign at the points of 
division, say X,, X,,....,X,_,. Let Xu be the first of these points 
for which f(x) is positive. Then at x = x_, the function is either 
negative or zero. If it is zero, the theorem is at once established. 
If not, we rename the interval [x,, Xl as [a,, b,]. 

Divide it into n equal parts and consider the values of f(x) at 
the points of division again. Suppose [a,, b,] is the first of the 
new sub-intervals such that f(b,) > 0 and f(a,) < 0. 


We take f(a,) # 0, for otherwise the theorem is established. 
Continuing this process indefinitely, we shall get a sequence 
of intervals 

[a,, bAg®, by], [a byl, ... 

such that [a,, b,) > [a,, b,] > [a,, b,] D ..... 


_ Also b, - a, = (b-a)/n* > Oask > o. 
7 ) This sequence of intervals will therefore define a limiting point 


X,. We will now show that f(x,) = 0. Since fis continuous at x = x,, 
we have |f(x) — f(x,)| < € for all x in the interval (x, - 6, x, +). 
Now we can choose m so large that the interval [a, , b,,] lies within 
(x, — 6, x, + 6), such that f(a_) < 0 and f(b,) > 0. Also by the 
sign preserving property if f(x,) # 0, f(x) must have the same 
sign as f(x,) in the interval (x, — 6, x, + 6). Hence f(a,,) and 
f(b, ) cannot differ in sign unless f(x,) is zero, thus establishing 
the theorem. 

As a simple example of this theorem, consider a person’s 
height. Suppose that a girl is 5 feet tall on her thirteenth 
birthday and 5 feet 7 inches tall on her fourteenth 
birthday. Then, for any height h between 5 feet and 
7 inches, there must have been a time t when her height was 
exactly h. This seems reasonable because human growth is 
continuous and a person’s height does not abruptly change 
from one value to another. 


© Example 1: Show that the function 

f(x) = x — 1 —cos 7x, x € [1, 2] takes on the value 1/2. 

© Solution: The function f(x) = x — 1-cos mx, x € [1, 2] is 
continuous everywhere in the given interval. 

f(1) =—1 and f(2) = 1. 

Since —-1 < 1/2 < 1, hence by I.V.T. there exists atleast one point 
x =cin[1, 2] such that f(c) = 1/2. 


Also, we have 


@ Example 2: Does the function f(x) = x3/4 — sin 71x + 3 take 


on the value 25 within the interval [—2, 2]? 


& Solution: The function f(x) = x3/4 — sin mx + 3 is 
continuous within the interval [—2, 2]. Furthermore, at the end 
points of this interval it attains the values f(—2) = 1; f(2) =5. 


1 
Since 1 < 2 3 <5, then, by IV.T. within the interval [—2, 2] there 
1 
exists at least one point x such that f(x) = re 


© Example 3: Show that the function 


‘ a+b 
f(x) = (x-a)?(x-b) + x takes the value for some 


value of x € [a, b]. 


© Solution: fis continuous in [a, b] and f(a) =a, f(b) =b. We 
know that the average value of a and b 


F a+b 

le. € [a, b]. 

By Intermediate Value Theorem, there exists atleast one 
a+b 


c € (a, b) such that f(c) = =a 


© Example 4: Use Intermediate Value Theorem to show 
that the equation 2x* + x*- x + 1 = 5 has a solution in the 
interval [1, 2]. 
© Solution: Let P(x) = 2x3 + x?—x + 1. Then 

PQ) =2.13+17?-14+1=3 

P(2)=2 .23+2?-24+1=19 


Since P is continuous and 5 is between P(1) = 3 and P(2)= 19, 


we may apply the Intermediate Value Theorem to P in the 
case a= 1, b= 2, andk =5. Thus there is atleast one number c 
between | and 2 such that P(c) = 6. This completes the answer. 


To get a more accurate estimate for a number c such 
that P(c) = 5, we can find a shorter interval for which the 
Intermediate Value Theorem can be applied. For instance, 
P(1.2) = 4.7 and P(1.3) = 5.8. By the intermediate value 
theorem, there is a number c in [1.2, 1.3] such that P(c) = 5. 


G Note: The Intermediate Value Theorem guarantees the 
existence of atleast one number c in the closed interval [a, b]. 
There may, of course, be more than one number c such that 
f(c) =k, as shown in Figure 1. A function that is not continuous 
does not necessarily possess the intermediate value property. 
For example, the graph of the function shown in Figure 2 jumps 
over the horizontal line given by y = k and for this function 
there is no value of c in [a, b] such that f(c) =k. 


(Fig. 2) 


(Fig. 1) 
fis continuous on [a, b]. 
(For k, there exist 3 c’s.) 


f is not continuous on [a, b]. 
(For k, there are no c’s.) 
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Y 


f(x)=x3+4+2x- 1 


(Fig. 3) 
f is continuous on [0, 1] with f(0) < 0 and f(1) > 0. 


The converse of I.V.T. is however not true. Consider, for 
example, the function f defined as follows : 

f(x) = sin(1/x), x # 0 and f(0) =0. 
In the interval [—2/7, 2/7], this function takes all values 
between f(—2/7) and f(2/7), that is, between —1 and 1 
and infinite number of times as x varies from —2/T to 


2/m but the function is not continuous in this interval, being 
discontinuous at x = 0. 


=) Example 5: Let 


—K)” : 3—x? 42x —2<x<0 
> ro= | a 8 O<x<2 
1-x 2<x<5 


Show that f(x) attains all intermediate values between f(-—2) 
and f(5) even if f is discontinuous in the interval. 


©Y Solution: This is self evident from the graph of the 
function shown below. Howevever, this could not be concluded 
from I.V.T. since f(x) is discontinuous at x = 0 and x = 2. 


Corollary. The I.V.T can also be reformulated in the following 
way : a function continuous on a closed interval [a, b] assumes 
all the intermediate values lying between its least and greatest 
values on [a, b] (which exist by virtue of Extreme Value 
Theorem). 
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In other words, let f be continuous on [a, b] an let 
k € [m, M] where m = absolute minimum value of f and 
M = absolute maximum value of f on [a, b]. Then there exists 
c € [a, b] such that f(c) =k. 

Proof By extreme value theorem, there exist XX, € 
[a, b] such that m=f(x,) and M =f(x,). Ifx, =x,, then fis constant 
on [a, b] and the result follows. Let x, <x,. Since, fis continuous 
on [x,, x,] € [a, b], by intermediate value theorem there exists 
c €[x,, x,] C [a, b] such that f(c) =k. 


: i im! 
a X,c X% b xX 


0 
Similarly the result can be proved when x, > x,. 


GB Note: A continuous function whose domain is closed 
must have a range in a closed interval but it is not necessary 
that if the domain is open then range is also open (range can 
be closed). 


Theorem Let f be acontinuous strictly increasing function 


B], (ii) there exists a function x = g(y), the inverse of f, which 
is one-valued, strictly increasing and continuous on [o, Bl. 
For example, on the closed interval [-77/2, 1/2] the function 
y = sin x is continuous and strictly increasing; it has a 
continuous inverse which is, as we know, designated as 
x=sin'y (-l<y<1). 
A strictly decreasing function f(x), continuous on 
[a, b] has an inverse, which is a strictly decreasing continuous 
function on [B, a] where o = f(a), B = f(b). 
Theorem Let a strictly increasing function y = f(x) map 
the closed interval [a, b] onto the closed interval [a, BJ], i.e. 
f({a, b]) = [a, B]. Then f is continuous on [a, b]. 
Proof Let us be given an arbitrary point x, belonging for the 
time being to the open interval (a, b). By virtue of the fact that 
f is strictly increasing, the corresponding point y, = f (x,) will 
belong to the interval (a, B) (a < y, < B). 
Let us take € > 0 so small that a <y,-eE<y,<y,+e<B. 
By the hypothesis, there exist points x,, x, € (a, b), (x, < x, 
< x,) such that y,-€=f(x,), y, +€=f(x,). 


0 


The interval (x,, x,) can be regarded as a neighbourhood of the 
point x, (x, € (X,, X,)). 

Since the function f increases, for x € (x,, x,) we shall have 
Y)—& < f(x) <y, + € or |f(x) — y,| < &, ie. | f(x) - f(x,) | < €, and 
we have proved the continuity of the function f at the point Xo: 


that is, 
on aclosed interval [a, b] and let « = f(a), B= f(b). Then (i)the 
range of f for the closed interval [a, b] is the closed interval [a, 


If x, =a or x, = b, then we prove the one-sided continuity of 
the function f in a similar way. 
Let f(x) be a function defined and bounded in the interval [a, b], 
then, if M and m are the bounds of f(x), the number M — m is 
called the span or oscillation of the function f(x) in the interval. 
Theorem A continuous function attains its bounds. If f(x) 
is continuous in [a, b] and M and m are its maximum and 
minimum values, there are atleast two points X, and X, in (a, b) 
such that 

f(x,) = M, f(x,) =m. 
Proof Suppose that M is not attained; then M — f(x) does not 
vanish at any point of [a, b]. Hence 


1 
~~~ is a continuous function, and therefore bounded. If 
M—f(x) 


G > 0 be its upper bound, we have 


tg 
M-f(x) 


> 


Sothat M-f(x)= 


Ql|- 


1 
f(x) <M- — 
(x) G 


but this contradicts the fact that M is the maximum value of 


f(x) in (a, b). Hence M must be attained. Similarly it may be 

proved that m is attained. 

Consider the following examples: 

(i) If f(x) = 1/x except when x = 0 and f(0) = 0, then f(x) has 
neither an upper nor a lower bound in any interval which 
includes x = 0 in its interior, such as the interval (—1, 1). 

(ii) If f(x) = 1/x? except when x = 0, and f(0) = 0, then f(x) 
has the lower bound 0, but no upper bound, in the interval 
(-1, 1). 

(iii) Let f(x) = sin(1/x) except when x = 0 and f(0) = 0, then 
f(x) is discontinuous for x = 0. In any interval (—6, 5) the 
lower bound is —1 and the upper bound | and each of these 
values is assumed by f(x) an infinity of times. 

(iv) Let f(x) = x — [x]. This function is discontinous for all 
integral values of x. In the interval (0, 1) its lower bound 
in 0 and its upper bound 1. It is equal to 0. when x = 0 or 
x = |, but it is never equal to 1. Thus f(x) never assumes 
a value equal to its upper bound. 


(v 


we 


Let f(x) = O when x is irrational, and f(x) = q when x is 
a rational fraction p/q. Then f(x) has the lower bound 0, 
but no upper bound, in any interval (a, b). 

But if f(x) = (-1)? q when x = p/q then f(x) has neither an 
upper nor a lower bound in any interval. 

Corollary. If f(x) is continuous in the interval [a, b], then (a, b) 
can be subdivided into a finite number of sub-intervals in each 
of which the span or oscillation of f(x) is less than any given €. 


Existence of Solutions of Equations 


The Intermediate Value Theorem can be often used to locate the 
zeros of a function (i.e.solutions of equations written in the form 
f(x) = 0) that is continuous on a closed interval. Specifically, 
if fis continuous on [a, b] and f(a) and f(b) differ in sign, then 
the Intermediate Value Theorem guarantees the existence of 
atleast one zero of f in the open interval (a, b). 

Let f(x) = x*-2=0 

f(1) =-1 < 0, whereas f(2) = 2 > 0 

We note that the function f is continuous on [1, 2] and that 
k = 0 is an intermediate value of f on the interval [1, 2]. 
Therefore, it follows from I.V.T. that f(c) = c? — 2 = 0 for some 
number c in (1, 2). 

ie. c?=2 

This number c is the desired square root of 2. Thus it is the 
intermediate value property of continuous functions that 
guarantees the existence of the number V2. 

Consider another example. Prove that the equation 

X — cos X = 0 possesses a root in the interval (0, 7). 

The function f(x) = x — cos x is continuous on the closed interval 
[0, 7] and assumes f(0) = —-1, and f(7) = a + | values having 
opposite signs at its end points. Since—1<0O< +1, byI.V.T. 


equation x — cos x = 0 possesses a root in the interval (0, Tt). ? 


© Example 6: Show that the equation x> -2x? + x + l= 0 
has atleast one real root. 


©Y Solution: For x large and positive the pollhepnial 

P(x) = x° -2x* +x + 11 is positive 

(since lim, P(x) =00), 

Thus, there is a number b such that P(b) > 0. Similarly, for x 

negative and of large absolute value P(x) is negative (since 
lim P(x) = —0o ). Let us now select a number a such that 
xX 


>-00 
P(a) < 0. 
The number 0 is between P(a) and P(b). Since P is continuous 
on the interval [a, b]. There is a number c in [a, b] such that 
P(c) = 0. This number c is a real solution to the equation 
x°—2x?+x+11=0. 
Note that the argument in this example applies to any 
polynomial of odd degree. 


G& Note: In both Bolzano’s theorem and the intermediate 
value theorem, it is assumed that f is continuous at each point 
of [a, b], including the endpoints a and b. To understand why 
continuity at both endpoints is necessary, we refer to the curve 
in the figure below. 


_ & Solution: Let f(x) = 
f(x) assumes the value 0 at some x between O and 7. Thus, the = 
The function is continuous on [5, 6]. 
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Here f is continuous everywhere in (a, b], excluding the end 
point a. Although f(a) is negative and f(b) is positive, there is 
no x in (a, b) for which f(x) = 0. 


©@ Example 7: If n is a positive integer and if a > 0, then 
prove that there is exactly one positive b such that b" = a. 


Y Solution: Choose c > 1 such that 0 <a < c, and consider 
the function f defined on the interval [0, c] by the equation 
f(x) = x". This function is continuous on [0, c], and at the end 
points we have f(0) = 0, f(c) =c". 

Since 0 < a <c < cc", the given number a lies between the 
function values f(0) and f(c). Therefore, by the Intermediate 
Value Theorem, we have f(x) = a for some x in (0, c) say 
for x = b. This proves the existence of atleast one positive 
b such that b" = a. There cannot be more than one such b 
because f is strictly increasing on [0, c]. This completes the 
proof. 


©@ Example 8: Prove that the equation 


- 1 
x—5 = —— hasatleast one real root. 
f x+3 


+3 


Also f (5) = a ae <0 
5+3 8 


Oe ee = . >0 
9 9 
Hence by intermediate value theorem there exists atleast one 
value of c € (5, 6) for which f (c) = 0 


ve—-5 - — 
oe c+3 I 
Thus, c is root of the equation ¥x-5 = 75 where 


c € (5, 6). 


©@ Example 9: Let f: R — R bea continuous onto function 
satisfying f(x) + f-—x)=0,V xeR. If f(-3) =2 and f(5) =4 
in [— 5, 5], then prove that the equation f(x) = 0 has atleast 
three real roots. 


©Y Solution: f(x) +f x) =0 = f(x) is an odd function. 
Since points (— 3, 2) and (5, 4) lie on the curve, points (3, — 2) 
and (— 5, — 4) will also lie on the curve. 


For minimum number of roots, the graph of a continuous 
function f (x) can be drawn as follows. 
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(5,4) 


From the above graph of f(x), it is clear that equation f(x) = 0 
has atleast three real roots. 


© Example 10: Using Intermediate Value Theorem, prove 
that there exists a number x such that 


1 
x20 4 ——— = 200. 
1+sin* x 
© Solution: Let f(x) = x2 + (1 + sin’x)". 
f is continuous and f(0) = 1 < 200 and f(2) > 27°, which is 


much greater than 200. Hence, from the Intermediate Value 
Theorem there exists a number c in (0, 2) such that f(c) = 200. 


© Example 11: Let f: R—> R satisfy 
f(x) -f(y)=e*-Y-1 V x,y ER. 


Prove that f is a continuous function. Also prove that the 


function f(x) has atleast one zero if f(0)< 1. 
@ Solution: lim f(x +h) — f(x) = lim (e**"-*— 1) =0 
h>0 h>0 ee 
Hence f is continuous everywhere. 
Putting y = 0, we have f(x) = f(0) + e*— 1- 
Also lim f(x)=00 and lim f(x)=f(0)—1<0 
x00 x >—-00 


Since f(x) is positive for large positive x and negative of large 
negative x, by Intermediate Value Theorem f(x) = 0 has atleast 
one root. 


© Example 12: If f(x) be a continuous function in [0, 27] 
and f(0) = f(27) then prove that there exists point c € [0, 7] 
such that f(c) = f(c + 70). 


&Y Solution: Let g(x) = f(x) — f(x + 2) (1) 
atx=m; — 9(m) = f(t) — f(27) wi 
atx=0, 9(0) = f(0) — f(t) 3) 

Adding (2) and (3), g(0) + g(m) = £(0) — f(27) 


=> g(0)+ g(t) =0 [given f(0) = f(27)] 

=> (0) =-g(t) 

= g(0) and g(7) are opposite in sign. 

=> There exists a point c between 0 and 7 such that g(c) = 0. 
From (1) putting x =c, g(c) =f(c) -f(c +m) =0 


Hence, f(c) = f(c + 7). 
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© Example 13: Suppose that f is a continuous function of 
[0, 1] and that f(0) = f(1). Let n be a positive integer. Prove 
that there is some number x € [0, 1] such that f(x) = f(x + 1/n). 
[Universal Chord Theorem] 


& Solution: Consider g(x) = f(x) —f(x + 1/n), which is clearly 
continuous. If g is never zero in [0, 1] then g must be either 
strictly positive or strictly negative. But then 


o=sey-a0r= (o-¢(2)}«(G}(3) 
([O-G)++(EFG) 


The sum of each parenthesis on the right is strictly positive or 


strictly negative and hence never 0, a contradiction. 


© Example 14: A function f is continuous in the interval 
[0,1] and assumes only rational values in the entire interval. If 


f( t y= J , prove that f(x) = ut everywhere. 
2 & 2 


G Solution: Suppose, if possible, that there exists a point 


aS 1 1 
~ ¢ € [0,1] such that f(c) # ae It is obvious that c 4 3 . By the 


1 1 
law of trichotomy, either c < 3 or 3 < c. Without loss of 


1 iS ; 
generality, let us assume that c < a The function f is continuous 


in [c, sh and therefore by I.V.T. it must every value lying 


between f(c) and f (=) . But this is not possible, because f(c) 


1 Lo. . : 
and f (=) are two distinct rational numbers between which 


there lie infinitely many irrational numbers and f(x) does not 
take any irrational value. The contradiction shows that there 
does not exist any c € [0, 1] such that f(c) is different from 


1 1 
3 . Hence f(x) = Ss everywhere. 


© Example 15: Let f and g be continuous functions on an 
interval I, let f(x) # 0 for any x € I and let (f(x))* = (g(x))’ 
for all x € I. Prove that either f(x) = g(x) for all x € I or 
f(x) = -g(x) for all x € I. 


Y Solution: Suppose, if possible, that there exist x, € land 
x, € I, such that f(x,) = g(x,) and f(x,) =—g(x,). 

Since fis continuous on IJ and f(x) # 0 anywhere on I, therefore 
f(x,) and f(x,) must be of the same sign. Consequently, g(x,) 
and g(x,) must be of opposite signs. 


Now g is continuous on I and g(x,), g(x,) are of opposite signs. 
Therefore, by Intermediate Value Theorem, there exists x, 
lying between x, and x,, such that g(x,) = 0. Combining this 
with (f(x))* = (g(x))? for all x € I, we have f(x,) = 0, which is 
not possible. 

Therefore either f(x) = g(x) for all x € I or f(x) = —g(x) for 
allx eI. 


©@ Example 16: Let fbea continuous function defined over 
the real numbers that satisfies the Cauchy functional equation 
f(x + y) = f(x) + f(y), V x,y ER, 

Then prove that f is linear, that is, there is a constant c such 
that f(x) = cx. 


Y Solution: We first prove the assertion for positive integers 
n using induction. We then extend our result to negative 
integers. Then we extend the result to reciprocals of integers 
and after that to rational numbers. Finally we extend the result 
to all real numbers. 


We prove by induction that for integer n = 0, f(nx) = nf(x). 

Using the functional equation, 
f(0-x)=f(0-x+0-x)=f(0-x)+f(0-x) 

=> f0-x)=0f(x), 


and the assertion follows for n =0. Assume n 2 1 is an mee 


and that f((n — 1)x) = (n— 1)f(x). 

Then 

f(nx) = f((n — 1)x + x) = f((n — 1)x) + f(x) 
= (n— 1) f(x) + f(x) = nf(x), y 

proving the assertion for all strictly positive integers. 

Let m < 0 be an integer. Then —m > 0 is a strictly positive 

integer, for which the result proved above holds, and thus, 

f(—mx) = —mf(x). Now. 

0 = f(0) > 0 = f(mx + (—mx)) = f(mx) + f(—mx) 

=> f(mx) = -f(—mx) = —(mf(x)) = mf(x), 

and the assertion follows for negative integers. 

We have thus proved the theorem for all integers. 


Assume now that x = = , with a € Iand b € J-{O}. 
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Then f(a) = f(a - 1) = af(1) and 


f(a) = i(» 2) =bf (2) by the result we proved for integers 


and hence 


af(1) = bf (=) => ‘(2} =H) (4), 


We have established that for all rational numbers x € Q, 
f(x) = xf(1). 

We have not used the fact that the function is continuous so 
far. Since the rational are dense in the reals the extension of 
the result to all real numbers now follows. 


© Example 17: fis a continuous real-valued function such 
that f(x + y) = f(x) f(y) for all real x, y. If f(2) =5, find f(5). 

© Solution: More generally, since f(nx) = f(x)" for all 
integers n, f(1) =c = f(1/n)" for some constant c and all integers 


n. Thus f(k/n) = f(1/n)‘ = £(1)*" = c*" for all rational numbers 
k/n. By continuity, it follows that f(x) = c* for all real numbers 


x Since f(2) = 5,c= V5, so f(5)=25V5. 


xample 18: Let f(x) be a polynomial with real 
efficients for which the equation f(x) = x has no real 


solution. Prove that the equation f(f(x)) = x has no real 


solution either. 


©& Solution: Let g(x) = f(x) — x. Then, g(x) is a polynomial 
that never vanishes. We argue that it must always have the 
same sign. Suppose if possible that g(a) < 0 < g(b) for some 
reals a and b. Since g(x), being a polynomial, is continuous, 
the Intermediate Value Theorem applies and there must be 
a number c between a and b for which g(c) = 0, yielding a 
contradiction. 
Thus, either g(x) > 0 for all x or else g(x) < 0 for all x. Then, 
f(f(x)) — x = f(f(x)) — f(x) + f(x) - x 
= g(f(x)) + g(x) 
for all real x. Since g never changes sign, both g(x) and g(f(x)) 
have the same sign (either positive or negative) and so their 
sum cannot vanish. Hence f(f(x)) # x for any real x. 


_ Concept Problems F 


1. Use the Intermediate Value Theorem to show that there is 
a number c in (1, 2] such that 4-c = 2°. 

2. Verify that the Intermediate Value Theorem applies in the 
indicated interval and find the value of c guaranteed by 
the theorem. 


(i) f(x) =x2+x-1, [0,5], f(c)=11 
(ii) f(x) =x3-x?+x-2, [0,3], f(c) =4 


x7 +x E ‘| f 
x-1’°|2° 7 (c)=6 


(iii) f(x) = 


3. Use the Intermediate Value Theorem to show that the 
equation has atleast one root : 
(i) 2x3+x?-x=4 (i) x°-2x°+x+11=0 

4. Prove that the equation 2x*+ 5x? - 5x —3 = 0 has a root 
between —00 and —1, another between —1 and 0 and a third 
between | and 2. 

5. Show that the equation x* — 3x + 1 = 0 has a real root in 
the interval (1, 2). Approximate this root. 
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12. 


13. 


Show that the equation x* — 3x? + 1 = 0 has three distinct 
roots by calculating the values of the function at x = —3, 
—2,-1, 0, 1, 2 and 3 and then applying the Intermediate 
Value Theorem of continuous functions on appropriate 
closed intervals. 


Prove that x* + x? — 3x — 3 = 0 has a root between | and 2, 
between 1.5 and 1.75, between 1.625 and 1.75, etc. Show 
that if we continue this procedure, we can approximate 
the root of the equation as closely as we want. 

If f(x) = x? — x? + x, show that there is a number c such 
that f(c) = 10. 

Use the Intermediate Value Theorem to show that there is 
a root of the given equation in the specific interval : 


G) 3% =-1-x,(0,1) (ii) Inx =e%, (1, 2) 


. Is there a number that is exactly 1 more than its cube? 


. Apply the Intermediate Value Theorem to prove that every 


real number has a cube root. 

Apply the Intermediate Value Theorem to prove that the 
equation x° + x = | has a solution. 

Apply the Intermediate Value Theorem to prove that the 
equation x? — 4x* + 1 = 0 has three solutions. 


14. 


15. 


16. 


17. 


18. 
19, 
20. 


fix 
eR ie f=g. 


Let f be continuous on [a, b] and let f(x) be always rational. 
What can we say about f ? 

Suppose that f and g are two functions both continuous 
on the interval [a, b], and such that f(a) = g(b) = p and 
f(b) = g(a) = q where p # q. Apply Intermediate Value 
Theorem to the function h(x) = f(x) — g(x) to show that 
f(c) = g(c) at some point c of (a, b). 

Suppose that today you leave your home at | P.M. and 
drive to school, arriving at 2 P.M. Tomorrow you leave your 
school at 1 P.M. and retrace the same route, arriving home 
at 2 P.M. Show that at some instant between | and 2 P.M. 
you are at precisely the same point on the road both days. 
Let f : [1, e] — [0,1] be continuous then prove that 
f(x) = In x has atleast one solution in [1, e]. 

Let f: (1, 10) > [2,11] be a continuous function, then 
prove that it cannot be an invertible function. 

Let f be continuous on [a, b] and suppose that f(x) = 0 for 
every rational x in [a, b]. Prove that f(x) = 0 for all x in 
[a, b]. 

Let f, g be continuous functions from R to R. Suppose that 
= g(x) for all x € Q. Prove that f(x) = g(x) for all x 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


Show that the equation 
1 


X+sinx = 7=— 

Vx +3 
has atleast one solution on the interval [0, 7]. 
Show that the equation x° + 3x*+ x —2 =O has atleast one 
root in the interval [0, 1]. 
Show that the equation x°— 2x* + x’-3x + 1 =O has atleast 
one root in the interval [1, 2]. 
Find roughly the situations of the roots of 2x* — 3x* — 
36x + 10=0. 
Apply the Intermediate Value Theorem to show that every 
positive number a has a square root. That is, given a > 0, 
prove that there exists a number r such that r* = a. 
Suppose that a <b < c. If the function f is continuous on the 
closed interval [a, b] and on the closed interval [b, c], does 
it follow that f is continuous on [a, c] ? If f is continuous 
on the closed interval [n, n + 1] for every integer n, does 
it follow that f is continuous on the entire real line? 
Let f be a continuous function on R and periodic with 
fundamental period | i.e. f(x + 1) = f(x), then prove that there 
will be a real number x,, such that f(x, + 7) = f(x,). 
Use the Intermediate Value Theorem to show that there 
is a square with a diagonal length that is between r and 2r 
and an area that is half the area of a circle of radius r. 
Let f : [0, 1] — [0, 1] and g: [0, 1] — [0, 1] be con- 
tinuous fractions. Given that f(0) < g(0) and (f(1))? > 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


g(1) prove that there is a number c in (0, 1) such that 
(f(c))? = g(c) 
Prove that Vx +3 =e” has atleast one real root. 


n 
k 
Let f be a polynomial of degree n, say f(x) = a i 
k=0 


such that the first and last 

coefficients c, and c, have opposite signs. Prove that 
f(x) = 0 for atleast one positive x. 

Given areal valued function f which is continuous on the 
closed interval [a, b]. Assume that f(a) < a and that f(b) > 
b. Prove that f has a fixed point in [a, b]. 

Prove that if f is continuous and has no zeros in [a, b], 
then either f(x) > 0 for all x in [a, b] or f(x) < 0 for all x 
in [a, b]. 

A rational function can have infinitely many x-values at 
which it is discontinuous. True or false. 

Let f,(x) and f,(x) be continuous on the closed interval 
[a,b]. If f,(a) < f,(a) and f,(b) > f,(b), prove that there exists 
c between a and b such that f,(c) = f,(c). 

Show that the equation x* + 5x* + 5x — 1 = 0 has atleast 
two solutions in the interval [-6, 2]. 

If f(x) is a continuous function in [2, 3] which takes only 
irrational values for all x € [2, 3] and f(2.5) = V5 then 
find f(2.8). 


38. 


39. 


40. 


41. 


42. 


43. 


Find an interval in which the given equation has atleast 
one solution. Note that the interval is not unique. 

Gi) Inx=(x-2) (ii) e*= 

(iii) cosx—sinx=x (iv) tanx =2x’-1 

Let f be a continuous function from R to R. Suppose that 
(i) f(1) = 1 and that (ii) f(x + y) = f(x) + f(y) for all real 
x and y. 

(a) Prove that f(x)= x for every positive rational x. 

(b) Prove that f(0)=0 and that f(—x)=-f(x) for all real x. 

(c) Prove that f(x) = x for all real x. 

Let f be a continuous function such that f(x) 
f(f(x)) = 1 and f(2006) = 2005, then consider the 


following assertion : f(1000) = . If the reason is : as 


one 
1000 


f(£00) = a wehave f()=4 


= £(1000) = 755 


Prove that the assersion is correct but the reason is false. 
Find all functions f : R > R, continuous at x = | such that 
Vx ER, f(x) =-f(x’). 

Let f and g be continuous functions defined for all x. 
Assume that f(x) = 
f(x) = g(x) for all real numbers x. 


Let us determine all continuous functions f such that 

f(x + y) = f(x)f(y) for all real numbers x and | yi and such 

that the values of f are always positive. aot 

(a) Let b be a fixed positive number. Let f(x) = b*. 
Check that f(x + y) = f(x)f(y). [Part(b) will show that 


g(x) for all rational x. Deduce that / 
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there are no other functions that satisfy the stated 
conditions] 

(b) Assume that f is a continuous function such that f(x) 
> O for all x and f(x + y) = f(x) f(y) for all x and y. 
Let f(1) =c. 
(i) Show that f(n) = c" for any positive integer n. 
(ii) Show that f(0) = 1. 
(iti) Show that f(n) = c" for any negative integer n. 


(iv) Show that f(1/n)= Ye for any positive integer n. 


(v) Show that f(m/n) = We)” for any integer m and 
positive integer n. 

(vi) By (v), f(x) = c* for any rational number x. 
Assuming that f is continuous and that the 
exponential function c* is continuous, deduce 
that f(x) = c* for all real numbers x. 


44. Let f be a continuous function whose domain is the x axis 


and which has the property that f(x + y) = f(x) + f(y) for 
all numbers x and y. This question shows that f must be of 
the form f(x) = cx for some constant c. 
(a) Let f(1) =c. Show that f(2) = 2c. 


Rn (b) Show that f(0) = 0. 


(cy) Show that f(-1) =-c 


(d) Show that for any nesitive integer n, f(n) = cn. 


(e) Show that for any negative integer n, f(n) = cn. 

(f) Show that f(5) =c/2. 

(g) Show that for any nonzero integer n, f(1/n) = c/n. 

(h) Show that for nay integer m and positive integer n, 
f(m/n) = c(m/n). 

(i) Show that for any irrational number x, f(x) = cx. (This 

is where the continuity of f enters). 
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® Problem 1: Find the values of a and b if f is continuous 
at x = 7/2, where 


tan 6x 


f(x)= 6 ioe Gene" 
5 2 
2 = 
=a+2, X= 5 
bltan x| ‘ 
= (1+|cotx]) ? , Phas 


@ Solution: We have f (=) =942 


tan 6(2/2-h) 
6 \tan(5x/2-5h) 
m 


tan(3z—6h) 


. 6 \tan(5x/2—-5h) 
=lim een _— 
hoo0\ 5 


—tan6h tan 5h 0 
= Him ( = in ($) =] 
h>0\ 5 hoo0\ 5 


ime Z+n)= = in| 
hoo | 2 


bcoth 
= lim(1+tanh) # =e 
h>0 


b|tan(z/2+h)| 
a 


“(3+) 


b/a , 


Since f is continuous at x = 7/2, we have 


a+2=1=e™" 


which gives a=—1,b=0 
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© Problem 2: Obtain a relation in a and b, if possible, so 
that the function 


. X"(a+sin(x"))+(b—sin(x")) 
f(x) = lim i 
noo (1+x")sec(tan” (x" +x ")) 
is continuous at x = 1. 
©Y Solution: f(x) = lim 


no 


x"(a+sin(x")) + (b—sin(x")) 


(1+x")sec(tan (x™ +x7)) 
For continuity at x = 1 

lim f(x) must exist and equals f (1) 

xl 


: 1°(a+sin1")+b—sin(") 
f(1) = lim 5 = 
n> (1+1")-see (tan aoe ")) 


a+sinl+b-—sinl 


a+b 


ea 


Now for x > | in the immediate neighbourhood 


sec(tan! 2) 


b—sin x" 


a+sin(x")+ - 


f(x) = lim 


n-o0 


[ + 1 cota (x" +x ")) 
Xx 


_ a+(some quantity between | and—1)+0 _ 


0 


Isec(tan7! oo) 
Similarly for x < | in the immediate neighbourhood of 1 
b » X 


1-sec(tan™! 00) = 


f(x) = 0 


Hence f (x)=0 forx #1 
lim f(x)=0 =a+b. 
x>1 


A cosx + Bx sinx — 


© Problem 3: If f(x) = ; 2 , (x #0) 
xX 


is continuous at x = 0, then find the value of A and B. Also 
find f(0). 


@Y Solution: For continuity lim f(x) =f(0) 
x70 


Now for lim ptoss 7 Be sme 5 to exist 


x0 x? 


as x 0, Numerator — A-—5 and 
Denominator > 0. Hence A-5=0 => A=5 


Bx sinx — 5 (1 — cosx) 


Hence lim 
x70 x4 
sin x 5 sin? x 
_ Bx 1 2 
— lim + COSX x 
x>0 x2 


as x— 0, Numerator > B — : and 


Denominator > 0 > B= 


Nln 


NOY = 


x sinx — 2 (1 — cosx) 


lim 

x>0 x4 
5 , 2x sin 4 cos 4 4 sin” 5 

= im 

~ 2x30 x’ 

_5 ki 2 sins lim * °°8% 2 cos 5 
2 x70 x x70 x3 

Let x=20 

_ 5 on 20 cos8—2sin 8 

~ 16 030 93 

= lim 2 cos 0 = 
16 970 a) 

_ 35 lim O-tanO _ 5 om! Sets 
8 8650 Q° 8 3 94 

5 


Since f is continuous f(0) = — —. 

24 

@ Problem 4: Let S denotes the sum of an infinite 

geometric progression whose first term is the value of the 

function 

_ sin(x — (1/6) 

af —2cosx 

x = 71/6 and whose common ratio is the limiting value of the 
sin(x)'? Ind + 3x) 


(tan! Vx)? (e* 1) 
as x —> 0. Find the value of S. 


at x = 70/6, if f(x) is continuous at 


function g (x)= 


. _ sin(x —(n/6)) 
5, ion: a=f|—| = iim —+——+ 
Y Solution: a (=) x>n/6  ./3 —2cosx 


sin (x — (1/6) 
— lm 
~ x->n/6 2(cos(1/6) —cos x) 
lim 2 sin((x/2) — (m/12)) cos((x/2) — (m/12)) 
~ x->n/6 4 sin((m/12) + (x/2)) sin((m/12) + (x/2)) 
2 


=. =], 
2 


Hence, a= 1 


1/3 
—— sin(x)!? Ind +3x) (5x ) 
- lim 


x0 ile 2 acs 5x3 
(=) ( | 


1/3x 
lim 31nd. + 3x) 3 . 
x30 5 5 
a 1 5 
Sum § = fay 3 2 


© Problem 5: Let f (x) 
a* -1 [pemasinbs | 
x>0 


x" sinx | cosx—cos bx 


a* sin bx —b* sin ax 
x <0 


tan bx —tan ax 
be continuous at x = 0 (a,b > 0 ,b #1, a#b). Obtain f(0) and 
a relation between a, b and n. 


©& Solution: 
h : 2 n 
a’ —1l | bsinh—sin bh 
f(0*) lim f(0+h)=lim 
©) h>0 ( ) tim 2 —2 | Bsn sin 
—@ ak i 
= = lim ——t 
h>0 bh sinh 


bsin(h) — sin(bh) h? 
h.h? cos h—cos bh 


=/Ina- 1" (say) 


_ bsinh—sin bh h? 
where /= lim : 


30 h? cos h—cos bh 


ee h—h)—(sinbh =a 
lim 


= h>0 h? eal d 
1 : "~S ) \ 
. |,.2{ l-cos bh 1—cosh re a 
leroy h? WwW 
= Tit of a") a b3 
h>0 h b’h 
bet) 
ha 2 
= o( | v( | a2 
6 6/| =} 
sin x —X 1 
[using lim =-— ] 
g ne x3 6 


b(b? —1)_ 2 -(2) 
6 i =1) 


Foy =ina-[2) 


Now f (0°) = om f(0—h) 


Hence 


7 a " sin(—bh)—b “ sin(—ah) 
h—0 tan(—bh) — tan(—ah) 
(multiply D' & N* by a": b") 


ConTINuUITY OF Functions 2.47 


__ a" sinah—b" sin bh 
— lim 7 
h>0 a’ .b- [tan ah — tan bh] 

lim (1+hIna.....)(ah....) —(1+ hIn b)(bh...) 
h0 (ah...) — (bh...) 
oe (a—b)h+...... 

~ ho0(a—h)h+...... 
*. If f (x) is continuous at x =0, then f (0) = 1. 


Also the continuity relationship between a, b and n should be 


b 
L La er =1, 
na 3 


© Problem 6: If f (x) 


_ sin3x+A — +B sinx (x #0) 
X 


is continuous at x = 0, then find f (0). 


Y Solution: We have 


=1 


_ 1 (3x)? (3x)? 
£(0)= ea [> 51 + ees 


3 B) 
valax- 20", Gx) ee 
3! 5! 


Now f(x) is continuous at x = 0, so we must have 


2A+3+B=0 ...(2) 
d 27 + 8A + B = 0 
o 6.6 6 
=> 8A+B=-27 ...(3) 
On solving (2) and (3), we get 
A=-—4, B=5 
5 5 
Hence, f (0) = oa ea 22 =]; 
5! 5! 5! 
Alternative: 
We have f (0) 
_ 3sinx —4sin? x + 2Asinxcosx +Bsinx 
— lim F 
x>0 x” 
For limit to exist 3+2A+B=0 .(4) 


lim 3sin x —4sin? x + 2A sin x cos x — (3+ 2A)sin x 


~ x30 x 


lim 
x30 x 


ves Faun Zags 1 28 
4 


x 


: ~2A(1—cos x) —4sin? x 
— lim Z 


—4A sin? 3 Asin’? x 
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4A sin” . 16 sin? . cos” . 
x0 x 
sin? — | A+4cos? — 
= a x! a) 
A 
A+4=0 > A=-4 => B=5 
Also f(0)=1. 


® Problem 7: The function 
eax (" £1), ; 
3 is not defined at 
x 


What should be the value of f(x) so that f(x) is continuous 
at x=0? 


f(x) = x=0. 


2x ax 
@ Solution: ¢= lim £ — 1-x(e* +]) 
x70 x2 


eft 1-31 (4H 
IT t 


Put x=3t= lim 
t>0 


(e =17 + Be" = =3te" + 


— lim 
t>0 7 t? 
_ lim © —D Bee 47 HB tee" He) 
a t>0 27 a a 
2t 3 
= lim aire + u lim e2t x 0 
t>0 A7Tt 9 t>0 7 
lim ! 
= 0g ee =) 
8e 8 8 et] e“' 1 
=> —=2% 2° lim x 
9 27 g t>0 2t 4t 
2 
> Ls a os 
3 3 


The value of f(0) = 2 =- : 


© Problem 8: Let f (x) = cosec 2x + cosec 2?x + cosec 


DP AY seccenis cosec 2" x, x € (0, 7/2) 
and g (x) =f (x) + cot 2"x 
If 
(cos x)®™ +(secx)** if x>0 
HG) = . . if x=0 
e* +e = if x <0 
XSIn X 


find the value of p, if possible to make the function H (x) 
continuous at x = 0. 


Y Solution: f(x) =cosec 2x + cosec 22x + .... + cosec 2" x 
1 _ sin(2x — x) 


= - = cot x — cot 2x 
sin x sin 2x 


Now cosec 2x = — 
sin 2x 


Similarly cosec 2? x = cot 2x — cot 2? x 
cosec 2? x = cot 2” x — cot 2? x 


cosec 2" x = cot 2"-! x — cot 2"x 
=> f(x) =cotx — cot2"x 


g (x)= f(x) + cot 2"x =cotx 
li = li cot cosec 
Now on H(O+h) = ae ((cos h)°* + (sec h)cos** ) 


— _limcoth (cosh-1) + lim cosech (sec h—-1) 
— e hoo e hod 


=14+1=2 (1) 


-h | 4h 
H(0-h)= lim e+e —2cosh 


0 h sech 
_tim Je +e -2 , 2d-cosh) | _ 
= lim 7 2 a ee) 


From (1) and (2) H (x) will be continuous if p= 2. 


oe Problem 9: Check continuity of the function 


cos 1x — x?" sin(x —1) 


2n+] x2 


f(x) = lim 


n-o0 


1+x 
Y Solution: We have 


a |x|<1 [stim x2” -0if |x <1] 
+x— no 
cos 1x —sin(x —1) 
= , |x|f=el 
f(x) = 14141 fa 
COS 1X 
—.— —sin(x -1) : 
: 2n —sin(x —1) 
i 1 = x-l [=[aa 
ap ek 
x 
COS TIX, |x |< 1 
—l+sin 2, x=-l 
ie. f(x) = )-1L x= 
—si -1 
sin(x ) [x|>1 
x-l 


The above function may have discontinuities only at 
x=. 
At x =—1, we have 


lim f (—1+h) = lim cos n(-1+h) =-1, 
h>0 h-0 


f(-1) =-1 + sin2. 
This implies that f(x) is discontinuous at x =-1. 
At x = 1, we have 
-sini+h-1l)  ,. —sinh 
= lm = 
1+h-1 hoo oh 


-]. 


lim f(1+h) = lim 
h>0 h0 


lim f(—h) = limcos m0 —h) =-1. 
h>0 h>0 


f(1) =-1 
Thus, f(x) is discontinuous at x = 1. 
Hence, f(x) is continuous on x € R— {-l}. 


™F(1)+h 1 
© Problem 10: If g(x) = lim x fM+h@) +1 
moo 2x" 43x +43 
is continuous at x = 1 and g(1) = lim{ In(ex)}*/"* | then find 


the value of 2g(1) + 2f(1) — h(1); assume that f(x) and h(x) are 
continuous at x = 1. 


Y Solution: Here, 


= li 2/Inx 
el) = ie tine Inx } 


= lim (1 + Inx yon 


x>1 
2 
= limInx—— 
sat Inx 
g(1) =e ett) 
Now, lim g(x) = lim lim pap lU pay ag! 
x x71 moo I2x™ 43x 43 
= hd) +1 {sincex<1=> lim x™= 0} 
343 mo | 
; hl) +1 KN 
Ga tin ect OO 
xor x>1' m>o0 2x™ 43x43 


f()+h(x)/x™+1/x™ _ £0) 


= lim lim 7 
xm 243/x™" 43/x™ 2 
f (1) 

1 = —— 

sim. g(x) 5 3) 


As g(x) is continuous at x = 1, from (1), (2) and (3) 
5. D4+1 fd) 
eS 
6 2 
=> h(1)=6e’-1 and f(1) = 2e? 
=> 2g(1) + 2f(1) —h(1) = 2e? + 4e?-6e? + 1=1 
2g(1) + 2f(1) —h(1) = 1. 


© Problem 11: Prove that 
f(x) = [tan x] + ,/tan x —[tan x] . (where [.] denotes greatest 


; ae : : TT 
integer function) is continuous in [o 4 : 


© Solution: f(x) = [tan x] + ./tanx —[tan x] 
Let g(u)=[u]+ Ju—[u], 


Then f(x) = g(u(x)) where u(x) = tan x = 0 
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We discuss continuity of g(u) foru=a EN. 
LHL at u =a: 


jim g(u) = bat [a—h] + /a—h—[a—h] 
= lim (@@-1)+ Ja-h-(a-1) 


=a-l+l=a 
Now RHLatu=a: 


fim guy = im fa+njy+ Ja+h—la+h] 
= lim a+ Jat+h—a 


=a, 
and g(a)=[a]+ Ja—[a] =a 
So, g(u) is continuous V a € N, now g(u) is clearly continuous 
in(a—l,a) VaeN. 

Hence g(u) is continuous in [0, 00). 

Now u(x) = tan x is continuous in [0, 7/2). 

So, f(x) = g{u(x)} is continuous in [0, 7/2). 


asa EN. 


x + x 
d+x) (+x)(14+2x) 
xX 
* +2x)(1+3x) ~ 


® Problem 12: If f(x) = 


“to infinity, then examine the continuity of f at x = 0. 


Y Solution: For x # 0, sum of n terms of the series 


1 1 1 
1 + 
[ | (4 oe] 


f Id } 1 1 
* 1+2x 1+3x ae 1+(n-1)x 14+nx 


= 
1+nx 
fx) = im (1- : Jet-o=1 
noo 1+nx 
and f(0) = 0 
‘ 1 x0 
(x)= x, x=0 


Clearly f(x) is discontinuous at x = 0. 


@ Problem 13: Show that the function f : ROR defined 


by f(x) = Lt el/Gin ata) can be made discontinuous at any 

rational point in the interval [0, 1] by a proper choice of n. 

@Y Solution: Let x be rational say p/q, where p and q are 

integers prime to each other. Then taking n = q, we see that 
n! mx =q!. 7. (p/q) 

is an integral multiple of 7 and therefore sin n! 7x =0 but cos n! 

1x = 1 or—1 according as n! x is an even or an odd integer. Now 
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sin n! 7t(xth) = sin n! 7x cos n! 7th + cos(n! 7x) sin(n! 7th) 
= + sin n! wh or + sin(n! 7th) (1) 
according as n! x is even or odd. 


(i) Let n! x be an even integer. 


1 
dex 3 
Then f(x") dim elsinintnGrhy) 


1 
lt+e 


= lim 


SUlae = ~9 [using (1)] 


1/sin(n! zh) = 
1 


and f(x") = lim Vsin{n!x(x—h)) 


h>0l +e 
ene 4 @ l/sin(a inh) [using (1)] 
1 1 


1 


"“{2e" 120 


(ii) Let n! x be an odd integer. Then 


anni 1 - 
f(x*) = nf A e7l/sin(a nh) ~ 
: . 1 
and f(x )= lim = 0, 


h>0] + el/sin(atth) 


Hence f(x*) # f(x") at any rational point x. 


© Problem 14: Show that the function f : R > R defined by 


(1 + sinzx)' —1 


f(x) = lim 
t> (1+ sinax)' +1 


has discontinuity of first kind at the points 
x=0, 1, 2,....,n..... 


© Solution: At x = 0, 1, 2, 3, .... ,n...., we have 


_. (+0)' -1 
sin 7x = 0, so that f(x) = lim ( y -0 
t>e(1+0) +1 


at these values. 
Now, if 2m <x <2m + | (m being an integer), then sin 7x is 
positive. Hence for such values of x, we have 


1-1/(1+sinnmx)' —1-(1/o) _ 
1+ (1/00) 


f(x) = lim 
t>o1+1/(1 + sinnx)' 


And if 2m+1<x<2m-+2. sin 7x is negative and so 


lim (1 + sin 7x)‘ = 0. 


t>0 
0-1 

f(x) = —— =-] for these values of x. 
0+1 


Hence if x an even integer, then 
f(x) = 0, f(x*) = 1 and f(x) =-1, 


and if x is an odd integer, then 
f(x) = 0, f(x*) = -1 and f(x) = 1. 

Hence f has discontinuities of the first kind at 
X = 0; 1,.2).65...5:0 5.05 


© Problem 15: Discuss the nature of the discontinuity of 
the function f defined by 


log(2+x)—x?" sin x 


f(x) = lim 


no 


lex atx=1. 


Show that f(0) and f(7/2) differ in sign and explain still why 
f does not vanish in [0, 7/2]. 

@Y Solution: We shall first of all obtain an expression for f 
in [0, 7/2] in a form free from limits. 
If0<x<1,thenx"—> Oasn— oo, andif x > 1, thenx"—> 
0 as n + ©, therefore we have: 


log(2+ x) —x?" sinx 


If O<x<1, then f(x) = lim 


20 14x 
= log (2 +x) .(1) 
a) 420 
If x=1, then f(x) = lim ea 
asy n—>0o aaee 
= § (log3-sin}) (2) 


x 7" log(2+x)—sinx 


If x> 1, then f(x)= jim 


x4] 
=—sin X ...(3) 
From (1), (2) and (3), we have 
log(2+ x) if O<x<l 
f(x) = 45(og 3-sinl), if x=1 (A) 
—sin x if x >1 


-)= lim f(—h) = lim log(3—h) = 

f(1-) et ) ae og(3—h) =log 3 

f(1+) = lim f(+h)= lim -sin(1+h) = ~sin1, 
h>0° h>0° 


We find that f(1-) and f(1*) both exist but are unequal; also 
neither of them is equal to f(1). Therefore f has a discontinuity 
atx=1. 

From (4), we find that 

f(0) = log 2 > 0, f(7/2) = -sin 77/2 = -1, 

so that f(0) and f(7/2) are of opposite signs. 

Again, from (4) it is clear that f does not vanish anywhere in 
[0, 70/2]. 

The function f is not continuous in [0, 7/2], the point x = 1 
being a point of discontinuity. This explains as to why f does 
not vanish anywhere in [0, 7/2] even though f(0) and f(7/2) 
are of opposite signs. 

The hypothesis as well as the conclusion of the Intermediate 
Value Theorem are not satisfied for the function fin [0, 7/2]. 
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hinges to Rememben 


1. A function f(x) is said to be continuous 
at x=a, if lim f(x) =f(a). 

2. A function f(x) is said to be continuous at the left end point 
x =aif, f(a) = lie f(x) and f(x) is said to be continuous 


at the right end pointx =bif, f(b) = a f(x) 


3, F(x)= ee 


The function F is continuous is called the continuous 
extension of f to x =a, provided lim f(x) = L exists. 


if x is in the domain of f 


if x=a 


4. A function f is said to be continuous in an open interval 
(a , b) if f is continuous at each and every point lying in 
the interval (a, b). 

5. A function f is said to be continuous in a closed interval 
[a, b] if: 
(1) fis continuous in the open interval (a , b) 
(ii) fis right continuous at ‘a’ i.e. ate f(x) = f(a). 

aa 


(i11) fis left continuous at ‘b’ i.e. ae f(x) = f(b). 


6. We use the term suspicious point fora a ase c where © 


of 7 


(i) The definition of the function changes or donee 


f splits, 
(ii) Substitution of x = c causes awison by 0 ER 
function. \, 
7. Ifboth the one-sided limits Jim f(x) and lim f(x) exist, 


xa" 
but the conditions of continua are not satisfied. Then the 
function f(x) is said to have a discontinuity of the first kind 
at the point a. 

8. A function f(x) having a finite number of discontinuities 
of first kind in a given interval is called sectionally or 
piecewise continuous function. 

9. The function f(x) is said to have discontinuity of the second 
kind at x = a, if atleast one of the one-sided limits (L.H.L. 
or R.H.L.) at the point x = a does not exist or equals to 
infinity. 

10. A function is said to have a removable discontinuity at 
x=a, if lim f(x) exists but is not equal to f(a). In this case 

x—a 


we can redefine the function such that lim f(x) = f(a) and 


make it continuous at x = a. 

11. A function is said to have a missing point discontinuity 
atx =a if lim f(x) exists while the function is undefined 
atx =a. 

12. A function is said to have an isolated point discontinuity 
at x=a if — f(x) exists and the function is defined at 

=a, but they are unequal. 

13. A ne is said to have an irremovable discontinuity at 
x = a, if lim f(x) does not exist. In this case we cannot 

xa 


14. 


15. 


16. 


20. 


21. 


22. 


redefine the function such that it f(x) = 
it continuous at x =a. 


f(a) and make 


A function is said to have a finite or jump discontinuity at 
x =a if lim f(x) does not exist since the left hand limit 
xa 


and the right hand limit are unequal, but the one-sided 
limits do exist. 

If x =a is a point of finite discontinuity of the function 
f(x), then the graph of this function undergoes a jump at 
x =a. The difference R.H.L. — L.H.L. i.e. f(at) — f(a’) is 
called the jump in the function at x =a. 

The difference between the greatest and least of the 
three numbers f(a’), f(a-), f(a) is the saltus or measure of 
discontinuity of the function at the point a. 


. A function is said to have an infinite discontinuity at 


x =a if atleast one of the one-sided limits is infinite. 


é The concept of pole discontinuity is related with infinite 


. For a point x = a to qualify as a pole of a function 


- 1 
we must have lim —— =O. 
xa f (x) 


. A function is said to have an oscillatory discontinuity 


at x =a if atleast one of the one-sided limits does not 
exist because of too much oscillation in the values of the 
function. 

If f(x) and g(x) are continuous at x = a, then the following 
functions are also continuous at x = a. 

(i) cf(x) is continuous at x = a, where c is any constant. 
(ii) f(x) + 


(iil) f(x). g(x) is continuous at x = a. 


g(x) 1s continuous at x = a. 


(iv) f(x)/g(x) is continuous at x = 
g(a) # 0. 

If f(x) is continuous at x = a and g(x) is discontinuous at 

x =a, then we have the following results. 

(i) Both the functions f(x) + g(x) and f(x) — g(x) are 
discontinuous at x = a. 

(ii) f(x). g(x) is not necessarily discontinuous at x = a. 

(iii) f(x)/g(x) is not necessarily discontinuous at 
X=a. 


a, provided 


If f(x) and g(x) both are discontinuous at x = a, then we 

have the following results. 

(i) The functions f(x) + g(x) and f(x) — g(x) are not 
necessarily discontinuous at x = a. However, atmost 
one of f(x) + g(x) or f(x) — g(x) can be continuous 
at x = a. That is, both of them cannot be continuous 
simultaneously at x = a. 

(ii) f(x). g(x) is not necessarily discontinuous at x = a. 

(iii) f(x)/g(x) is not necessarily discontinuous at 
X=a. 
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23. 


24. 


25. 


26. 


27. 
28. 


29. 


30. 


31. 


32. 


If f(x) is continuous at x = a and g(x) is continuous at 
x = f(a) then the composite function (gof)(x) is continuous 
atx =a. 

Let a function f(x) be continuous at all points in the interval [a, 
b], and letits range be the interval [A, B] and further a function 
g(x) is continuous in the interval [A, B], then the composite 
function (gof)(x) is continuous in the interval [a, b]. 

If the function fis continuous everywhere and the function 
g is continuous everywhere, then the composition gof is 
continuous everywhere. 


All polynomials, trigonometric functions, inverse 
trigonometric functions, exponential and logarithmic 
functions are continuous at all points in their domains. 
If f(x) is continuous, then | f(x) | is also continuous. 

A root of a continuous function is continuous, wherever it is 
defined. That is, the composition h(x) = 2/g(x) =[g(x)]!" 
of f(x)= %/x and the function g(x) is continuous at a if g is, 
assuming that g(a) > 0 ifn is even (so that aig(a) i is defined). 
If the function y = f(x) is defined, continuous and strictly 
monotonic on the interval I, then there exist a single valued 
inverse function x = g(y) defined, continuous and also 
strictly monotonic in the range of the function y = f(x). 


[a, b] and let A(x) = fe( t)dt. Then the ee 


continuous at each point of [a, b]. (At each enon we 
have one-sided continuity) 

If a function f(x) is continuous at every point of a closed 
interval [a, b], then the function f(x) is bounded on this 
interval. Note that the boundedness of a function on the 
interval [a, b] means that there is a number K > 0 such 
that |f(x)| < K for all x € [a, b]. 

Ifa function is continuous in a closed interval there exists 
atleast one point at which the function assumes the greatest 


33. 


34. 


35. 


36. 


37. 


38. 
a closed interval [a, b] and let & = f(a), B = f(b). Then 


value and atleast one point at which it assumes the least 
value on that interval. 


If f is continuous at c and f(c) # 0, then there exists an 
interval (c - 6, c + 6) around c such that f(x) has the sign 
of f(c) for every value of x in this interval. 


If a function fis continuous on a closed interval [a, b] and 
the numbers f(a) and f(b) are different from zero and have 
opposite signs, then there is atleast one point c on the open 
interval (a, b) such that f(c) = 0. 


If fis continuous on the closed interval [a, b] and k is any 
number between f(a) and f(b), then there is atleast one 
number c in [a, b] such that f(c) =k. 


A function continuous on a closed interval [a, b] assumes 
all the intermediate values lying between its least and 
greatest values on [a, b]. 


A continuous function whose domain is closed must have 
a range in a closed interval but it is not necessary that 
if the domain is open then range is also open (range can 
be closed). 


Let f be a continuous strictly increasing function on 


_ (i) the range of f for the closed interval [a, b] is the closed 


39, 


40. 


Wf \ ‘interval [a], (ii) there exists a function x = g(y), the 
Assume f is integrable on [a, x] for yey x ing ‘ 


inverse of f, which is one-valued, strictly increasing and 
continuous on [at, 3]. 

A strictly decreasing function f(x), continuous 
on [a, b] has an inverse, which is a strictly decreasing 
continuous function on [B, &] where o = f(a), B = f(b). 
Let a strictly increasing function y = f(x) map the closed 
interval [a, b] onto the closed interval [a, B], i.e. f(a, b]) 
= [a, B]. Then f is continuous on [a, b]. 

Let f(x) be a function defined and bounded in the interval 
[a, b], then, if M and m are the bounds of f(x), the number 


M — mis called the span or oscillation of the function f(x) 
in the interval. 


ee Objective Exercises) 


SINGLE CORRECT ANSWER TYPE 


1. 


The function 


1/2 1/3 


1- 2 3 
f(x) = aS ss —) is not defined at x =0. 
x 
If f(x) is continuous at x = 0 then f(0) equals 
(A) 1 (B) 3 
(C) 6 (D) -6 


x —e* +cos2x 
If (x) = ——_, 
x 


then 


, X # O is continuous at x = 0, 


(A) £(0) = 
(C) {£(0)} =-0.5 


(B) [£(0)] =-2 
(D) [£(0)]. {£(0)} =-1.5 


lL rwln 


comes ae 3 a re 

If f(x) = , then it is continuous 
|2x-—3|-|x-2| ,x>l 

for 

(A)R (B) R— {0} 


(C) R- {1} (D) none of these 


10. 


11. 


If f(x) = [x] + [5 + ;| + x + =| then number of points 


of discontinuity of f(x) in [-1, 1] is 


(A) 5 (B) 4 

(C) 7 (D) none 
sin{x} ZO 

If f(x) = 5 {x} , where [.] denotes fractional 
K, {x}=0 


part function, then f(x) will be continuous 

(A) ifK=0 (B) ifK =sin 1 

(C) ifK=1 (D) for no value of K 

If f(x) is a continuous function from R > R and attains only 
100 

irrational values, then >\f(r) is equal to 

r=1 

100 


(B) >) f(2r) 


r=1 


99 
(A) Sto 
r=1 


100 


(C) }’f(2r)+1 


r=1 
If f(x) = sgn (cos 2x — 2 sin x + 3), then f(x) 
(A) is continuous over its domain 
(B) has a missing point discontinuity 
(C) has isolated point discontinuity 
(D) irremovable discontinuity 


(D) none of these 


Let f(x) = x # 1/2 if f(x) is continuous at 


1 
(sin x)™-2x’ 


x = 7/2 then f(7/2) is, 
(A) e (B) 1 
(C) 0 (D) none 
If f(x) = = , the number of points of discontinuity of 
the composite function. y = f (f(f(x))) are 
(A) 0 (B) 1 
(C) 2 (D) 3 
alx*=x-2] 25 
2+x—x? 
Let f(x) = b, x=2 
==2] , x>2 
x-2 


If f(x) is continuous at x = 2 (where [.] denotes greatest 
integer function) then (a, b) is 

(A) (1, 1) (B) (1, 2) 

(C) (2, 1) (D) (2, 2) 

The function f(x) =| 2 sgn 2x | + 2 has 

(A) jump discontinuity 

(B) removable discontinuity 

(C) infinite discontinuity 

(D) no discontinuity 


12. 


13. 


14. 


“ ) 


15. 


16. 


17. 


Continuity oF Functions 2.53 


- lim x+x7" sinx ‘ 
x)= ——7n | then 

g( ) ater 1+ xn 

(A) g(x) is continuous at x = | 

(B) g(x) is discontinuous at x = | 

(C) limit does not exist at x = 0 

(D) none of these 


3 
Let f(x) = X_ -asinax+3,-4<x <4. The value of f(x) 
4 


S — for some x € [-4, 4] This statement is 


(A) true (B) false 
(C) true onlyifa20 (D) tue only ifa € [+4, 4] 
The ordered pair (a, b) such that 


x — — 
be sone xX 5 
x2 
f(x) = a , x=0 
C> (1an-"(e")-) 
2——_—_—_———_ , x <0 
L x 


becomes continuous at x = 0 is 
1 
(A) (, 1) (B) Gy 


(D) not possible 


2x41 : 


xEQ 

2 is 
x°-2x+5 , x€¢Q 
(A) continuous no where 
(B) continuous at every rational point 


(C) continuous at irrational points only 
(D) continuous exactly at one point 


The function f(x) = | 


Let [x] denotes the greatest integer less than or equal to 
x. If f(x) = [x cos x], the f(x) is 

(A) continuous at x = 0 

(B) continuous in (-1, 0) 

(C) discontinuous at x = 1 

(D) continuous in (—1, 1) 


: 1 : 1 
sin*} — |—sin?] — ]+1 
x x ; . 
is to be made continuous 
afl af 1 
cos’ | — |—cos*| — |+l 
x x 


at x = 0, then f(0) should be equal to 


(A) 0 (B) 1 
(C) 1/3 (D) 1/2 


Iff(x) = 
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18. 


19, 


20. 


21. 


22. 


If f(x) = fim (1 — sin? x)",n € N, then 


(A) f (=) is nearly zero 


ut), 1 
(B) f 4) 38 equal to — 
2 


(C) f(x) is discontinuous at infinite number of points 
(D) f(x) is a periodic 


2n 


asin~ xX for x > Oand n> 00 


then 
bcos*™x-1 for x <Oand m>0 


(B) £(0*) # £0) 
(D) fis continuous at x = 0 


Let f(x) = 


(A) £0) # £(0*) 
(C) £0) - £(0) 
f is a continuous function in [a, b]; g is a continuous 
function in [b, c] 
A function h(x) is defined as 
h(x) = f(x) 

= g(x) 
if f(b) = g(b), then 
(A) h(x) has a removable discontinuity at x = b. 
(B) h(x) may or may not be continuous in [a, b] 
(C) h(b’) = g(b*) and h(b*) = f(b-) 
(D) h(b*) = g(b-) and h(b’) = f(b*) 


for x € [a, b) 
for x € (b, c] 


If graph of |y| = f(x) and y = |f(x)| is as shown below g 


Then number of points of discontinuity of f(x) in [a, d] is 


(A) 1 (B) 2 
(C) 3 (D) 4 
If x € R* andn € N, we can uniquely write x = mn 


+r where m € W and 0 <r <n. We define x mod 
n =r. For example 10.3 mod 3 = 1.3. The number 
of points of discontinuity of the function f(x) = 
(x mod 2)? + (x mod 4) in the interval 0 < x <9 is 


23. 


24. 


25. 


27. 


28. 


29. 


(A) 0 (B) 2 
(C) 4 (D) none 
If graph of the function y = f(x) is continuous and passes 


. fim (BF )=2) 
through point (3, 1) then x3 2(1—F(x)) is equal 


3 1 
A) = B) — 
(A) 5 (B) - 
3 1 
C) -= D) -= 
(C) 5 (D) ; 
Let f(x) = the highest power of (u* +u’+2u+ 3). Then at 


X= V2 , (x) is 


(A) continuous (B) hm. f(x) =-2 


(C) discontinuous (D) none of these 


Let f(x) = [sin x + cos x], 0 <x < 27, (where [.] denotes 
the greatest integer function) Then the number of points 
of discontinuity of f(x) is 


(A) 6 (B) 5 
(C4 (D) 3 
Tf a, B(a < B) are the points of discontinuity of the 


/ 1 
function f(f(f(x))) where f(x) = ie then the set of 


_— x 2 
values of ‘a’ for which the points (a, B) and (a, a?) lie on 
the same side of the line x + 2y — 3 = 0, is 


(A) (-3.1] (B) [3.1] 
(C) [1,9 (D) [-».-3 | 


Let f : (0, ©) 4 R be a continuous function such 


2< ae <3 forall x > 0. Then with certainity f(c) =c 
x 


for atleast one point ‘c’ belonging to the interval (s) 


If f(x) = sgn(sin’x — sinx — 1) has exactly four points of 
discontinuity for x € (0, n7zt), n EN then 

(A) the minimum value of n is 5 

(B) the maximum value of n is 6 

(C) there are exactly two possible values of n 

(D) none of these 


f(x) = lim sin?"(mx) + E + ; , where [.] denotes the 
no 


greatest integer function is 


30. 


31. 


32. 


33. 


34. 


3 
(A) Continuous at x = | but discontinous at x = 3 
. 3 
(B) Continuous at x = | and x = > 
; : 3 
(C) Discontinuous at x = | and x = 5 


(D) Discontinous at x = 1 but continuous at x = 3 


If f(x) is a continuous function V x € R and the 


range of f(x) is (2, V26) and g(x) = 2 is 


continuous V x € R (where [.] denotes the greatest integer 
function), then the least positive integral value of a is 


(A) 2 (B) 3 
(C) 6 (D) 5 
axe* + bsin x 
Let f(x) = x? , , where {.} represents 


ccos n{x} », x20 


fractional part function, if f(x) is continuous at x = 0, then 


the value of c is: 


4 2 
(A) — (B) = 
3 3 
1 
(C) — (D) -1 
3 LW 
Let f R > R such that f(x) is continuous and 


attains only rational values at all real x and 


4 
f(3) =4. Ifa,, a,, a,, a,, a, are in H.P., then Y Aaa is 


3? 4? 
n=l 
(A) f(3). a,a, (B) f(3). a,a, 
(C) f(3). aa, (D) f(2). a,a, 
2x-1 , —-2<x<0 
PEM= sup . oexen 
[x] , -4<x<-2 : 
g(x) = Cio., eyed then 


(A) lim f(g@)) =2 


(B) f(g(x)) is discontinuous at x = —2 

(C) f(g(x)) is not defined at x = 2 

(D) none of these 

The function defined by f(x) = [x? + e'/?~]"' when x > 2 
and f(x) = k when x = 2 is continuous in interval [2, 00). 
Than k is equal to 
(A) 0 

(C) -1/4 


(B) 1/4 
(D) None 


35. 


36. 


37. 


Continuity oF Functions 2.55 


sin?x , x rational 
Let £0) = | _ in? x , X irrational 


Then set of points where f(x) is continuous - 


(A) eon+y Zn E 1 


(B) null set 

(C) {nt,n € I} 

(D) set of all rational numbers 

If the graph of the continuous function y = f(x) passes 
through (a, 0), then 


lim In(.+ 6f? (x) —3f (x) 


is equal to 
xa 3f (x) 
(A) 1 (B) 0 
(C) -1 (D) None 
1 
Let f be a continuous function on R such that f (=) = 
a? 
(sine") @—™ + ——. Then f(0) is equal to 
w, @) n° +1 
_ (A).0 (B) 1 
w/(C) 2 (D) none 


38. 


39. 


40. 


41. 


Let f(x) = [tan x[cot x]], x € E : 4 (where [.] represents 


the greatest integer function) then the number of points, 
where f(x) is not continuous is 

(A) one (B) zero 

(C) three (D) infinite 

If f: R— R and g: RR such that 


O if x rational O if x irrational 
f(x)= then 


Lif x irrational > $C) = lif x rational 
(A) f+ g is discontinuous 

(B) f+ g is continuous at rational only 

(C) f+ g is continuous everywhere 

(D) f+ g is continuous for irrationals only 


el/x ex ; 
Let f(x) = g(x) > a and x # 0, where g is a 
e x 


e- /x 
continuous function. Then _ f(x) exists if 
x> 


(A) g(x) is any polynomial 


(B) g(x)=x+4 
(C) g(x) =x’ 
(D) g(x) =2 +3x + 4x? 


The point of discontinuity of the function 
: 2n 
jim (2sinx) fig 
xem 3" =(2c08%) 
(A) nt +7/3;n eI (B) nt+7/6;n EI 
(C) 2nte;nel (D) none of these 


f(x) = 
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42. 


43. 


44, 


45. 


46. 


47. 


The set of all points of discontinuity of the function 


tan x log x ; 
f(x) = | ————— | contains 


1—cos 4x 
(B) {a neal 


(A) {= n <1} 


(C) (-00, 0] U \ nen| 
(D) none of these 


Let f(x) = sin x if x is rational and f(x) = 1 — 2 cos x if x 
is irrational then 

(A) f(x) is no where continuous 

(B) f(x) is continuous at one point only 

(C) f(x) is injective 

(D) f(x) is continuous at infinite no. of points 


The function f(x) is defined by 


—2x +5) 


MGs aay(k if 2 <x<1&x>1 


f(x) = 
4 if xe 


(A) is continuous at x = 1 


(B) is discontinuous at x = | since f(1*) does not exist \ 


though f(1-) exists 


(C) is discontinuous at x = | since f(1-) does not exist ~ 


though f(1*) exists 
(D) is discontinuous since neither f(1-) nor fe " masts” 


The function f defined by 


f(x) = jin | bn sh - 


too | (1+sinax)' +1 


(A) everywhere continuous 

(B) discontinuous at all integer values of x 
(C) continuous at x = 0 

(D) none of these 


The function f : R/{0} — R given by 
1 
f(x) = —- ; can be made continuous at 
x e*—-] 
x = 0 by defining f(0) as 
(A) 2 (By) 
(C) 0 (D) 1 
I-|x| 
If f(x) = ) 1+x , then f([2x]) is where 
1 , x=-l 


[ ] represent greatest integer function 
(A) continuous at x =—1 

(B) continuous at x = 0 

(C) discontinuous at x = 1/2 

(D) all of these 


48. 


49. 


50. 


51. 


52. 


53. 


-1,x<0 
Let f(x)= 4 90. x=0 and g(x) =sin x + cos x, then points 
1,x>0 


of discontinuity of f{ g(x)} in (0, 272) is 


(A) {5 =I 


2x7, x<2 


The value of ‘a’ for which the function f(x) = . 
ax“, x>2 
sin X 2 
—, x<0 as 
g(x) = and h(x)=4 x—a ’ —— 
a-2x, x20 8, x=a 


are all continuous is 
(A) 2 (B) 4 
(C) no value of a exists (D) none of these 


The set of all points of discontinuity of the 
ayy tan x log x 
function f(x) = oe es contains 


(A) {= nel (B) {= neal 


(C) (0, 0] U {en . N| 
(D) none of these 
0, if x is rational 
Let f (x) = 
5x, if x is irrational 
Then 
(A) f (x) is continuous at every rational number. 
(B) f (x) is continuous at every irrational number. 


(C) f(x) is discontinuous everywhere. 
(D) f (x) is continuous only at x = 0. 


x? — 2x” — 9x +18 
x4 
Which of the following statements describes the graph of 
y=R(x): 
(A) The graph has two vertical asymptotes 
(B) The graph has two holes in it 
(C) The graph has one hole and one vertical asymptote 
(D) The graph has neither holes nor asymptotes 


Let R(x) = 


n " sin x 
Given that | [cos— oe x ). 
Qn 2 sin( * 


n=l 


54. 


55. 


56. 


57. 


Let f (x)= 


“1 x T 
lim » —tan| — -xe(0.n)-{| 
Lp ae (=) 2 

2 


-, xX=— 
T 2 
Then which one of the following alternative is true? 
(A) f(x) has non-removable discontinuity of finite 


type at x = a 
2 
(B) f(x) has missing point discontinuity at x = a : 
(C) f(x) is continuous at x = _ : 


(D) f(x) has non-removable discontinuity of infinite type 


Tl 
atx = _. 


_ 4fy2 
The value of f(0) such that f(x) = Pane Te is 


cos 2x — | 
continuous at x = Oils: 
(A) 1/64 (B) — 1/64 
(C) 1/32 (D) — 1/32 
Consider 


: a : ac 
2 (sin x — sin x) + sin x — sin x| 


f(x) = 


, wes a a8 . 
2 (sin x sin x} [sin x sin x| > 8 


x# t for x € (0,7) 


f(7/2) =3 where [.] denotes the greatest integer function 
then, 
(A) fis continuous & differentiable at x = 1/2 
(B) f is continuous but not differentiable at x =7/2 
(C) fis neither continuous nor differentiable at x = 1/2 
(D) none of these 
f(x) =b ([x}*+ [x]) + 1 for x >-1 

= [sin (7 (x+a))] for x<-l 
where [x] denotes the integral part of x, then for what values 
of a, b the function is continuous at x =—1? 
(A) a=2n+ (3/2); bE R; nel 
(B) a=4n+2;beER; nel 
(C) a=4n+ (3/2); be R*; nel 
(D) a=4n+1; beR*; nel 

[x] + x — [x] 


The function f(x)=]| , 
sin x 


Given 


for x20 . 
for x <0 
(A) continuous only for all non-negative integers 
(B) continuous only for all positive integers 


(C) discontinuous only for all negative integers 
(D) cont. for all real numbers. 


58. 


59. 


60. 
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4 
The function f(x) = [-——z] 
lax —x | 
(A) discontinuous at only one point 
(B) discontinuous at exactly two points 
(C) discontinuous at exactly three points 


(D) none 
tan kx 


Let f(x) = x 
3x+2k? for x>0 


for x <0 
. If f (x) is continuous at 


x = 0 then the number of values of k is 
(A) more than 2 (B) 1 
(C) 2 (D) none 


If f(x) = lim x tan! (nx) ; then f(x) is 
no 


(A) continuous at x € I 
(B) discontinuous at x € I 
(C) continuous at allx ¢R 


_ (D) none of these 


° 


62. 


63. 


64. 


wy iv 
If f(x)=3+ con then 


(A) him f(x) =4 


lim f(x) =3 
(B) lim (x) 
(C) lim f(x)=5 
xo! 
(D) f has irremovable discontinuity at x = 1 


0, x<l 
Let f(x) = x-2 x21 


the equation f(f(f(f(x)))) = x is 


The number of solutions of 


(A) 2 (B) 4 
(C) 5 (D) None 
(3* - 1)? 


The function is not defined for 


sinx . én (1+x) 
x =0 for the function to be continuous at the point x = 0, 
f(0) must have the value : 

(A) e° (B) 1 

(C) (n3) (D) none 

The value of f(0) so that the function 


\4-2x +x — 44 2x +x? 


V2+x — J2—-x 

is continuous at x = 0 is: 

(A) 2 (B) 1 
(C) -v2 (D) -2 V2 


f(x) = 
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65. 


66. 


67. 


l 3 
O8sin|x| cos x 


T 
If f(x) = x ,[x|< 3 »X#0=4,x=0 then 


O8$sin[3x| cos 2 


the number of points of discontinuity is 


(A) 0 (B) 1 
(C) 2 (D) 4 
Which one of the following functions defined below are 


discontinuous at the origin? 


x cos L if x #0 
(A) FO) =| 4 


if x=0 

l y8 4 2 

KET XE 2K ie 40 
Gyg@=| = 

| 0 if x=0 

[ sinx . cost if x#0 
BOE if x=0 

r y4 8 

x = +2x if x40 
(D) &(x) = iui 

| 0 if x =0 
ie 2x-l1 , —-2<x<0 F 

ea... Seen 


68. 


69. 


70. 


-4<x<-2 


th 
x42, -25x54 °° 


[x] 
= | 


(A) J eG)? 


(B) f(g(x)) is discontinuous at x = — 2 

(C) f(g(x)) is not defined at x = 2 

(D) None of these 

The number of points of discontinuity of 

f(x) = [4x] + {3x} in x € [0, 5] is 

(A) 20 points (B) 25 points 

(C) 30 points (D) 35 points 

Let f(x) = [tan?x][cot?x] where [.] denotes greatest integer 
function then number of points at which function f(x) is 
discontinuous in (0, 270) 

(A) 0 (B) 3 

(C) 4 (D) 7 

h(x) is not a constant function and tim [h(x)] 


exists finitely for all values of c € R (where [.] denotes 
greatest integer function), then which of the following 


- statement is true ? 
(A) lim[hGx)] =Llim hoo], Vc ER 


(B) h(x) can not take any integral value 
(C) h(x) can take maximum two integral values 
(D) None of these 
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71. 


72. 


73. 


If f(x) = [x?] + [x]?, then (where [.] denotes greatest integer 
function 

(A) f(x) is discontinuous at x = /2 

(B) f(x) is continuous at x = 5" 

(C) f(x) is continuous at x = 3'° 

(D) f(x) is discontinuous at x = 0 


1 
Given the function f(x) = dea , the points of 


x) 
discontinuity of the composite function y = f*"(x), where 
f"(x) = fof... of (n times) are 


(A) 0 (B) 1 
(C) 3n (D) 2 
x| +] +xt0 if x #0 
Let f (x) = x where [x] 


0 if x =O 
denotes the greatest integer function, then the correct 
statements are 
(A) Limit exists for x =— 1. 
(B) f (x) has a removable discontinuity at x = 1. 


74. 


75. 


76. 


(C) f(x) has anon removable discontinuity at x = 2. 

(D) f (x) is discontinuous at all positive integers. 
2n-l 

Let f (x) = lim ~ 


+ax? +bx 
n-oo 2 


. If f (x) is continuous 
for all x € R then 

(A) a=0 (B) b=0 

(C) a=1 (D) b=1 

Which one the following function(s) is/are continuous 
VxeER 


(A) vV2sinx +3 
e +3 
2x 5/7 
(C) (| (p) Vsgnx+1 
+ 


Which the following equations have roots ? 
(A) cosx—-x+1=0 

(B) x*-18x+2=0, x € [-1, 1] 

(C) x2*=1, x € (0, 1) 

(D) x?-3x+1=0, x € [], 2] 


e* +1 


(B) 


77. 


78. 


79. 


80. 


81. 


f(x) = x*— 14x? + px* + qx — 105 

g(x) = x* + ax? + bx? + cx + 105 

the smallest root of f(x) = 0 is a and remaining root are 

in A.P. If the smallest root is increased by 2 then equation 
f(x) 


becomes g(x) = 0 function F(x) = a(x) then 


(A) Domain of F(x) is R — {1, 3, 5, 7} and range is 
Ratto.225 
2°4 
(B) Function F(x) is bijective 
(C) Function F(x) has removable discontinuities at x = 3, 
5,7 
(D) Function F(x) has irremovable discontinuity at x = | 


Let f(x) and g(x) be defined by f(x) = [x] and 
g(x) = 0, xel , where [ . ] denotes greatest 
x? , other wise 


integer function. Then 

(A) gof is continuous for all x € R 
(B) lim . fog(x) =3 

(C) fog is continuous for allx € R 
(D) lim . fog(x) =5 


x. 


integer function of x, then f(x) is continuous at 


(A) x=0 (B) x=1 ima 
(C) x=2 (D) none of these 
Which of the following statement(s) is/are correct? 


(A) Let f and g be defined on R and c be any real 
number. If lim. (X) — b and g (x) is 
continuous at x = b then 7 g(f(x)) = g (b). 


(B) There exist a function f : [0, 1] — R which is 
discontinuous at every point in [0, 1] and |f(x)| is 
continuous at every point in [0, 1]. 

(C) If f(x) and g (x) are two continuous function defined 
from R — R such that f (r) = g (r) for all rational 
numbers 'r' then f (x)=g (x) Vx ER. 

(D) If f(a) and f (b) possesses opposite signs then there 
must exist atleast one solution of the equation f(x) =0 
in (a, b) provided fis continuous in [a, b]. 


sin ax 220 
bx , 
ax +1 . O<x<l 
ox’ =2 : 1<x<2 
If = 
es a(x? 4) 2<x<4 
vx - 
12 : x24 


If f(x)=cos x | cos 2 (x-D | where [x] is the greatest | 


82. 


83. 
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is continuous V x € R then which of the following hold 


good? 
(A) d=4c (B) a#b P 
(C) a+b+d=-3 ee ea 
The function defined as 
2n : 
cos” x if x <0 
“ii Nl+x" if O<x<l 
7@)= a 1 
if x>l 
1+x" 


Which of the following does not hold good? 

(A) continuous at x = 0 but discontinuous at x = 1 

(B) continuous at x = | but discontinuous at x = 0 

(C) continuous both at x = 1 and x =0 

(D) discontinuous both at x = 1 and x =0 

Which of the following functions defined below are 
continuous for every x € R? 


sin X 


rnAY if x <0 
~Asfo=| * 
~ x+lif x20 
2.1. 
x°sin— if x #0 
(B) g(x)= x 
0 if x=0 


84. 


85. 


(C) h (x) = sin | x | 

(D) k (x) =|1-x+]|x|| 

Which of the following functions is/are continuous 
VxeR? 

(A) f (x) = cos(x? - 2) 


(BS O)= 432s 
a) 
me if x #0 
(C) f= 
if x =0 
Cee geet 
(D) fas 
if x =0 
Which of the statement(s) is/are incorrect? 


(A) If f+ g is continuous at x = a, then f and g are 
continuous at x = a. 
(B) If lim (f g) exists,then lim f and lim g bothexists. 


xa xa x?a 
(C) Discontinuity at x = a> non existence of limit 
(D) All functions defined on a closed interval attain a 
maximum or a minimum value on that interval. 
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86. 


87. 


88. 


89. 


90. 


Jtan'(/x)| if x #0 
sc eal if x=0 


then which of the following do/does not hold good? 

(A) f is continuous on (— 00, 0) U (0, 0). 

(B) f has anon removable discontinuity of finite type at 
x=0. 

(C) f has a non removable discontinuity of oscillatory 
type at x = 0. 

(D) f has a non removable discontinuity of infinite type 
atx =0. 

Let f(x) and g(x) be defined by f(x) = [x] and 


0 , xel 
g(x) = 2 


. , Where [ . ] denotes 
x“, other wise 


greatest integer function. Then 
(A) gof is continuous for all x € R 
(B) lim . fog(x) =3 

x2 
(C) fog is continuous for all x € R 
(D) lim . fog(x) =5 

x35 


The function 
f(x) = max ({x}, {-x}), x © (—00, 0) is 
(A) continuous every where 
(B) continuous at x = 0 a 
(C) continuous for all x =n +h where n € I, h= 1/2 
(D) continuous every where exceptallx eI 
f(x) is continuous at x = 0, then which of the following 
are always true ? 
(A) lim f(x) =0 

x0 
(B) f (x) is non continuous at x = | 
(C) g(x) = x? f(x) is continuous at x = 0 
(D) lim (f(x) - £(0)) =0 

x0" 


el = ] _ ee6 
e 
The function f(x) = 4 sin{x} 20" 
{tan x} 
2 , x=0 


where [ . ] and { . } represent greatest integer and 
fractional part functions respectively, is 


(A) continuous at x = 0 

(B) discontinuous at x = 0 
; T 

(C) continuous at x = 6 


T 
(D) discontinuous at x = ri 


Assertion (A) and Reason (R) 


(A) Both A and R are true and R is the correct explanation of A. 
(B) Both A and R are true but R is not the correct 


explanation of A. 


(C) Ais true, R is false. 
(D) A is false, R is true. 


91. 


92. 


93. 


95. 


96. 


97. 


98. 


<1l/x>* x#0 
Let g(x) = 0 x=0’ 


from x to the integer nearest to x then 


where <r>* is the distance 


Assertion (A) : g is discontinuous at x = 0 


2 
Reason (R) : Let x. = I/nand x' = z 
* " 2n+1 
2n+1\* 
g(x,) = <n>* = 0, g(x!) = (FS 


=<n-+ 1/2>* = 1/2 
x{x}4+1 O<x<l 
2-{x} 1l<x<2 
where {x} denotes the fractional part function. 
Assertion (A) : f(x) is continuous in [0, 2] 
Reason (R): lim f(x) exists 

xl 


Consider the function f(x) = 


Assertion (A) : The function | In x | and In x are both 
continuous for all x > 0. 


‘ Reason (R) : Continuity of | f(x) | => Continuity of f (x). 


: 94, ‘Assertion (A) : If f(x) is a continuous function such that 


f(0) = 1 and f(x) # x, V x € R, then f(f(x)) > x. 
Reason (R) : If f: R > R, f(x) is an onto function then 
f(x) = 0 has atleast one solution. 
Let f (x) =cos ix cos ) 
x 


Assertion (A) : f (x) is discontinuous at x = 0. 
Reason (R): lim f(x) does not exist. 
x90" 
Assertion (A) : Let f: [0, 1]  R be acontinuous function. 


There cannot exist such a function f which crosses the x 
axis infinitely often. 


. 1 
xsin—, x#0 
crosses 


0, x=0 


Reason (R) : The function f(x) = 


the x-axis infinitely often. 

Assertion (A) : Let f(x) = x? + x*+ x°+x'+....., for all 
real x such that the sum converges. The number of fixed 
points of the function is two. 

Reason (R) : Since f(x) = a (ax 

=> x’+x-—1=0. This gives two values of x. 

Consider the functions 

f(x) = sgn (x — 1) and g(x) = cot'[x — 1] 

where [ . ] denotes the greatest integer function. 
Assertion (A) : The function F(x) = f(x) . g(x) is 
discontinuous at x = 1. 

Reason (R) : If f(x) is discontinuous at x = a and g(x) is 
also discontinuous at x = a then the product function f(x). 
g(x) is discontinuous at x = a. 


0<x<2 


pe2qe he 


Assertion (A) : The function (fog)(x) is continuous at 

xa 2: 

Reason (R) : If (fog) (x) is continuous at x =a then g (x) 

is continuous at x = a and f (x) is continuous at x = g(a). 

100. Assertion (A) : f (x) = [1 + cos x] where [x] denotes 

greatest integer function is discontinuous at x = 7 
Reason (R) : f (x) = [x] where [x] denotes greatest integer 
function is discontinuous at all integers. 


x-l 


99. Let f (x) =sgnx and g (x)= i 


Comprehension - 1 
1. 
If f(x) = maximum [co an x}),0 Sx S 2n, where { . } 


represents the fractional part function, then 
101. The number of points where f(x) is equal to 1/2 is 


(A) 1 (B) 2 
(C) 4 (D) infinite 
102. The number of points of discontinuity of f(x) is 
(A) 1 (B) 2 
(C) 3 (D) 4 


103. The number of points where f(x) has non- -removable 


discontinuity is 
(A) 0 
(C) 2 


(B) 1 
(D) 3 


Comprehension - 2 


A strictly monotonic polynomial function f : (0, 00) — (0, 0) 


x 
is such that f f(x) = 
104. If f(1) = 2 then the value of f(2) is 
(A) 8 (B) 4 
(C) 16 (D) None 


105. The number of fixed points of f (i.e. number of solution 
of f(x) = x) is 
(A) 3 
(C) 1 


(B) 2 
(D) None 


Inf(x)-Inf(1) 


106. If lim exists with nonzero value, then 
x>l gin” 1x 
the value of n is 
(A) 1 (B) 2 
(C) 3 (D) None 


Comprehension - 3 


Define f : R > R by f(x) = x?+ 1 for-I <x S 1 and 


f(x+2)= for allx € R. 


Ai 
f(x) 
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107. The fundamental period of the function f(x) is 


(A) 2 (B) 4 
(C) 8 (D) None 
108. Bu f(x) is equal to 
(A) = (B) 3 
3 4 
(Ole comes 
2 12 


109. The number of points of discontinuity in the function 
y = f(x) over the interval [0, 4] is: 
(A) 0 (B) 1 
(C) 2 (D) 3 


Comprehension - 4 


Consider a ¢ R*, f(x) =|x-a| 


f(x) see =] for 
2a 


g(x)=)- 
Ne ee * Jeoseetto) for x>a 
> 2a 


xX<a 


> (x) = _ nf i” snl | 


110. The value of g(a) so that g is continuous at x =a 


Aye (B) is: 
T 27 
(C) is 1 (D) can not be determined 
111. The number of possible ordered pairs (a, g (a ) ) is 
(A) 0 (B) 1 
(C) 2 (D) more than 2 
ee 
112. If lim (cos(x —a))%Psn@xa)_ = e-khila) then k equals 
xa 
(where [.] denotes greatest integer function) 
(A) 0 (B) 2/3 
(C) 3/2 (D) 6 
Comprehension - 5 
_ . 1, x20 
Let the Heaviside step function be defined as H(x) = ‘0 i, 


113. The solutions of the equation x? — x H(x) —2 = 0 are 
(A) {-1, 2} (B) {-v2 ,-1, 2} 
(C) {V2 ,-1,2}  @) (-V2.2) 

114. The solution set of the inequality H(1 — x”) > |sin 71/2 x| is 


(A) [-2.2] (B) 5. 4 


(C)R (-3.2) (D) None of these 
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MATCH THE COLUMNS FOR JEE ADVANCED 


115. Column - I Column - IT 
1+3cosx 
—7s 3 x <0 
x 
(A) Iff(x)= is continuous at x = 0, (P) ja+b|=0 
an ; = 
[- + 5 | 


then (where [ . ] denotes the greatest integer function) 


2sinx,-™<x< 
: T ™ 
(B) If f(x)= 4asinx aa <x< 5 is continuous in [— 71, 7],then (Q) |a—bl=2 


Tt 
a aL 


(cos3x)/(cot2x) 
3 T 
— , O<x<— 
(3) 2 


T 
(C) Iff(xy=} +3 § Re pin. (R) [a—2b]=-2 


ee . 
(l+|cosx |) ° ; cae 


T 
1s continuous at x = 2 7 then 


at ; x>0 
x 
(D) If f(x) = a. x=0 (S) lat 2b/=4 
b a), x<0 
x 
(where [.] denotes the greatest integer function), (T) |a-bl=1 
is continuous at x = 0, then b is equal to 
116. Column — I Column — II 
1 1 
(A) Given f(u) = ————,, where u= ——,,, then f(x) is (P) continuous at x = 0 
uv +u-—2 x=1 
(B) If f(x) = sgn x (1 — x”), then f(x) is (Q) discontinuous at x = 1, 1/2, 2 
f 
(C) If lim ix) exists and f(0) = 0, then f(x) is (R) discontinuous function 
x70 X 
(D) The function f(x) = lim ena? ie (S) discontinuous at x = 2 
noo J+n 
117. Column - I Column - II 

(A) The number of natural numbers less than the (P) 1 

fundamental period of sin?x + sec?x — tan? x is 
(B) The number of points of discontinuity of the function (Q) 2 


f(x) = [x] + {2x} + [3x] for x € [0, 1], where [ . ] and 
{ . } represent greatest integer and fractional part functions is 


118. 


119. 
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(R) 3 


(S) 4 


Column-II 
(P) 3/4 


(QQ) 2 


(R) 3 


(S) non existent 


Column II 


if 


a 
NX (P) f(x) is continuous V x € R 


(Q) f(x) is discontinuous at x = | 


(R) f(x) is discontinuous at 


T 
xX=2nt+— 


Sn 


(C) im srt) | , where [ . ] represents 
x0 X COS X 
greatest integer function, is equal to 
(D) The number of solutions of the equation 
sin! x —2 cos! (1 +x)=Ois 
Column-I 
(A) Ina AABC maximum value of cos?A + cosB + cos’C, is 
(B) Ifa, bare c are positive and 9a + 3b + c = 90 then 
the maximum value of (log a+ log b + log c) is 
(base of the logarithm is 10) 
(CC) lim tan x./tan x —sin x-/sin x equals 
x>0 x? . Vx 
I 2 
(D) If f(x) =cos(x cos a and g (x) = uae) are 
x x sin x 
both continuous at x = 0 then f (0) + g (0) equals 
Column I 
— lim 
Gy ligy= a. oe ae then ra 
fin x os oa 
(B) If f(K) = psn 1+ (4sin2 x)? > then .. “amd 
oKN 
lim x71 4 ax? + bx a ~ tes 
(C) Ifh(x)= 4, ae or ous 
V x € R, and f(x) = [tan(a + b — 1)x], then 
(D) If f(x + y) = f(x). f(y), Vx, y € R and 


f(x) = 1 + g(x).G(x); lim g(x) =0 and 


pu G(X) is finite real number, then 


(S) f(x) is continuous at x = - 


2.63 


Review Exercises for JEE Advanced 


1. 


Test the continuity of the function 4. 
1 

f(x) = t + ae , in the interval —2 <x <2. Also 

draw the graph of y = f(x), where [.] denotes greatest 

integer function. 

Discuss the continuity of the function f(x) = [[x]] -[x—1], 

where [-] denotes the greatest integer function. 5 


Let f(x) be defined in the interval [—2, 2] such that 
f(x) =1,-2<x<0 
=x-1,0<x<2 
and g(x) = f(|x|) + |f(x)|.Test the continuity of g(x) in [-2, 2]. 


If f(x) be defined as 
sin x “oo 
f(x) = x 
l—xcosx, x<0 
Tm 3m 
then discuss the continuity y = [f(x)] in | —>>> 
[.] denotes G.LF. 22 


2 
Let f(x) = 7 +1.0<x<1 


= 2x?-3x+ S.1Sx52. 


Discuss the continuity of g(x) = f(x) + f(x — 1). 


where 


2.64 DIFFERENTIAL CALCULUS FoR JEE Main AND ADVANCED 


10. 


11. 


12. 


13. 


14. 


15. 


Discuss the continuity of the function 


(1+cos x)" +5énx 


lim 
n-oo 


f(x) = 2+(1+cos x)" 


Let f,(x) = cos" x and g(x) = lim > fy () . If g(x) is 
x70 k0 


continuous is (0, c), then find the largest value of c. 
Examine the function f defined on R by setting 


1/x .: 
e > sin(l/x 
f(x) = eosintss) 

l+e 


for points of discontinuity, if any. 


, when x #0, f(0) =0 


Examine each of the following functions for points of 
discontinuity and the nature of discontinuity : 

(i) f(x) = (x —[x])’, for all x > 0 

(ii) f(x) = [x] + (x —[x])’, for all x >0 


If the function 


om 
f(x) = “a sin(x—2) + a cos(x—2) where [.] 


denotes the greater integer function, is continuous in [4, 6], 
then find the values of a. 


Find the value of a & b for which 


(sinx+cosx)"* , -1/2<x<O 
f(x) = a : x= 0 ( ( 
el/x +e2/% tell ee 
ae” +be 


is continuous at x = 0. 
2x, -l<x<0 


Prove that the function f(x) = } 2x +1 


,O<x<l 


is discontinuous at x = 0 but still has both maximum and 


minimum values on [—1, 1]. 
1/x 


x ,x<0 
j+e* 
Let f(x) = )9 » X=0 | Find the smallest 
1 
x"sin— ,x>0 
x 


n € Wsuch that f(x) is continuous. 


x? +ax4l, xeEQ 
is continuous atx=1 &e 


If f(x) = | 


then a & b. 


ax? +2x +b, x€éQ 


2 
Let f(x) = 2%, g(x) = 2x 


re . Prove that there exist a 
e 


point ‘c’ between | and e such that f(c) = g(c). 


16. 


17. 


18. 


19, 


Prove that, if f(x) is continuous on (a, b) and x,, x,, 
ee Xx, are some values of x from this interval, then we 
can find x = c, c € (a, b) such that f(c) = (1/n) [f(x,) + 
[6 2 eee + f(x,)]. 


|x+1|, x<0 

Let f(x) = So eso 
|x |+1 » x<il 

B(x) = —|x-2| , x>l1° 


Discuss the continuity of f + g. 
2x-1,-2<x<0 d 
x+2, 0Sx<2 ™ 


(x) [x],-4<x<-2 
x)= 
. x+2, -2<x<4 


Discuss the continuity of fog(x) over its domain. 


Let f(x) = | 


Discuss the continuity of f : R* > R defined as : 


: 5 \W2 
f(x) = x when x is irrational, f(x) = [P| 


14 q? 


g when x is rational number of the form p/q. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


Use the Intermediate Value Theorem to show that there is 
a right circular cylinder of height h and radius less than r 
whose volume is equal to that of a right circular cone of 
height h and radius r. 


Use Intermediate Value Theorem to locate all 
discontinuties of the function f(x) = _+— ; 
x° —3x+1 

Prove that if a and b are positive, then the equation 


a b 


+ =0 has atleast one solution in the 


x-l x- 
interval (1, 3). 


Let f(x) = x(1-x’), x € R and 
Ix| , x#0 
g(x)=) x 
Oo , x=0 


Discuss the continuity of (fog) x and (gof) x. 
Show that any continuous function defined for all real x 
and satisfying the equation f(x) = f(2x + 1) for all x must 
be a constant function. 
Let f(x) be a continuous function in [—1, 1] and satisfies 
f(2x? — 1) = 2x f(x) V x € [-l, 1]. Prove that f(x) is 
identically zero V x € [-1, 1]. 

[f(x)] , x €(0,2/2)U(t/2,7) 
Irs) = | 3 x=n/2 and 


2(sin x —sin" x)+| sin x —sin” x | 


f(x) = neR 


2(sin x —sin" x)—| sin x —sin" x |’ 


27. 


28. 


29. 


30. 


31. 


1. 


3. 


where [.] denotes the greatest integer function. Prove that 
g(x) is continuous at x = 7/2 when n > 1. 


Prove that the function f(x) = (-n! , where [.] 

denotes the greatest integer function, is discontinuous for 
x=n nel 

Let f be a continuous function in [0, 4] and f(0) = f(4). 
Prove that these exists point x = c € [0, 2] such that 
f(c) = f(c + 2). 

Let f be a function such that f(xy) = f(x) f(y°) for all x and y. 
If f(x) is continuous at x = 1, show that f(x) is continuous 
at all x #0. 


|x+1|; x <0 
If f(x) = x. x>Q and 
|x |+1; x <1 
B(x) = -|x-2|; x>l 


Draw the graph of f + g and discuss its continuity. 


Let f(x) = x, if x is not the reciprocal of a positive integer; 
but f(x) = x? if x = 1/n for some positive integer n. Show 


1 , |xPel 

Let f(x) = : ; : <|x|< n 
n? n = > 
Oo , x=0 


f(x) is discontinuous at infinitely many points. 


(dl _ xj ee (l 4 xj 


, -1<x<0 
xX 
Let f (x) = 4e, x=0 
og.n, Sin2xy7""7* , O<x<l 


Examine the continuity of f(x) at x = 0. 
Let f(x) = x3 — 9x? + 15x + 7, and 
(min f (t) O<t<x), O<x<6 
ia | x-24 , x>6 
Draw the graph of g(x) and discuss the continuity of g(x). 
Discuss the continuity of the function 


Q(x -x?)+|x—-x?| 


x #0 
2(x—x3)-|x—-x3| 
1 
f(x) = 3 5s ES eee il 
3 a. <A 


32. 


33. 


34. 


35. 
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that f is continuous at x, = 0. Is f discontinuous at any 
point in R? 


Consider the function f : R + R defined by 


log(2 + x) — x*" sinx 


f(x) = lim ia 


no 


1+x 
in the interval [0, 2/2] and explain why the function does 
not vanish anywhere in this interval, although 


1 
f(0) and f (+ "| differ in sign. 


A continuous function f : R > R satisfiesf(x + f(x)) = f(x) 
V x & [0, 1]. Prove that fis constant. 

Let f be a non-zero function whose domain is the set of 
all real numbers satisfying 

f(x +h) =A f(x) f(h) (A # 0). If £(0) 4 0, and f 

is continuous at x = 0 then show that f is a continuous 
function. 


Let f be a continuous function on R. If f(1/3") = (cos e") 


. - ot ay then find f(0). 


Let f(x) = x when x is rational 
= 1-x when x 1s irrational. 
Show that f(x) assumes every value between 0 and 1 


once and once only as x increases from 0 to 1, but is 


discontinuous for every value of x except x = ; : 

Let f be a continuous functions on [—1, 1] such that (f(x))? + 

x?= 1, forall, x € [—1, 1]. Show that either f(x) = Ving? 

for all x in [-1, 1] or f(x) = —vi-x? for all x in [-1, 1]. 
2 2 


: x? X x 
Let y (x) = x*+ 22 tet (4x2) ‘ xy 


i 
1+x* — (1+x") 

and y(x) = lim y,(x) 

Discuss the continuity of y,(x)(n = 1, 2, 3,.....n) and y(x) 

atx =0 


Show that the function 


1 1 
f(x) = 5 —-xX+ 5 [2x]- . [1 — 2x] assumes every 


value between 0 and 1 once and once only as 
x increases from 0 to 1, but is discontinuous for 
x=0,x= - and x = 1. 

2 
Let I be a closed and bounded interval on the line and let 


f be continuous on I. Suppose that for each x ¢€ I, there 
exists a y € I such that 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


1 

lS 5 foo. 
Prove the existence of at € I such that f(t) = 0. 
Let f : R  R be a continuous function such that 

lim f(x)=0= lim f(x). Prove that if f is strictly 
x00 x00 
negative somewhere on R then f attains a finite absolute 
minimum on R, and that if fis strictly positive somewhere 
on R then f attains a finite absolute maximum on R. 


Let f : [0, 1] —> [0, 2] be continuous. Show that there exists 
a point x € [0, 1] such that f(x) = 2x. 

Let f :[0, 1] > R_ beacontinuous function such that f(0) 
=f(1), then prove that there is a solution 


of the equation f(x) — r(s + ) =0, in [o. a for 
n n 


every natural number n. 

How many continuous functions are there on R which 
satisfy (f(x))? = x? for allx € R? 

Let f be continuous on [a,b], let f(x) = 0 for exactly one 
c in [a, b] and let f(x) > 0 for some x such that c<x <b 


and let f(x) < 0 for some x such that a< x <c. What can © aK 


we say about f for all x in [a,b]. 


Let f be a function that satisfies the conclusion of the _ 


intermediate value theorem on a closed interval I and let f 
be injective on I then prove that f must be continuous on I. 


A function f is said to satisfy a Lipschitz condition on a 
given interval if there is a positive constant M such that 
If(x) — fly)| < M|x—-y|. 

for all x and y in the interval (with x 4 y). Suppose f 
satisfied a Lipschitz condition on an interval and let c be 
a fixed number chosen arbitrarily from the interval. Use 
limit to prove that fis continuous at c. 


Find the points of discontinuity of the function 
f: (0, ©) > R where 
a 
f(x) =)P+4q 
0) if x €(0,0)-Q 


if x EQ (0,0), x= Pin lowest terms 
q 


Let f, g be continuous function from [0, 1] to 
[0, 1] such that 

f(g(x)) = g(f(x)) V x € [0, 1]. 

Prove that f and g have a common fixed point in [0, 1]. 
Let f be a function such that |f(u) — f(v)| < Ju—v| for all u 
and v in an interval [a, b]. 


(1) Prove that fis continuous at each point of [a, b]. 
(ii) Assume that f is integrable on [a, b] prove that 


20. 


21. 


22. 


23. 


24. 


25. 


< (oa) 
2 


In f(x)dx —(b —a)f(a) 


(iii) More generally, prove that for any c in [a, b], we have 


< (baa) 
2 


I f(x)dx —(b—a)f(c) 


Let f be continuous and strictly monotonic on the positive 
real axis and let g denote the inverse of f. Ifa, <a,<...< 
a, are n given positive real numbers, we define their mean 
value (or average) with respect to a f to be the number M, 
defined as follows: 


1 n 
M,=g [+S ra] 
i=l 


1 bal 
Prove that (i) f(M,) = pp (a;) (ii) a,<M,<a, 
If h(x) = af(x) + b, a ¥ 0, then show that M, = M, 


If fis a function, then by a chord of f we shall mean a line 
segment whose ends are on the graph of f. Now let f be 


~ continuous throughout [0,1] and let £(0) = f(1) = 0. 
(i) Explain why there is a horizontal chord of f of 


1 
length = 


(li) Explain why there is a horizontal chord of f of 
length 1/n, where n = 1, 2, 3, 4..... 


2 
(iii) Must there exist a horizontal chord of length 4 ? 


(iv) What is the answer to (iii) if it is given that f(x) 2 
0 for all x in [0, 1] 

Classify the points of discontinuity of the function f(x) = 

pnx, where pnx denotes the positive or negative excess of 


x over the nearest integer; when x exceeds an integer by 
1/2 let pnx = 0. 


Discuss the continuity at x = 1 of the functions : 
: . xX+x"sinx 
(i) f(x) = lim"; 
noo 1+x 
x+x" 


Gi) O() = lim 7*_. 


no ]+ax" 


4, [2 
If f(x) = lim = ae , discuss the continuity of f(x) where 
ne iy iN 
[.] denotes the greatest integer function. 
Consider the functions y(x) = sinx and z,(x) = ke*. Now 
define a new function f by f(k) = {smallest positive 
solution of y(x) = z,(x)} Explain why the function 


f(k) is not continuous on the interval 0 < k < 10. 


26. 


27. 


28. 


29. 


30. 
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Let f and g be continuous on an interval I, and let (f(x))’ Consider another function g(x); such that 
(g(x))* = 1 for all x € I. Prove that either f(x) = 1/g(x) for g(x) = f(x) forx 2 0 
all x € I or f(x) =—1/g(x) for all x € I. Sos f(x) for x <0 
A function f is defined on [0, 1] as follows : Discuss the continuity of other functions f(x) & g(x) at 
1 1 1 x=0. 
f(x) = =, wh <x W), f(0) = 
&) 2° a gail x 2 a a 31. Let f be the function defined on [0,1] by setting 
2 3 
1 1 
Show that fis discontinuous at the points +(5] (3) ae: f(x) = 20x, when —.<y <—,1=1,2,3,... 
2°\2 2 r+l r 
and examine the nature of discontinuity. f(0) = 0, £1) = 1. 
Examine for continuity the function f at the points 
sin x tanx 
f(x) = ————— for > 11 1 
ae Los greene ences and 0 


_ Ind+x+ x?) +In(-x+x7) fo 32. Let f be defined on R by setting 


x <0. 
sec X — COS X re ek 

: . t, 1 St<s 

If fis continuous at x = 0, find ‘a’. 2 


f= 40, ift=+ 


e 
oo 
Ao 
its 
BB 
j= 
A 


Now if g(x) = In [2-%) cot -a forx # a,a> 0. If 
a 


g is continuous at x = a then show that g(e"') =-e. x RY ; 
Given the function g(x) = J6—2x and gv Pig esi mae we ceraeina abr 
hx) =2 ; ah - Determine the points of discontinuity of f. 
X) = 2x?—3x +a. Then >” : 
(i) evaluate h(g(2)) ., ew 33. Sketch the graph of the function y = f(x), where 
x), x<l Pasi KN In(2+x)—x?" si 
Gi) Iff(x)= f ‘ , find ‘a’ so that fis continuous. ie itin = ——_ 
h(x), x>1 (A) y neo 14x22 
Let WY 1 
m in the intervalO <x < a and explain why the function 
[$-sin-'a—(09?)} sin (1-{x}) ; a ee 
2 Becqeeedh does not vanish anywhere in this interval, although f(0) 
f(x) = V2({x}—{x}°) Bo 
i and f| —7 | differ in sign. 
= for x =0 2 


where {x} is the fractional part of x. 


Previous Years Questions (JEE Advanced) —s—isid 


A. 


1. 


Fill in the blanks: 2. Adiscontinuous function y = f(x) satisfying x? + y? = 4 is 
3 2 given by f(x) =.......... [IIT - 1982] 
(x° +x~-16x+20). 
; , if x#2 / 
Let f(x) = (x—2) 3. Let f(x) = [x] sin (5) , where [ . ] denotes the greatest 
k, if x =2 [x+]1] 
If f(x) is continuous for all x, then k =....... integer function. The domain of f is ....... and the points of 


[IIT - 1981] discontinuity of f in the domain are....... [IIT - 1996] 
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10. 


Let f(x) be a continuous function defined for 1 < x <3. 
If f(x) takes rational values for all x and f(2) = 10, then 
FUND) Sc csesscistseess [IIT - 1997] 


Multiple Choice Questions with ONE correct 
answer: 


is not defined 


The function f(x) = In(1+ ax) —In(1— bx) 
x 


at x = 0. The value which should be assigned to f at x = 0 


so that it is continuous at x = 0, is [IIT - 1983] 
(A) a—b (B) a+b 
(C) Ina-—Inb (D) none of these 


-1 


The function f(x) = [x] cos [> Jn [ . ] denotes the 


greatest integer function, is discontinuous at 


[IIT - 1995] 
(A) All x (B) All integer points 
(C) No x (D) x which is not an integer 


The function f(x) = [x]? — [x?] (where [y] is the greatest 
integer less than or equal to y), is discontinuous at 

[IIT - 1999] 
(A) all integers 
(B) all integers except 0 and 1 
(C) all integers except 0 
(D) all integers except 1 


. Multiple Choice Questions with ONE or 


MORE THAN ONE correct answer : 


If f (x) = (x — 1)/2, then on the interval [0, 77] 
[IIT - 1989] 
(A) tan (f(x)) and 1/f(x) are both continuous 
(B) tan (f(x)) and 1/f(x) are both discontinuous 
(C) tan (f(x)) and f"(x) are both continuous 
(D) tan (f(x)) is continuous but 1/f(x) is not. 


The following function are continuous on (0, 70) 
[IIT - 1991] 
(A) tan x 


(B) a sin Ld 
t 


1 , beee=" 
4 


(C) 


. 2 32 
2sin—x,—<x<T7 
9 4 


xsinx , 0<x<7/2 


(D) 


Tt. Tt 
—sin(t—x);—<x<7 
2, 2 


xsinx , when0<x<a2/2 


If f(x) = , then 


Tw. T 
5 ers) : me 


[IIT - 1991] 


11. 


12. 


(A) f(x) is discontinuous at x = 5 


(B) f(x) is continuous x = 5 


(C) f(x) is continuous at x = 0 
(D) None of these 


For every integer n, let a, and b, be real numbers. Let 
function f: R—R be given by 

a, tsina x, for x €[2n, 2n+1] 
f(x) = : 

b, +cos mx, for x €[2n—1, 2n] 
for all integers n? 
(A) ay ~ By 4 = 0 
(C) a-b,,,=1 


+1 


(B) a-b =1 
(D) a,b, =-1 
[IIT - 2012] 


For every pair of continuous functions f, g:[0, 1] + R such 
that 
max {f(x):x € [0, 1]} =max {g(x):x € [0, 1]}, the correct 


_ statement(s) is(are): 


_ (A) (f(c))? + 3f(©) = (g(0)? + 3g(c) for some c € [0, 1] 


13. 


15. 


16. 


(B) (f(c))? + £(c) = ((©))? + 3g(c) for some c € [0, 1] 


(C) (f(c))? + 3f(c) = (g(c))* + g(c) for some c € [0, 1] 
(D) (f(c))? = (g(c))’ for some c € [0, 1] [2014] 
Let [x] be the greatest integer less than or equal to x. Then, 
at which of the following point(s) the function f(x) = x 
cos(m(x + [x])) is discontinuous? 

(A) x=-l (B) x=1 


(C) x=0 (D) x=2 [2017] 


. Subjective Problems: 
14. 


Let f(x + y) = f(x) + f(y) for all x and y. If the function f(x) 
is continuous at x = 0, then show that f(x) is continuous at 
all x [IIT - 1981] 


Determine the values a, b, c for which the function 


sin(a +1)x +sin x 


, x<O0 

x 

f(x) = c , x=0 
(x + bx2)!/2 — xl? 

bx22 » x>0 
is continuous at x = 0 [IIT - 1982] 
a l+x, O<x<2 
NN 4 gs egg: 


Determine the form of g(x) = f[f(x)] and hence find the 
points of discontinuity of g, If any. 
[IIT - 1983] 


17. 


18. 


19, 


Let f(x) be a continuous and g(x) be discontinuous function, 
prove that f(x) + g(x) is discontinuous function. 
[IIT - 1987] 


Find the value of a and b so that the function 
[IIT - 1989] 
O<x<7/4 
t/4<x<n/2 


m/2<x<v 


x+av2sinx, 


f(x) = 2xcotx+b 


acos 2x —bsin x 


is continuous forO <x <7 


1—cos4x 
x2 


Let f(x) = x< 0 


[LIT - 1990] 
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x=0 


= x>0 


Determine the value of a, if possible, so that the function 
is continuous at x = 0. 


{1+ | sin x [}°/i*! = <x <0 
20. Let f(x) = b : x=0 
olan 2x/tan 3x : O0<x< Tw 
6 
[IIT - 1994] 


Determine a and b such that f(x) is continuous at x = 0. 


Previous Years Questions (JEE.Main Papers) is, 


1. 


4. 


If the function 


2+cos x—-1 
(m— x)” 

k ‘ 
is continuous at x = 2 then k equals : 
(a) 2 (b) 1/4 4 
(c) 1/2 (d) 0 


,X#T 
f(x) = 


X=7 


\ 


[2014, online] 
((~), ” 


If f(x) is continuous and f (?] = , then Ww 


lim f 
x0 


1—cos3x ). 
(==) is equal to 
Pe 
(a) 9/2 (b) 2/9 
(c) 0 (d) 8/9 
Let k be a non-zero real number. If 


(e* -1)’ 


x x) 
f = i — = 
(x) sin( *)tog( 1+ 2) 


12 , x=0 
is a continuous function, then the value of k is 
(a) 1 (b) 2 
(c) 3 (d) 4 


Let a, b € R (a #0). If the function f defined as 


ax* 


[2014, online] 


x #0 


[2015] 


», O<x<l 


f(x) = a 


2, 
SSW reece 
x 


1<x <2 is continuous in 


r) 


the interval [a, 00), then an ordered pair (a, b) is 
_@) v2,1- V3) (b)_ (V2, -1+ V3) 
(©) W2.1-V3) (W214 V3) 


[2016, online] 
; 1 k-1 

5. If the function f defined as f(x) = —-— Seo x #0, 
Xx ev = 


is continuous at x = 0, then the ordered pair (k, f(0)) is 
equal to 


(a) 2, I) (b) G, 1) 
(co). G,2) (d) (1/3, 2) 


6. Letf: R—R bea function defined as 
5 if x<l 
a+bx if 1<x<3 
b+5x if 3<x<5 
30 if x25 
then f is 
(a) 
(b) 
(c) 
(d) 


[2018, online] 


f(x) = 


continuous ata =5 and b=5 
continuous at a =—5 and b= 10 
continuous at a= 0 and b =5 


not continuous for any values of a and b [2019] 
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Concept Prosp_EMs—A 11. (i) discontinuous at 0, left continuous 
1 (ii) discontinuous at 0, right continuous; discontinuous at 
2. 1 3.0 - z 1; left continuous. 
12. (i) a+b+1=0 (ii) a= 3/2 + 2n. 
4. a=0 5. 6 : . 
j 7 13. (i) O (ii) n7m/2,n € I. 
6. (i) 13 (11) 10/4 14. i) 1 (ii) O 
7. continuous (iii) yes, define f(0) = 0 
8. f(O)=e 15. R 
2 2 
PRACTICE PROBLEMS—A 16. Gi) Discontinuities at x = 0 and x = =e a sesdees 
5 2 
‘ ‘ =a 4 —=ew nel 
9. discontinuous 10. 6 Ons Dn 
Tt —1 Gi) Discontinuities at x = —2,—-1, 0, 2 
12. 1 13. a= &: b= 12 (iii) f(x) is discontinuous at x el 


14, a=—In3,b= =,c=1 16. a+b=0 Practice ProBLemMs—B 


17. a=2/3, b= 0%. 18. 1 ie aa 
19. 1 


Concept PRoBLEMS—B 
1. The tangent is continuous everywhere except al w S 


Y 


1 : ‘ rm YS 

X= a" +n, Where n is any integer; ( (Y, 24. allx € Rexcept x =nt+ e snel 

the cotangent is continuous everywhere except atx=nn, 25. (i) 3 (ii) dne 

where n is any integer. (iii) no (iv) atx=n+1/2,nelI. 

. . Tv 
2. (@) x=(2n4 Dawn ej (Gi) +1. 26. Discontinuous at x = n7w + 3° nel. 
2 27. Discontinuous at all integral values in [—2, 2] 
4. a 5. No 28. Continuous on R. 
3 29. a=0,b=1 


6. a= (2cosc — b)/c? if c # 0; if c = 0 there is no solution 30. discontinuous at x = 0. 


unless b = 2, in which case any a will do. Concept ProBLEMs—C 
1. isolated point removable discontinuity of first kind 


i a a Ie hs 2. irremovable finite discontinuity of first kind 


a: 4. x=-2isa discontinuity of the first kind (the jump being 
(ii) a= 2n+(-l) 3° nel, p= v3 equal to 2) 
5. No, it has a discontinuity of second kind. 
8 @ x= +/n,n EN Gi) x= n?,neN 6. Infinite discontinuity of second kind. 
ee : _ 7. No 

(ii) x= n, nel, (iv) x= n/2,nel, S. @) seed, 

(v) xel (ii) irremovable discontinuity 
9. (i) No (ii) No Practice PROBLEMS—C 


(ii) f(x) > 0 as x — 0, define f(0) = 0 for continuity at 0 9. (i) x=0isa point of removable discontinuity, 


10. True (ii) x= 01s a point of discontinuity of the second kind 


10. 


11. 


13. 
14. 


15. 


(iii) 
(iv) 


x=k(k € Dare points of discontinuity of the first kind, 
at the points x = 1 and x = —1 the function is 
continuous and the other points are points of 
discontinuity of the second kind, 
x =—1 is a point of discontinuity of the second kind, 
x = 0 is a point of discontinuity of the first kind 
x = | isa point of discontinuity of the first kind 
=-—1 and x =3 are points of discontinuity of the 
second kind, 
x = | isa point of removable discontinuity, 
=-—I is a point of discontinuity of the first kind. 


(v) 
(vi) 
(vii) 


(viii) 


(ix) 
(x) 
(i) missing point discontinuity, 
(ii) 

(iii) 
(iv) 
(v) 

(vi) 
(vil) 
No 


misolated point discontinuity, 
infinite discontinuity, 

infinite discontinuity, 

infinite discontinuity, 

infinite discontinuity, 
irremovable discontinuity 


Irremovable discontinuity 


(i) x =-—2 isa discontinuity of second kind; x = 2 is a 
removable discontinuity. 
(li) x =~—l is a removable discontinuity; x = | is a 
discontinuity of first kind. 
(ii) x = 1 is a discontinuity of first kind. 


(i) x=1 isa discontinuity of first kind. 
(ii) continuous. 


Concept PRoBLEMS—D 


2. 


(i) Yes, Hint. If the function @(x) = f(x) + g(x) is 
continuous at the point x = x,, then the function 
g(x) = Q(x) — f(x) is also continuous at this point; 

No. Example: f(x) =— g(x) = sgn x; both function 
are discontinuous at the point x = 0, and their sum is 
identically equal to zero, and is, hence continuous. 


(ii) 


(1) No. Example f(x) = x is continuous everywhere, 
and g(x) = sin = for x #0, 
x 
g(0) = 0 being discontinuous at the point x = 0. The 
product of these function is a function continuous 
atx =Osince lim x sin — = 0; 
x0 xX 
a 1 forx20 
ili) No.E : a = 
(ii) No. Example: f(x) g(x) a eee og 


both functions are discontinuous at the point 
x = 0, their product f(x) g(x) =— | being continuous 
everywhere. 
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ee i 1 if x isrational 
oOo. EXampile: (xX) = 
Pees —1 if x is irrational 


x+l, x20 
f(x)= 
x-l, x<0 


PRACTICE PROBLEMS—D 


11. 
12. 
13. 


14. 
15. 


16. 


17. 
18. 


x? if x = 0; 0 if x < 0; his continuous everywhere. 
gof(x) is discontinous at x =— 1, 0, 1 

1 if 1 <|x|< V3 ; 0 otherwise. his continuous everywhere 
except atx =+1,+v3. 


discontinuous at | and -1. 

{0, 1} 
x+2, O<x<l 

g(x) = ,2-x, 1<x <2 and g(x) is discontinuous at 
4-x, 2<x<3 


x=landx=2 


continuous everywhere 


h(x) is discontinuous at x = 0 


Concept ProsLems—E 


1. 


5. 


1 
G) f(x) = —— 5 g(x) =x 


x-l’ 


(ii) f(x) =x; g(x) = 


x7 +1 
(iii) f(x) = x? ; g(x) = tan'x 
(@): ©4;-3), 2, -D, Ch 0). 0; 2, 
(ii) (—3, —2.5), (-2.5, —2), (0, 0.5), (0.5, 1), 


PRACTICE PROBLEMS—E 


8. (a) yes (b) yes 

14. (ii) f(x) = x?(sin?x + 2) 

Concept PRoBLEMS—F 

2. (i) c=3 (ii) c=2 
(iii) c = 3 

5. 1.53 10. Yes 

14. f must be a constant function. 


PRACTICE PROBLEMS—F 


24. 
30. 


37. 
38. 


41. 


(— 4, —3), (0, 1), (4,5) 26. Yes 
0.6 approx. 34. False 
V5 

qi) [1, 2] (ii) [0, 1] 
(ii) [0.2 | (iv) [4.0 
f(x) =0 
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OBJECTIVE EXERCISES REVIEW EXERCISES for JEE ADVANCED 


1B 2. D 3. D 1. discontinuous at x =—1, 0, 1, 2. 
4. C 5. D 6. B 2. continuous in R 
7.C 8. B 9, D 3. discontinuous at x = 0. 
10. A 11. B 12. B 4. discontinuous at x = 0, 7. 
13. A 14. A 15. D 5. gis continuous on (1, 2]. 
16. B 17. B 18. C 6. discontinuous at all positive odd multiples of 7/2 
19. A 20. C 21. A 7. 4n 
22. C 23. C 24. A 8. discontinuity of the second kind at x = 0. 
25. B 26. A 27. D 9. (i) discontinuity of the first kind from left at x = 1, 2, 3, ....; 
28. C 29. A 30. B (ii) continuous for all x > 0. 
31. B 32. A 33. B 10. a> 64 
34. B 35. C 36. C 11. ee 
37. B 38. C 39. C 7 
40. C 41. B 42. C 13. n=1 
43. D 44. D 45. B 14, 221 b=0 
46. D 47. D 48. B _ Ga & 
49. B 50. C 51. D 17, Raspontinuous at 0, 1 
52. A 53. C 54. A F 18: continuous in domain 
55. A 56. A 57. D I. Discontinuous at all positive rational number except 1, 
continuous otherwise. 
pane aa Oe 21. discontinuties lie one in each interval : (2, —-1), (0, 1), 
61. D 62. A 63. C (1, 2) 
64. C 65. C 66. D 23. (fog) x is continuous everywhere and (gof) x is 
67. A 68. C 69. C discontinuous at x = 0, + 1. 
70. D 71. ABCD 72. AB 30. discontinuous at x = 0. 
73. ABCD 74, AD 75. BC 35. 1 


76. ABCD 77. ABCD 78. AB 


79. BC 80. ABCD 81. ACD 
ie a a ees TARGET EXERCISES for JEE ADVANCED 


85. ABCD 86. BCD 87. AB 2. discontinuous 

88. CD 89. CD 90. BCD 3. continuous everywhere. 

91. A 92. D 93. C 4. discontinuous at x = 0, 1. 

94. B 95. C 96. D 7. y,(x) is continuous at x = 0 for all n and y(x) is 
97, C 98. C 99. C discontinuous at x = 0 

100. D 101. D 102. B 8. f(x) = 0 when x =0, 

103. B 104. B 105. D 1 1 

106. A 107. B 108. C ig ee Sa 

109. C 110. C 111. B 1 1 

112. C 113. D 114. A =5 when x = 3? 


115. (A)-(R); (B)-(PQ); (C)}-(QS); (DHT) 
116. (A)-(QRS); (B)-(R); (C}-(P); (D)1P) 
117. (A)-(R); (B)(S); (QQ); (DP) 
118. (A)-(S); (BR); (CP); (D)-(Q) = 1 when x= 1, 
119. (A)-(Q); (B}-(R); (C}-(PS); (D)(PS) 13. 4 


3 1 
= —-—x when — <x<l, 
2 2 


14. 
17. 


21. 
22. 


23. 
24. 
27. 


29. 


30. 


31. 


32. 
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f(x) > 0 for c <x <b, and f(x) < 0 fora<x<c. 4. 10 5. B 
f is continuous at every irrational in (0, ©) and 6. C 7. D 
discontinuous at every rational in (0, 0) 8. CD 9. BCD 
(i11) No (iv) yes 10. A 11. B,D 
finite discontinuity atx =n+ 1/2,neL1. 12. A,B 13. A,B 
both are discontinuous; (x) is continuous if a = 1. 
: 3 1 

continuous everywhere. 14. a= “ee beR*,c= 5 
Jump discontinuity. 
(i) 4-32 +a, (ii) a=3 2+x, O<xsl 

. 1 _ 16. g(x) = 2-x, 1<x<2 
f(0*) = a f(0-) = ws = f is discontinuous 4—-x. 2x<x <3 
at x = 0 ; g(0*) = g(0°) = g(0) = n/2 = g is cont. discontinuity at x = 1,2 
at x = 0. 
discontinuity of the first kind at l/r, r= 2, 3, ....5. 17% a= pee 
discontinuity of the first kind from left at x = 1; 6 12 
discontinuity of the first kind from right at x = 0. 18. a=8 
n+1/2,.nel 


PREVIOUS YEAR'S QUESTIONS 


(JEE ADVANCED) ~~ QUESTIONS FROM PREVIOUS 


k=7 : ° YEAR'S (AIEEE/JEE MAIN PAPERS) 
f(x) = V¥4—-x? ,-2<x<0=-V4-x? O<x<2 
(-oo, -1) U [0, 00), I— {0} where I is the f integer 
except n=—1 w& a 


HINTS & SOLUTIONS 


Objective Exercises 


SINGLE CORRECT ANSWER TYPE 


7. £(x)=sgn (cos 2x —2sin x +3) 


1/2 1/3 


1—cos x(cos 2x) 


x2 


cos(3x) 


1. Correction > f(x) = =sgn(4—2sin7 x —2sin x} 


Sol using L-Hospital’s Rule 


lim (sin x)(cos 2x)'? (cos 3x)8 
x30 


= sen (~2(sin” xX+sin x-2)} 
+cos x(cos 3x)8 


2 
sin 2x v3 sin3x ; 1 9 
+ cos x(cos 2x) °° ————_— =seon| —2|] sinx+— | —— 
. cos 2x , (cos3x)*? . 2 4 
lim f(x) = 
x30 2 
= tim| +143 ]=3 For x#(4n4+l1)—, 
x30] 2 2 2 
Hence, option B is correct. f(x)=1 
. x—e*+cos2x 1 
2. a Fons = (4n+1) 5 
lim l—e* —2sin2x_ —1 r= 5 Or 0 
as = 7 . Hence, option C is correct. 
Hence, D is correct. m %' i 
oy 
2 Ke) 2 = Tl 
1-1, <1 8 E(x) = (Sinx)™2%, 0 x #= 
3. £(x) = [x | x i k ) ( ) ( ) 9 
|2x-3|-|x-2|, x>l ,) i 
x? =2 x<-l ¢| 2) =lim(sin x)™->* 
; 2 wt 
—x -l<x<l 
=y1-x 9 1<x<3/2 Lin 
3x —5 Si 2<ee2 7 
x-l x22 = 
: Hence, B is correct. 
Hence, C is correct. 
x+1 
1 2 = 
4. too=tal+ [x4] [ard] 9. F(x) x a 
In [-1,1], f(x) is discontinuous at 7 points i.e., x +] +1 
i 2 fof(x)=—* oe gid 
044,45, 41 eel eel 
3. 3 ee 
Hence, C is correct. 
in{x} 2x+1 4 
sin 
, {x}#0 _ _x+l 
ae) eg fof? {@)=—) aa 
k {x}=0 xt+1 
f(x) can never be continuous for any value of K. 3x+2 —l 
— a x — 
Hence, D is correct. 2x+1 2 
6. If f(x) take only irrational values, then, f(x) is a constant So, there are three points of discontinuity 
function. Hence, D is correct. 
100 100 eid {x} 
=> PV f()= ¥.f(2r) 10. lim ——= lim 1 
r= r= x92 x-2 x2° {x} 


Hence, B is correct. So, b= 1 


11. 


12. 


13. 


14. 


15. 


ax? -x-2| a(2+x-x’) 
lim = lim zi 
x92 24+X-X x92, 24+X-X 
=a 
So, a=l 
Hence, A is correct. 
f (x) =|2sgn 2x |+2. 
f(0) =2 

f(0 )=4 

f(0*) =4 


Hence, B is correct. 


x+x7" sin x 


lim g(x) = lim lim 
+ + 4n 
x1 x71 n° 1+x 
: _ <P a nk 
= lim = Ilim rl 
x31 neo x 4] 
=0 


2n.: 
+ 
lim g(x) = lim lim ~~—*"* =] 
xo 


xol nc 4 xn 


Hence, B is correct. 


3 
f(x) =" —asinax +3, £(4)=19, (4) =-13°”O 


1999 


As f(x) is continuous & —13 < <19./@) ‘S 
199 us 


1999 


Using IVT, f(x) is for some x €[-4,4] 


Hence, C is correct. 


For limit to exist, b = 1 


* _cosx —x 


. e 
lim l=a 
x>0° x2 

| tan* e* ar | 
lim =1 
x90" x 


Hence, A is correct. 
For f(x) to be continuous, 


2x +1=x*—-2x+5 
=> x?-4x+4=0 
= (x-2) =0 
>x=2. 


Hence, f(x) is continuous at only x = 2. 


Hence, D is correct. 


16. 


17. 


18. 


19, 


20. 


21. 


22. 


23. lim 


ConTINUITY OF FUNCTIONS 
f(x) =[xcos x] 
lim f(x)=0, lim f(x)=-1 
x30" x30 
lim f(x)=0, lim f(x)=0, fd)=0 
xol xol 


Hence, B is correct. 


Hence, B is correct. 

fe ites m8. \e ca Qn 
f(x) = lim {1—sin“ x} = lim cos” x 
ad i n—eoco noo 


& f(x) discontinuous is at x = na. 


Hence, A or C is correct. 


f(0-)= lim bcos*™x-1=-1 
x00 


f(0*) = lim asin” x =0 

x30" 
Hence, A is correct. 
As f(b) = g(b) & both are 
Continuous function, then 
h(b-) =g(b*) & h(b")=f(b ) 
Hence, C is correct. 
f(x) is discontinous at x = b. 
Hence, A is correct. 
f(x) = (x mod 2)” + (x mod 4) 


Points of discontinuity are x = 2, 4, 6, 8 


Hence, C is correct. 


In(3f(x)-2) _ 


im NA+ 36) =D) 
x93 20-F(x) 93 23 ey 
3 

3 


Hence, C is correct. 
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24. 


25. 


26. 


27. 


f(x) = highest power of (u® +u? +2u +3) 


lim_ f(x) =2 f(/2)=2 
xo V2 

lim f(x) =2 

x32 


Hence, A is correct. 
f(x) =[sinx +cos x] 


ae 


eer ; Tt 
So, f(x) is discontinuous at x = 5 ,1, 


Hence, B is correct. 


f(x)= J »x#i 
1-x 
[= 
fo f(x)= aa 
1- 
1-x 
fofo f(x)= =X 
—x 
1+ 
x 


So, a=0, B=1 
aria’ —3< 6 
=> 2a7+a-3<0 


= 2a* +3a—2a-3<0 
= (2a+3)(a—1)<0 


ve(-3.1] 
2 


Hence, A is correct. 


jes 
x 


2x? <f(x) <3x? 


ifji2- 
2 

ae et| 22 

2, 2 4 
Ifx=1 

732<f)<3 

wees 
3 

sisi(t}s2 

9 3 3 


28. 


29. 


30. 


31. 


ee 
8 


sep es 
32 8 64 
Hence, D is correct. 


2 


f(x) =sgn (sin x —sinx — 1) 


iy! gS 
. 2 
' 145 
sin X = 
2 
___ 1-v5 
aaa a 


Hence, C is correct. 


f(x) = lim sin?" (mx)+ E a ;| 
n—eco 2 


fd)=1 
lim f(x)=1,_ lim f(x)=1 
xo!" xol 
f (3) =3 

2 
lim f(x)=2, lim f(x)=1 
95 i 


Hence, A is correct. 


For g(x) to be continuous, then 
a > range of f(x) 


> a> /26 


least positive integral value of a = 3 
Hence, B is correct. 
As f(x) is continuous at x = 0 
f(0) =c 
axe* +bsinx 


LHL at x = 0= lim 
x0 x? 


32. 


33. 


34. 


35. 


Applying L-Hospital Rule, 


ae* + axe* +bcosx 


lim 
x30 3x2 
For limit to exist, a+ b=0 


2ae* + axe* —bsin x 


Applying L-Hospital again, lim 
x0 6x 


If f(x) attains only rational values for all real x, then f(x) =4. 


4),47,43,44,a5 are in HP. 


1 1 


Then, a,-a,,) = ; 
a+(r—l)d (a+rd) 


aril 1 1 
dja+(r—Id a+trd 


i (2 1 ( 1 1 ) 
Views + 
tal dj\a a+d atd a+2d 


1 1 
+. ——— 
(a a 


A 
= ———— = 4a,a 
a-at+4d i 
Hence, A is correct. 
2x -1, 2<x<0 
f(x)= 
x+2, O<x<2 


x+2, -2<x<4. 


[x], -4<x<-2 
=| 


lim f(g(x)) =2 
x>-2° 

lim f(g(x) = Not defined 
x>-2° 


Hence, A & B is correct. 


-l 
1 
2 2-x 
i@e c +e | , x>2 


k : ees 


17 

1 
lim pee | =— 
x2" 4 


Hence B is correct. 


sin? X, xX is rational 
OO —— 
—sin“ x, x is irrational 


If f(x) is continuous, Then, 


36. 


37. 


2 
£(0) = lim (sine")e™ + : 
S, © ae n° +1 


ConrTINUITY OF FUNCTIONS 


sin? x = —sin’ x 
= 2sin* x =0 
>x=nt 
Hence, C is correct. 
In (1+ 6f?(x) -3f(x)) 
lim 
xa 3f (x) 


In(1+6f7(x)-3F(%)) 6 £2(x)-3f(x) 
im x 
x0 (6f7(x)-3F(x)) 3f(x) 


==] 


Hence, C is correct. 


a4 


38. 


39. 


40. 


41. 


Hence, B is correct. 
f(x) =[tan x[cot x]], xe [<4] 
Tt 3 +1 


As cot —= 


12 aftat 


cot 76 
2 


3.7 


[cot x] = 0,1,2,3 

Hence, f(x) is discontinuous whenever 
[cot x] =1,2,3 

Hence, C is correct. 

f(x)+g(x)={l, VxeR 

Hence, C is correct. 


Vx _ -l/x 
lim g(x): 


e 

x30 el/X 4 eT l/x 
lim f(x)= lim g(x) 
x30" x30" 

lim f(x)= lim g(x) 
x70 x00 
Hence, C is correct. 


: 2n 
o= tin ; 
neo 3" —(2cos x)" 
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42. 


43. 


44, 


: 2n 
— (2sin x) 


i365 2 2n 
1—| —=cos x 
€: 


f(x) is discontinuous whenever 


2sinx =+1& Z cosx =+l 
3 


Tt 
>x=nntt— 
6 


Hence, B is correct. 
f(x) = tan x log x 
1—cos 4x 
Firstly, x 4 (—©, 0] 
& 1-—cos4x #0 
cos4x #1 


=> 4x #4 2nt 


Hence, C is correct. 


x € Irrational 


sin xX, x € Rational 
f(x)= 
1—2cosx, 


For continuity, 
sin x = 1—2cosx 


sinx +2cosx =1 


1. 2 1 
—=sin x + —=cos x = —= 
V5 V5 V5 


1 
sin(x + @&) =—=, where cosa = 
5 


= 
V5 


There are infinite values of ‘x’ which satisfies the eqn. 


Hence, D is correct. 


r 
f(x)= 
4, x=1 
log (x? —2x+ 5) 
lira ————___4 
xo! log(4x —3) 
log(+h)?-20+h)+5) gn 
lim x 
h0 log(1+ 4h) 4h 


= Does not exist 


Similarly, lim f(x) = Does not exist 
xo 


Hence, D is correct. 


OB 4x2) (X” - 2X +5), 2 <x<l&x>l 


45. 


46. 


47. 


48. 


a ((1+sin nx)! -1) 
see a ((1+sin nx)! +1) 


Case-lI If x is integer 
LHL of f(x) = limf(x) > 1 
to 


RHL of f(x) = lim f(x) 3 -1 
to 


Hence, B is correct. 


1 2 
[Cj =—_ 
xX ev-l 
1 2 Poleg 
£(0)= tim ( 4 ; )= tim = 
x0\ x e =] x30 eer 
aige x 
x 30 x? e2* 1 
Hence, D is correct. 
oy” [Elx| 
» : #-1 
f(x)=4 l+x 
1, x=-l 
f({(2x])=4 14+[2x] 
1 [2x]=-l 
1—|[2x]| xeR— = 6 
_ 1+[2x 2 
1 --—<x<0 
Atx =—-l 
—2 


aS RHL=1, f(-)D=1 


Atx=0 
LHL = RHL = f(0)=1 


Agee 
2 
LHL = 1, RHL=0.1(3)=0 


Hence, D is correct. 


-1, x<0 
f(x)=40, x=0, g(x)=sinx+cosx 
1, x>0 


49. 


50. 


51. 


52. 


—l, sinx+cosx <0 
fog(x) =40, 


1 sinx +cosx >0 


-l sa Fx ]é0 
A 

1 sn( +x ro 
A 


Hence, B is correct. 


sinx +cosx =0 


For continuity of f(x) > 


For g(x) >4=a 
For h(x) >a=4 
Hence, B is correct. 
P= tan x log x 

1—cos 4x 
_ tanxlogx 


2sin? 2x 


As logx is not defined for (—c°,0] & tanx is not defined 


Tt 
for (2n+1)— 
( 5 


: T 
: is not defined for n— 
sin 2x 2 


Hence, C is correct. 
f(x) is continuous only if 0 = 5x 
>x=0 
Hence, D is correct. 
x? —2x* —9x +18 


R = 
oa xt -4 


For vertical asymptote, lim R(x) > tee 
xa 


. - (x—2)(x? -9) 
en) xa (2 2) x2 +2) 


So, atx = +/2 , there are two vertical asymptotes 


Hence, A is correct. 


53. 


54. 


55. 


56. 


ConrTINUITY OF FUNCTIONS 


sin X 


2" sin (=) 
oh 


Taking log & differentiate w.rt. x. 


$2 an() 4 cos(x /2") 


| ( : 
sin} — 
2” 


2 n 


leo(s)- 


cot x. 


Hence, C is correct. 


_ 2-Vx* +16 

lim ————— 

x20 cos2x—1 

a 4—Yx? +16 
lim 


? (24. 4fx? +16) (cos 2x -1) 


2 


—xX 
lim 
ae (2+ Vx? + 16)(4+ eo 16) cos 2x -1) 
_t 
64 


Hence, A is correct. 

7 - 3 F + 3 
2(sin x —sin” x}+sin x —sin” x 
lim, ; 4 
ey 2(sin x —sin x) —sinx +sin> x 

2 


‘ oe: 
3 (sin x —sin x) 
lim =3 
1. j Pai | 
n> (sin xX —sin x) 

5 


‘ 3 z 3 
2(sin x —sin x)+sin x sin Xx 


P Pa. ‘ ram. 
2(sin x —sin x)=sin x +sin x 


: ; Tt 
So, f(x) is continuous at x = 3 


LHD = RHD = 0 (By first principle) 
Hence, A is correct. 


lim b(IxP +[x])+1 


x3-l 


>1 > beR 
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57. 


58. 


lim [sin z(x+a)]=1 
x3-1 
Tt 
=> nTa-l)= es 
1 
>a-l=2n+— 
2 


se 
2 


Hence, A is correct. 
[x]+ x —-[x] 
f(x) = sin xX , 


sin X, x <0 


x20 


If x is +ve integer = k 
f(x) =k 


lim f(x)=k, limf(x)=(k-l)+1=k 
xk xk 


If x is —ve integer = K 


f(x) = sink 
LHL = RHL=sin K 
If x=0 


f(0) = 0 = RHL, LHL= sin 0 =0 
If x is any + real no, = K 


f(x) =[k]+ J{k} 

RHL = [k]+./{k}, LHL=[K]+./{k} 
If x is any — Real no=K 

f(x) = sin K = RHL= LHL 

Hence, D is correct. 


—2<x<0 


x<—2 


—, O0<x<2<x<—2 
x 


So, f(x) is discontinuous at x = 0, +2, —2. 


Hence, C is correct. 


59. 


60. 


61. 


tan kx 
ankx _y 


lim f(x) = lim 
x70 x30 
lim f(x) = lim (3+ 2k?) = 2k? 
x30" x30" 
For continuity, k = 2k? 
=>K=0or : 
Hence, C is correct. 


f(x) = lim x tan! nx 
X—o0o0 


a x >0 
2. 


0, x=0 


—x, x <0 
2 


Hence, C is correct. 
-1 
1 
f(x)= sft) 


f(1) = Not defined 


o~ 1 \! 
lim f(x) = lim ss{vr™) =4 
? xl? x>1* 


62. 


63. li 


-1 
1 

lim f(x) = 3+ lim [ier ] 

x1 x1 

=3 


Hence, option D is correct. 
fofofof(x) = x 


Y=f(x) > 


Now, from the graph, roots of fofofof(x) = x is only 


possible at x = 0 & 2. 
Hence, A is correct. 


(3-1) 


m— 
x0 (sin x) In(1+ x) 
2 
(3° -1) : : 
= lim x— 
x30 x2 sinx In(1+x) 
= (In3)” 


Hence, C is correct. 


64. 


65. 


66. 


MUuLri CORRECT-ANSWER TYPE FOR JEE ADVANCED 


71. 


72. 


73. 


: 4 —Ix 4x2 42a 
lim 


x0 V2+x -V2-x 


Rationalize, 
(-4x)(V2+x +\2=x) 
lim 
20 (2x)(V4 2x+x? 4 V44+2x | 


= - 2 


Hence, C is correct 


3 
f(x) = 108 sin x} cos” x 


( = 3), x #0 
3 3 


_ 3log(1+cosx —1) . log(1+ sin | 3x | -1) 
) log(+sin | x |-1) 


x” 
108 sinf3x| cos 2 


x 
log| 1+cos—-1 
p[ Icon? 


re : T 
f(x) is discontinuous at x = +— 
. 6 

Hence, C is correct. 


4, 8 
xX +x +2x 
(x) = ———€! 
tan x 


lim I(x) = 2 #1(0) 
x0 


Hence, D is correct. 


2 2 
f(x) =[x"]+[x] 
As [x] is discontinuous whenever x is an integer. 


Hence, f(x) will be discontinuous at x = V2 &0. 
Hence, A, B, C, D are correct. 


1 
f(x)= 
(x) i= 
£2(x) = ~ _!-x 
1- —x 
1-x 
fi(x)= =X 
1-x 
1+ 


So, pattern will repeat after an interval of three 


f"(x)=x. Vx except {0,1} 
Hence, A & B are correct. 
1 
x|—|+x[x], x #0 
f(x)= x 
0, x=0 


lim f(x)=3, lim f(x)=3 
x>-l" x0-1 


67. 


68. 


69. 


70. 


74. 


75. 


ConrTINUITY OF FUNCTIONS 


Hence, A is correct. 
f(x) = [4x] + {3x} of (4x) 

. ‘ 113,537 ,9 
pt of discontinuous are —,—,—,1,—,—,—,2, 

424 424 4 

5 11,13 715 ,17 9 
ar er ae 
Pd of discontinuous for {3x} are 
ee oe, ele 10 11 , 13 14 
33. 33° 33° 3-°3° 3° 3 
There are 30pts in total. 


Hence, C is correct. 
f(x)= [ tan? x |[ cor? x| 


7 
f(x) is discontinous at e ‘ Lt got 


’ Tl, ’ ’ 
42 4 4 2 4 
Hence, D is correct. 


lim[h(x)] # im hi | 


& h(x) can take any number of integral values. 
Hence, D is correct. 


lim f(x)=1, lim f(x)=1, fd) =2 
xol xo 

lim f(x) =4, lim f(x) =2 
x72 x72° 


Hence, A, B, C, D are correct. 


2n-1 2 
f= tin x = +bx 
neo x" +1 
lim f(x) =1 
xo!" 
lim f(x)=a+b 
xo 
fj 
>at+be=l. 
x 1 92x 1 3/7 
f(x) = V2sin x +3, ilies : - 2 are 
e*+3 (2* +5 


continuous for x ER. 
and 


f(x) = ,/sgn(x)+1 is not continuous at x = 0. 


Hence, A, B, C are correct. 


2.82 DIFFERENTIAL CALCULUS FoR JEE Main AND ADVANCED 


76. 


77. 


78. 


79. 


80. 


81. 


D) y=x?-3x4+1l V xe[l,2] 
DY = 3x?-3=3(x?-1)50 
dx 


fl) =-1, f(D =3 
=> it will have a root. 
Hence, D is correct. 
f(x) =x* —14x? + px? +. qx —105 
Sum of roots are 14 & product is —105. 


Hence, roots are —1, 3,5, 7. 


&(X) = (KI) -3)(K -5)(x -7) 


— (&+)1)(K—3)(K —5)(x -7) 


F(x) = 
GEG -a—7) 

Se es | 

x-l 


Hence, ABCD are correct. 


0, xel 
f(x)=[x] & eo | 


x’, otherwise 


gof(x)=0, xeER 


lim fog(x)=4, lim fog(x)=3 fo(g(2)=0 
x>2° x732° a, > 


lim f og(x)=25, lim f og(x) = 24 
x05 x05" 
Hence, A is correct. 


f(x)= cos] Joos{ 3 (x »} 
x 2 


LHL = RHL = f(0) =0 


x30 x30" 


lim f(x) =cos3, lim f(x)=cos3, f(1)=cos3 
xl xol 


lim f(x)=0, lim f(x)=0, f(2)=0 
x->2° x72 


Hence, A, B, C are correct. 
Conceptual question 


Hence, A, B, C, D are correct. 


lim (ax+1)=1 
x90" 


lim (ax+1)=a+1 lim (cx? —2) =4c-2 
x1 x92 


2 
mie a6 to ag 


xol x->2* vx 


82. 


83. 
84. 


85. 


86. 


d(x? 4) 
lim —_—— = “6d, lim 12=12 
x74 IX x04 
a a oe 4 ze 

” 2 


Hence, A, C, D are correct. 


lim lim cos*" x =0 
n> x30" 


lim lim V1+x" =1 
n> x50" 


lim lim ¥1+x" =1 
n> x] 

ae As 1 

lim lim =0 
neo xl’ J+ x7 


Hence, A, B, C are correct. 


All are continuous Vx ER 
Hence, A, B, C, D are correct. 
B & Dare discontinuous function 


Hence, A & C are correct. 


Conceptual question 
i Hence, A, B, C, D are correct. 
1 
tan7! — ; x #0 
f(x) = 
1, x=0 


88. 


89. 


90. 


lim f(x)=~, limf(x)=~, f(0)=1 
x90" 2 x00" 2 


Hence, B, C, D are correct. 


0, xel 
- f@=—b) & sway , 
x, otherwise 
gof(x)=0, xeER 
0, xel 


F900 =| 


[x7] otherwise 


Hence C, D are correct. 
f(x) = max({x}, — {-x}) 


pee 


= 


-l 0 1 2 3 


Hence, C, D are correct. 

Conceptual problem. 

Hence, C, D are correct. 
eX — el! 


lim ————=l-e. 
x30" e* 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


sin{x} = 


x0" {tan x} 


= sin{x} _sinn/6_ V3 
x {tanx} tanmt/6 2 


x3 
6 


m Sine _ V3 i(2)- v3 


x9% {tan x} 2 


sin{x} — sint/4 _ 
x34 Lani} tan 7-1 


Hence, B, C, D are correct. 
Both A & R are correct statements. 


Hence, A is correct. 
lim f(x)=1, lim f(x) =2 
x30" xo 
lim 2-—{x}=2, lim f(x)=1, f(2)=2. 
xol x32 
Hence, D is correct. 
y= |In x| y=Inx 


Hence, C is correct. 


(1,0) 


Conceptual 
Hence, B is correct. 


x30" 


lim cos x cos +] =] (0) is not defined. 
x 


: 1 

lim cos] xcos— |=1 
x90" xX 
Hence, C is correct. 


Conceptual. 


Hence, D is correct. 

x? Come -1) 

f(x)= ea 
x -l1 


lim F(x) = lim sgn(x — 1)cot [x -1] 
xl xol 
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lim F(x) = lim sgn(x — 1) cot! [x-1] 
xo xo 


_3m 
4 


Hence, C is correct. 


99. lim fog(x)=1, lim fog(x)=1, f og(2)=1 
x72 x32 
As true statement, but R is not correct. 


Hence, C is correct. 


100. lim [1+cosx]=0, lim [l+cosx]=0, f(m)=0 


XT XxOT 


Hence, D is correct. 


Comprehension 1 


1 
f(x)= max cos. (sin x} ,OSx<2n 


(0,1) 
(0,1)- 
2 
(0,0) 
COS X, (exe een 
4 6 
sin Xx, Raye Boge 
f= 4 2 2 6 
1 Tt 71 lin 
~— X=—,T, <x< 
2 2 6 6 
St 71 


1+sinx, oo oe 


101. Hence, D is correct. 
102. Hence, B is correct. 
103. Hence, B is correct. 


Comprehension 2 
104. Putx =2 


(5)-2 
f (2) 


5 Satya 
(2) 


Hence, B are correct. 
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x2 
105. f(x)=x ai( 25) 


2 
x 
mae aad ac 


=> x=0 or f(x)=x 
Hence, D is correct. 
. In(fx)-Inf (1) 
106. lim ——_———— 
x1 gin" zx 
Comprehension 3 
1 


f(x) 

107. As f(x) is symmetric about origin in [-1,1]. Now, value of 
f(x) in (1,2) is reciprocal of values of f(x) is (0,1). Values of 
f(x) in (2,4) is reciprocal of values of f(x) is (0, 2) Hence, 
fundamental period is 4. 


f(x) =x?+1,-1<x<1& f(x +2)= 


Hence, B is correct. 
1 


lim ; = 
xo-lx7 +] 2 
Hence, C is correct. 


108. lim f(x)= 
xol 


109. No of discontinuity are x = 1 & 3. 
Hence, C is correct. 


Comprehension 4 


TUX 
(a —x)sec—, X<a 
AS g(x)= 2 
TUX 
—cot —cosec(x—-a), x>a 
2a 
110. a») 


lim g(x) = lim 
xa xa 


TUX 
cos} — 
( 2a 


tT 
li = lim} —cot] —+—h h 
— g(x) in co (z Da Jeosec ] 


T 
tan] —h 
: & h rT oT 
= lim+ x x = 


h>0 sinh 1 
—h 


Hence, D is correct. 


111. For g(x) to be continuous, 2a -—32a=nx 
Tm 2a 


Hence, B is correct. 
6 


112. lim (cos(x _ a)) (x—a)2sin(x—a)cos(x—a) 
xa 


‘ ..2 (X—a) 6 
en ees 
=>e 2 (x-a)sin(x—a)cos(x—a) 
= e 3/2 
‘ Xx 
sin — 
e on 
Now, h(x) = lim XX=xX 
n—eco xX 
20 
h(a)=a 
3 
=>k=— 
2 


Hence, C is correct. 


Comprehension 5 


Ho)={) x20 

oy 0, x<O0 

113. If x>0 
x?-x+1-2=0 
x’-x-1=0 


14+.J5 


2 


x=14/55x= 


Ifx <0 

x’ -x-2=0 
(x-2)(x +1) =0 
x=2or-1 

so, x =-l 

No options matches. 


L -11 
114, H(1-x)= el Tae 
O24 


Now, H(I-x?)> 


. 1 
sin — x 
2 
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MATCH THE COLUMNS FOR JEE ADVANCED 


115. 


A) 


B) 


C) 


D) 


1l+acosx 


; , x <0 
x 
f(x)= 
btan 2 ; x20 
[x +3] 
. 1+acosx 
hin ———— 
x70" x 


Exists if a = —1. Then limit is ; , 


=== => [a—2b]= 


Hence, R is correct. 


lim (—2sinx) = 2 
T 


x3-— 
2 


lim (asinx+b)=+b—a 
x9 
2 
lim (asinx +b)=a+b 
x9 
2 
lim, cos x = 0 


1 
x3 
2 


Hence P, Q is correct. 


iin 3)" fi 
xo E\2 
2 


altan x| lim 


alsin x| 


lim (l+|cosx|) © =e"? =e 
1 


x3 
2 


>a=2, b=3 


So, T is correct. 


116. 
A) 


B) 


C) 


D) 
117. 
A) 


B) 


C) 


D) 


1 
f(x)=— 

— +——-2 
(x-1)? x-l 
. -@ey eT? 
lex=1—OG-f” 2x? =5x40 
— -(x-1)? 
“= is ah 


So, Q, R, S are correct. 
f(x) =sgnxd- x) 


So, R is correct as it is discontinuous at 
x =0,+1 
So, R is correct. 

. f(x) 
lim 
x x 


exist & f (0) =0 


=> f(x) is continuous at x = 0 


So, P is correct. 


sgn x 
f(x) = lim x+—"~ =x 
n—-o0 
1+— 
n 


So, P is correct. 


Fundamental period = m = 3.14 
Hence, R is correct. 
f(x)=[k]+{2 x}4[3 x] 


f(x) is discontinuous at x = 0, 


So, S is correct. 


im nx e089) |p 2) 1 2 
x0 X COS X x0 x COS X 


So, Q is correct. 

Sin x=+2 cos! (1+x) 
Domain —! $x $0 
LHS <0, RHS = 0 

It holds only if both 
sides are simultaneously 
zero, which happens 

for x=0. 

So, P is correct. 
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118. Using AM — GM inequality 119. 
2 2 2 
A) Cos* A+Cos* B+Cos* C<1+1+1 Dy. $= = 
In a triangle this is positive if A 0, B— 0 and noe [+nsin~ 1x 
C+ ft. It is discontinuous at x =1 


Hence the maximum value of 3 is not attained. 
Hence Cos? A +Cos? B+ Cos’ C <3 


So, Q is correct. 


So, P is correct. B) f(x)= lm 
n-> 


n 
”14(4sin? x 
+3b+ 
B) ane > ¥27Tabe ( ) 

. 1 
bela 03 It is discontinuous when sin x = => 
Now, = logat+logb+logc = log abc So, R is correct. 

2n-1 2 
< log(10)’ = 3 C. hie— itn — 
: neo xo + 
So, R is correct. 
fi ee lealx™ + b/x° 
. tanxvtan x —sin xvsin x lim li : =] 
Ch: Tea im lim ; 
x30 xox x31 nee ck li. 
2n-1 
x 
: : 3/2 a 

igs sinx sin x (l—(cos x)""~) Cy 2914 ax? + bx 
x30 (cosx)*? -x*? xx? \ im lim a =a+b 

X71 noo x + 

3 , 
=> Wt >at+b=1. 
So, P is correct. ° (ong f(x) =[tan(a+ b—1x]=0 
D) limcos ee =1 AWS poss Ste eomect 
a a On D) f(x+y)=F(%)-F(y) 
i: In (sec x) , In (1 —sin’ x) ; = are, aii Ime) , ae 
im - = im—-———__—_—__ = 
x30 XSiNx x0 one =>f(O)lim f(h)=1& f(0)=1 
x h-0 

So, f(0)+g(0) =2 phy 


So, Q is correct. 


Review Exercises Solution 


So, P, S are correct. 


r 5 
1. f(x)= E +} Vx €[-2,2] 
2 + 4 
1 1 ay L 3 
lim f(x)=3, lim f(x) =1, lim f(x) =—,f(-l) =— 
x3-2* x3-1 xol* 2 2 i) 
ae eee lim 0,f(0) = 0, lim f(x) =0 } 1 
x30” 2 x30" xo | 
ime. fs], ima. mmrwOes ms 
xol 2 2 x32 D 5s" 
f(2)=5 
Y 


f(x) is discontinous at x = —1, 0, 1, 2 


2. 


f(x) =[[x]]-[x]+1 
f(x)=1 
So, f(x) is continous Vx ER 


1, -2<x<0 
f(x)= 
x-l, O<x<2 


lL -2s|x|<o 
f(jxp= 
|x|-l, O<|x|s2 


2 1, x=0 
~ |[x]-I; x €[-2,2] ~ {0} 


1 —2<xs<0 
|f(x)|=jl-x, O<xs<l 
x-l 1<x<2 
g(x) =f (|x|)+ |f£(x)| 
|x|, —2<x<0 
2, x=0 
~ |x|-x, O<x<l 


x+|x|-2, 1l<x<2 


So, g(x) is discontinuous at x = 0. 


| x36 
Xx 


y= 
1-[xcosx], x<0O 
0, O<x<t 
-l, u<x<3n/2 
= 1, x=0 
2 — eee 
2 


So, discontinuous at x=0 & 7 


2 


1<x<2 


~ 41 O<xe<l 
f(x)= 
x? 3x45, (<< 9 
= 2 
Oo a -4ee eo 
f(x-l)=1 2 
Ant)? =3 b+5, 2<x<3 
2 a. ce) 
2x° —3x+—+ +1, 
g(x) = 2 a 


2x? 3x5 42K 1)? B45, x=2 
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g(x) is discontinuous at x = 2 only 


(1+ cos x)" +5Inx 


f(x) = lim 
ne =2+(1+cosx)" 


5lnx Tt 30 
’ XE] —,— 
2 2 2 


f(x)= aes gal ees 
3 2 2 
1, x €[0, 1/2) 


orxé€ (=. on) 
2, 


Hence, f(x) is discontinuous at all positive odd 


Multiples of = 
2 


1 


= 1—cosx/4 
If g(x) is continuous from (0, c) 


> 7 7 (.. common ratio of Infinite GP becomes —1 ) 


=>x=4n Hence c=4z7. 


e* sin(1/x) _ 


lim TS 


x30 lt+te 


sin(1/ x) 


lim Tx — Not defined 


x0 I+e7 


Hence, f(x) is discontinuous at x = 0. 


i) £0) =G@-ik)* =f)" 
Discontinuity of first kind for all x € J 
ii) f(x) =[x]+(x-[x])” 


=[x]+{x} 
For x=k, kel 
lim f(x)=k, im f(x) =k-14+1=k,f(x)=k 
x7k™ 


x—>k+h 


So, f(x) is continuous for all x 20. 
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10. 


11. 


12. 


13. 


14. 


3 
f(x)= — 
a 


sin(x —2)+acos(x — 2) 
Max value of (x —2)* V x € [4,6] is 64 
Hence, a > 64 for f(x) to be continuous. 


COS eCX 


lim (sin x + cos x) 
x90" 


li (sin x+cos x—l) 
im-———_——_———= 
e sinx 


e=a 


i e > +e" +e 
im = 
x30" etx 4b 3/x 
oe ee! 41 1 
lim = 
x0 e+b b+e 
1 
b=—-e 
e 


f(x) is discontinuous at x = 0 but has maximum value of 


3 at x =1 & minimum value as 


2 

—2at x =-1. 

f(x) is continuous for all neN 
Smallest value of ‘n’ is 1. 

If f(x) is continuous at x = 1 


a+2=a+b+2 
b=0 


If f(x) is continuous atx =e 


e* +ae+1=ae*+2e+b 


e=2e41 =] 
a ee 
e-e e 


15. 


16. 


17. 


18. 


19. 


g(x) = 


Assume a h(x) = f(x)— g(x) 


x? 2Inx 


e* x 


nay=1>0 
e 


h(e) =e" ° — 2 gt? _ps.2i 
e 


as h(x) is continuous between (1, e) & it has opposite signs, 
Then, there will be atleast one ‘c’ where c € (l,e) where 
h(c) =0 


= f(c)=g(c) 
Use intermediate value Theorem. 


—(x+1), 
x41, 


x<-l 
-l<x<0 


Xx x>0 


f(x)= 


x <0 
O<x<l 
1<x<2 
x22 


1-x 


x<-l 
2 --l<x<0 
2xt+1l O<x<l 
2x-2 1<x<2 
2 x22 


f+g= 


So, f+g is discontinuous at x = 0, 1 
2g(x)-l —2<g(x)<0 
fog)= 
g(x)+2, O<g(x)<2 
=x+4 -2<x<0 
f og(x) is continuous over its domain. 


for f(x) to be continuous. 


7 L+p? 1/2 
a (+4? 


> p (1+q°)= q (1+p?) 


= p= 
=>p=q, x>0 
>x=l 


Hence, f(x) is continuous only at x =1. 


20. 


21. 


22. 


23. 


Volume of cone = arh, 

Volume of right cylinder = Th = f(r) 
f(0) =0 

f(r) =mr7h 


Using Intermediate value theorem, there exist c € (0,r) 


1 
where f(c) = gm. 


xX be Ge ‘ 
f(x)= ee discontinuous wherever 
1 


x” —3x+ 
3 ae 
x” —3x+1=0. 
Now, g(x) =x? -3x+1 


g (x) =3x*-3=05x=H1 


g(-2)=—-l, gD =3, g0)=1, gs) =—-1, g(z)=3 


Using IVT, f(x) is discontinuous in (—2,-1), (0, D& 


(k, 2). KN 


a b 


f(x)= ae 


x—-l 
f(It)=00, £(3")=- 
& f(x) is continuous in (1, 3). 
Using IVT, f(x) will be zero for atleast one value of 
x € (1,3). 
f og(x) = g(x)(I-27(x) 


0 x>0 
=40 x<0O 
0 x=0 


fo g(x) is always continuous. 


-1 x>l 
1 O<x<l 
-l<x<0 
1 x<-l 
QO x=0,+1 


gof(x) is discontinuous at x = 0, +1. 


24. 


25. 


26. 


27. 
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As f(x) =f(2x +1) 


As n> oe 
x 1 1 
f(x)=f 
(x) (= gal gn-2 
f(x) =f(-2) 


Hence, f(x) is a constant function. 
As f x -1) = 2xf (x) 

Put x =cos0@ 

f (cos 20) = 2cos Of (cos@) 


= 27 cos@cos 8. [co >| 
2 2 


— = 23 cosOcos Pes 8. [co Al 
~ 4 2° 4 4 


= 2"! cos cos ts © ta f | cos 2 
2 4 90 90 


sin 20 6 
f | cos 
. 8 he 
sin — 
20 


f(cos®)=0 For all values of 8 


As n —> ,f (cos 20) = 


2(sin x —sin” x)+ sin x —sin"x 

lim 

yok 2(sinx —sin” x)= sinx +sin" x 
2 


3(sin x —sin” x) 
lim =3 
eo (sin x —sin” x) 

2 


lim [f(x] =3 & 2(] =3. 
te 


; : Tt 
Hence, g(x) is continuous at x = 5 for n>1 


f(x) =(-p] 


lim f(x)=(-)", lim f(x)=(-)™" 
xn + xon— 


Now if nel, LHL#RHL. 


So, f(x) is discontinuous for x = a, 
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28. g(x) =f(x)-f(k+2). Hence, f(x) is discontinuous at all positive integer 
2 (0) = f(0) -f(2) except 1. 
log(2+x), x<l 
g(2) = £(2)-f(4)= —(£()-f(2)) at - 
log3—sin1 
B(O)= —g2) 32. i= a 7 =| 
= Using IVT, there exist point x =c € (0, 2) —sinx x>1 
Where f(c) =f(c+ 2) 
f(x) is not continuous in | 9 ae 
29. f(xy) = fof (y*) ( aD 
Putx=ly=l>f=1 33, f(x+f(x)) =f(x) 
As f(x) is continous at x = 1 Let f(x) = y 
lim fd) =f) =1 — 
lim f() = £0) flxty) =y 
Now, for any x = Xq Asy > 0 
. lim f = 
lim F(yx9) =F (y°) , (x+y) =0 


=> limf(x)=f (xp) As f(x) is a continous for all x 
ae => f(x)=limf(x+y)=0 
So, it is continous for all x #0. — yo 


me : ‘Hence, f(x) is a constant function. 
30. Similar to Ques 17. ~< 


34, f6c+h) = AFCOF(h) 


1 2 
ee a — Putx =h=0 
. x)= > 7) 
x’, ee (0) =+ ast) #0 
n A 


As f(x) is continous at x = 0 


lim f(x) =0 
x30" lim f(x +h) =f(h) 
x0 


lim f(x) =0 f(0)=0 


x30" = f(x) is continous for all x 
Hence, f(x) is continuous at x = 0 1 (cos "| n2 
35, As f{ —]=+—+— 
At integral points > x = x” 3 n° +n+1 
x(x-1) =0 As n> 00 
x=Oorl 


=> f(0) =1. As f(x) is continous on x ER 
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Target, Exercises Solution 


1, |x [21 
1 1 
1 f(x)= ae <|x|k . m= 2,3)0s. 
n 
0, x=0 
: 1 
lim f(x) = = 
—" (n) 
lim f(x) = ——— 
i (n-1)° 
‘ . 1 
So, f (x)is not continous at x = —. 
n 
= -V/x /x 
(1—x) (1+x) . ieee 
x 
2 f(x)= e ; x=0 
(login sin 2x)"m?x » OK<x<l 


‘aii 


lim (logsinx sin 2x =2 


x00" 


f(0)=e 
Hence, f(x) is discontinuous at x = 0. @e» 


3. f(x) =x? -9x?+15x +7 
f(x) = 3x? -18x +15 


=3(x?-6x +5] 
= 3(x —5)(x -1) 
Graph of f(x) 
0 


As f(0) =7 
fd) =14 
f(5)=-18 


f(6)=-11 


7, O<x<a 


g(x) =4x>-9x7+15x+7, aSx<5 


—18, 5<x<6 
Where o —907 +150+7=0 m= 
Hence, g(x) is always continuous. 
ae oes 2 | 


x90! 2(x-x3)—[x—x?| 
3(x-x') 


X—-X 


lim =3 
x70" 
ifs 2, x-x3)+[x—x3| _ 1 
x90 2(x—x3)—[x—x3| 3 


“continuous atx =0 


oy 2(x—x?)+|x-x3] _ 1 


So, discontinuous at x = 1. 


x, when x is rational 


1—x, when x is irrational 


5, Asf(x)= | 


1 
For limit to exist, Sa 


: : 1 
So, f(x) is continuous at x = 5 only. 


6. by 
(f(x) +x° =1 Vxe[-1]] 
=> (f(x))? =1-x? 
= f(x) =+V1-x? 
As f(x) is continous function in [—1,1] 
=> f(x) is either ¥1- x? or —V1-x? 
2. 2 
xX x 
7. Y,(k)=x°+—— + ste 


I+x (1+x?) 


Asnvoew 


y, (x) is infinite G.P with |r| < 1 
2 


=> lim y, (x)= i =1+x? 
n-eo 


1- 
1+x? 
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10. 


11. 


12. 


=> y(x)=1+x’ 
So, y(x) is continuous everywhere except x = 0. 
2 2 
xX Xx 
y, =x" t 5 me 
I+x (1 + x} 


y,(0)=0 LHL=RHL=0 


So, y,(x) is continuous at x = 0. 


1 1 1 
ea read 5 a 2x] 
=—-x+ 5(2x1 —[-2x]) 


For x = 0, f(0) =0 


RHL = —, Hence, discontinuous at x = 0. 


fe 
2 2 


RK = 1. Hence, discontinuous at x = ; : 


Atx =1,f(1)=1 


For x = 


RHL = > . So, discontinuous at x = 1. 


Now as f(0) = 0 & f(1) = 1, 
Using IVT, f(x) will assume all values between (0,1). b, 


1 
As for each x EI, [POTS 180) 


= fol ssifonls + 1f00| 


Repeating this process n times, 


IE (yn) 


As n>, 


1 
<= |F@)| 
2 


£ (Yn) 
= f(y,)=0 


<0 


=> there is some values of x for which f(x) = 0. 

If f(x) is strictly negative somewhere on R & f(x) is 
continuous on R - R, then, f’(x) = 0 at some point and 
it will be a finite absolute point of minima. Similarly, if 
f(x) is strictly positive somewhere on R. Then, it will have 
finite absolute point of Maxima. 


As 0<f(0)<2 &0<f(1) <2. 
As x € [0,1], y = f(x) will cut y = 2x atleast at one point 
since f(x) is continuous function 


=> f(x) = 2x atleast at one point in [0,1] 


Let g(x) = i(x+2}-te0 


Assume g(x) is always +ve, 


13. 


14. 


=10)<1(4}<r(2)<r(2)=-<ro 
n n n 
But f(0) = f (1) 


Hence, it is a contradiction. 
Assume g(x) is always -ve. 


= f(0)> (+> i(2}-- > f(1) 
n n 


Which is also a contradiction 


1 
= g(x) should be equal to zero for x e{o.i- | 
n 


1 
=i (x)=f 0 for some value of x €] 0,1+— 
n n 


Hence proved. 

If f(x) is continuous, then 

f(x) = 4x or 4x\. 

So, there are 4 continuous function possible. 

If f(x) = 0 exist for only one C ¢€ [a,b] & f(x) > 0 V some 
x € (c,b] 


=> f(x) is always +ve for x € (c,b] 


— & If f(x) <0 V some x € [a,c) 


jis. 


16. 


17. 


=> f(x) is always -ve for x € [a,c) 

For an injective function, following IVT Theorem, 
=> f(x) is a monotonic function V x € I 

=> f(x) needs to be a continuous function in x € I 
As |f(x)-f(y)|KM|x-y| 

Put x=c+h,y=c,h>0 

lim |f(c+h)-f(c)|< 0 

h->0 


= limf(c+h)=f() eee I 
h-0 

Putx=c—h,y=c,h—0 

lim |f(c—h)-f(c)|s 0 

h->0 

= lim [f(C—b)-fO} eee I 
h->0 


From 1 & I = lim |f(c+h) = limf(c—h)=f(c). 
h>0 h0 


If x is rational = P 


1 
For ea es where h > 0, > n> © 
q n 


RHE = tim (x L =1( 228) ! 
neo n nq np+q+nq 
1 = 1 
LHL = tim ¢{ x ee a 0 
neo n nq np —q+nq 


Hence, f(x) is discontinuous for rational numbers. 
If x is irrational, then if x + h = rational > q = 


18. 


> eae =0 
p+q 
Hence, f(x) is continuous for irrational numbers. 
As f(g(x)) = gf(x) = For a point (a,b) lying on f(x), there 
is a point (b,a) lying on g(x). 
Now Let h(x) = f(x) - g(x) 
h(a) = f(a) - g(a) = b— g(a) = b—b=0 
Hence, f(x) & g(x) have a common point. 


19. (i) 


20. 


As |f(u)-f(v)|sju-v| 
Putu=x+h,v=x, h-0 

=> lim | f(x +h)-f(x)|s 0 
h-0 


= lim f(x +h) =f (x) 
h-0 


Similarly, 
u=x-h,v=x,h>0 


lim lf (x —h)-f (x) <0 

h>0 

=> lim f (x —h) = f(x) 
h>0 


Hence, f(x) is continuous in x € [a,b]. 


Now, As M, -e(2D1()] 
=#(M))=*{2( 2 D8()] 
=-Yif (a) 


Hence proved. 


f ee 
(ii) As f(M;) = othe (2s) 


Using Averages, a, < M, < a.. 
Hence proved. 
(iii) If h(x) =af(x)+b 


1 
My -o(2DF(a) 
M, = 1 | Ley(a) 
n=s ~ > (h@)) g ~ 2b +b 


1 
=8 
n 


Hence proved. 


21. 
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1 
Let us assume g(X) = r(x + EHF in fo- 7 


For a horizontal chord of length i , g(x) should be zero 
k 


- fort), 
k 


Now Let us assume g(x) is always +ve, 


1 2 k 
=> ro<{t]<b{ 2} <~<(E} =r 


Which is a contradiction 


& Similarly, if g(x) is always -ve, 


1 2 k 
> ro<b[ =] <b 2) <-->[£] =r 


Which is a contradiction. Hence, g(x) should be zero 
somewhere. 


om 1 
_ => there is a horizontal chord of length * k , 


22. 


C ii), No 
(1) g(x) is inverse of f(x) => f(0) g(x) = x or g(o) f(x) =x. bs CS ; 


y=f(x) 


(iv) Iff(x)=0 
Then, g(x) will have horizontal length from 0 to 1. 


As f(x) = pnx, excess of x over nearest integer 


1 
At X=x+ 3° n being integer 


1 
f(x)=— 
(x) 5 
lim f(x)=0 
Roane 


; 1 
iim f(x)= a 


n—n+— 
2 


a : 1 
Hence, f(x) is discontinuous at x = n+ 5 : 
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23. Taking square root, 
. xX+x"sinx 
(i) f(x) = lim=——** f(x)=—L orf =— 
cc ee a(x) a(x) 
1+sinl 
£1) =——— i 4 1 
27. f(x)=—, <x 
2 2 gntl 9n 
n : 1 1 
a(S sinx so) 2 
RHL = lim i =sinl 2 7 
Boe n 1 
xX (+5) RHL=t(2+n)= 
x an 
Hence, f(x) is discontinuous at x = 1. 1 1 
e LHL = f nj= 
(ii) n ga-l 
(x) = lim 27% edt : 1 i a8 : 
oo Hence, f(x) is discontinuous at x= — & it is a jump 
pays discontinuity. 2 
es (In(1+x +x?) +In(I-x+x?)}eosx 
( Xx ) 28. N lim ——~——__>__*\ 
x" | —+1 y ow, ae ry 
n CX. = 
RHL = lim —*~—< = — LHL = Ii oe P (1-cos x) 
ne oy noo 1] +ax ‘ 
(++) In 1+x? +x‘) 
= im ; COS X 
Hence, (x) is discontinuous at x = 1, but d(x) can be 490 (1-cos x) 
continuous if a = 1. 
[2rx] 4 ' gsinx _ qtanx 
= “Aw. Now, lim ——— —— 
ae R= ke n2 > y’ x>0° tan x —sinx 
zs (2rx) w 7 : g tanx—sin x =] 
mae a, Pe = lim a Sinx ( 
ae x0" (tan x —sin x) 
2 +1 21x =-Ina- 
ae xt ) 5! zs Ina=1 
en m =>a=e! 
=x-0O=x 


Hence, f(x) is continuous everywhere. 
25. Graph of zx(x) = ke“ 


Sa | As g(x) is continous at x =a 
ok 
= in 2-*] 


a 


Now, g(x) =In [2 - * Jeotx —a),xX#a, 
a 


=> lim —~——+ 
xa tan(x —a) 


a 
Ifk =0, Z,(x) =0 oe ei. Aten =a) 
(0) =z [1-2] 
£(0*) = 0* 1 
So, discontinuous at x = 0 =>--=-e 
Hence, f(x) is discontinuous is 0 < x < 10. id 
> g(e") =-e 


1 
26. As f*(x)=—5 
8 (x) Hence proved. 


29. 
(i) h(g(2)) =h(V2) =4-3V2 +4 
(ii) lim f(x) =2 
lim f(x) =a-1 


For f(x) to be continuous 


=>a-1=2 
Sa=3 
30. cos”! (I -x? ) sin! (1—x) 
lim f(x) = lim 
J2x (I - x) 
sin !(1—x) 1 
= lim —,——\ sin" 2x? =x" 
x30" J2x (1 = x2 ) 
zee 
“3 
Hence, f(x) is discontinuous at x = 0. 
Anes f(x), x>0 
sg(x)= 
‘ 2V2f(x), x<0 
T 
0) == 
g(0) 5 . 
lim (x)=, lim g(x) = . “SOS 


ide 
2 
> 


. © 


Hence, g(x) is continuous at 
31. f (+) = 2(r—1)x 
r 
lim f(x) =2(¢-1)x 
x9 
lim f(x) = 2rx 
x>- 


Tr 


er . 1 
Hence, f(x) is discontinuous at x =—. 
r 
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1 

t, O0<t<— 

2 
1 
32. f(t)=<0, t=— 
2; 

t-1, ees 
2 


& f(n + t) = f(t), where n is integer. 
- + 
i(t}=0 ( )-4 (! )-3 
2, 2 2 2 2. 


“A ‘ 1 
f(t) is discontinuous at t = a 


As f(x+t) = f(t) = f(x) is discontinuous for all x =n + > 


where n is an integer. 
33. 


In(2+x)—x" sinx 


f(x) = lim 7 
no 1+x™ 


f s In(2 + x) —sin x 
a 5 
oii , f(x) =-sinx 


at f(x) =In(2+x) 
For all x € [0,1), f(x) = In(2 + x) 


™ : 
For all x € (1.5 , f(x) = -sin x. 


In(2 + x), O<x<l 

“rig ae oat 
—sin x, lex<= 
2 


As f(x) is discontinuous at x = 1 => IVT is not applicable 


T 
for f(x) where X <|o.z => f(x) doesn’t vanishes in 


x <|o3 
2 


Previous Years Questions) (JEE| Advanced) 


_ (x3 +x? -16x + 20) 
1. lim ; 
x32 (x —2) 
Apply L-hospital rule 
3x? +2x-16 _ : 
Ax-2) 
>k=7 


6x+2 _ 
x72 2 > 


7 


x72 


2. y =4-x? 
y= A~x?* 
a V4ex?, QWex<0 
=> f(x)= 


4%", 0<e< 3 
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. T 
3. i= isin) 


Domain > [x]4#-1 
x #[-1,0) 
=> xe€(-c,—l)U[0,>-%) 


Discontinuity — at all integers in domain except 0 
4. Iff(2)=10 & f(x) is continuous & take all rational values 
for all x. 
This is true only if f(x) = constant function 
f(1.5) = 10 
. Ind+ax)—In(— bx) 
5. lim 
x70 xX 
aln(l+ax) blIn(i—bx) 
m + 
—bx 
=> a+b Hence, B is correct. 


<1) 
Tt 
2 


At all integral points, cos 


= hi 


x30 


ax 


10. 


6 f(x)= ixjos( 


yr. 
is always zero. 


(2x -1 
2 


Hence, f(x) will always be continuous. 
Hence, C is correct. 


7. f(x) =[xP -[x?] 
f(x) =0, i f(x)=1, f(@)=0 


11. 


lim f(x) =0, 


xo 


lim f(x)=0, f()=0 

xl 

Hence, D is correct. 

x-1 
2 

As tan x is discontinuous at odd multiple of - 

-1 n-1 


in Om will vary from | — ,—— 
2 2 2 


tanf =t 
8.  tanf(x) an{ 12. 


So, tan f(x) is continuous. 


f~'(x) = 2x +1is also continuous. 
1 _ 

f(x) x-l 

Hence, C, D are correct. 


is discontinuous at x=1 


i. fs : Tt 
9. A) tan x is discontinuous at A 


t(1 i 
B) Jtsin ; dt = ; 
0 


Put t= - and use IBP 
y 


1 1 1 
sin +] cos—dt 
t 2 t 


Jtsin dt = —sin +—cos 
0 t 2 t 2 t 
It is continuous for x € (0,7) 
2 
C) lim 2sin—~=1 
3n 9 
x7 — 


A 
Hence, it is continuous for x € (0,7) 


F ‘ Tt 
D) lim xsinx =— 
us 2 
x2 
2 
Tu . Tl 
lim —sin(m—-x)=— 
1 2 
x2 


2 
It is continuous for x € (0,7) 


Hence, B C D are correct. 


: : Tt 
lim xsinx = — 
xo 2 
2 


~ lim * sin( + x) See 
> yet 2 2 


2 
Hence, A is correct. 
lim (a, +sin 1x) =a, 
x732n° 


lim (b, +cos 1x) =b, +1 
x-2n° 


a, =1+b, >a, —b, =1 

Similarly, a,_; +1=+b, 

=>a,_,—b, =-l 

Hence, B & D are correct. 

We take two cases. 

Case 1: Let f and g attain their common 
maximum value at p 

= f(P) =g(P) 

where p € [0,1] 


Case 2: Let f and g attain their common maximum 


value at different point. 
=> f(a)=M and g(b) =M 
f(a)— g(a) >0 and f(b) —g(b) <0 


=> f(c)—g(c)=0 for some c € [0,1] as f and g 


are continous functions. 


=> f(c)—g(c) =0 for some c € [0,1] for all cases. 


Option A = f?(c) —g(c) + 3If (c)— g(c)] =0 


Which is true for Eq I 


Option D=> f7(c)—g?(c)=0 which is true 


13. 


14. 


15. 


16. 


Now, if we take f(x) =1 and g(x) =1 V x e[0,1] 
options b anc does not hold, Hence. 

A and D are correct. 

f(x) = xcos(m(x +[x])) 

Atx =0 

lim f (x) = lim x cos(m(x + Vx)) =0 

x0 x0 

and f(x) =0 

.. Its continous at x = 0 & clearly discontinous at 
other integers 


Hence ansis > A,B,D 
Atx=t 

lim f(t) +£(h) = f(t) +£(0") 
lim f(t) +£(-h) =f) + (0") 
f(t) = f(t) +£(0) 


If f(x) is continuous at x=0 =>f(x) is continuous for all x. 


sin(a + 1)x +sinx 


lim. —-—————_ = (a+ 1) +1 =a+2 
x70" x 
1/2 + 
(x +bx’) oT tae (1+ bx)!/2 — 1! oN 
lim = lim Pics 
x0" bx2/? x0 bx : 
1 
2 
ee Shei 
2) 2 
l+x ,O<x<2 
f(x) = 
3-x ,2<x<3 
1 ,O<x<l 
f(x] 2 ,l<x<2 
x —| 
1 ,x=2 
0 ,2<x<3 
2 <x<l 
@=ftost, SS? 
xX)= X)J= 
. o (Ke? 
1 s2<x<3 


Hence, g(x) is discontinuous at x = 1, 2 


17. 


18. 


19. 


20. 


ConrTINUITY OF FUNCTIONS 


Let h(x) = f(x)+ g(x) 
lima hie) =f(t+h)+g(t+h) =LHL 
tim h(x) = f(t—h)+g(t—h) = RHL 
h(t) = f(t) + g(t) 
As, f(x) is continuous LHL 4 RHL for h(x) 


Hence, h(x) is a discontinuous function. 


Tt 
lim f(x) =a+— 
f(x) 4 


T™ 
x2 
4 
lim f(x)=b 
xo 
2 
lim f(x) =-a-—b 
xo 
a 
Now, 
Tt 
a=—+b & a+2b=0 
4 
b=-—, ea 
12 6 


lim f(x) =8 
x30 


>a=8 


Pee a 
lim |sin xx —— 
x30 5 @ 
sina] _ e 


lim f(x)=e 
x30 

lim f(x) =e? 
x70" 


; 3 
=>e*=b=e” 


sa=F& b= 


2.97 
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Previous Years Questions (AIEEEJJEE MAINS) 


v2+cosx —1 x#T lim £00) ==, lim f(x) =a =a’ =2>5a=+,/2 
1. f(x) = (x a x) q xo 
k = “im fo)=4 
lim V2+c0sx -1 (/2+cosx +1) ‘ 2b" = 4b _ 2b*—4b _ 5 
xon  (@—x)* cass +1) uh x? Dah : 
lim +7 2°8% = b?-2b =2 =>b2-2b-2=0 
xn (T%—x)° (V2+cosx +1) 


: 1-—cosh 1 1 2212 +./12 
lim x = 
( (G=cehei A =e =14¥3 


; 1 Hence, c iscorrect 
For f (x) to be continous, k = 7 


1 k-l 
Hence, B is correct. §,. IG)=— ee 
2 lim f(1—cos3x) _ e* —1-(k-1)x 
E50 <2 lim f(x) lim : 
x30) x20 x(e* -1 
3x A ‘e' 7~ ( ) 
1-cos3 asin’ 9 9 ply L Hospital Rul 
dg fh cos 3x _ lim ed e pply ospital Rule, 
x30 x2 x90 9 9 4 2 NY” ; 2e2* (k—1) 
As f(x); ‘ f 9)\_,. f 1-cos3x)_ 2 | . a 
s f(x) is continuous, a)- ue a a Ay) For limit to exist, k = 3 
Hence, B is correct (, 4 2 Oe ' 
= li =1=f(0) 
at =i) x20 ie —1)+2xe™ 
» x#0 Hence, B is correct 
3. f(x)= sin{* Jog( 14%] 
k 4 5 if x<l 
12, x=0 E(x) atbx, 1<x<3 
KS 
at] z ao b+5x, 3<x<5 
x 30, x25 
lim = 4k li _ : = 
x30 Xx Xx im f(x)=a+b, lim f(x) =a+3b 
sin z {+ a x1 x33 
‘ log ; lim f(x) = b +15, lim f(x) = b+ 25, lim f(x) = 30 
x33 x25 x75" 
As f(x) is continous, 4k = 12 As f(x) is continous, b + 25 = 30 
>k=3 =>b=5 
Hence, c is correct Now, b+15=a+3b 
>a=5 
2x? 
—, 0<x<l but it will be discontinous at x = 1 
. Hence, D is correct. 
4. f(x)=4a . I<x< 2 
2b? — 4b 
— AD eE SS 


x? 


DIFFERENTIABILITY 


3.1 Introduction 


Our first application of the concept of limit will be to the problem 
of determining the instantaneous rate of change of a function. 
Geometrically, this problem is equivalent to that of finding a 
tangent line to the graph of the function. Both of these problems 
are solved by finding the derivative of the given function, as will 
be described in this chapter. 


The Definition of Derivative 


Let there be a function y = f(x) defined in a cert ww 
The function y = f(x) has a definite value for aah of the 
argument x in this interval. Let the argument x receive a certain 
increment Ax (it is immaterial whether it is positive or negative). 
Then the function y will receive a certain increment Ay. 
Thus, for the value of the argument x we will have 

y = f(x), 
for the value of the argument x + Ax we will have 

y + Ay = f(x + Ax). 
Let us find the increment of the function Ay 

Ay = f(x + Ax) — f(x) (1) 
Forming the ratio of the increment of the function to the increment 
of the argument, we get the difference quotient 

Ay _ f(x+Ax)—-f(x) 


(2 
Ax Ax @) 


We then find the limit of this ratio as Ax — 0. If this limit exists, 
it is called the derivative or differential coefficient of the 
given function f(x) and is denoted f '(x). Thus, by definition, 


f'(x) = a aah QB) 


ote?) Ax is a single symbol and does not mean delta 
‘amied 3 x. Do not forget that as Ax — 0, Ax is getting close to 0, 
but is fe to 0. 


C Advently the derivative of a given function 
y= ith respect to the argument x is the limit of the ratio 
e 


increment in the function Ay to the increment in the 


ed argument Ax, when the latter approaches zero, provided the 


limit exists. 

Symbolically, the above equation is written as 
Yo 
dx dx 

where Ax represents finite change and dx represents 

infinitesimally small change in x. 


=f"(x) 


It is convenient to write Ax as h while calculating the derivative. 
With such notation the derivative of the function f with respect 
to the variable x is given by 


im £0 > f(x) 


f'(x)= (4) 


provided the limit exists. 


Usually, when we say that a function f has a derivative f'(x) 
at a point x, it is implied that this derivative is finite, i.e. the 
above limit is finite. But it may occur that there exists an 
infinite limit equal to 0 or —00. In such cases it is useful to say 
that the function f has at point x an infinite derivative (equal 
to 00 or —00), 


; . df 
It should be emphasized that although the notation 4 suggest 


aratio, the derivative as we have defined it, is not a ratio — even 
though it is the limit of one. Lae simply an abbreviation of f’. 
dx 


It will be noted that in the general case, the derivative f'(x) 
has a definite value for each value of x. If we associate with 
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each value of x the value of the derivative of f(x), if it exists, 
we obtain a new function of x, called simply the derivative of 
f(x) with respect to x. This is denoted by f'(x). 

The domain of f ’, the set of points in the domain of f for which 
the limit (3) exists, may be smaller than the domain of f. If 
f '(x) exists, we say that fhas a derivative (or f is differentiable) 
at x. f'(x) often has the same domain of definition as f(x), but 
not always. 

The operation of finding the derivative of a function f(x) 
is called differentiation of the function. If we can find a 
mathematical expression for f'(x), we can then find the value 
of the derivative for a particular value of x by mere substitution. 


: - _ 1-x 
@ Example 1: Find f’ if f(x) = ree 


@ Solution: f(x) = lim farb)-f) 


30 
1-(xt+h) 1-x 

= lim 2+(xth) 2+x 

h>0 h 
— tim ATX Th) @+x)-U-x) Qtxth) 
~ p30 h(2+x+h) (2+x) 

tien (2-%—2H-%? = xh) - Q—x+h x? =xh) 
= 130 h(2+x +h) (2+x) Y 


. —3h 
— lim 
~ hoo h(2+x+h) (2+x) 


— lim = = z 
no0(2+x+h)(2+x) (24x)? " 


© Example 2: If f(x) = x°— 1, plot the graph of the derived 
function f’. 


Y Solution: For any real number x, 


(iin Pe 
t>0 h 


We have f(x + h) — f(x) = ((x + h)?— 1) — (3-1) 
= 3x*h + 3xh? + h’, 


f(x+h)-f(x) 
h 


and so = 3x? + 3xh + h? 


Consequently, f'(x) = tir (3x? + 3xh + h’) = 3x’. 


The graph of the function f'(x) = 3x? is the parabola shown in 


figure, on which the graph of the original function f(x) = x*- 1 
has also been drawn. 


Here, we considered the derivative of a function f at a general 
point x. If we change our point of view and let the number x be a 
fixed number a then we replace x in Equation (4) by a. We obtain 
os f(a+h)-—f(a) 


f'(a)= li (5 
(a) tim. i (5) 
Note that we can also define 
f(a) = lim £)-f@) | provided the limit exists. 
_ ~ xa x-a 
Thus, the derivative of a function f is the function f’ defined by 
? xa x-a 


~ Instantaneous Rate of Change — The Physical 


Meaning of Derivative 
Suppose y is a function of x, say y = f(x). Corresponding to 
a change from x to x + Ax, the variable y changes from f(x) 
to f(x + Ax). 
The change in y is Ay = f(x + Ax) — f(x), and the average rate of 
change of y with respect to x over the interval from xto x + Ax is 
Average rate of change 

changeiny Ay f(x+Ax)—-f(x) 


~ changeinx Ax Ax 
For example, let y = f(x) = x’ + 2x. Starting at x, = 1, change 
x to 1.5. Then Ax = 0.5. The corresponding change in y is 
Ay = f(1.5) — f(1) = 5.25 — 3 = 2.25. Hence the average rate of 
change of y on the interval between 

Ay 225 45, 

Ax 0.5 
As the interval over which we are averaging becomes shorter 
(that is, as Ax — 0), the average rate of change approaches 
what we would intuitively call the instantaneous rate of change 
of y with respect to x, and the difference quotient approaches 
dy 
a 
Thus, the instantaneous rate of change at x 

dy Ay on f(x+Ax)—-f(x) _ 


—z= lim = li 
dx Ax>0 Ax = Ax>0 Ax 


x=landx=1.5is 


the derivative 


f (x) 


provided that the limit exists. 


It is conventional to use the word instantaneous even when 
x does not represent time. The word is, however, frequently 
omitted. When we say rate of change, we mean instantaneous 
rate of change. 
If the dependence upon time t of the distance s of a moving 
point is expressed by the formula 

s = f(t) 
The velocity v at time t is expressed by the formula 


afte f(t+At)—f(t) 
At>0 At 


a en At 

Hence v = s,' = f(t) 
or, the velocity is equal to the derivative of the distance with 
respect to the time. 
In general, suppose an object moves along a straight line 
according to an equation of motion s = f(t), where s is the 
displacement (directed distance) of the object from the origin 
at time t. The function f that describes the motion is called the 
position function of the object. In the time interval from t =a 
tot=a+h the change in position is f(a + h) — f(a). The average 
velocity over this time interval is 


displacement _ f(a+h)—f(a) 


average velocity = - 
8 y time h 


Now suppose we compute the average velocities over shorter 


and shorter time intervals [a, a + h]. In other words, we let h 
approach 0. We define the velocity (or instantaneous velocity) 
v(a) at time t =a to be the limit of these average velocities : 
. f(a+h)-f(a 
v(a) = lim ial ) (a) 
h>0 h 

© Example 3: The position of a particle is given by the 
equation of motion s = f(t) = 1/(1 + t), where t is measured in 
seconds and s in metres. Find the velocity and the speed after 
2 seconds. 


© Solution: The derivative of f when t =2 is 


1 1 
f(2+h)-f(2 7 

£(2) = lim (2+h) 2) _ i, lteth) 142 

h>0 h h>0 h 

1 1 3-(3+h) 
ee ee pe 

h0 h h>0 h 
—h -1 1 


= lim ————_ ~ lim-———_= 
h>03(3+h)h ~ b>03(3+h) 9 


1 
Thus, the velocity after 2 second is f'(2) = — 9 m/s, and the 


-;| 1 
9 = 9 mis. 


speed is | f'(2) |= 
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© Example 4: Suppose that a ball is dropped from the top 


of a tower, 450 m above the ground. 
(a) What is the velocity of the ball after 5 seconds? 
(b) How fast is the ball travelling when it hits the ground? 


©Y Solution: We first use the equation of motion 
1 
s=f(t)= Ai (9.8) t? = 4.9? 
to find the velocity v(a) after a seconds : 


- 2 2 
my fath) Fla) _ | 4.9(a +h)? -4.9a 


v(a) = li li 
h>0 h h>0 h 
vy ae) 2 
ih 4.9(a° +2ah+h° —a*) | lim 4.9(2ah + h*) 
h>0 h h>0 h 


— lim 4.9(2a +h) =9.8a 
h->0 


(a) The velocity after 5s is v(5) = (9.8)(5) = 49 m/s. 
(b) Since the height of tower is 450 m above the ground, the 
ball will hit the ground at the time a when 
s(t,) = 450, that is, 4.9a” = 450 
450 


aS: =9.6s. 


The velocity of the ball as it hits the ground is therefore 


om 45 
This gives a? = G9 anda= 


~ v(a)=9.8a=9.8 |? ~94 mss. 
| 49 


Slope of Tangent — The Geometrical Meaning 
of Derivative 


The concept of the line tangent to a curve at a point is an 
important one in geometry. We shall now consider the problem 
of defining the tangent line to the graph of a function f at a point. 
We will soon find that the concept of tangent can be expressed 
in purely analytic terms involving the function f. In fact, the 
problem leads directly to the definition of the derivative of a 
function, the central idea in differential calculus. 


What does it mean to say that a line is tangent to a curve at 
a point ? School geometry defines the tangent to a circle as a 
straight line lying in the plane containing the circle and having a 
single point in common with it. In other words, the tangent line 
to acircle at point P is the line that is perpendicular to the radial 
line at point P, as shown in the first figure below. However, it 
is not so simple an idea as it may first appear. 

For example, how would one define the tangent lines shown 
in the other figures? We might say that a line is tangent to a 
curve at point P if it touches, but does not cross, the curve at 
point P. This definition would work for the first curve shown 
in the figure, but not for the second. Or we might say that a 
line is tangent to a curve if the line touches or intersects the 
curve at exactly one point — this definition would work for a 
circle but not for more general curves, as the third curve in the 
figure shows. Here, the tangent "cuts" the curve at the point of 
tangency instead of "touching" it. In the fourth curve, the tangent 
"touches" the curve at P, but also "cuts" it again on the y-axis. 
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As another example, both x and y-axis have one 
common point each with the parabola y = x’, but the 
x-axis is tangent to the parabola, while the y-axis is not. 
Thus, we see that for more complicated curves, more careful 
definitions must be made. 


If we have a simple continuous curve, our intuition and experience 
tell us that a point which moves along this curve constantly 


changes its direction of motion, but that at each point P of the ~ ‘ : 
curve there is a definite straight line which gives the direction 
of motion and closely approximates the curve near P. The lineis 


called the tangent at P and may be approximated in drawing by 
turning a ruler about P until it appears to have the proper position. 
In the figure below, Q, Q’, Q”, Q’” are several successive 
positions of the point Q as it approaches P. Evidently the 
secant PQ rotates about P and approaches a limiting position 
PT, which is the tangent. 


(& Note: A secant line is a line that intersects a curve in two 
or more points. 


© Example 5: Find the slope of the secant line joining the 
points (1, — 2) and (1.2, — 0.56) of the parabola 
y=x°+5x-8. 
©Y Solution: Given y = f(x) = x? + 5x — 8, we find Ay and 
Ay/Ax as x changes from x, = 1 to 
x, =x, +Ax=1.2 
Ax =x,-x,=1.2-1=0.2 and 
Ay = f(x, + Ax)  f(x,) = £(1.2) - £(1) 
= — 0.56 — (-2) = 1.44. 
Ay 1.44 _ 
Ax 02 — 


So 7.2 


The slope of the secant line joining the points (1, — 2) and 
(1.2, — 0.56) is 7.2. 

Essentially, the problem of finding the tangent line at a point P 
boils down to the problem of finding the slope of the tangent 
line at P. We can approximate this slope using a secant line 
through the point of tangency and a second point on the curve. 
This method of approximation leads to the following definition. 


Definition The tangent to the curve at the point Pis the limit 
of a secant line through P and another point Q on the curve as 
Q approaches P. 

Let P(a, f(a)) and Q (a + h, f(a + h)) be two points very 
close to each other on the curve y = f(a). Draw PM and QN 
perpendiculars from P and Q on x-axis, and draw PL as 
perpendicular from P on QN. Let the chord PQ produced meet 
the x-axis at R and ZQPL= ZQRN =. Now in right angled 
triangle QLP 


QL NQ-NL NQ-MP 
tan = ees ae 


PL MN  ON-OM 
_ flath)-f@) _ f(a+h)—-f(a) 1 
A) (ath)-a | h (1) 


OF TR MNX 
When h —> 0, the point Q moving along the curve tends to P, 


i.e., Q — P. The chord PQ approaches the tangent line PT at 
the point P and then a, + 9. Now applying 


lim tan = lim ps hy= ta) 
h>0 h>0 h 


f(at+h)-f(a) _ 
——_ 


tan 8 = lim m= f(a) 
h> 


If the limit exists, then the function f(x) is said to have a finite 
derivative at the point x = a and the line passing through 
(a, f(a)) with slope m is the tangent line to the graph of f at 
the point (a, f(a)). 

The slope of the tangent line to the graph of f at the point (a, f(a)) 
is also called the slope of the graph of f at x =a. 


If we use the point slope form of the equation of a line, we 
can write an equation of the tangent line to the curve y = f(x) 
at the point (a, f(a)) as : 

y — f(a) =f '(a) (xa) 
Further, if lim f'(x) does not exist in the ordinary sense, but 


lim | f’(x)| = 00 then the secant line gets steeper and steeper as 
xa 


X approaches a. In this case the line tangent to the graph of 

the function y = f(x) at the point (a, f(a)) is perpendicular to 

the x-axis and we call such a line as a vertical tangent. The 

equation of the vertical tangent is x = a. Here, the function f(x) 

is said to have an infinite derivative at the point x = a. 

Note that not every curve has a tangent at any of its points 

because the existence of tangent depends on the existence of 

the above limit. 

Definition The tangent line to the graph of f at the point 

P(a,f(a)) is 

(i) the line y — f(a) = f'(a)(x — a) through P with slope f'(a), 
if f'(a) exists; 

f(x) -f(a) 


X—a 


(ii) the line x =aif lim 
xa 


If neither (i) nor (ii) holds, then the graph of f does not have a 
tangent line at the point P(a, f(a)). 


©@ Example 6: Find the equation of the tangent line to the 
parabola y = x? — 8x + 9 at the point (3, — 6). 
f(at+h)—-f(a) 


©Y Solution: We have f’(a) = lim 
h>0 h 


[((a+h)? —8(a+h)+9]—[a? —8a +9] 


= lim 
h-0 h ; 
__a®+2ah+h?-8a—8h+9-a2+8a-9 
= lim 2 
h-0 h ‘gear 


_ 2ah+h?—8h 
lim ee 
h>0 h 


= lim (2a+h-8)=2a-8. 
h>0 


Since the derivative of f(x) = x? — 8x + 9 at the number a is 
f '(a) = 2a — 8, the slope of the tangent line at (3, — 6) is 
f'(3) = 2(3) -8 =-2. 
Thus, the equation of the tangent line is 

y—(—6) =(-2) (x-3) or y=—-2x. 


@ Example 7: Let f(x) = x2- 4x +7. 

(i) Find the average rate of change of f with respect to x 
between x = 3 and 5. 

(ii) Find the instantaneous rate of change of f at x =3. Interpret 
the result geometrically. 


© Solution: 

(i) The (average) rate of change from x = 3 to x = 5 is found 
by dividing the change in f by the change in x. The change 
in f from x =3 tox =S5 is 
f(5) — £(3) = [5? - 4(5) + 7] - [3?- 4(3) + 7] = 8. 

Thus, the average rate of change is 

f(5)-f(3) _8 _ 4. 
5-3 2 
The slope of the secant line is 4, as shown in the figure. 
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Secant line : 
Change of 8 


units from y = 4 
toy=12 

fi - fi 
a (x,)- f(x) 


X)- X 


a 
Change of 2 units 
(from x, = 3 to x, = 5) 


(i) £'3)= oe: 


[((3+h)* —4(3+h)+7]—[37 -8.3+7] 


= lim 
h>0 h 
2 
= tim At =2 
h>0 h 


The derivative of the function at x = 3 is 2. 
Thus, the instantaneous rate of change of f at x = 3 is f’(3) =2. 
The tangent line at x = 3 has slope 2, as shown in the figure. 


©@ Example 8: Find equation of the tangent line to the 
graph of the function f(x) = x at the origin. 


Y Solution: We have 


= 3 
red cas al Vx _ ii — ess 
x90 x-0O x90 X x90 x 2/3 


Therefore, the tangent is the vertical line x = 0. 


© Example 9: Show that the following functions do not 
have finite derivative at the indicated points : 


(a) y= x? atx=0 (b) y= V¥K-I atx=1 


9/(Ax)? 
Y Solution: (a) f'(0) = lim NAN)" _ im 
( ) ( ) Ax—>0 AX Ax>0 a{(Ax)> 


Now the left hand limit is -oo and right hand limit is 00. 
Hence, the limit does not exists and there is no derivative at 


x=0. 
5 
V1+ Ax-1 : 
() f()= tim SS = tim ——— = 
Ax>0 Ax Ax—>0 s/(Ax)* 
Essentially, both the functions donot have a finite derivative 
at the given points. 
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Meaning of Sign of Derivative 


Remember that a positive derivative signals an increasing 
quantity and that a negative derivative signals a decreasing 
quantity. 
nears ee dy 
This is obvious also from the geometrical interpretation of ae 
dy 
For, if x and y are increasing together dx is the tangent of an 


acute angle and therefore positive, while if, as x increases y 
dy 
dx 
is negative. 


decreases, represents the tangent of an obtuse angle and 


This aspect will be studied in detail in the chapter of 
monotonicity. 


3.2 Differentiability 


The derivative of the function f with respect to the variable x 
at X = ais given by 
. f(at+h)-f 
f'(a) = lim f(at+h)—-fla) 
h>0 h 


provided the limit exists. 


If the derivative of f(x) exists for x = a, we say that f(x) © 
is differentiable (derivable) for x = a, otherwise, it is non- 


differentiable. e aw 
If a function f(x) is differentiable at x =a, the graph of f(x) will 
be such that there is a tangent with finite slope to the graph at 
the corresponding point. But if f(x) is non-differentiable at 
x =a, there will be either vertical tangent or no tangent with 
finite slope at the corresponding point of the graph. 

If f(x) is differentiable for every value of x in an interval I, we 
say that f(x) is differentiable in the interval I. 

If f is differentiable at every point in its domain, it is simply 
called a differentiable function. 


If f is differentiable on (— ©, ©) we will say that f is 
differentiable everywhere. 


© Example 1: If g(x) = 1/x, find the derivative g'(x). Also 
find the domain of g'(x). 
1 1 


©Y Solution: g'(x) = lim +h * 
h->0 h 


x —(x +h) ine -1 
h>0 hx(x +h) ~ no0 x(x +h) 
SR 3 
Evidently, the domain of g ‘(x) is the set of all non-zero 
numbers, just as is the domain of g(x). That is, g is differentiable 
for all x except x = 0. 


One-Sided Derivatives 


For the derivative of f at a point x to exist, it is necessary 
that the function f be defined in a certain neighbourhood of 
the point x including the point x itself. Then the expression 
Ay _ f(x+Ax)—f(x) 
Ax Ax 

Ax different from zero. 


is defined for all sufficiently small 


— . £(%+Ax)-f(x) 
Now, the limit f(x) = lim —————— does not 


Ax>0 Ax 
always exist for any function f defined in a neighbourhood 
of the point x. 
The one-sided limit form of the derivative is useful in 
investigating the existence of derivative. 
If in the above limit it is assumed that Ax tends to zero attaining 
only positive values (Ax > 0), then the corresponding limit 
(wherever it exists) is called the right hand derivative of the 
function f at a point x. We shall denote it as f'(x*). 
Analogously, the limit, when Ax tends to zero running through 
negative values (Ax < 0), is termed as the left hand derivative 
of f at x (denoted as f'(x>). 


Of course, to compute f'(x*) (or f'(x-)) itis only necessary that 
_ the function f be defined at the point x and on the right of it in 
_ acertain neighbourhood (or at x and on the left of x). Consider 


the existence of derivative of y = f(x) at the point A(a, f(a)). 


y=f(x) 


A Right secant through A 


f 
Left secant through A (@, ey 


f(ath) — f(a) 
ante) if(a) —f(a-h) 


| 


T 
O ————— —J 
> a-hie 
<—_—_—_—————_- a> 
\« ath >| 


Let us choose a point B to the right of A. If the slope of tangent 
at Ais evaluated by allowing B to approach A along the curve, 
then we have 


. f(a+h)-f(a) 
m ————__ = 


Slope of right tangent = = 5 


which is called the Right Hand Derivative (R.H.D.) of f at 
X, provided the limit exists.. 


f'(a*) 


Let us choose a point C to the left of A. If the slope of tangent 
at A is evaluated by allowing C to approach P along the curve, 
then we have 


m 


li f(a)-f(a—h) =fite) 
h>0 h 


Slope of left tangent = 


which is called the Left Hand Derivative (L.H.D.) of f at x, 
provided the limit exists.. 
Sometimes, we prefer to write the left hand derivative as 
f (a) — lim f(a—h)-f (a) hs 

ho —h 
Differentiability at an Interior Point 


A function f(x) is said to be differentiable at some interior point 
x =a in its domain if both L.H.D. and R.H.D. exist at that point, 
and are equal, that is, if f’ (at) =f'(a-) =a finite quantity. 
This geometrically means that a unique tangent with finite slope 
can be drawn at x=a as shown in the figure. 

There are cases of failure of existence of f'(a) and even of 
f'(a_) and f '(a*) at the point x =a, i.e. when the graph of the 
function has neither a right, nor a left tangent at the given point. 
It may happen that f has at x = a, left and right derivatives 
different from each other : 1.e. f(a) 4 f'(a*). 


Be 


I 
I 
I 
I 
O a 
Then such a point is called a sharp corner. In this case the 


tangent line does not exist at the point, but we say that there 
exist right and left tangents with different slopes at that point. 


Differentiability at Endpoints 
At the left endpoint of domain, the existence of R.H.D. is a 
sufficient condition for differentiability and at the right endpoint 
of domain, the existence of L.H.D. is a sufficient condition for 
differentiability. 
If x =a is the left endpoint of the domain of the function f, then 
fis differentiable at x =a if the right hand derivative 
. f(a+h)-f(a) 
lim ————— 
h-0 h 


exists. 
If x = b is the right endpoint of the domain of the function f, 
then fis differentiable at x = b if the left hand derivative 


as f(b—h)-—f(b) 
h>0 —h 


exists. 


@ Example 2: Examine the differentiability of the function 
f(x) = In’x atx = 1. 
@ Solution: L.H.D.=f'(1 = lim £G-)-f@ 
h>0 —h 
2 _ nas 
oe In“d—h)-0 _ 


= li 
h>0 —h 


0. 


RHD.=f(1*) = fm 
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RH.D.=f(1*) = lim fG+h)-f@ 
h>0 h 
2 —, 
igi a0 
h>0 h 


Since L.H.D.= R.H.D. f(x) is differentiable at x = 1 and 
f'(1) =0. 

©@ Example 3: Examine the differentiability of the function 
f(x) =|/nx|atx=1. 


© Solution: f (x) = Jnxl=| 


Inx if Inx20 


—Inx if Inx <0 


Inx if x21 
~ )-Inx if O<x<1 
LHD.=f'(1) = lim f4-h)-fQ@ 
h>0 —h 
= tim wind =h)-0 
P20 —h 


f(l+h)-f() 
= h>0 h 


. Ind+h)-0 
= lim —————_ = 1 
h>0 h 

Since L.H.D. 4 R.H.D., f(x) is not differentiable at x = 1. 
sin x” 

© Example 4: Let f (x) = xX 
0 if x=0 

Find the slope of tangent at x = 0, if it exists. 

f(O—h)-f(0) 

—h 


if xz0 


&Y Solution: L.H.D. = f'(0>) = lim 
h>0 


R.H.D. = f'(0*) = lim £O+h)-f0) 
h->0 h 


Since L.H.D.= R.H.D., f(x) is differentiable at x = 0 and the 
slope of tangent at x = Ois 1. 


©@ Example 5: Comment on the differentiability of 


x , x<l 
roo= ; x>1 atx =1. 
@ Solution: LHD. =f'(1) = lim [2=b)-fO 
h->0 —-h 
— lim 1-h-1 =| 
h>0 -h 7 
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RHD.=f'() = jim FE+h)- fh 


~ hoo h 
. tae CRY ag LE eh 
~ ho>0 a a ~ hoo h 
aia, Cae) 25. 
h>0 


Since L.H.D. # R.H.D., f(x) is not differentiable at x = 1. 


© Example 6: If f(x) =A+Bx?, x<1 
=3Ax-B+2,x>1 


then find A and B so that f(x) becomes differentiable at x = 1. 


&Y Solution: L.H.D.=f"(1 = lim f(l—h)-fd) 
* —h 


lim A+B(U-h)? -3A+B-2 
b> het” 


Tim (-2A42B—2)+ Bh? —2Bh 
~ hoo 
—h 
Hence, for this limit to exist -2A + 2B—-2=0 
Le., B=A+t 1. Then, 
f'(1-) = lim (Bh- 2B) =2B 
h>0 


R.HLD. = f'(1*) = lim fd+h)-f() 
> 


h 
lim 3A (+h)-B+2-3A+B-2 
=ho>0 
h 
lim 3Ah 
= 490 h = 3A. 


Since f is differentiable at x = 1, we have f’(1-) = f(1) 
=> 3A=2B > 3A=2(A+1) 

=> A=2,B=3. 

x <l 


x>l 


[cos 1x] 


2{x}-1 . Comment on the 


@ Example7: Letf(x)= 
derivability at x = 1. 


&Y Solution: f(1> = lim f(l-h)-f() 


—h 
lim cos(t—Th)+1 — jim 1-costh 
= noo — “hoo op 
i 2sin® > 
im 
= noo = =0 
f(1) = lim fd+h)-f() 
bS07 2 
h 
— lim 2+h}+I-1_ jim oy = 
= sg ‘ =p 0 2h =2. 


Since L.H.D. # R.H.D., f(x) is not derivable at x = 1. 


©@ Example 8: A function f(x) is such that 


f[/x+= |=" — |x| V x. Find f’ = |. if its exists. 
2 2 2 


©Y Solution: Given that it +2) = 5 — |x| 


=> ff! (=) does not exist. 


©@ Example 9: Show that the function f(x) = |cos x| does not 


+1 
have derivative at x = Tk EI. 
al cos AF nea 
/ <4 2k+1 _ 
©& Solution: r( an = lim 
To 2 Ax 0" Ax 
: |sin Ax | 
= lim ——= 
Ax>0 =AXx 
(te) = ff jsin Ax | _ 
2 Ax>0° Ax 


Since L.H.D. # R.H.D., f(x) is not derivable at 
2k +1 


X= Tk el. 

©@ Example 10: Examine the differentiability of the function 
™ 

f(x) = cosx + | cos x | at x = a 

© Solution: 


2cosx if O<x<7 


f (x) =cos x +| cos x|= 


Since the left and right derivatives are different from each other, 
T 
the graph of the function has a comer point at x = 5 and f(x) is 


not differentiable here. 
@ Example 11: Given f (x) = [x] tan (1 x) where [.] denotes 
greatest integer function, find the LHD and RHD at x =k, 
where k € I. 
© Solution: f (x) = [x] tan (1x) 

fica f(k +h) —f(k) 
>0 h 


{k + h]-tan(kz + th) -—-0 


= lim 
h>0 h 
. 7k tan(zth) 
= lim ——— = 
h>0 th 
. f(k-h)-f(k 
(cine 
h->0 —h 
2 [k —h]-tan(kx— ah) —-0 
h>0 —h 
ee —(k —1) tan(zh) 
h>0 —h 
= (k—1). v) 
Hence R.H.D. =f (k*) = kz and L.H.D. = f' (k) = k— PRE 
© Example 12: NY? 
x? +x tanx —x tan2x 
x #0 
ax + tan x — tan 3x 
Let g(x)= 
0, x=0 


If g’ (0) exists and is equal to a non-zero value b, then find the 


value of DB . 
a 


2 
@ Solution: g'(0)=b= lim X +x tan x — x tan 2x 
x90 x(ax + tan x — tan 3x) 


lim X+tanx-—tan2x 
x0 


ax + tan x — tan 3x 


x? 2 5 
DG oe OP Ge ira ieee, Olean are ee oe 
3. 15 
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— lim 
~ x30 


1 3 2 5 
at+1—3)xt 9 | x°+ 242)x" +... 
( ) E TA ) 


limit b can be non - zero ifa+ 1—3=0 


7 
“3. (-7) (3 
*. a=2 andhence b= = 
1g \3/\-26 
3 
7 Jbl? 
~ 26 qe” 
ax?—bx+2 if x<3 
@ Example 13: Let f(x) = ne ea 


Find the values of a and b so that f(x) is differentiable 
everywhere. 
Yw Solution: f'(3-) and f '(3*) exist finitely. 
m=S= h)-f(3) 
—h 
; or —b(3—h)+2-—(9b—3) 
= lim 
h>0 —h 
2 
a ah“ + h(b—6a)+9a —12b+5 A) 
h>0 (—h) 
f'(3-) exists, the numerator must tend to zero as h > 0 
9a-12b4+5=0 (2) 
Naw from (1) and (2) 
£39) = lim ah? +h(b—6a) 
h>0 —h 
f(3—h) -f (3) 
h 


= f G- )= 


= 6a —b, 


and f'(3*)= lim 
are 


2 
_ lim 203+ —3-(9b—3) 
h>0 h 


(3+h)* -9 
h 


=b lim = 6b. 3) 


x0 
Given f'(3-) = f'(3*) 
=> 6a—b=6b=> b= —. (4) 
From (2) and (4), 


Hao “9550 Se 28450 
7 7 


a=—,b=—. 
9 3 


@ Example 14: A function fis defined by f(x?) = x? for all 
x > 0. Show that fis differentiable at 4. 
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© Solution: 
f ((V4+h)*)—F (27) 
h>0 h 


3/2 
a 8[d+h/4)"* -]] 


£6) =tim SAH WFO) _ 


3/2 
Gn (4+h) 8 


h>0 h h>0 h 
3, 3(h? 
24 
=i = lim 
h>0 h h>0 h 
= 3; 


Hence f is differentiable at 4. 
@ Example 15: Let f be differentiable at x = a and let 


f(a) #0. Evaluate lim eeu ; 
no f(a) 


@ Solution: /= lim ee 


= f(a) (1° form) 


festni—re}) 


b= (exn) [a " { f(a) 


put n= 


es 


= _ f(ath)-f(a) 1 
= (exp.) im i: f@) 
= fla))_ f@ 
PF) J ef” 


© Example 16: Let f: R > R satisfying |f(x)|<x?, Vx ER 
then show f(x) is differentiable at x = 0. 


©Y Solution: Since, |f(x)|<x?, Vx ER 
at x = 0, |f()| <0 => f(0) =0 .(1) 
£0) = im {VFO = iy FO sal?) 
>0 h hoo hh 
{f(0) = 0 from (1)} 
Now, £) <jn] => —|n|[< £@ <]n| 
h h 
> ii #0 =0 .(3) 
ie Sandwitch theorem} 


from (2) and (3) , we get 
f(x) is differentiable at x = 0. 


f'(0) =0. 


Concept; Problems A 


i 


Examine the differentiability of the functio 
atx =0. 


yee! 


sin X if x<m7 


td 


where m and n are 


Let f (x) = 


constants. Determine m and n such that f is derivable 


mx+n ifx2n7 


atx = Tl. 


- 


Discuss the differentiability of f at x = 1 
f(x)= 3, -1<x<l 
= 4-x,1<x<4 
(a) If g(x) = x”*, show that g '(0) does not exist. 
(b) Ifa+0, find g (a). 


> 


(c) Show that y=x?* has a vertical tangent line at(0, 0). 
(d) Illustrate part (c) by graphing y = x”. 
5. Compute the difference quotient for the function 


sinx 
if xz#0 
defined by f(x) =} * 
1 if x=0 


Do you think f(x) is differentiable at x = 0? If so, what is 
the equation of the tangent line at x =0? 


xtan/1/x, x #0 
6. Let f(x) = 0 a 


Comment on the derivative of f(x) at x = 0. 


Practice Problems A 


= 


Find the slope of the secant to the parabola y = 2x — x’, 
if the abscissas of the points of intersection are equal to: 
x, =1,x,=1+h. To what limit does the slope of the secant 
tend ifh—>0? 


Find f'(0*) and f '(0-) if 


(a) f(x) = ./sin(x?) 


% 


2.2 

ax 

(b) f(x) = sin! =—, 
a +X 


x 


(c) f(x) = 1” x #0: (0) =0 
l+e* 


1 
(d) f(x) =x? sin me x #0; f(0) = 0. 


9. Discuss the differentiability of the function 
x(e* +4) 


f(x) a 2 el/x : x #0 
=0, x=0 
atx =0 
10. Prove that the function 
1 
[xf sin— if x#0,xeR, 
f(x) = x 
0 if x=0, 


is differentiable at the point x = 0, and f’(0) = 0. 


11. It is known that f(0) = 0 and there exists a limit of 
f(x) 
the expression “x asx — 0. Prove that the limit 


is equal to f'(0). 


3.3 Reasons of Non-Differentiability 


We now find the reasons because of which a function does not 
have a derivative at a point. 


A function has a derivative at a point x = aif the slopes of the | \“ )” 
secant lines through P(a, f(a)) anda nearby pointQonthe graph 
approach a limit, as Q approaches P. However, a function will 


fail to have a derivative at a point where the graphhas 

(i) acorner, where the one-sided derivatives differ. 

(ii) an oscillation point, where the one-sided derivative(s) does 
(do) not exist. — 

(iii) a vertical tangent, where the absolute value of slope of PQ 
approaches 00, 

(iv) a discontinuity. 

Such slopeless points may be roughly classified as "sharp 

points", "oscillation points", "steep points", and "points of 

discontinuity". 


Case I: Sharp Corner or Kink 
If it happens that in a continuous function f at x = a, the left 
hand and right hand derivatives are different from each other 


i.e. f(a) # f'(a*), then such a point is called a sharp corner 
or kink. 


For example, we see that the function y = |x| as shown in the 
figure has a graph which changes its direction abruptly at x = 0. 
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12. Prove that if f(x) and @(x) are equal to zero for x = 0 and 
have derivatives at x = 0, @ '(0) being not 


equal to zero, then lim ies ae 
x0 Q(x) (0) 


13. Prove that if f(x) has a derivative at x = a, then 


lim Xf (a)—af(x) 


x7a 


=f(a)—af'(a). 


x-a 
14. Let f(x) be an even function defined for x € R. If f'(0) 
exists, find its value. 
x g(x) 
|x| 


at x = 0. Find f’(0), if it exists. 


15. Letf(x)= 


, (0) =g’ (0) =O and f(x) be continuous 


The point x = 0 is called a corner and the function y = |x| is 
not differentiable at 0. 


In general, if the graph of a function f has a “corner” or “kink” 
in it, then the graph of f has no tangent at this point and f is not 
differentiable there. This can be verified by computing the left 
and right hand derivatives at the point. 


/\\| Caution 


But one should be careful about predicting a corner at a point. 
For instance, one may feel that the function f(x) = |x| has a 
corner at x = 0 and hence non-differentiable there. This is 
found to be wrong. 


f(x)=|x| se 


On computing, we find that f(a) = 0 =f'(a’). 
So, fis differentiable at x = 0. 


CAsE II: Oscillation Point 


If in a continuous function f, either the left hand derivative or 
right hand derivative does not exist at x =a, because of too much 
oscillation of the graph in the neighbourhood of the point, then 
such a point is called an oscillation point. 
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xsin é , x#0 
For example, the function f(x) = x 
0, x =0 
has an oscillation point at x = 0. 


This is illustrated in the following figure. 


Case III : Vertical Tangent 


A continuous function may also fail to be differentiable at 
x =X, if the absolute value of its difference quotient approaches 
infinity. In this case, the function is said to have a vertical 
tangent at x = x,. 


0 Xo X 


Vertical Tangent 


Definition The curve y = f(x) has a vertical tangent line 
at the point (x,, f(x,)) provided that f is continuous at a and 

lf (x)| 00 as xx, (1) 
Note that the requirement that f be continuous at x = x, implies 
that f(x,) must be defined. Thus, it would be pointless to ask 
about a line (vertical or not) tangent to the curve y = 1/x where 
x=0. 
If f is defined on only one side of x = x,, we mean by (1) that 
|f '(x)| > 00 as x approaches x, from that side. 
For example, the function f(x) = x'% is continuous at 
x = 0, and 


LHD. = lim @-h)'?-0 _, 
h>0 a 


RH.D= jim (0+b)'?-0 20 
h->0 h 


Since both L.H.D. and R.H.D are infinite, the function has a 
vertical tangent at x = 0. 


1/3 


The y-axis i.e. x = 0 is the vertical tangent to f(x) =x'” at 


origin. Note that f is not differentiable at x = 0. 


The graph of a continuous function f having a vertical tangent 

at (x,, f(x,)) can have 

(a) f'(x) approaching either 00 or—co as x > x, and as k > x,", 
i.e. where the slope of the secant line approaches 00 from 
both sides or approaches — 0 from both sides, or, 

(b) f'(x) approaching oo from one side and —©0 from the other 
side. In such a case, the function f is said to have a cusp 
at X,. 


4 


Figure (b) 


Figure (a) 


In figure (a), the slope of PQ approaches —co from both sides. 
In figure (b), the slope of PQ approaches 0 from left side and 
—o from right side. 


= Thus, the graph of the continuous function f(x) = x*° has 
a vertical tangent line at the origin, even though f is not 


differentiable at x = 0, since, the function f(x) = x7" is continuous 
at x = 0, and has infinite derivative at x = 0: 


LHD. = im @-hy"=0 — 
h>0 —-h 


— co 


2/3 
RH.D= lim +h)" —-0 = o, 
h>0 h 
Further, since the one-sided derivatives are infinity opposite 
signs, we say that its graph has a cusp at x = 0. 


The graph of the function f(x) = 1—¥x?, has a 
cusp"(rather than a corner) at the point (0,1) because 
2-3/5 


the derivative f'(x) = es approaches 00 as x + 0- 


and approaches —oo as x —> 0*. The curve also has a vertical 
tangent at the point. 


Note: A function cannot have a vertical tangent at a 
point of discontinuity. For example, y = sgn (x) does not 
have a vertical tangent at x = 0 even if both the one- sided 
derivatives at x = 0 are infinite. 

The figures give below show four curve elements that are 
commonly found in graphs of functions that involve radicals 
or fractional exponents. In all four cases, the function is not 
differentiable at x, because the secant line through (x,, f(x,)) 
and (x, f(x)) approaches a vertical position as x approaches 
X, from either side. Thus, in each case, the curve has vertical 
tangent line at (x,, f(x,)). 


lim f'(x)=0, lim f'(x)=0 
XX, XX; 


Xo 
lim f'(x)=- ©, lim f'(x)=—©o 
XX, Xx; 

X 
lim f'(x) = ©, lim f'(x) =—00 
XX, XX; 

Xo 


lim f'(x) = 0 


jim PGi x0y; 
XX, Xx; 


Note that the third and fourth figures represent a cusp. 
Consider f(x) = (x — 4)*. 


2 


2 
(x)= 3 (x —4)!8 = 3x 4) 


There is a vertical tangent and cusp at x = 4 


since f(x) = (x — 4)* is continuous at x = 4 and 


lim f'(x)= lim 


ee x94 3(x 43 
lim f'(x)= lim — = —00 
x94 x4 3(x —4) 
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Now consider f(x) = 6x!" + 3x*”, 


2(2x+1 
f'(x) = 2x77 + 4x!8 = 2x°9(1 + 2x) = a : 
x 

There is point of vertical tangency at x = 0, since 

lim f'(x)= lim 22xt+) _ 

x0" x>0° x 2/3 

: _ 2(2x4+1 
Mcp imo ad 
x90" x>0 x 2/3 


It does not have a cusp at x = 0. 


Case IV: Discontinuity 


There is another way for a function not to have a 
derivative. We shall prove in the next section that if f 
is discontinuous at x = a, then f is not differentiable at 
x =a. So, at any discontinuity, f fails to be differentiable. 


Y 
4 yy” a xX 


Discontinuity 


The following figures of discontinuous functions suggest that 


the secant lines donot approach a finite slope from atleast one 
side. 


3.4 Relation between Continuity and 
Differentiability 


Theorem [If a function f is differentiable at x = a then it 
must be continuous at x = a. 
Proof Since f is differentiable at x =a, 


f(a) = lim eon exists. catty 
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To prove that f is continuous at x = a, we must prove that 
lim (f(a+h)—f(a))=0. 
h>0 


wh 


Now lim(f(a+h)—f(a)) =lim (f(a+h)-f(a)) 
h—0 h>0 h 


f(a+h)-f(a 
a re ac) ee = f'a).0 = 0 
h>0 h h->0 


{using (1)} 
=> cee +h) = f(a) >f is continuous at x =a. 
a 


Further, if fis differentiable at every point of its domain, then 
it is continuous in that domain. 


©@ Example 1: Examine the differentiability of the 


cosx—l 


? 


function f(x) = at x =0 and comment 


0, x=0 
on continuity at that point. 


Y Solution: We have 


cosx —l 
£'(0) = km LF O ek —0 
a x—0 x0 x -—O 
. cosx-l . —sin? x 
= lim = lim 5 
x0 Xx x0 x“(cos x +1) 


. sin X 
=—/ lim 
x70 x 


Since, f is differentiable at x = 0, and using the above theorem, 
it is also continuous at x = 0. 


@ Example 2: Given f(x) = x’. 
continuity and derivability atx =0. 


sgn(x), examine the 


x* if x>0 
© Solution: f(x) = |0 if x=0 


ax? if x<0 


2 = 
f'(0*) = lim 2 = 0 
h>0 
2 —— 
f'(0-)= lim — =0 
h>0 h 


=> f isderivable at x=0. 
= f iscontinuous at x=0. 


The Converse of the Above Theorem Is Not 
Necessarily True 


If fis continuous at x = a, then f may or may not be differentiable 
at x =a. 


Ny, continuity alone. 


e Example 3: Let f(x) = x 


Wine 1 cA) >’ 
lim ———— | =- —. 
x>0 cosx+l _— 


For example, the functions f(x) = | x | and 

g(x) =x sin <it x #0; g(0) =0 are 
continuous at x = 0 but not differentiable at x = 0. 
Since f is continuous at x = a, we have 

lim (f(a+h)—f(a))=0. .(L) 
We need to check whether 
f(a+h) —-f(a) 

h 


f'(a) = lim 
ho0 


exists. (2) 


0 
Now (1) suggests that the limit (2) is in (5 form, but 


we know that only some of these limits exist and hence we are 
not certain about the existence of the derivative. 

In fact, continuity of a function at a point is a necessary 
condition for its differentiability at this point. However, it 
should be noted that the continuity of a function at a point is 
not a sufficient condition for the derivative of this function to 
exist at that point, i.e. the continuity of a function at a point 
does not necessarily mean its differentiability at that point. 
Thus, differentiability ofa function is a stronger condition than 


. 1 
xPsin— , x#0 


0 , x=0 


Find the values of p for which (i) f is continuous but not differ- 
entiable at x = 0 (ii) f is continuous and differentiable at x = 0. 


Y Solution: f(0) =0 
For continuity, lim f(x) =0 
x0 


1 
lim x’ sin —=0O. 


x0 x 
This is possible only when p > 0. (1) 
For differentiability, 
1 
h? sin—-O 
£'(0) = lim f(0+h)-f (0) jaw h should 
h>0 h h—0 h 


bales . ee | F 
exist i.e. lim h?! sin— should exist. 
h>0 h 


Thus, f’(0) will exist only when p > 1 
f(x) will not be differentiable if p < 1 .(2) 
From (1) and (2), 
(i) f is continuous but not differentiable at x = 0 if 
O0<pSil. 
(ii) f is continuous and differentiable at x = 0 if p > 1. 


e ax+b for forx<-l 
Example 4: If f(x) = 
P (x) ax? +x+2b x>-l 


is differentiable for at x =— 1, find a and b. 


&Y Solution: For differentiability, continuity is a necessary 
condition. Hence L.H.L. = R.H.L. at x =— 1. 
=>-at+l=-a-1+2b 


=>-a-l+b+a=0 >be=1. 
. f(-l-h)-f(-l 
Now, f'(-1-) = lim f(-1-h)-fCb 
h>0 —h 
. a(+l+h)—b+(b—a) 
= lim 
h>0 +h 
. atah-—-a 
= lim ———— =a 
h>0 h 


[a(-1+h)? + (-1+h) + 2b]-[b—a] 
h 


and, f'(-1*) = He 


ah(h? —3h+3)+h+b-—1 
m 


= 4 { using b = 1} 
=3a+t+ 1. 
Hence f' (-I*)=f 'Cl) > 3a+1l=a > a=- 7 
Thus, a= — —,b=1. 
2 


©@ Example 5: A function f is defined as, 


1 5 1 

Ix] if |x| 25 

f(x) = : 

a+bx? if Ix|<4 oN 

If f (x) is derivable at x= 1/2 find the values of a and b. 
1 1 1 


, xs , x2 
x 2 2 
|x| 


© Solution: f (x) = 


a+ bx’, eee 
2, 2 
a. fe" 
—x 2 
1 
= ? x2 
x 2 
a+ bx’, -—<x<— 
1 
2; 
{1 (3+n)-*(5) [ 
f'}— |= 2 2)= —th 
2 lim. ———*—"** lim 2 
le 1 h h>0 h 
1-2 +h) — 2h 
2 lim 


| f(a) = li 
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1 b 2 
a+o(3-n| a9 a+——2]/—bh+h 
2 : 4 
= lim 


h>0 —h h>0 —h 


For existence of this limit a +2 =2 eee Il) 


=> f must be continuous at x = + 1/2. 


i" 
Then, {i = b. 
2 


Using (1), a~-1=2 > a=3. 

Hence, a= 3 andb =—4. 

Theorem If a function f is discontinuous at x = a then it 
is non-differentiable at x = a. 

Proof If afunction f is discontinuous at x = a then the 


equation lim (f(a +h)—f(a)) = 0 does not hold true. 


N For f to differentiable at x =a, 


f(a+h)-—f(a) : 

m ——————— must exist. 
° 0 
We know that this limit can only exist in (2) form, 
which is not possible because the numerator does not approach 
to 0 because the condition 
lim (f(a+h)—f(a)) = 0 does not hold true. 
> 

Hence, f is not differentiable at x =a. 


© Example 6: Comment on the differentiability of 


f x , x<l i 
GIS x42, Oe eae 
© Solution: LHD. =f'(1) = lim f@=h)-f@ 
h>0 —h 
, 1-h-3 
li 
a 6 m4 =O, 


RHD.=f'(1*) = lim f£U+h)-f@ 
h>0 


h 
— lim G+h+2)-3 _ jim b _, 
~ ho>0 h ~ hod po” 


Since L.H.D. # R.H.D. f(x) is not differentiable at x = 1. 

If we use the previous theorem, we see that 

L.H.L. = f(1-) = 1 and R.H.L. = f(1*) =3 

f(1) = 3. Thus, the function is discontinuous and hence non- 
differentiable. We need not find L.H.D. and R.H.D. here to 
find differentiability. 
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Theorem If a function f is non-differentiable at x =a but 
both the one-sided derivatives exist (though being unequal), 
then f is continuous at x = a. 

Proof To prove that f is continuous at x = a, we must prove 


that lim(f(a—h)-f(a)) =0 sse(1) 
h>0 


wad lim (F(a +h)-f(a))=0 ao) 


Since L.H.D. exists at x =a, 


(a) = lim ee exists. G3) 


fey) 


Now lim(f(a—h)-f(a))=lim (f(a—h)-f(a)) 
h>0 h>0 =h 


f(a—h)-f 
Sea os ©) sim h) = fa ).0 = 0. 
h>0 —h h>0 
{using (3)} 
Since R.H.D. exists at x =a, 
f'(a*) = ia exists. 
= h (A) 
f(at+h)-f 
How lim (F(a-+h) —f(a)) = lim $ erny=t) 5, 
h>0 h>0 h 


fath)-f@)) |. fio =bs XS 


h>0 h h>0 at te, 
~ {using (4)} 
Thus, both the conditions (1) and (2) are established. Hence, 
the function is continuous at x = a. 


ie, | 


Note that if any of the one-sided derivatives at x = a does not 
exist then, f may or maynot be continuous at x =a. 


| Study Tip 


Differentiable | — Continuous 
Continuous => Differentiable 
Discontinuous => Non-differentiable 


Both one-sided derivatives exist => Continuous Non- 
differentiable = Discontinuous 
1/x 


xe 
@ Example 7: If f(x) = , x £0, f(0) = 0, examine 


I/x ? 
+e 
the continuity and differentiability at x = 0. 
Y Solution: We check the differentiability first. 


xe 
= 1/ 
£0) = tim LO-FO) _ jig Ite 
x90" x-0 x>0-0 xX 
I/x 
= lim 7 =0. 
x>0-0]+e%* 


xel/* 


= Vx 
f'(0*) = lim £)-f0) _j, lre™ 
xX 


x>0" 0) x>0° xX 


I/x 
= li = lim ——— =]. 
x30" 1+el* x30" e* 4] 
Since f’(0-) #f'(0*), f(x) is non-differentiable at x = 0. 


To check continuity, we use the previous theorem. 


Since both the one-sided derivatives exist (though they are 
unequal), f is continuous at x = 0. 
We verify this result below : 

I/x 


We have f(0-) = lim =0 
x0 ]+el/* 
1/x 
£0") = lim “<= lim ——, 
x00 J+e’* x>0' l+e 
Also f(0) = 0 


f(0-) = f(0*) = f{(0) = f is continuous at x = 0. 
eS Example 8: Show that the function f: R > R defined by 


~e 1. 2 
f(x) =x { + om = y , x #0 and f(0) = 0 is everywhere 


7 ) continuous, but has no differential coefficient at the origin. 


&Y Solution: Let us first check the differentiability 
. £(0—h)-f(0) 
’ = ] Se 2 ee Se 
a ae 
o-mfir4 sin inn?)} 0 
lim 


h30 (—h) 


— lim Ls 2 
ee {+ Ssind | 


= does not exist. 
Hence f(x) is not differentiable at x = 0. We cannot say anything 
about continuity immediately. 
Now we check the continuity at x =0: 

lim f(x) = lim f(0+h) 

x0 h>0 


1 
- | at Zyl _ 
= nee {1+ guetnh of =0 
Finally f(x) is continuous at x = 0 but not differentiable at x = 0. 


x? sgn[x]+{x}, O<x<2 
2<x<4’ 


@ Example 9: If f(x) = 


sinx+|x-3| , 
comment on the continuity and differentiability of f(x) at 
x=1,2. 


@Y Solution: Looking at the kind of functions involved we 
check the continuity first. 


Continuity at x = 1 
lim f(x) = lim (x’ sgn [x] + {x}) 
xl xr 


=1 sgn (0) + 1 =1 
lim, f(x) = Jim. (x? sgn[x] + {x}) 
=1+0=1 
f(1) = 1. 


Since, L.H.L = R.H.L = f(1), f(x) is continuous at x = 1. 
Now, differentiability at x = 1, 
f= lim fd—-h)-f@ 
hoo —-h 
— jim Gh)’ sgnfl-h]+1-h-1 _ 


h>0* —h 
dys tim +h) =t) 
h>0° h 


lim (+h) sgn[{l+h]+{1+h}-1 
h>0* h 


tim Geb +h=1 jig bP +3h 

~ hoo h ~ hoo h a 
f'(1*) #f'(1). 

Hence f(x) is non-differentiable at x = 1. 

Now at x = 2, 


jim f(x) = iim x? sgn [x] + {x} 


Here, 


ee: 
iim f(x) = im, (sinx + |x — 3]) =1 +sin2 _ 


Since, ry i L#R.HLL, f(x) is discontinuous at x = -9 Mad hence 
it is non-differentiable at x = 2. 


G& Note: It canbe proved that a function fis continuous from 
the left at those points where it is differentiable from the left, 
and f is continuous from the right at those points where it is 
differentiable from the right. 


Now, consider the function, 


f(xj=2x./x?-1 +54x sf= 2? 47x —1 +3x 


Here the domain of the function is x € {1} 


Since, it is a point function, there is no question of continuity 
and hence differentiability at x = 1. 

*. {(x) is neither continuous nor differentiable at x = 1. 
Suppose that the function f is continuous everywhere. At how 
many points do you suspect that f can fail to be differentiable ? 
One might think that ifa function is continuous on an interval, 
then it might fail to be derivable at finitely many points at the 
most. This, however, is far from the truth. 

What 's the worst such function you can think of ? Can a 
continuous function fail to have a derivative at every point? 
The answer, surprisingly enough, is yes. 

There exist functions which are continuous on R but which 
are not derivable at any point whatsoever. It did give a jolt to 
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mathematicians when, Weierstrass gave an example of such 
a function. 
Consider one of his functions 


f(x) = > (2) cos (9" nx), 


n=0 
a formula that expresses f as an infinite sum of cosines with 
increasingly higher frequencies. By adding wiggles to wiggles 
infinitely many times, the formula produces a graph that is too 
bumpy in the limit to have a tangent anywhere. 


Another example of such a function defined on R is 


fo) 


1 
f(x) = 2. a cos(3" x), for all x € R, 


n 
n=l 


It can be shown that f is continuous everywhere but is not 
derivable anywhere. The proof of these assertions is, however, 
beyond the scope of the present book. 

Remark In the definition of derivative we are regarding the 
derivative f’(x,) as a real number associated with the difference 
quotient (f(x) — f(x,))/(k — x,) considered as a function which 
has values for each x in the domain of f with the exception of X): 
In fact, the definition merely equates the ideas of derivability of 


_ fatx, with the notion of continuous extension of the difference 
@) quotient to x,. 
For if we write Q(x) = (f(x) — f(x,))/(x — x,), the domain of Q(x) 


is D,— {x,} so that x, is a removable discontinuity for Q(x), and 
we have the continuous extension Q*(x) defined to be Q(x) 
for x # x, with Q*(x,) = f'(x,). In symbols, 


OS). gab. 
QHR)=4 FX 
f (Xo) ; X=Xq 


Thus, for instance, if f is continuous on its domain, then Q(x) 
is continuous on the same domain minus x,, but the continuous 
extension Q*(x) would be continuous on the whole domain of 
f. The latter idea is expressed geometrically by rotating secant 
line through a given point on a curve continuously to a tangent 
line as a limiting line. 

Theorem Suppose f is differentiable at x = c. Then 
f(x) = f(c) + f'(c) (k-c) + e(x)(K- Cc), 

where e(x) > 0 as x > c and e(c) =0 

Conversely, let f be defined on an interval D and let 
c € D. Suppose there is a constant K such that 
f(x) = f(c) + K(k — c) + e(x)(k — c), where e(x) > 0 as x 4c. 
Then f is differentiable at c and f'(c) = 


=f (c) exists, then 


Proof If feos ancl 8.9) 
xc x-C 


ex) = MFO Fe) 50 


asx >Cc 
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Conversely, given f(x) = f(c) + K(x — c) + e(x)(x — c), where 


e(x) > 0, then @ Example 11: Let f (x) = x x <0 
= 0 x=0 

f(x)-f(c 2 
OO _K 4 e(x) 9K =X-4 x>0 


Discuss continuity and differentiability of f (x) atx =0. 


Hence the derivative exists and equals K. @ Solution: At x -0 


©@ Example 10: Check the continuity and differentiability £(0>) = lim f(0—h) -f(0) 
of f(x) atx = 1, where f(x) =|x — 1] ([x] — {x}). — — 


—h 
‘ . fd+h)-fdl 1 
© Solution: f’(1*) = ig -(n+2) wi 
aa h _lim &-_“-° _ tim eh 
= h30 = hoo ee 

rn = fig 8O= oy m 

h>0 > 

i“ =n a = pit = meet 

>0 “ae. h 
mi AO f(d—h) 
£1) = lim see A 
h = Im f= In = Im 
t——0o —00 et t—-—00 -et 
= lim a 2) lying L’ Hospital rul 
ae i : (applying ospital rule) 
= lim— Ai ee) =-] £"(0") = lim £4)-f0) ~ jim h?-0 

h0 h WN vr boo h h70 
Since f'(1*) and f'(1-) are not equal, hence fis not differentiable Ky = lim h =0. 
at x = 1. Since, the one-sided derivatives exist, fis coauatous, “XN ba nea 
atx=1. Hence, function is continuous and differentiable at x = 0. 

. (/ bd 
| Le ~~ S 
_ Concept Problems B 
YL 

1. Consider the graph of a function f. 3. Consider the graph of a function f. 


(a) For which numbers a does _ f(x) exist, but f is not 
continuous at a ? 
(b) For which numbers a is f continuous at a, but not 
differentiable at a ? 
2. Consider the graph of a function f. 


(a) For which numbers a does lim f(x) exist, but f is not 
continuous at a ? oe 
(b) For which numbers a is f continuous at a, but not 
differentiable at a ? 
4. The graph of fis shown. State, with reasons, the number 
at which f is not differentiable. 


(a) For which numbers a does lim f(x) exist, but f is not 
continuous at a? ae 

(b) For which numbers a is f continuous at a, but not 
differentiable at a ? 


2-x if x <1 
5. Let f(x) = 2 ay ap a Is f differentiable at 1? 


Sketch the graphs of f and f’. 


—2x if x<l 
6. Let f(x) = & Sie: ost Show that f is continuous 


but not differentiable at x = 1. 


ax? + ,x<l |. . 
7. If f(x)= . is differentiable at x = 1, 
X° +ax+b,x>1 
then find a and b. 
ee x’, x #0 
8. If f(x) = )x , discuss the continuity and 
0, x=0 


differentiability of f(x) at x = 0. 
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9. A function f is defined as follows : 


1 for —«0<x<0 
f(x) = 1+sin x for ike Ca 
2 
2+(x-4) for FEK<+0 


Discuss the continuity and differentiability at x = 0 and 
x=7/2. 


e250... 
is differentiable at x = 0, then 
ax +b, x <0 


10. If f(x) -| 


find a and b. 
[2x] +x, x<l Ts 
11. Iff(x)= Gad. «se 1 Comment on the continuity 


and differentiable at x = 1. 


Practice Problems | B 


12. Check the continuity and differentiability of 
—-x,x <0 


f(x) = x’, O<sx<l atx =Oandx=1. 


KP oy +1x>l 
13. Test the aaa differentiability of the Aceon 


f(x) = (2 #2.) 
0 ,x=0 
atx =0. 


14. Find the value of ‘a’ for which 
sgn(cosx) , 
f(x) = { 


a—sinx 


x<71/2 


congo differentiable at 


x= 7/2. 
15. Check the differentiability of the function 


2cosx 


f(x) = sin! ( Pes 


at x =0, 7. 
1+cos* x 


3.5 Derivability at End Points 


. — _ £(x+Ax)—-f(x) 
Till now, the derivative f '(x) = (oo) a Ca 
+ fe 4 


calculated when the function f was defined in a neighbourhood 
of the point x, where Ax tends to zero attaining both positive 
and negative values. 


Suppose that a function is defined only in the left neighbourhood 
of x, then the above limit can be calculated when Ax tends to 


Examine for continuity and differentiability at the 
points x = 1 and x = 2, the function f defined by 


, x[x] , OSx<2 
= V(x) [x], 2<x<3 
where [x] = greatest integer less than or equal to x. 


17. Show that the function 


x #0, 


sin x.cos(1/x) at 
= x=0 


0 at 


is continuous at the point x = 0, but does not have even 
one sided derivatives. 


sin, x<l 
18. If f(x) = 2 , where [.] denotes the 
[2x-—3]x, x 21 


greatest integer function, then find whether it is 
differentiable at x = 1. 


zero running through negative values (Ax < 0) only. This is 
termed as the left hand derivative of f at x (denoted as f'(x)). 
If this exists, then it is considered as the derivative of the 
function at x. 


Similarly, if a function is defined only in the right neigh- 
bourhood of x, then the above limit can be calculated when 
Ax tends to zero running through positive values (Ax > 0) 
only. This is termed as the right hand derivative of f at x 
(denoted as f ‘(x*)). If this exists, then it is considered as the 
derivative of the function at x. 
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Definition 
neighbourhood of a point x = a (for x < a), it is said to be 
differentiable at a if 


LHD. = f'(ar) = lim f(a-h)-f@) exists, 
> 


If a function f is defined only in the left 


In suchacase f '(a) =f'(a). 

Similarly, if a function f is defined only in the right 
neighbourhood of a point x = a (for x 2 a), it is said to be 
differentiable at a if 


RHLD. = f(a") = lim f(a+h)-f@) exists, 
> 


In such a case f'(a) =f '(a*). 

For example, f(x) = x*” is differentiable at x = 0 but g(x) = Vx 
is not differentiable at x = 0. 

Since, f and g are defined only in the right neighbourhood of 
a point x = 0, we calculate only R.H.D. 

3/2 


: 1/2 : 
= limh’* =0 exists. 
h>0 


COs 


Hence f '(0) =0. 
V2 
= limh'? =0 


'(0*) = lim 
g ( ) h>0 

does not exist. 
Hence, Vx is not differentiable at x = 0. 


G& Note: The four inverse trigonometric functions sin"'x, 
cos!x, cosec"!x, and sec"'x are not differentiable at the points 
x=. — 
Consider f(x) = sin x. 

At x = 1, fis defined only in the left neighbourhood. 


Hence, f’(1-) = lim ih) 
h>0 —h 
_ sin '(—h)-sin 11 
= lim 
h>0 —h 
| -1 
= sin’ (—-h)—27/2 _ lim —cos (1—h) 
h->0 —h h>0 —h 
__ sin) ¥2h—h? 
lim = 
h>0 h 
Thus, f(x) = sin™'x is not differentiable at x = 1. 
Y 
w/2 
ai 
1X 


—n/2 


There is a vertical tangent to the graph of f at x = 1. 


© Example 1: Discuss the differentiability of the function 
f(x) =x (Vx -J@+D) atx =0. 


& Solution: Since domain of f(x) is [0, 00), we find the 
R.H.D. 
a5 f(0+h)-—f(0) 


10) = 1 

PO) ae, h 

_ jim h(@Jh-vh+1)-0 
h>0 h 


— lim (Vh-vVh+1) __ 


h->0 


Hence, f is differentiable at x = 0. 


3.6 Differentiability over an Interval 


f (x) is said to be differentiable in an interval if it is differentiable 
at each and every point of the interval. 


Differentiability Over an Open Interval 


A function f(x) is said to be differentiable in an open interval 


— (a,b) if it is differentiable at all interior points in (a, b). 


For example, f(x) = | x — 1| is differentiable in (0, 1). 

y = sin''x is differentiable in (-1, 1). 

Similarly, a function f(x) is said to be differentiable in the open 
interval (a, 0) or (—0%, a) or (— ©, 0) if it is differentiable at 
all interior points in the interval. 

For example, f(x) = Vx is differentiable in (0, ©). 


Differentiability Over a Closed Interval 


A function f(x) is said to be differentiable in a closed interval 
[a, b] if 

(i) it is differentiable at all interior points in (a, b). 

(ii) R.H.D. = f'(a*) exists at the left endpoint a. 

(iii) L-H.D. = f'(a-) exists at the right endpoint b. 

If a function is defined in a closed interval then, we by 
derivatives at the end points of the interval, we always mean 
the one-sided derivatives : the right hand derivative at the left 
end point and the left hand derivative at the right end point. 
This interpretation of differentiability at the end points of the 
interval of definition is analogous to that of continuity. 

For example, f(x) = x*” is differentiable in [0, 1]. 

f(x) = sin x is differentiable in [0, 27]. 

It should be noted that not all the elementary functions are 
differentiable everywhere in their domain. 


1 Note: 

1. All polynomial, exponential, logarithmic and trigonometric 
functions (inverse trigonometric not included) are 
differentiable at each point in their domain. 


2. Modulus function and signum function are non differen- 
tiable at x = 0. Hence, y =| f(x) | and y = sgn(f(x)) should 
be checked at points where f(x) = 0. 

3. The inverse trigonometric functions y = sin™'x, cos'x, 
cosec"'x, and sec"'x are not differentiable at the points 
x=+1. Hence, y=sin"'(f(x)), cos"(f(x)), cosec"!(f(x)), and 
sec"'(f(x)) should be checked at points where f(x) =+ 1. 

4. Greatest integer function and fractional part functions are 
non differentiable at all integral x. Hence, y = [f(x)] and 
y= {f(x)} should be checked at points where f(x) =n, n € I. 

5. Further, a function should be checked at all those points 
where discontinuity may arise. 


x 
@ Example 1: Show that f(x) = 1+] x| is differentiable 
for allx € R. 


. , x>0 

1+x 
©Y Solution: Since f(x)=} 9 +» X=9, 
coe , x<O0 

1-x 


clearly fis differentiable for all x € R— {0}. We need to check 
atx =0. 


h 
Pose SO) 2 gale ( 
h>0 h h>0 h 
2 hie aad 
ho01l+h 
ah 5 
£07) = lim £O-b)-f0) ~ yyy teh 
h0 = ho0 = —h 
atin el 
ho01l+h 


=> f'(0')=f '(0-). Hence f is differentiable at x = 0. 
Finally, fis differentiable for all x € R. 
©@ Example 2: 


{x+3 isin O<x<2 
Let f(x) = 4 
(axisen(x—$ 1<x<2 


where [.] and {.} denote the greatest integer function and 
fractional part function respectively. Find the points at which 
continuity and differentiability should be checked. Also check 
the continuity and differentiability of f(x) at x = 1. 


{+3 ftsina O<x<l 
©Y Solution: f (x) = P 
(2x}san{ x-<) 1<x<2 
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The suspicious points for continuity and differentiability are 
obtained when: 


1 
(i) X+ 3 becomes an integer for O< x <1 


=> 2 
Ray: 
(ii) sin mx becomes an integer for 0O< x <1 
1 
> x=0,- 
2 


(iii) The point of change in definition is x = 1. 
(iv) 2x becomes an integer for 1S x <2 


> 1 : 2 
X=1,7,4. 
2 


4 

3 

(vi) The end points of closed domain [0, 2] > x = 0, 2. 
Hence, the points where we should check the continuity 
and differentiability are 


(v) x3 becomes zero for 1<x<2 > x= 


We check continuity at x = 1. 


1 
lim f(x)= lim ‘x + | [sin 7x] = 0 
xl xl 3 


1 
lim f(x) = lim [2x] sgn r+] =2{-1l}=-2 
xo xol" 3 


Since, L.H.L # R.H.L. f(x) is discontinuous at x = 1 and 
hence it is non-differentiable at x = 1. 


@ Example 3: Check differentiability of f(x) in [-2, 2], if 


cos = (|x |-{x}) x<l 
f(x) = 
4x7 -12x +9{x} x21 


where {.} denotes the fractional part function. 


Y Solution: We have 


cos = (|x |-{x}) x<l 
f(x) = 
V4x? -12x +9{x} x21 
cos = (|x |-{x}) x<l 
ie. f(x)= 2 
| 2x—3] {x} x21 
Now, we have 
|x| — {x} = |x| -x + [x] =-2x-2, —2<x<-l 
=—2x - 1, -l<x<0 
= 0, 0<x<l 


and |2x — 3|{x} = |2x-3|(x — [x]) 
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= (3 — 2x)(x — 1), 1<x<3/2 
= (2x — 3)(x — 1), 3/2<x<2 
= 0, x=2 
Thus, we have 
cos (2x +2), $2221 
4 
cos rns -l<x<0 
f(x) = cos 0, 0<x<l 
(3-—2x)(x-]), 1<x<3/2 
(2x —3)(x -1), 3/2<x<2 
0, x=2 


We need to check differentiability of f(x) at 
x =—2,-1, 0, 1, 3/2, 2. We first check continuity. 
At x=2, we have 
f(2) = O and f(2.) =(2.2-3)(2-l=1. 
= discontinuity at x = 2. 
At x= 3/2, we have 


a}G) 
an (5 ]-(2-28)(3-1)-0 


=> continuity at x = 3/2. 

At x=1, we have f(1*) = f(1) = 0 and f(1- = 4Mh- ‘ 
= discontinuity at x = 1. 

At x=0, we have 


T 
f(0*) = f(0) = cos 0 = 1 and f(0-) = cos - 0 


= discontinuity at x = 0. 
At x=-l, we have 


f(—1*) = f(-1) = cos 5 =0 and f(-1-) = cos0 = 1 
= discontinuity at x =—1. 
At x =—2, we have f(—2*) = f(-2) 
=> continuity at x =—-2. 
Hence, we need to check differentiability only at 
x =-2, 3/2. 
At x= -2 which is the left endpoint, we have 
£(-2*) = lim f (—2 +h) —f (-2) 
h>0 h 


cos 5 (-4+2h+2)—cos 5 (-4+2) 


~ jim 
h->0 h 

tie, cosm(1—h)+1 Z Tsin(z — 7th) -0 
h->0 h h>0 1 


= fis differentiable at x =—2. 


At x=3/2, we have 


2 f Fah —f| — 
fo 2 
f lim 
2 h->0 h 
an 3+n—1)-1 
: 2 
= lim =] 
h>0 h 
= (G)(G-9) 
r| Jp 
2 h-0 h 
0-2n( 3h] 
= lim 1 
h>0 h 


=>  non-differentiable at x = 3/2 
Hence, f is differentiable on [—2,2] except at 
x =-1, 0, 1, 3/2, 2. 


©@ Example 4: Ifx +4 | y | = = 6y, then find whether y as a 
function of X is continuous and derivable. 


co Solution: We have x +4 ly| = = 6y 


5K , x20 
=> y=fx)= 1 
— , x <0 
10 
lim f(x) = lim £(0 +h) = m | h=0 
x-> a 


lim f(x)= lim f(0—h)= lim — (O—h)=0 
( h>0 h>0 10 
=> fis continuous at x =O and hence for all x € R. 


£0") = lim f(0+h)-£(0) 
h>0 


f is not derivable at x =0. 
=> fis derivable at all x except x = 0. 


©@ Example 5: 
—l-x, x <-l 
2: 
“—]I, —1 <0 
If f(x) = |x | <x 
k(—x +1), O<x<l 
|x—1|, x>1 


then find the value of k so that f(x) becomes continuous at 
x = 0. Hence, find all the points where the functions is non- 
differentiable. 


©Y Solution: The only possible value of k is 1 which is 
obtained by equating the one-sided limits at x = 0. 

Now, we draw the graph of y = f(x). 

From the graph, itis clear that the function is non-differentiable 
at x = 0, +1 because at each of these points the graph is having 
a corner. 


©@ Example 6: If f(x) = |x + 1| (|x| + |x — 1)), then draw the 
graph of f(x) in the interval [—2, 2] and discuss the continuity 
and differentiability in [—2, 2] 


©Y Solution: Here, f(x) = |x + 1 (|x| + |x — 1]) 


(x+1(2x-1), —2<x<-l 
(x+1(2x-1), -l<x<0 
~ (x +)), O<x<l 
(x+1(2x-1), 1<x<2 


The graph of f(x) is 


which is clearly, continuous for x € R. 
The graph has corners at x = -1, 0, 1. 
Hence, f(x) is differentiable for x € R— {-1, 0, 1}. 


© Example 7: If f(x) = Min {|x|, |x — 2|, 2 — |x — 1]}, then 
draw the graph of f(x) and also discuss its continuity and 
differentiability. 


©Y Solution: f(x) = Min {{x|, [x — 2), 2 - |x - 1]} 
We compare the graphs of 

y = |x|, y =|x —2| and y = 2 — |x — 1| and 

choose the least value at each x. 


Vig ied : 1 
NY non-differentiable atx =— a3 0,.1,.2, =. 
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It is clear from the figure that f(x) is continuous V x € R and 
~\% 5 


2 


=~) Example 8: Consider the function 


f(x) = min(|x|, VI-x?), 9 -1<x<1 
= [|x|], 1 < |x| <2 
Plot the curve and discuss its continuity and differentiability. 


2 —l_ = 
aa ae 

©Y Solution: y = [|x|], x © (-2,-1) Ud, 2) 

=> ye=l. 

The curve shown by thick lines represents the curve. From the 

graph, we can see that f(x) is 

continuous on x € (—2,2)—{+1} and 


+ 
differentiable on x € (-2, 2) {tt = |. 


V2 


©@ Example 9: Let f (x) = x3-x2+x+1 and 
max {f (t); 
g(x) = 


O<t<x}, O<x<l 
3-x; 1<x<2 


Discuss the continuity and differentiability of the function g(x) 
in the interval (0, 2). 
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©Y Solution: f(t) =8-?+t+1 
7. £(t)=3t? —2t41 

Its discriminant = (— 2)? — 4.3.1 =-—8 <0 
and coefficient of t? = 3 >0 


Hence f'(t) >O for all real t. 

=> f(t) is strictly increasing 

Thus f(t) is maximum when t is maximum and t,, =x 
max f(t) = f(x) 


x7 =x +x 41 0<x <1 
= a= 3-x, 1l<x<2 


Now it can be easily seen that f(x) is continuous in (0, 2) 
and differentiable in (0, 2) except at x = 1 because at x = 1. 
LHD > 0 while RHD = — 1 <0. 


© Example 10: Check the differentiability of the function 
f (x) = max {sin |sin x], cos“! |sin x]}. 
&Y Solution: sin“ |sin x| is periodic with period 7 
T 
x »nm<x<nnt+— 


=> sin |sin x| = 
T 
TMX, a L 


. T ‘ : 
Also cos" |sin x| = 5" sin” |sin x| 
tT Tt 
fe —x| >» nt<x<nntt+— 
2 2 
=>  f(x)=max ic i 
froxx-4| >» nm+—<x<nts+n7 
2 2 
T T 
—-xX, nw<x<nnt+— 
2 4 
T Tt 
X, nt+—<nt+— 
=> f(x)= . 2 
T 3n 
T—-X, na+—<x <nt+— 
2 4 
3n 
X-—, na+—<x<nn+T7 
2 4 
=> f(x) is not differentiable at x = 0, Hi TO oie. 
42 4 


nt 
=> f(x) is not differentiable at x = 4" 
@ Example 11: Let f (x) = sgn x and g (x) = x (1 — x?). 
Investigate the composite functions f(g(x)) and g(f(x)) for 
continuity and differentiability. 


1 if x>0 
Y Solution: Since f(x)= 40 if x=0 
—-l if x<0 

1 if g(x)>0 

f(g(x))= 40 if g(x) =0 

—1 if g(x) <0 


1 if x €(-0,-1)U(0,1) 
= 40 if x=0,1-1 
-lif x €(-1,0)U(1,0) 


The graph of y = f(g(x)) is shown below 


YO From the graph we can easily conclude that f(g(x)) is 


discontinuous and non derivable at — 1, 0, 1. 
Now, g(f(x)) = f (x) (1-f7(x) ) 

= sgn x (1 —sgn’x) = 0 for all x, 
Hence g (f(x)) is continuous and derivable for all x. 


© Example 12: Find the interval of values of k for which 
the function f(x) = |x? + (k — 1) |x| —k| is non differentiable at 
five points. 


Y Solution: 
f(x) = |x? + (k — 1) |x| — k| = |x| — 1) (x +k) 


Also f(x) is an even function and f(x) is not differentiable at 
five points. So |(x — 1) (x + k)| is non differentiable for two 
positive values of x. 


bd 


=> Both the roots of (x — 1) (x + k) = 0 are positive. 
> k<0 > k €(C©@,0). 
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Concept, Problems (e 


11. 


12. 


13. 


14. 


15. 


16. 


Indicate the points at which the following functions have 
no finite derivative : 


es +1 ee. 

(a) y=cos 5 (b) y=sin = 

Show that for any positive integer n, the root function f(x) 

= x!" is not derivable at the origin. Is it continuous at the 

origin ? 

(a) Find f’(0-) and f '(0*) given f(x) = |x|. 

(b) The function f(x) = |3x — 10| is differentiable except 
at a single point. What is this point, and what are the 
values of its left hand and right hand derivatives of 
f there ? 

Sketch the graph of the function f(x) = x + |x|. Then 

investigate its differentiability. Find the derivative f'(x) 

where it exists. Also find the one-sided derivatives at the 

points where f'(x) does not exist. 

Investigate the differentiability of the functions: 


(i) f(x) = |x\ 


Practice Problems 


Vx+1-1 
ix 


f(x) continuous and differentiable at x = 0? 


Let f(x) = 


fork #0, £0) = 0. eS Yeticn 


Investigate the differentiability of the function 
11+6x—-x? if x<3 
FO) = | 526x429 if x23" 


min{x, x” },x 20 


If f(x) = | then find the 


max{2x, x? —3},x<0 
points of non differentiability of f(x). 


Find a and b, given that the derivative of f(x) exists 
everywhere, when 


ax? —bx +2, x<3 
f(x) = 4 : 
bx* —3,x 23 


Check differentiability of f(x) at x = 0, 


where f(x) = x1 + sinin at x #0 


=0, x=0 
where [.] represents the greatest integer. 
Copy the graph of the function. Then sketch a graph of its 
derivative directly beneath. 


~ 


8. 


9. 


12 
(5—x)? 


x?-3x4+3 if x>3 


if x <3, 


(ii) f(x) = 


Discuss the continuity and differentiability of the function 
f(x) = sinx + sin | x |, x €R. Draw a rough sketch of the 
graph of f(x) . 

(a) Sketch the graph of the function f(x) = x|x|. 

(b) For what value of x is f differentiable? 

(c) Find a formula for f’(x). 

If f(x) = [xk] + [1 -x] =- 1 < x $3, Draw its graph and 
comment on the continuity and differentiability of f(x). 
Show that the Dirichlet function is nowhere derivable. 


10. Examine the differentiability of 


[xe | xd 
f(x) = 2 : 
“\ ex” , x2l 
Y. 
O 
l-x , (0<x<1) 
17. f(x)=5x+2 , (1<x<2). 
4-x , (2<x<4) 


18. 


19, 


20. 


Discuss the continuity and differentiability of y = f (f(x)) 
for O< x <4. 


Draw the graph of f(x) = max. {sin x, cos x, | — cos x} and 
find the number of points belonging to (0, 271) where f(x) 
is non differentiable. 


Let f(x) = [x] and g(x) = | 


Oif x is an integer 
; ; then define 
x° otherwise 
go fand fo g and examine their differentiability. 
Let f(x) = cos x and 
minimum {f(t) ; 0<t<x}, x €[0, 2] 
g(x) = é 


sin x —l, X>T 


Draw the graph of g(x) and comment on differentiability. 
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3.7 Alternative Limit Form of 
the Derivative 


The following is an alternative limit form of the derivative. 
The derivative of f at x =a is 


f(a+h)-—f(a) Ages f(x)—f(a) 
h 


xc x-a 


f(a) =lim 
h-0 


f'(a) = lim fe) i) —f(a) : 


x7a X-a 


The use of this formula simplifies some derivative calculations. 


secant slope is 
f(x) — f(a) 


X-a 


P(a, f(a)) 


The one-sided derivatives of f at a are given by 


at — and f'(a-) = lim TO) 7 Re) _ 


f'(a*) = lim i 
x >a X-a_ 


1 
f'(a) exists if they are equal. 

© Example 1: If f is a differentiable function with f'(2)=3 
then find the value of lim ot) 


x>2 gual? : 
G Solution: jim $2=!@ . vx +2 
x72 vx —V2 alt eal 


= tin FIFO, 5) 
x-2 


x2 
=f'(2): 2V2 = 6V2. 


Centred Difference Quotient 
The centred difference quotient 
f(a+h)—f(a—h) 
2h 


is used to approximate f '(a) in numerical work because (1) its 
limit as h > 0 equals f’(a) when f'(a) exists, and (ii) it usually 
gives a better approximation of f’(a) for a given value of h than 


f(a+h)—f(a) 


Fermat's difference quotient 


“In fact, li 


Slope = f(a) 


_ flat+h)— fla) 
pe = —— 


= f(a + h) — f(a—h) 
pe Fa 


/(\| Caution 


f(at+h)—-f(a—h) 
2h 
when f has no derivative at x = a. 


The quotient may have a limit as h > 0 


For instance, if f(x) = |x| then 
jg OBI O 8] 26, 
h>0 2 
As we can see, the limit exists even though f(x) = |x| has no 
derivative atx =0. 
lim f(a+h)-f(a—h) 


h>0 2h 

1. Aeriare ret) 
= —lim + 

2 h>0 h —h 


1 
2 (f"(a*) + f(a). 
We notice that it is equal to f’(a), if fis differentiable at x = a. 
Hence, if f’(a) exists, then 
— f(a+h)—f(a—h) _ f(a). 
h>0 2h 
© Example 2: If f ‘(5)=7 then find the value of 


lim [O+H=fO=t) 
to 0 2 


Y Solution: lim fG+t)-fG-t) 
t>0 


2t 
=7. lim f (5+t)-f 5-t) 
to~0 rt 
F f(5+t)-f(5) f (5 —t) —f(5) 
= tim, | 24 =o 


(5). £'(5 ; 
= FG), ES = £'5)=7. 


2 Note: 

(i) If f'(a) exists and y(h) > 0 as h > 0, then 

f(a+w(h))—f(a) 
wth) 


lim 
h->0 


= f'(a). 


(ii) If f’(a) exists, and w(h) > 0 and o(h) > 0 ash > 0, 


f(a+ w(h))—f(a+ oh) 


25, 
wh) — 6(h) : 


then lim 
h->0 


©@ Example 3: If f'(a) = 3, evaluate the limit 


lim £(@+2h)-f(a—3h) 
h>0 h : 


©Y Solution: lim f(a+2h)—f(a—3h) 
h>0 h 
=5. lim f(a+2h)—f(a—3h) 
h>0 5h 
=f'(a)x5=3x5=15. 


©@ Example 4: Iff isa differentiable function and 
f((n+h)*)-f (n°) 
lim =1 
h>0 h 
then find the value of f'(70°). 
f ((n+h)*)-f (n°) 


©Y Solution: 1 = jin (1) 
h—>0 h 
f (n° +Gh?n-+3n7h +h*))—f (n°) 
— lim 
h>0 h 


where (3h7?2+3n7h+h*?)—> 0ash > 0. \Y- 


3) _¢/73 2 2 3 
is f((1+h))—-f (a) eis (3h°n+37 h+h°) 


~ h90 (3h?24+3r7h+h?) 0 h 
= f'(m)-37’. 
1 
> n= f'(w):3V>f' (w= an 
Alternative: Bs 


Using L ‘Hospital 's rule in (1), we get 
lim f '((2+h)*)-3¢0-+h)? =T 
h-0 

> f'(w):3V=n 


ee 
~ 9? 3m” 


©@ Example 5: Given f(2) = 6 and f’(1) = 4, evaluate 
2 

fim £2h+2+h?)-FQ) 

h>0 f(h—h? +1)-f(1) 


©Y Solution: lim f(2h+2+h*)-fQ) 
h>0 f(h—h* +1)-f(1) 


2 — 
= tim £2 + 2h +h?)-FQ) 


h0 2h+h? 
bth) | (1+h—h7’)-1 
hd-h) f£0+h—h’)-f() 
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260) ¢ im eS 
nool-h f') 


=6x2x 1 23, 
4 


©@ Example 6: If f’(2) = 4 then find the value of 


km £(2+h*)—f(1+ cosh) 
h>0 h2 : 


@ Solution: lim £(2+h*)—f(1+cosh) 
h>0 


h2 
_ jim f(2+h?)-f£(2+cosh—1) h* —(cosh—1) 
h>0 h? —(cosh—1) h? 


now as h > 0, h? > 0 and (cos h—- 1) 0 


=f'(2)x lim h? —(osh-1) 
h>0 h2 


gene 
ca a, 


Differentiability of Parametric Functions 


Let the function y = f(x) be defined by 
_ x= x(t) and y= y(t), where t is the parameter. 


Suppose we are interested in the derivative of y = f(x) and the 


~ possibility of its existence. 


For parametric functions, the derivative is defined as 


dy 
: dy dt 
oS dx dx 
dt 


The issue of differentiability is investigated using the existence 
of the limit : 
y(t+8)~y() 


OY i 5 2 im SFO) 
dx 850 x(t+6)—x(t) 850x(t+8)—x(t) 
5 
The one-sided derivatives of f at x = x(t) are given by 
y(t—8)— y(t) 


ee ~5 
LHD. = f(r) = lim 7S 


—6 


~ 890 x(t—8) — x(t) ms 
yt+5)~ yO) 
RHD.=f'0°) = Ua 8) x) 
5 
_ ym Vt =O Be) 


~ 890 x(t +8)—x(t) 


provided x = x(t) increases with increase in t. 
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If x = x(t) decreases with increase in t, then (1) evaluates the 
R.H.D. and (2) evaluates the L.H.D. 

As before, f"(x) exists when both (1) and (2) exist and are equal. 
Another way is to eliminate t to find the function y in terms of 
x and then proceed as usual. 


@ Example 7: The function f is defined by y = f(x) where 
x =2t—|t—1], y=2t?-t|t|, t e R. Discuss the differentiability 
of y = f(x) at x = 2. 


Y Solution: We solve the equation x = 2 to get the 
corresponding value of t. 

2t—|t-l]=2 > te=1. 
We notice that at t = 1, x = x(t) increases with increase in t. 


Hence, 


km 2d 8) - yD 


LHD. =f'2)= 570 x08) —x() 


21-8)? —(1-8) ]1-8|-1 
2(1-8)-|1-8-1|-2 


oh ep SOO 
R.H.D. = f (2+) = lim x(1+8)—x(1) 


2_ — 
: tim 0°) (1+6)|1+6]-1 


20. +6)-|1+6-1|-2 
. 28+87 | 
= lim = 
56>0 fo) 


“. f'(2)4f ' (2*) and hence f' (2) does not exist. 


©@ Example 8: The function f is defined by y = f(x) where 
x=1-t, y=[t]t*, t © R. Discuss the differentiability of y = 
f(x) atx = 1. 


©Y Solution: The corresponding value of t is, 

1-t=1 > t=0 
We notice that at t= 0, x = 1 — t? decreases with increase in t. 
Hence, 


an. tm L078 =O 
RED. =f'(1) = 028) >x(0) 


3 
= ig: oe 2 =] 
630 1-(-8)°-1 


Cp tay - im YO+9-¥O 
.H.D. = f'( )= 550 x(0+8)—x(0) 


[5]5°-0 | 


801-83 -1 


Hence, f is non-differentiable at x = 1. 


© Example 9: The function f is defined by y = f(x) where 
x = 2t-|t|, y=t +t |t|, t © R. Discuss the continuity and 
differentiability at x = 0. 


©Y Solution: Here, we eliminate t and get the function 
y = f(x) first. 
Ift=Owehave x=t,y =2t’, 
hence y = 2x”, x = 0 
and for t< 0, x = 3t, y=0,x <0 
The function is defined as 


7 if 0<x< 
i= 2x° , if O<x<lil 
0 , if-l<x<0 
f'(0-) =0 
2. 
f'(0*) = lim an a 
h>0 h 


It is clear that f(x) is differentiable and hence continuous at 
x=0. 
Differentiability Using Derivative of Functions 


Consider the function f(x) = x*e*. Let us find f'(0) from the 
formula of its derivative. We differentiate f(x) using product 


‘ tule (to be discussed later). 


4 
f'(x) = x*e% + 3 x!Bex (1) 


To find f’(0), even when we donot know whether it exists , 
we put x = 0 into the formula (1). We get f’(0) =0. This 
provides the result in a simple way 

Now, if f(x) = x'% sin x , 


2 


f.. 
f'(x) =x! cos x + a x +x 73 


er: sin x 

=x! cos kX + a ...(2) 
Here, f'(x) is not defined at x = 0. Do we conclude that f (x) 
is not differentiable at x = 0 ? The answer is no. 
In such cases, we should try to find the derivative using its basic 
definition (i.e. first principles). The derivative may exist even 
when the formula f(x) is undefined. 
. £(0+h)-f(0) 
m a ee 


Now, f'(0) = = li 
h>0 h 


__ h'? sinh—0 

m  -COC— 
h>0 h 
f'(0) = 0. The function f is differentiable at x = 0. 


There is another point to be noted. We find the limit of 
f'(x) given by (2) as x > 0, 


0. 


sin X 
cos xX + aa : 
3x2/ 


lim f '(x) = lim (x! 
x0 x>0 


We are now tempted to take the limit of the derivative eu 
f'(x)) as the value of the derivative (f’(0)). Both are equal to 
0 in this case. 


@ Example 10: Suppose that the real valued function f is 
continuous on R and differentiable on R—{0}, and that 


lim f'(x) =L. 
x0 
Prove that f is differentiable at 0 and that f’(0) = L. 


Y Solution: We are required to prove that 
. £(x)-f(0) 
lim ————— 
x70 x- @) 
Let F(x) = f(x) — f(0) and G(x) =x. 


Then, since f is continuous, lim F(x) = 0, and of course 
x0 


exists and equals L. 


lim G(x) = 0 too. 
x0 
However, F’(x) =f '(x) and G '(x) = 1, 


so lim FC) exists and equals L. 


x>0 G (x) 
By L’ Hospital's rule, lim FO =L too, 
x0 G (x) 
Le. lim HOmUe L, as required. oh « 6 


x30 x-0 ‘ . 
In general, the limit of the derivative may not exist, but when it 
exists then it is equal to the value of the derivative. _ 


In such a case, we say that the derived function f "(x) is 
continuous, or the function f(x) is continuously differentiable. 


In most of the differentiable functions used in routine, the limit 
of the derivative exists and this gives us an opportunity to find 
the value of the derivative using the limit of the derivative. 


But, it must be checked before differentiating the function that 
it is continuous. 


@ Example 11: If f(x)=x |x 
© Solution: f(x) = x |x | 


, then find its derivative. 


-x? x<0 

f(x) = (3 aay ra) 
We see that f is continuous. 
: -2x x<0 

f(x) = tn ee 2) 


Note that the equality sign at x = 0 has been removed because 
the existence of f’(0) is in doubt. 


We can see that lim f'(x) = lim (—2x) = 0 
x0 x0 


and lim f (x)= lim 2x =0, 
x>0° x30" 
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Thus, at x = 0, L.H.D. = R.H.D. = 0, 
so we have f’ (0) = 0. 
Now, we extend the definition of f ‘(x) at x = 0. 


—-2x x<0O 


Hence, f'(x) = i es 


=> f'(x)=2 |x|. 


1) Note: 


If we consider the function 


g(x) = 


x +1 


x <0 
x20 


and proceed as above, we get 


—-2x x<0O 
g (x)= 2x x>0 


Here, also we get lim g’(x)=Oand lim g’(x)=0. 
x>0° x>0° 


Since the function is discontinuous at x = 0, there is no question 
of differentiability. However, if the above limits are considered 


__as the L.H.D. and R.H.D. then it would be misleading. 
me » In fact when we calculate L.H.D. and R.H.D. using first 
principles, we get L.H.D. = 00 and R.H.D. = 0. 


Hence, we should check the continuity of the function in 
advance. 

Using the following example, we now show that the derivative 
of a continuous function is not always a continuous function. 


© Example 12: If f(x) = x? sin (1/x) when x # 0 and 
f(0) = 0, show that f is differentiable for every value of x but 
the derivative is not continuous for x = 0. 


Y Solution: For x <0, 


1 
f'(x) = 2x sin— + x’ cos (=)(-3] 
x 7 = 


= 2x sin ! — cos : 
x x 
At x = 0, we have 
Ge 
£'(0) = lim £)-FO) = jim * x 
x>0 x-0 x0 x 


= lim xsin = =0. 
x0 4 

Thus the function possesses a derivative for every value of x 

given by 1 1 

f '(x) = 2x sin cos — when x #0, f'(0) =0. 


x x 
We now show that f’ is not continuous for x = 0. 


1 1 
Here lim f'(x), i.e., lim (2x sin — — COs +) does not exist 
x0 x0 x x 
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since lim (2s sin ) =() exists but lim 
x0 x x2 


[cos +) does not 
x 


exist. 
Since, lim f'(x) does not exist, f’ is discontinuous at x = 0. 
x0 


In other words, f(x) is differentiable but not continuously 
differentiable. 


If the limit of the derivative does not exist, does it mean that 
the function f(x) is not differentiable ? The answer is no. This 
is proved by the above example. 


So, the question arises that in what circumstances can we use 
limit of the derivative in deciding the differentiability of the 
function ? 


Assuming that the function f(x) is continuous at x = a, two 
cases arise: 


(i) If lim f’(x) and lim f’(x) both exist or are infinite then 
xa xa" 
lim f’(x)=f'(a) 
xa 
ie L.H.L. of f '(x) =L.H.D. of f(x) atx =a 
and lim f'(x) =f'(a*) 
xa 


i.e R.H.L. of f'(x) = R.H.D. of f(x) at x =a. 


its derivative f’(x) is continuous at x = a. 


©@ Example 13: vy 
x €(-1,1)—{0} 


xtan!x+sec™! (1/x), 
If f(x) = , then find 
n/2 if x=0 
f'(0), if it exists. 
&Y Solution: 
1 


a x 4 i i 1 
(x) = ee? + tan'!x + | a 2 
x x 


x 7 |x|? ( =| 
—, +tan’x + >a 


14x? x? 


lim f'(x)=-—1and lim f’(x)=-1 
x>0 x>0° 


Hence f’(0) =— 1 


Alternative: 
Using first principles: 
htan7!(h) + sec! (1/h)— 71/2 
(oi = Oe Os 
h>0 h 
| = | 
= tim £°3 (i) =a)? km 2 (h) a4 
h>0 h h>0 h 


Similarly, f '(0*) =—- 1 
Hence, f'(0) =— 1. 


(b) If lim f'(x) ¥ lim f'(x), then f(x) is non-differentiable 
xa xa 
and its derivative f’(x) is discontinuous at x = a. 


© Example 14: Let f(x) = cos-( = 
1+x 


Define f '(x) 
stating clearly the points where f(x) is not differentiable. 


2x 
© Solution: f(x) = cos: 55}, xER 
+X 


1 20 +x?) -4x? 


ax \ (i+x*)" 
{= 
fea 


201%") 
~ |[i=x? |d4x7) 


lim f '(x) =— 1 and lim f'(x)=1 
xo! 


xl 


f'(x) = - 


f(x) = 


Since lim f'(x) and lim f'(x) are unequal, f’(1) does not exist. 
xl xl" 


P : "Similarly f'(-1) does not exist. 
(a) If lim f'(x) = lim f'(x), then f(x) is differentiable and — 
xa xa J», * 


2 
7 5) if -l<x<l 
1+x 
Hence, f'(x) = on existent if x=+1 
2 
) ifx>lorx<-l 
1+x 


(c) If lim f’(x) and lim f’(x) are infinite, then f(x) has an 
xa xa 
infinite derivative at x =a and hence it is non-differentiable 
there and f '(x) is discontinuous at x = a. 


Ix|", 0 
©@ Example 15: Suppose f(x) = ; 0° then find 
? X= 
whether f(x) is differentiable at x = 0. 
© Solution: 
For x>0,f(x)=x* 
and f'(x)=x*(1 + /n x) (1) 
For x <0,f(x)=(xy=ex"™ 
and f'(x) =(-x)*{1 +m (-x)] ..(2) 


It can be shown using L'Hospital's rule that 
lim x* =1 and limé-a¥ =1 
x0 + BT 

Now, lim f'(x)=-00 and lim f'(x) =-0 
x30 . Bd 
lim f(x) =~—oo 
x0 


Hence f is not differentiable at x = 0. 


(ii) If any of the limits a f'(x) or = f (x) does not 
exist, then we cannot conclude anything about the 
differentiability of the function. In such a case, we should 
try to find the derivative using its basic definition (i.e. first 
principles). 

In the previous example, we have seen this situation : 

f(x) = x’ sin (1/x) when x # 0 and f(0) = 0, 


For x £0, f'(x) = 2x sin : cos : 
x 


x 

. ; . 1 1 

Here lim f'(x) = lim | 2XSin——cos— | does not exist. 
x0 x>0 x x 


However, using first principles, we have 


h? ja 
£'(0) = lim £()-f©) — jim h 
h->0 h h>0 h 


= lim hsin rt, 
h>0 h 

Hence, the function fis differentiable at x = 0, even if the limit 

of its derivative does not exist. 

@ Example 16: Calculate the derivative of the function 


f(x) = Vx? —2x +1 on the interval [0, 2]. 


© Solution: Since the expression under the radical sign is 


a perfect square, we can, according to the definition of ‘the 

modulus, represent the given function in the following form : 
l-x, O<x<l, . 

Gal a aa oe ee) 


Differentiating f(x) separately on the intervals [0, 1) and 
(1, 2], we obtain 


: -l, 0<x<1, 
OE tees 

lim f'(x)=-—1and lim f'(x)=1 
x1 xo 


Since the left and right derivatives of f (x) at the point x = 1 
do not coincide, the derivative does not exist at x = 1. We take 
the values of the left hand derivative of function at the point 2 
and of its right hand derivative at the point 0 as the values of 
f'(x) at the endpoints of the interval [0, 2]. 


Thus f" -l, x €[0,1), 

ie 1 x«ed,2] 
©@ Example 17: Check the differentiability of the function 
f(x) = y1-v1-x? 


©Y Solution: The function f(x) = Ji-Vi—x? is defined 
for x € [-1, 1]. It is continuous in its domain. 
Differentiating w.r.t. x, we have 
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—l 


* oi =x? 


f(x) = 


1 
east? 
x 


2V1—x? V1—v1—x? 

The formula of f'(x) is undefined at x =— 1, 0, 1. 

The differentiability of the function should be checked at 
x=-1, 0,1. 

We can see that 


lim f'(x)=—°0 and ms f(x) =00, 
xo-l 


Hence, f has an infinite derivative at x =— 1 and 1. 
To check the existence of f(x) at x = 0, we find whether 


lim f '(x) exists or not. 
x>0 


= lim 


We have i 2 - Vi ee: x90 fi ae 2 
1+vV1- < 


= li 
? \¥ ii a x2 
‘ 2x af S as x >0 
— lim = 
x0 |x| V2 as x30" 


= does not exist. 
Hence, f is non-differentiable at x = 0. 
Thus, the function f is differentiable in its domain except at 
x=-1,0, 1. 
Alternative approach at x = 0 using first principles. 


roy jm|EON=HO} 
_ Aaah y= 0 
ae “h 


ends h’) 
* ee hie 


l= ee h’) 
=a 


lim ae. 
aaa = Sie h?) =" Wy 


im O*= f(0) 


d f'(0* 
an (0*) = h 
lovd—h 20 
= lim 
h>0 h 
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N+ d= h’) 
Aste h? 
lim 


ESS Ja-n?) 7 


f'(0-) #f'(0*), f(x) is not differentiable at x = 0. 


Ord ee h’) 
ae 


A+Bx>, x<l 
3Ax-B+2, x21 
value of A and B so that f(x) is differentiable at x = 1. 


@ Example 18: If f(x) = | 


Y Solution: Since f(x) will be differentiable at x = 1, it 
must be continuous, 
3A—-B+2=A+B 


A-B+1=0 ..(1) 
2Bx, x<l 
Now, f'(x) = 
3A , x>l 


lim f'(x)=2Band lim f’(x)=3A 
xo xol 


& Solution: Since 1 < x <2 we have0 <x-1<1, 


and [x?—2x]=[(x-1)?-1]=[«-1)7]-1 
=0-1=-1 
2 1 
1-4x" , O<x<— 
2 
ny eee 
2 
-l », 1<x<2 


It is clear from the graph that f(x) is discontinuous at 
x e, Land not differentiable at x = 5 and x = 1. To verify these 


3A=2B se (2) casedils we calculate the derivative of f: 
From (1) and (2), — -B+1=0 ey -8x, 0<x<1/2 
we @) 
B ; Ne i'@= 4 8x, 1/2<x<1 
> ~2.-1 => Bs3 “AND 
3 Pt, 0, 1<x<2 
=> A=2. 4 ( CW. - 
|1—4x* | O<x<l This shows that f(x) is not differentiable 
© Example 19: If fx)=4  , 
[x°-2x] , 1<x<2 atx =1/2 (as RHD = 4 and LHD =-4) 


where [.] denotes the greatest integer function. 
Discuss the continuity and differentiability of f(x) in [0, 2). 


andx=1 (as RHD =0 and LHD = 8) 
Therefore, f(x) is differentiable VW x € [0, 2) — {1/2, L}. 


_ Concept Problems D 


2 ee 
1. Evaluate ie 


x30 x 
2. Finda function f and a number a such that 
fia Cony 64 =f (a). 


h-0 
3. Each of re following limit represents the derivative of 


some function f at some number a. State such an f anda 
in each case. 


Gy. ie 2* —32 Gy. tes cos (t+h)+1 
hoo x—5 h>0 h 
x? x <0 
4. Let f(x)= F 
een) =k" x>0 


Prove that fis differentiable. Is f’ is continuous? 
f(a4+0h")=f@=2h") 
bh? , 


1 
5. If f'(a= q> find fim 


6. Iff'(2)=4 then find the value of 


f{(2+h)-f(2+sinh) 
h>0 h. sinh.tanh 


7. Discuss the differentiability of the function y = f(x) 
defined asx =2t+|t|andy=[t]t? atx =0. 


2 Ay 
oe RS . Find the values of a and b so 


8. Let f(x) = | 


ax+b, x>l 


that f will be differentiable at x = 1. 
x? x <0 


9 Letf(x)=)4 , . Show that 
x’ +1, 0 


lim f "(x)= eute f'(x) but that f'(0) does not exist. 
>0° 


x>0 


3.8 Derivatives of Higher order 


Because the derivative of a function is a function, differentiation 
can be applied over and over, as long as the derivative itself is 
a differentiable function. 

Let a function y = f(x) be defined on an open interval (a, b). 
Its derivative, if it exists on (a, b) is a certain function f'(x) [or 
(dy/dx) or y] and is called the first derivative of y w.r.t. x. 
If it happens that the first derivative has a derivative on (a, b) 
then this derivative is called the second derivative of y w.r.t. x 
and is denoted by f’(x) or (d’y/dx’) or y”. 

Once we have found the derivative f’ of any function f, we can 
go on and find the derivative of f’. 


im ay 
h 


Similarly, the third order derivative of y w. r. t. x, if it exists, is 


f(a) = 


3 
defined by isha —— 
dx 


df a “ | Itisalso denoted by f(x) ory" 
dx | dx? 


The third derivative, written f’”’, is the derivative of the second 
derivative, and, in principle, we can go on forever and form 
derivatives of higher order. We adopt the alternative notation 


f for the n" derivative of f. Notice also that for derivatives — 
higher than the third, the parentheses distinguish a derivative ] 


from a power. For example, f* 4 f. 


Twice Differentiability 


Suppose that a function y = f(x) defined in an ‘aera has the 
derivative f’(x) with respect to the independent variable x. If the 
function f '(x) is further differentiable, its derivative is called 
the second derivative (or the derivative of the second order) 
of the original function f(x) and is denoted f(x). 


A function f(x) is twice differentiable at x = a if its derivative 
f'(x) is differentiable at x =a Le. 


f'(at+h)-f'(a) 


the limit f(a) = lim exists. 
h->0 


h 
f '\(x)-f' 
Alternatively, f(a) = lim f'@)-f'a) 
xa x-a 


The value f''(x) of the second derivative at a point x 
characterizes the rate of change of f'(x) at that point, that is 
the rate of change of the rate of change of f(x). By analogy 
with mechanics, we can say that f"(x) is the acceleration of the 
change of the function f(x) at the given point x. 

The geometrical meaning of the second derivative will be 
discussed later. 

Further, the n™ derivative of f(x) at x = a exists if 


f(a) = [ey (a) = ie £9) (x) ~f@ (a) 


xa xX—-a 


exists. 


© Example 1: Find whether the function f(x) = x*° sinx is 
twice differentiable at x = 0. 
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@Y Solution: Let us find f’(x) first. We differentiate f(x) 
using product rule. 


1/3, 


f'(x) = x*cos x + — - x!8sin x (1) 


f (0+ h)—f (0) 


Now, f (0) = a " 


n4*3 


cosh+=nl8 sinh — 0 


lim 
h—0 h 


1/3 -: 
lim| bh’? cosh+ en 
3h 


h->0 


f'"(0) =0 


Hence, the function f is twice differentiable at x = 0. 
@ Example 2: Find whether 
x <0 


x>0 


=k 4% 
f(x)= 4. Z 
: sinx +x 


is twice differentiable and find its second derivative. 


es ee x°4+x  x<0 
~ G Solution: f(x) = 4 _ : Ati 
ay sinx +x x20 
We see that f is continuous. 
‘i 2x+1 x <0 , 
mS cosx+2x x>0 of) 


Note that the equality sign at x = 0 has been removed because 
the existence of f '(0) is in doubt. 


We can see that lim f (x) = lim f '(x)=1. 
x70" x>0° 


So we have f’(0) = 1. 
Now, we extend the definition of f’(x) at x = 0. 


2x+1 x<0 

Hence, f(x) = cosx+2x x2>0 
— 2 x <0 
ES ei ated) 


We find that lim f "(x) = lim f "(x)= 2. 
x0 x>0° 


*, £"(0) = 2 and the function f is twice differentiable at 
x = 0. We can easily see that f is twice differentiable at 
other values of x. 


© Example 3: Let f be defined in a neighbourhood of 

x and f'"(x) exists. 

f(x +h)+f(x —h)—-2f(x) 
h2 

Show by an example that the limit may exist ever if f(x) 

does not exist. 


Show that lim =f"(x) 
h>0 
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& Solution: f"(x)= km 1 Xt -F 
h>0 h 


jens f(x+h+k)-f(x+h) f(x+k)-f(x) 
— lim k-0 k k 
h>0 
h 
Letk=—h 


=> f(x) =— lim li ee a 
h>0 h 


_ tim £¢+h)+f(x—h)-2F(x) 
h>0 h2 


GB Note: The above limit cannot be used as the test for twice 
differentiability of f. One can verify thisbyusing f(x) = x|x|. 
Let us calculate the limit first: 

lim f(0+h)+f(O0—h) —2f (0) 

30 == 


h2 
_ tim blh|+Ch)|-h|-0_ jim © _o 
h>0 h h>0 h2 7 


In the previous section we had calculated 


—2x x<0O 
f'@)= 2x x20 


from where f'"(0 -) =— 2 and f""(0 *) =2. aw 
Hence f'"(0) does not exist. However, the given limit exists. 


xe* x <0 


i then examine 


coe =e" x5) 


@ Example 4: If iar | 


whether f'(x) is continuous and differentiable at x = 0. 


xe* x <0 


3 


x+x?-x? x50 


©Y Solution: f(x) = | 


f(x) is continuous at x = 0. 
xe* +e*, x <0 
f(x) = 2 
1+2x-3x", x>0 
lim f'(x) =, = lim f(x) 
x30" x>0° 
Hence f(x) is differentiable at x = 0 and thus 


xe* +e”, x <0 
f'(x) = | 


‘ is continuous. 
1+2x-3x", x>0 


x <0 
x>0 


e* +(x+De*, 


Now, f"(x) = 
2-6x, 


lim f"(x)= lim f"(x) =2 
x>0° x>0° 


=> _f'(x) is also differentiable at x = 0. 


R © Example 6: Let f(x) = | 


x? if x <1 


2 


@ Example 5: Let f(x) = 
ax” +bx+c if x21 


If f” (1) exist then find the value of a? + b? +c”. 


©Y Solution: For continuity at x = 1 we must have 


f(1*)=fqd) 
=> atbtc=l (1) 
3x? if x<l 
f'(x) = : 
2ax+bif x>1 


For continuity of f’(x) atx = 1 
f’(1*)=f '(1) 2at+b 


= Spee it) 
ra 6x if x<l 
OS Ne aes 


f"(1-)=6, f'"(1*) =2a 
Hence, 2a=6 >az=3 
From (1) and (2),b=—3,c=1 
Hence, the value of a2+b? +c? = 19. 


2x? sin m x x<l 


xetaxr>tb x>1 


~ be a differentiable function . Examine whether it is twice 


differentiable in R . 
@Y Solution: For continuity at x = 1 we must have 
at+b+1=0 
4x sina x+ 2nx” cosn x x<l 
f'(x)= 5 
3x° + 2ax x>l 


For differentiability of f : 
f'(1*) =3 + 2a, f'(1-) =—2 7 should be equal. 


2n+3 2m +3 
> a=-— 2 an = — 
2 2 
4x sinnx + 22x” cosnx x <i 
Thus f'(x)=)_, and 
3x° —(3+2n)x x>l 


(4 =2n° x’) sintx +8mxcostx , X<l 
1" = \6x-3-2n 
f"1)=-8n and f"1*)=3-27 
=> f'(x) does not exist at x = 1. 
However, f(x) is twice differentiable for x other than x = 1 


x>l1 


© Example 7: Find 


x? sin(di/x) for x #0, 
0 for x =0 


and find whether f’’(x) is continuous at the point x = 0. 


f(x) if f(x) -| 


©Y Solution: For x + 0 the derivative f '(x) can be found by 
differentiating the function x? sin (1/x) according to the rule of 
differentiation of a product. This yields 
f'(x) = 3x? sin (1/x) — x cos (1/x) (x #0). 
lim f'(x)=0= in f '(x) 


x30 
This means that f’(0) exists 
Thus f'(x) exists at all points: 
ry 3x? sin (1/x)—xcos(1/x) for x #0, 
(= 0) for x =0. 
Now, f’(x) = 6x sin (1/x) — 4 cos (1/x) 
— (1/x) sin (1/x) (x #0). 
= f(x) does not exist. 


To test whether f’"(x) exists at x = 0, we apply first principles 
on f'(x) 
f£'"(x) = lim f ‘(h) = f (0) 


h>0 h 
1 
3h? sin —heos+—0 
— lim h h 
h>0 h 
= lim (sn sin ee cos 7 
h>0 h h 
which does not exist. ¥ \ 
Thus f is twice differentiable for all x except x = 0. — AY 2 
Further, f’’(x) is discontinuous at the point x = '< >, a 


©@ Example 8: Let f, g be twice differentiable functions 
from R to R, and suppose that f(x) = g(x)/x for all x # 0. 


ss 
 Seowe look at 


“> \ 
(7 


> nd ‘ ' . | 
But g’@) =0,s0 lim 8 =o") =6, andso lim £% =3 
Ss 
x>0 x x0 
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Given that g(0) = g '(0) = 0 and that g"(0) = 6, determine f(0) 
and f '(0). 


©Y Solution: By the definition of g '(0), we have 
m 8%)— 80) 


=e ee x-0O 

= a “ ) (since g(0) = g '(0) = 0) 

= lim f(x) (since f(x) = BX) for x #0), 
x> X 


= f(0) (since f is continuous) 
So f(0) = 0. To find f'(0), note that 
£'(0) = lim f(x)-f(0) _ = fy Be g(x) 
x30 x -—O x0 x 


; g(x) 
(since f(0) = 0 and f(x) = oe for x #0). 


To determine this latter limit, we can use L’Hospital 's rule. 
Certainkialim g(x) = 0 and inn x= 0. 
* > 


a 


~ Oo) (differentiating top and bottom). 


> 


2x 
Thus by L ‘Hospital 's rule, 


lim ee) = 3 too, and this gives f'(0) = 3. 


x>0 


_ €oncept Problems E 


x’, x <0 
1. Let f(x) = owe Show that f '(0) exists but f'"(0) 


does not. 
2. Let fbe the function defined by 


2 

*~ if x20, 
2 
f(x) = 2 
Ls TERS O 
2 

(a) Compute f’. 

(b) Is fa differentiable function? 

(c) Show that f''(0) does not exist, and compute 

f'"(x) for x 4 0. 


3. Let f(x) = x*8 
(a) Compute f’. 
(b) Is fa differentiable function? 
(c) Show that f"(0) does not exist, and compute 
f'"(x) for x 40. 


4. Let the function g be defined by 


2 
g(x) = i i 


(a) Compute g’ and g". 
(b) Are g and g’ differentiable functions ? 


x <0, 


x>l. 


. sin(a+2x)-—2sin(a+x)+sina 
5. Evaluate lim 7) : 
x>0 xX 
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Practice Problems D 


6. Find y" for the following functions: 
(a) y=|x'| 
x’ sin(1/x), x #0, 
Oe alle x=0 


Also find y" (0) if it exists. 


7. A function fis defined as 


1 


5 (ba) forO<x<a 
1 a 43 
f(x)= is eee fora<x<b 
2 6 
Al 7 ] for x >b 
2 x 


Prove that fand f’ are continuous but f"’ is discontinuous. 


tan(a+2x)-—2tan(a+x)+tana 


x? : 


8. Evaluate lim 
x0 


9. (a) Show that f(x) = x’ is twice differentiable at 0, but 
not three times differentiable at 0. 

(b) Find an exponent k such that f(x) = xk is 

(n — 1) times differentiable at 0, but not n times 


differentiable at 0. 


3.9 Algebra of Differentiable Functions 


product, difference or quotient of two functions which are 
differentiable at a certain point are themselves differentiable 
at that point (except that, in the case of the quotient, the 
denominator must not vanish at the point in question). Further 
it is true that composition of a differentiable function with a 
differentiable function is a differentiable function. 
1. If f(x) and g(x) are differentiable at x = a, then the 
following functions are also differentiable at x = a. 
(1) cf(x) is differentiable at x =a, where c is any constant. 
(ii) f(x) + g(x) is differentiable at x =a. 
(iii) f(x). g(x) is differentiable at x = a. 
(iv) f(x)/g(x) is differentiable at x = a, provided g(a) #0. 
Here, we prove some of these results: 
Theorem If f and g are differentiable at x = a, then so is 
their product f+ g. 
Proof We apply the definition of derivative to F(x) = 
f(x) + g(x) as follows: 


F(a) = lim (f(ath)+g(a+h)) —(f(a)+g(a)) 


h0 h 

ie ae ” sae 
h>0 h h 

= iin f(a+h)—f(a) ia g(at+h)—g(a) 
h0 h h0 h 

=f'(a) +g’ (a). 


Therefore, f(x) + g(x) is differentiable at x = a. 


‘ D Note: The sum ofa finite number of functions differentiable 


We can deduce from the theorems on limits that the sum, ge eee eae te Boee 


Theorem If f and g are differentiable at x = a, then so is 
their product f. g. 
Proof Let F(x) = f(x). g(x) 


- f (a+h)g(a+h)-f(a)g(a) 


Fea)= jim ETDS 
= jim th sath) —fath)g(a) +f (a+ h)g(a) -fag(a) 
~ 36 h 
= Him| fear ny SEARO, yay SAO 

h>0 h h 


= limf(a+h). im 24+) -8@) 
h>0 h>0 h 
+ g(a). lim fiat+h)—fla) 
h>0 h 
As h approaches zero, f(ath) approaches f(a) because f, being 
differentiable at a, is continuous at a. 
= f(a) g (a) + f’(a) g(a). 
Therefore, f(x). g(x) is differentiable at x = a. 


B Note: The product of a finite number of functions 
differentiable at a point is a differentiable function at that point. 
By the above theorems we recognize that the functions 
y=x?+3x+2 
y = sin’x — x sin x — (x*— 1) cos x, and 
y = (sin x — 2x)/(x? + 1) 
are differentiable at every point in a domain common to all 
functions involved. 


2. If f(x) is differentiable at x =a and g(x) is non-differentiable 

at x =a, then we have the following results: 

(1) Both the functions f(x) + g(x) and f(x) — g(x) are 
non-differentiable at x = a. 
For example, consider, f(x) = x and g(x) =|x|. 
Here f(x) is differentiable at x = 0 and g(x) is non- 
differentiable atx =0. Both the sum function x +|x| and 
the difference function x —|x| are non-differentiable 
atx =0. 

(ii) f(x). g(x) is not necessarily non-differentiable at x = a. 
We need to find the result by first principles. 
For example, consider, f(x) = x? and g(x) = sgn(x). 
Here f(x) is differentiable at x = 0 and g(x) is non- 
differentiable at x = 0. But the product function 


3 


x", x>0 
f(x)e@xy= 9% X= 0 
—-x", x<0O 


is differentiable at x = 0. 
As another example, the product of the functions 


4: ol 
xsin— x+#0 


f(x)=x and g(x)= x 
0 x =0 


is differentiable at x = 0 even when f(x) is ) 
differentiable at x = 0 and g(x) is non-differentiable 
at x =0. 
However, the product of the functions f(x) = x and 
g(x) = [x] is non-differentiable at x = 1. 

(iii) f(x)/g(x) is not necessarily non-differentiable at x =a. 
Here also we need to work on the function f(x)/g(x) 
to get the result. 


x20 


x<0 


Let f(x) = x°(x? -1) and g(x) = Ae 

x-l, 
Here f(x) is differentiable at x = 0 and g(x) is non- 
differentiable at x = 0. 


x7(x-l), x20 


x7(x+l), x<0 


f(xy/g(x) = | 


We can check that f(x)/g(x) is differentiable at x = 0. 


© Example 1: Discuss the differentiability of 
f(x) = [x] + | 2x-1]. 


©Y Solution: Let us study the functions y = [x] and 
y =| 2x—1/|. It is a clear that f(x) = [x] is non-differentiable 
at all integral points and g(x) = |2x — 1| is differentiable for 
all x € R — {1/2}. The sum of a non-differentiable and a 
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differentiable function is non-differentiable. Hence f(x) + g(x) 

is non-differentiable at all integral points and x = 1/2. 

3. If f(x) and g(x) both are non-differentiable at x = a, then 
we have the following results. 

(i) The functions f(x) + g(x) and f(x) — g(x) are not 
necessarily non-differentiable at x = a. However, 
atmost one of f(x) + g(x) or f(x) — g(x) can be 
differentiable at x = a. That is, both of them cannot 
be differentiable simultaneously at x = a. 

Let us assume that both f(x) + g(x) and f(x) — g(x) are 
differentiable. Then the sum of functions (f(x) + g(x)) + 
(f(x)— g(x)) =2f(x) must be differentiable at x =a, which 
is wrong as it is given that f(x) is non-differentiable at 
x =a. Hence our assumption is wrong. So, both the func- 
tions cannot be differentiable simultaneously at x =a. 
For example, consider, f(x) = [x] and g(x) = {x}. 
Here both f(x) and g(x) are non-differentiable at x = 0. 
The sum function [x] + {x} being equal to x is 
differentiable at x = 0. The difference function [x]— {x} 
however is non-differentiable at x = 0. 

_ But this does not mean that one of the functions 

f(x) + g(x) or f(x) — g(x) must be differentiable. We 

can have both the functions non-differentiable. For 
example, if f(x) = 2[x] and g(x) = {x}, then both 
the functions f(x) + g(x) or f(x) — g(x) are non- 
differentiable simultaneously at x =0. 

(ii) f(x). g(x) is not necessarily non-differentiable at x =a. 

We need to find the result by applying first principles 

on the product f(x). g(x). 

For example, consider, f(x) = [x] and g(x) = [-x]. 

Here both f(x) and g(x) are non-differentiable at x = 0 

but, the product function [x].[—x] is differentiable at x =0. 

Further, f(x) = [x] and g(x) = {x} are both non- 

differentiable at x = 0 and, the product function [x]. 

{x} is non-differentiable at x = 0. 

Hence, we cannot comment in advance when both the 

functions are non-differentiable at x =a. 

(iii) f(x)/g(x) is not necessarily non-differentiable at x =a. 

Here also we need to work on the function f(x)/g(x) 

to get the result. 


2 
—1, =0 
Let f(x) = 7 . and 
x+l, x<0O 
x+l, x20 
x)= : 
Bs) a x <0 


Here both f(x) and g(x) are non-differentiable at x =0. 
But we find that f(x)/g(x) is differentiable at x = 0. 


Differentiability of Composite Functions 


Theorem If f(x) is differentiable at x = a and g(x) is 
differentiable at x = f(a) then the composite function (gof)(x) 
is differentiable at x =a. 
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G& Note: A function ofa function composed of a finite number 
of differentiable functions is a differentiable function. 


T 
For example, f(x) = sin x is differentiable at x = 5 and 


x? -1, x<l 
200)= | 


T 
is differentiable at x = f{(> ) = 1. Hence 
2x-2, x>l 2 


the composite function (gof)(x) is differentiable at x = . : 


- Note: 

1. Let a function f(x) be differentiable at all points in the 
interval [a, b], and let its range be the interval [A, B] and 
further a function g(x) is differentiable in the interval [A, B], 
then the composite function (gof)(x) is differentiable in 
the interval [a, b]. 

2. If the function f is differentiable everywhere and 
the function g is differentiable everywhere, then the 
composition gof is differentiable everywhere. 

3. If f(x) is differentiable, then | (f(x))?|, p > 1 is also 
differentiable. 


sin X 
For example, f(x) = —>—— and g(x) =x | x | are 
x 


+1 
differentiable for all x. Hence, the composite function 
sin X 
x? 41 


sin X 
x 41 


(gof)(x) = 


©@ Example 2: Check the differentiability of 


3 


f(x) = 


sin(cos x) 

&Y Solution: The numerator is differentiable for all x. As far 
as the denominator is concerned, according to the theorem on 
differentiability of a composite function, it is differentiable at 
points where the function u = cos x is differentiable, since the 
function sin u is differentiable everywhere. 

We must exclude the points at which sin(cos x) = 0. i.e. the 
points at which cos x = kz (k € J), or cos x = 0. Thus, the 
function f(x) is differentiable everywhere except at the points 
x =(2n+ 1)n/2 (n € I). 


© Example 3: What can you say about the differentiability 
of the function f(x) = (9—x? ? 


Y Solution: Because the natural domain of this function 
is the closed interval [—3, 3], we will need to investigate the 
differentiability of f on the open interval (—3, 3) and at the two 
endpoints. If c is any number in the interval (—3, 3), then f is 
differentiable at c. The function f is non-differentiable at the 
endpoints since 


a 2 “ony 0 
io oe 


—h 


is also differentiable for all x0) 


_ V6h—h? 
= lim ————_ = 


h>0 —h 


J9-(-3+h)? —0 
f'(-3*)= ioe 
h>0 h 


Thus, fis differentiable on the open interval (—3, 3). 


[i Note: The nth-root function f(x) = Vx is non- 
differentiable at x = 0. 

We may combine this result with the previous theorem. Then 
we see that a root of a differentiable function is differentiable 
except possibly at the points where the given function is zero. 
That is, the composition 


h(x) = ¥g(x) = [g(x)]!" 


of f(x) = Ux and the differentiable function g(x) is 
differentiable at x =a if g(a) 40. 


R eo Example 4: Show that the function 


2/3 
f(x) = (=) 
x7 42x42 


is differentiable everywhere except at one point. 


Y Solution: Note first that the denominator 
x?+2x+2=(x+1)+1 is never zero. 
Hence the rational function 


x+1 
r(x) = 


x7 4+2x+2 


is defined and differentiable everywhere. It then follows from 
the theorem and the differentiability of the cube root function 


that f(x) = [r(x)?? = YirG)P is differentiable everywhere 
except when r(x) = 0. 
Here r(x) = 0 atx =- 1. 


2/3 
-h . —— 


(= 
f(-1-) = lim 2+! 

h>0 —h 

2/3 
h 
Fea “0 = 

f(-1*) = lim 

h>0 h 


Hence, f is differentiable everywhere except at x =— 1. 


©@ Example 5: Let f(x) = [sin x] + [cos x], x € [0, 27], 
where [.] denotes the greatest integer function. 
Find the number of points where f(x) is non-differentiable. 


T 
©Y Solution: [sin x] is non-differentiable at x = >? Tl, 27 
3 
and [cos x] is non-differentiable at x = 0, : ; . , 27. 


Thus, f(x) is definitely non-differentiable at 
3K 


x=0,2, —. 
2, 


We need to check at x = 7 and 27, since both the functions 
are non-differentiable at these points. 
f}=|=1, f/=-0]=0 
2 2 


and, f(27) = 1, (20 —0) = 1. 


Lo . a 
Thus, f(x) is discontinuous at x = — and 27 and hence non- 
differentiable at these points. 


3 
Finally, f is non-differentiable at x = 0, TL, S , 27. 
i.e. at 5 points. ee5 x<0 
@ Example 6: If f(x) = as 2 SG 


and g(x) = f(|x|) + |f(x)|, then comment on the continuity and 


differentiability of g(x) by drawing the graph of f(|x|) and, |f(x)]. C \ 


©Y Solution: Graph of y = f(x) 


y=([x)) 
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Continuity of g(x): 
g(x) is continuous at all those points where both f(|x|) and |f(x)| 
are continuous. 
At x = 0, f(|x|) is continuous but |f(x)| 1s discontinuous. 

g(x) is discontinuous at x = 0 and hence non-differentiable. 
At x = 1, f(|x|) is differentiable but |f(x)| is non-differentiable 
because of corner. Hence, g(x) is non-differentiable at x = 1. 
Similarly g(x) is non differentiable at x = 2. 
Finally, g(x) is discontinuous at x = 0 and it is non differentiable 
atx =0, 1, 2. 
Theorem Let f(x) and g(x) be defined on an open interval 
containing the point x = a where f is differentiable at a, f(a) =0 
and g is continuous at a, then the product f.g is differentiable at a. 
f (a+h)g(a+h)—f(a)g(a) 


(fg)’(a) = lim 
h-0 


h 
2g EO TED) sree tey= On 
h>0 h 
= jim £@+H-F@) oe ny 
hoo h 
= Yim Heats) .lim g(at+h) =f’(a). g(a) 
h>0 h h>0 


gy) Ash approaches zero, g(ath) approaches g(a) because g is 


continuous at a. 

Therefore, f(x). g(x) is differentiable at x =a. 

For example, f(x) = sin x.(|x — 7| + 1) is differentiable at x = 7, 
since sin x is differentiable at x = 71, sin 1 = 0 and (|x — m| + 1) 
is continuous at xX = 7. 


Corollary. If f(x) is differentiable at x = a, then the product 
f(x).|f(x)| is also differentiable at x = a. 
For example, f(x) = sin x|sin x| is differentiable at x = 0, since 
sin x is differentiable at x = 0. 
@ Example 7: Let f(x) = e*-? — ax? + b and 

@) es! x<l 

x)= 

E x1 


xX, 


with f'(1) = 2. Find the values 


of aandb so that the function h(x) =f (x) - g(x), is differentiable 
atx=1. 
©Y Solution: Note that g is continuous at x = 1, but g’(1) 
does not exist. 
Also f'(x) = e*~! — 2ax 

1 


PijSt=mSs SS pat 
y) 


In such a situation, for h (x) = f (x): g (x) to be differentiable at 
x = I, f(1) should be 0, using the theorem given above. 
fqd)=0 >1-at+b=0 
= pas. 
2 
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| €Concept Problems E 


1. If it reasonable to assert that the sum F(x) = f(x) + g(x) 
has no derivative at the point x = x, if: 


(a) The function f(x) has a derivative at the point x,, and 
the function g(x) has no derivative at this point? 
(b) Neither function has a derivative at the point x,? 


2. Suppose that f(x) = x? and g(x) = |x|. Then the composite 
functions (f 0 g) (x) = |x? = x? and (g o f) (x) = [x"| = x? 
are both differentiable at x = 0 even though g itself is not 
differentiable at x =0. Does this contradict the chain rule? 
Explain. 


3. Consider the functions: 
(i) f(x) =x, g(x) = |x|; 


(ii) f(x) = |x|, g(x) = |x|. Is it reasonable to assert that the 
product F(x) = f(x) g(x) has no derivative at the point 
X=X, if: 
(a) The function f(x) has a derivative at the point x,, and 
the function g(x) has no derivative at this point ? 
(b) Neither function has a derivative at the point x,? 
4. Find the one-sided derivatives of the function 
f(x) = |x — x,| g(x) at the point x,, where g(x) is a function 
continuous at the point x,. Does the function f(x) possess 
a derivative at the point x,? 
5. If f(x) is differentiable at x = a, then prove that 
F(x) = (f(x) — f(a)).|x — al is also differentiable at x = a. 


Practice Problems E 


6. If f(x) = tan mx and g(x) = | x-1 | . Is_ the product 
function F(x) = f(x).g(x) differentiable at x =1? 
x} sint 


7. lff(x)= = ( 


if x#0 


if x= 


product function F(x) = f(x) . g(x) differentiable fo 
real x ? 


AY 


ty 


8. Let g(x) be derivable on R and g(x,) # 0. (® 4 
(a) Show that if f(x) =(x —x,)? g(x), then 
f(x,) = f'(x,) = 0 and f"(x,) #0. 


(b What can you say about f(x) = (x — x,)’ g(x)? 
(c) Generalize to f(x) = (x — x,)" g(x). 


9. Suppose u = g(x) is differentiable at x = — 
y = f(u) is differentiable at u = g(—5), and (f 0 g)’ 
(—5) is negative. What, if anything, can be said about the 
values of g '(—5) and f '(g(—5))? 


3.10 Functional Equations 


We follow the following steps to determine the functions which 
are differentiable( or which can be proved to be differentiable) 
and satisfying a given functional rule : 
(1) First we write down the expression for f'(x): 
ace (x+h)—-f(x) 
h 
(li) We caine f(x +h)—f(x) in such a way that the given 
functional rule is applicable. Now we apply the functional 
rule and simplify the R.H.S. to get f’ (x) as a function of x. 


f(x) = 


i=x* , x<O0 
10. Let fox) = 2x+1 , OSX <1 without finding (fof) (x) 
ONS x° 42 , x2l 


0 and g(x) = - Is the ~ WY “explicitly, find whether fof is differentiable at x = 0. 


l-x O<x<l 


oO” 1. Let f(x)=4%t+2 1<X<2 | Discuss the continuity and 


4-x 2<x<4 
differentiability of fof 
x-l, -Il<x<0 
12. Let f(x)= x. 0S%<1 3 Discuss the continuity and 


differentiability of h(x) = f(\sin x|) + |f(sin x)| in [0, 270]. 
a/x —a/x 


e 
13. Let f(x) = x? ah gak 


when x # 0 and f(0) = 0, with p, 
a > 0. Find all possible values of p so that f(x) is 
differentiable at x = 0. 

14. Discuss the differentiability of the functionf(x) = (x*-a) 


|x?-5x+6|+(sin x) |sin x| for alla € R. 


(iii) Then we integrate f ' (x) to get f (x) as a function of x 
and a constant of integration. In some cases a differential 
equation in formed which can be solved to get f (x). 

(iv) Finally we apply the boundary conditions to determine 
the value of the constant of integration. 


@ Example 1: If f(x + y) =f (x)- f(y), V x, ye Rand 
f (x) is a differentiable function, then find f (x). 
f(x+h)-f(x) 


Y Solution: f'(x) = lim 
h>0 h 


f (x)-f(h) -f (x) 
me ee) 


= li 
h>0 h 

= jim Qf as 
h>0 h 


Put x = 0, y=0; f(0) =f?) 
=> f(0)=0 or f(0)=1 
If f (0) = 0 then put y = 0 in the rule 
f (x) =f (x)-f (0) =0 
=> f(x)=0.f(x) 
=> f(x)=0. 
If f(0) = 1, then we proceed from (1) as follows : 


f'(x) = f(x) Boe) = f(x) - f (0) 


[Let k = f’(0)] 

f '(x) 
f(x) 
=> m|f@Wl|=kx+c 

| f (x)| = ek te = ek “ee 

f(x) = +e -e° 

f(x) =a.e where a=+ e° 
If x=0,fO)=1 > a=1 
=> f(x)=e where k= f'(0). 
Hence, the functions are f(x) = 0 and f(x) =e. .k 
© Example 2: If f(x+y)=f() +f y) V x, y € R and f 
(x) is a differentiable function, then prove that 

f(kx) =k f (x) for Vk, x ER. maid 
Y Solution: Given f (x + y) =f (x) +f (y) 
f(x +h)-f(x) 

h 

. £(x)+f(h)—-f(x) 
neo eee 


= li 
h>0 h 


. £(0+h)-f(0) 
= im ————— 
h>0 h 
=> f(x)=f'0) 
. f@=f'O)x+e 
If ‘x=0, f0)=0> c=0 
. f(x) =f'(0)x 
f (x) =ax, where a= f"(0) 
f (kx) =a kx =k ax =kf (x) 
Hence, f (kx) = kf (x). 
@ Example 3: A function f : (0, ©) > R satisfies the 
equation f(x/y) = f(x) — f(y). If f(x) is differentiable on (0, 00 ) 
and lim a) 
x0 xX 
©Y Solution: We have f(x/y) = f(x) — fly) .(1) 
Putting x = 1 and y = | in equation (1), we have 
f(1) = f)-fd) => f0)=0. 


f'(x) = lim 
h>0 


= f'(0). [asf (0) =0] 


=3, then determine f(x). 
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f(x+h)—f 
Weinet oi 
h>0 h 


f xt+h 
=. x J [from (1)] 


x 

lim 

h>0 h 

h 
(+2) 1. £(1+8) 

= lim—. lim 

h>0 x x 530 5 

x 


[w hyo asx >0 Vx e€ (0, ©) ] 
x 


= = [from lim 1s) 7 
x x>0 x 


3] 


To find f(x), write the above equation as 
df 3 


dx x 
On integrating both sides w.r.t. x we get 
f(x) =3 In x +c, where c is a constant. 


Now, using the condition f(1) = 0, we have 


__ f(1) = ¢ which gives c = 0 
ie Hence, we have f(x) =3 In x. 


~ © Example 4: A differentiable function satisfies the relation 


f(xt+y)=f(x)+f(y)+2xy-1 Vx,yeER. 


If f'(0) = V3+a—a” , find f (x) and prove that f (x) > 0 
VxeR. 
f(x+h)-f(x) 
h 
= f(x)+f(h)+2xh—-1-f(x) 
= lim 
h->0 h 


f(h)—1 [Put x = 0, y = 0 to get f (0) = 1] 


Y Solution: f'(x) = lim 
h>0 


= 2x + lim 
h->0 


. f£(h)-f(0) 
2x+ lim 
h>0 h 
=> f'(x)=2x+f'(0) 
Integrating, f(x) =x?+f'(0)x +c 
If x=0 ;fO)=1 > cH=l 


f(x)=x?+ (V3+a-a? )x+1 


Now D=3 +a-a’-4 =-(a’?-a+1)<0 
=> f(x)>0 VxeR. 


© Example 5: Given a function g which has derivative 
g'(x) for all x satisfying g '(0) =2 and g(x + y) =e” g(x) +e 
g(y) for all x, y € R, g(5) = 32. Find the value of g'(5)—2e°. 
@ Solution: Putting x = y =0 in 


g(x + y) = e¥ g(x) + e* g(y) we get g(0) = 2g(0) 
=> g(0)=0 
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lim 
h>0 


g(x +h)—g(x) 
h 


So 2=g'0)= ee = tim 8) 


hoo h 
Also g’(x) = lim 
h-0 


x h 
= tim SD) +e" B(X)- B00) 
h>0 h 


Ee: 
5 
oO 
Pad 
itje) 
o-X 
> 
— 
+ 
oO 
aaa 
un 
ithe) 
Fe. 
Pal 
— 
re 


= g(x) + 2e*. 
Thus, g '(5) — 2e° = g(5) = 32. 
©@ Example 6: A differentiable function f(x) satisfies the 
condition f(x + y) = f(x) + f(y) + xy forall x, y € Rand 


lim Le (h) =3 then find the least value of f(x). 
hooh 


© Solution: f(x) = tim AAT 


. £(x)+f(h)+hx -f(x) 
= lim 
h>0 h 


= ji teas ex 
hoo h 


2 : ~ 9 
x im > 
Integrating f(x) = 3x + a +k (Qe, --(1) 


Putting x = 0, y = 0 in the given relation 
f(0) = £(0) + (0) +0 => f(0)=0 
Now from (1) we have f(0)=0+k >k=0 
2 


f(x) =3 . 
x)=3x+ —. 
2 
It is a quadratic function whose least value occurs at 


x =—3. The least value is - : 


+ f +f 
a ) Qty) for all real x and 


2 2 
y. If f'(0) =— 1 and f(0) = 1, then find f(2). 


Sey) f(x)+f(y) 


©@ Example 7: Lett 


Y Solution: Given ({ 


2 2 
Replacing x by 2x and y by 0, then f(x) = ees 
=> f(2x) + f(0) = 2f(x) > f(2x) — 2f(x) = — f(0) .(1) 
woe ee 
n= ae h 


(2278) tr 
: y 
= lim 


h>0 h 


f(2x)+f(2h) 
2, 
h>0 h 


f(x) 


| 
5 


. foe te 
= lim 
h>0 2h 


= lim 
h-0 


=f'(0) 
=-I1VxeER 
Integrating, we get f(x) =-x+c 
Putting x = 0, then f(0) =0+c=1 (given) 
c= 1 then f(x) = 1-x 
f(2)=1-2=-1. 
Alternative 1: 


*($$2)- f(x)+f(y) 


font (from (1)) 


2h 


(given) 


a2 2 
Differentiating both sides w.r.t x treating y as constant. 


—  (xty) 1 £(x)+0 (x+y 
7 “i . = f —f’ 
r( 5 5 7 — ( 5 f'(x). 


~ Replacing x by 0 and y by 2x, 


then f(x) = f'(0) =- 1 (given) 
Integrating, we have f(x) =—x +c. 
(given) 


Putting x = 0, f(x) =O0+c=1 
.  c=l 
Hence, f(x) =—x + | then f(2)=-2+1=-1. 
Alternative 2: 
Suppose A(x, f(x)) and B(y,f(y)) be any two points on the 
curve y = f(x). 
If M is the mid point of AB, then coordinates of M are 
= fot | 
2° 2 
According to the graph, coordinates of P are 


CP) 


and PL>ML=> (+44) 


. Fo) +f) 


2 


f f 
But given (222)- a y) 


P — M, i.e., P lies on AB. Hence, y = f(x) must be a linear 
function. 


Let f(x) = ax + b > f(0) =0+b=1 

and f'(x)=a>f '(0)=a=-1 
f(x)=-x+1 
f(2)=-2+1=-1. 


sey. 2+f(x)+f(y) 


which is possible when 


(given) 
(given) 


3 3 for all real 


x andy and f'(2) =2 then determine y = f(x). 


©& Solution: {S42} eee (1) 


©@ Example 8: If r( 


Replacing x by 3x and y by 0 then 
2+f(@3x)+f(0) 

f(x) = a” dl 
=> (3x) —3f(x) + 2 =— f(0) ..(2) 
Putting x = 0 and y = 0 in (1), 
we get f(0) =2 ...(3) 
. f(x+h)-f(x) 
oo aa ct 


Now, f'(x) = pe h 


£(22*)-100 
3 
= lim 


h>0 h 
2+f(x)+f (3h) 
= lim a 
h>0 h 
. £Gx)-3f(x)+f(3h)+2 
= lim 
h>0 3h 
. £@Gh)-f(O) 
= lim —WH—— 
h->0 3h 
= f'(0) =c (say) 
. f'(x)=c 
At x=2,f'(2)=c=2 
f(x) =2 
Integrating both sides, we get f(x) =2x+a 
Putting x = 0 then 
f(0)=O+a=2 
“ a=2 
then f(x) =2x+2. 
Alternative: 
We have (224) - ee 
Differentiating both sides w.r.t. x treating y as constant, 


see '(=*)(5)- 2+f '(x)+0 


f(x) 


{from 2)} 


(given) 


{from (2)} 


3 3 
Now replacing x by 0 and y by 3x, then 
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f'(x) =f '(0) =c (say) 
At x=2, 

f'(2) =c = 2(given) 
“ f£(x)=2 
On integrating we get 

f(x) =2x+a 
Putting x = 0, then {(0)=O+a=2 {from (1)} 

f(x) =2x +2. 
@ Example 9: Let f(xy) = xf(y) + yf(x) for all 
x, y € R‘ and f(x) be differentiable in (0, ©) then determine f(x). 
©Y Solution: Given f(xy)= xf(y) + yf(x) 
Replacing x by | and y by x then we get x f(1) =0 

f(1) =0,x #0 (x,y, € R*) 
f(x +h)—f(x) 

h 


Now, f'(x) = lim 
h-0 


h>0 h 
3 xf ine rales) 
ae x x 

lim 

h>0 h 

f 1+") 
= lim aa + lim ca 
h>0 h ho0 x 
x 
f'd1)+ es) 
x 
f 
=> f@)-@ -F'0) 


xf'(x)-f(x) _ f') 
pA 


x x 
f(x) {f(x)|_ f'@ 
X x x 


On integrating w.r.t.x and taking limit | to x, 


f(x) f() 


we have eg =f'(1) dnx-In 1) 
x 


f(x) 


—“" _Q=f"(1) Inx (' £(1) = 0) 
x 


f(x) = f’(1) (x In x). 

Alternative: 

Given f(xy) = xf(y) + yf(x) 

Differentiating both sides w.r.t. x treating y as constant, 
f(xy). y=fty) +y f(x) 
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Putting y = x and x = 1, then 
f'(xy). x = f(x) + xf '(x) 
xf'(x)-f(x) _ f') 


= 
x x 
+ 4 /(f(%)\_f'@ 
dx x X 
Integrating both sides w.r.t. x taking limit | to x, 
1. ae =f'(1) {In x—In 1} 
f(x) es 
Te ele (* fC) =0) 


Hence, f(x) = f'(1)(x In x). 


@ Example 10: If f(x) + f(y) = (22 +) for allx,y ER 


<1 d tim!» Find f —- df’ 
(xy < 1) an Lo m B and f’(1). 


y 
Y Solution: f(x) + f(y) = (= 4) 


Putting x = y = 0, we get f(0) =0. 
Putting y =— x, we get f(x) + f(x) = f(0) 
=> f(x) =- f(x) 


Also, A eee its) 
>0 xX 


=2 
f(x+h)-f(x) 
h 


_ lim f(x+h)-f(x) 
a a nl 


xt+th-x 
1—(x+h)(—x) 
> f(x)= a 


h>0 


Now, (x) = sau 


‘(tor] 
=> f'(x) = lim 1+x(x+h 
h>0 h 


h 
ae) 
=> f'(x) = lim 1+xh+x +( 


ry [ h 1+xh+x 
1+xh+x? 


) 


Gard 
f 2 
=> f'(x)= lim 1+xh+x x lim : 
™ h h>014+xh+x? 
1+xh+x? 


(A) oN “ 


.) 


(3) 


(using (2)) 


(using (1)) 


[sing im lim ~ = 2} 


1 2 
=> f'(x)=2*x a > f'(x)= +2 


Integrating both sides, we get 
f(x) = 2 tan"'(x) + ck, where f(0) =0 > c=0 
Thus, f(x) = 2 tan”! x. 


Hence, f [ and 


M29 to 
3 6 3° 
— 


f')= 
‘ 1 


© Example 11: If e~f(xy) = e*f(x) + evf(y) Vx, 


y € R’, and f '(1) =e, determine f(x). 


Y Solution: Given e~’ f(xy) = e*f(x) e*f(y) ... 
2) 


Putting x = y = | in (1), we get, f(1) =0 


Now, f’ ‘@= lim AT) 


r(s(1+2) eee 
: x 
lim 


h-0 h 


lim 


() 


| = 7 h es 4 
en te *f(x)+e “t(1+4) —2*(e *f(x)+e f()) 
x 


h—>0 h 


x ha 
ef(x)+e st(14)-t09-e 4 
>.< 


lim 
h>0 h 
hy e “(142 
=f 1 G&D ms 
(x) jn( = A +e fim h 
x 
(. f(1) = 0) 
f'() 
= xo) 1 
=f(x).l+e7!. rs 
eX! 
= f(x) + (. £'(1) =e) 


xX 


f'(x) = f(x) + = => ef'(x)-e* f(x) = 7 
x 


d 1 
=> —(e* f(x) = — 
dx x 


On integrating we have 
e“f(x) =Inx+catx=1,c=0 
f(x) = e* Inx. 


@ Example 12: A function f: (-1, p> (+ 


the equation 


22 


| satisfies 


f(x) + fly) =f(x Jl-y? + y VI-x? ). 
(1) Show that f(x) is odd. 
(ii) If f(x) is differentiable on (—1, 1) and f’(0) = 1, then show 
that f(x) = >> 
at f'(x) = 
(ii) Hence, determine f(x). 
© Solution: 
(i) f(x) + f(y) =f(x Jl-y? +y VI-x? ). (1) 
Putting y =—x in equation (1), we have 
f(x) + f(—x) = f(x Vi-x? —xVJi-x?) 
=> f(x) + fx) =f) 
Putting x = 0 and y = 0 in equation (1), we have 
f(0) + £(0) = (0) > f(0) =0. 


Hence, f(x) + f(—x) = 0 ...(2) 
Thus f(x) is odd. 
(ii) Now, f’(0) = 1 
_ £(8)-f (0) ; 
=> lim ane daa 1 [using f(0) = 0] 
lim Ho) =] 
890 6 


Now f(x) = lim we 
s 


fn ee \ Ghuising2y] 


h>0 h 
_ f(x +h)vl—x? —xJ1-(x +h)? } 
= lim 
h>0 h 
[using (1)] 
£8)... &+h)Vi-x? -xJ1-(x +h)? 
= lim lim 
850 6 h>0 h 


assuming 6 = (x +h)v1-x? ~xJl-(« + h)? 


(x +h)Vl-x? —xVJl-(x +h)? 
= lim 
h>0 h 


_. x(Vil=x? —xJ1-@+hPY blo? 
= lim + 
h>0 h h 


— Vl—x? +lim x(=x" =1+(x +h)") 
= b0 hot —x? + /1-(x +h)*) 


2 


= V1 x? t 7 = : 
Vl-x? V1-x? 
1 
Hence, f'(x) = a G3) 


(iii) Integrating both sides of (3) 
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gives f(x) = sin"'x + c (c is a constant). 
Using the condition f(0) = 0 gives c = 0, and hence we 
have f(x) = sin'x. 


@ Example 13: A differentiable function f satisfies the 
relation f(x + y) — 2f(x — y) + f(x) -2f(y) = y —2 
V x,y ER. Find f(x). 
© Solution: f(x + y) —2f(x — y) + f(x) -2f(y) =y—2 
. CL) 
Put x = y =0 in (1) 
=> fO)=1 
Put y =h in (1) 
f(x + h) -2f(x —h) + f(x) — 2f(x) =h-2 
=>f(x + h) — f(x) — 2[(f(« — h) — f(x)] — 2(f(h) -— 1) =h 
Dividing by h on both sides and applying limit h—- 0 
. f(xt+h)-f(x)  2(f(x—-h)-f(x)) 
lim + 
h>0 h —h 


= 


oN: (x) +2f(x)—2f'(0)=1 [fis differentiable] 


> 3fW)= 14260) 2) 
(4 Putting x = 0 in (2) we get f’(0) = 1. 


=> f(*)=1 
f(x) =x+c 
Since f(0) = 1, c = 1, we have f(x) =x + 1. 


@ Example 14: A differentiable function f satisfies 

f(x + y) + f(x — y) —(y + 2) f(x) + y@’ —2y)=0Vx,yeER. 

Find f (x). 

@ Solution: Put y =h 

f(x + h) — f(x) + f(x — h) — f(x) — hf(x) + h(x? — 2h) = 0 

Dividing by h on both sides 
f(x+h)—f(x) ‘ f(x —h)-f(x) 

h h 

applying limit h— 0 on both sides, we get 
f'(x)-f '(x) -f(x) +x’ =0 

=> f(x)=x’. 


f(x) + x*-2h= 0 and 


@ Example 15: A twice differentiable function f satisfies 
the relation f(x? + y?) = f(x? — y?) + f(2xy) V x,y ER. If 
f(0) = 0 and f (0) = 2, find f(x). 
@ Solution: f(x? + y’) = f(x?- y?) + f(xy) 
Put y=h 
f(x? + h?) = f(x? — h’) + f(2xh) 
Dividing by h’ on both sides 
f(x? +h*)—-f(x”) _ f(x? —h?)-f(x”) 
h? h? 
f (2xh) 
h2 


+ 


(1) 
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eee ee = lim f '(2xh).2x 
h>0 h>0 2h 
(using L’Hospital ‘s rule) 
. xf'"(2xh).2x 
= lim ——— 
h>0 1 
= 2x’f"(0). 


Applying limit h — 0 on both sides of (1), we get 
f'(x?) =— f(x’) + 2x°f"(0) 
2f'(x?) = 2x7f"(0) 
Replacing x? by t 
2f'(t)=2tf"'(0) => f'(t)=2t 
Integrating both sides w.r.t. t 
Jf@at =| 2t dt 
f(t)=C+c 
Since f(0) = 0, c =0. 
f(t)}=t? or, f(x) =x?. 
© Example 16: f(x) is a differentiable function satisfy the 
relationship f7(x) + f(y) +2 (xy-l)=f7(x+y) 
Vx, ye R.Alsof(xy)>0 V xe R, and f(/2) = 2. 
Determine f (x). 
Y Solution: Put x =Oandy=0 > £°(0)=2 


f'@)= Jan FRED) —1s) 
h>0 h 
lim f° (x+h)-f7(x) 
h>0 [f(x +h)+f(x)].h 


— jim £7(h)+2(xh-1) 
Tere 2f (x)h 


41. iin 2" . fo? 


2£(x) h>0 h h 
2 2: 
: 2x4 in Siw) 
2f(x) h>0 h 


HOO (ry +10) 


= u E + lim 
2f (x) h>0 


1 1 
"G)= Fyqyl2x + 2O).-£ 10) 


“. f(x).f’ ®%)=x+f(0).f '(0) 
=> f(x).f'(x)=x+A, where A =f (0) -f'(0) 
Integrating both sides, 
2 2 
re) are eee 
2 2 
f(x) =x?+2Ax+c 
atx=0,f7(0)=2 > c=2 
at x= V2 ,£°V2 )=4 >A=0 
f(x) =x? +2 


= f(x)=¥x74+2  (asf(x)>0) 


©@ Example 17: function f: (0, 00) — R satisfies the equation 
f(xy) = 2f(x) — (2) If fis differentiable on R* and f(1) =0, 
y 
f '(1) = 1, then show that 
1 
i) f(y)=-f] — 
Gi) fly) ( ‘) 
and hence determine f(x). 


©Y Solution: We have f(xy) = 2f(x) — {| .(1) 


(ii) f(x) + f(y) = (4) 
y 


(i) Putting x = | in (1), we have 


2f(1) = fly) - (=} 
y 


=> fiy= (+) [since f(1) = 0] .(2) 
(ji) In (1) we exchange x and y to get 


- FO 249) - (=) 


=> flay) =2fly) +f = [using (2)] (3) 


‘Now we subtract (1) from (3) 


0 = 2f(y) —2f(x) +2 i 
y 


=> f(x)-fly)= {| (4) 
We have ‘ 


(**) 
f(x+h)-f(x) 45 x 
h 


"(x)= li 
£"(x) bo0 h>0 h 


[using (4)] 


ie. f'(x)= = 
Xx 


This gives f(x) =Inx+c 

Now, using the condition f(1) = 0 gives c = 0. 

Hence, we have f(x) = In x. 

© Example 18: A differentiable function f satisfies the 
relation f(x + y) + f(xy — 1) = f(x) + fly) + f(xy) Vx,y ER. 
If f(1) = 2, f’(0) = 1 and f’ 1) =— 1, find f(x). 


@Y Solution: Putting x = 0, y =0 in the given rule, 

(0) + f(-1) = 3f(0) 
=>  f(-1) = 2f(0) .(1) 
Now, putting y =h 

f(x +h) + f(xh — 1) = f(x) + f(h) + f(xh) 


=> f(x+h)-f(x)+f(-— 1+ xh)-fC 1) 
= f(h) + f(xh) - fC 1) 
=> f(x+h)-f(x)+f(-1+xh)-fC 1) 
= f(h) — f(0) + f(&xh) - f(0) [using(1)] 
Dividing both sides by h, 
f(x+h)—-f(x) n f(—1+ xh)-f(-l) a 
h xh , 
f(h)—f(0) f(xh)-f(0) 
= + .X 
h xh 
Now, applying limit h — 0 on both sides , we get 
f’(x) + xf’(-1) = f’(0) + x f’(0) 
Given that f’(0) = 1, f’(-1) =-1, we have 
f’(x) =2x+1 
f(x)=xX°+x+4+e 
f)=2 >c=0 
*. f(x) =x? +x. 
©@ Example 19: Let f : R > R be such that for all x and 


y in R, |f(x) - f(y) | < |x — y[> . Prove that f(x) is a constant 
function. 


&Y Solution: We are given that 
[fix) = f(y) |= k= y/ (1) 
Let x be any real number and let y be chosen sibitratily close | 
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f(x)-f(y) 
x—y 

f’o~| <0 => f’(x)=0 

= f(x)=c. 

Hence f(x) is a constant function. 


Since lim 
yx 


= f’(x), we see from (2) that 


© Example 20: Suppose 
p(x) =a, +ax+t+a,x?+..+ ax" 

If | p(x)|S|e*'- 1| for all x = 0, prove that 
Ja, +2a,+..+na,|S1. 

Y Solution: Given p(x) = a,taxtax>+..+ax" 
p(x) =O+a,+2a,x+...+nax"! 

=> p(l)=a,+2a,+...+na, 

Now, | p(1)|<Je"!~ 1] =[e?- I] = 

= |p()|S 0=pi)=0 

As |p(x)|S|e*'-1| 

we get |p(1 +h)|<|e*- 1] Vh>-1,h#0 

= [pd +h)—p(1) |S ae I] (+ pd) =0) 

| pd+h)— N= PO) Pe = 


Taking limit as h > 0 on both sides, then 


to x but not equal to x. Then writing (1) as a red = ita pd+h)—pd) | — lim eo -1 

(x)-f(y) www) ea es =, e 

SM) cix-y AS 

ame (, ” o4 wae = 0 ee 
and letting y — x, we get —S = n-30 lad 
m Pay) < lim |x - yl (2) => |p()|s1 
y->X x—y y= = |[at+2a,+..+na|S1 {from (1)} 
Practice Problems F 


1. A function f : R > R+ satisfies f(x + y) = f(x) . 
f(y) V x € R. If f’(0) = 2, then show that f’(x) = 2f(x). 
2. Let f(xy) = f(x) f(y) V x, y € R and f(1) #0, f’() = 1, 
prove that fis differentiable for all x #0. Hence determine 


f(x). 
a, tad] 2 ato 
2 2 
exists and equals —1 and f(0) = 1 then find the value of f(2) 


4. If f(x) satisfies f(1 — x) = f(x) V x € Rand f’(1) = 0 then 
find f’(0) if it exists. 


5. Let t(*=¥) _ fa) +f) 
n n 


f’(0) = 2 then find f(x). 


for real x and y. If f’(0) 


V x,y © R,n>2and 


f (x)f 
6. Let ea = eee for all real x and y. If 


f(1) = f’(1) = 3, then prove that one of the functions 
f satisfies f(x) + f(1 — x) = 3 for all non-zero real x. 


7. If 2f(x) = f(xy) + (2 Vx, y € R*, f(1) = 0 and 


f’(1) = 1 then find f’(2) and f(2). 

8. Letf:R—R such that f(x + y) 
= f(x) + f(y) t+e**¥(x +y) —xe*—ye’+2xy V x,yeER 
then find f(x) given that f’(0) = 1. 


5. wi( 22) _ 2f(x)+3f(y) 


Vxy ER, f0)=1, 
5 5 XY (0) 


f’(0) =— 1, prove that 


3.48 DIFFERENTIAL CALCULUS FoR JEE Main AND ADVANCED 


n+l 10. A differentiable function f satisfies the relation f(x + y) 


» (f (r))° ee weir ; [f(x) —f(y)] = f(x -y)[f(x) + f(y)], where f(1) = 2. Find f(x). 


Target Problems for JEE Advanced 


@ Problem 1: Check the differentiability of f(x) at x = 0, Hie Sitidi h(d) -0 A) 
where 80 8 
f(x) = (3 see x0 Now consider f’(x) at x = 0. 
x |+{x = 
|x| +{x} RHD. = lim! O=FO _ jg, H@oost/8) 
1 5 60 fo) 830 fa) 
= S45. x= 
2 . : = lim —— ne) -lim icos(1/6) 
where { } represents the fractional part function. 80 6 
© Solution: =0 [using (1)] 1-2) 
Pt sar calca Lup jw lim LO=FCS) _ ji, HCSeos(-1/8) 
a es oe tO). |h|+{h} ) 2 eS Beast 8 30 rs) 
f’(0*) = lim 
h>0 h m = (8) 
oh = lit .lim cos(1/5) 
i 7 80 8 850 
> y 
ee a = 0 [ using (1)] 3) 
h0 h _ Since R.H.D. = L.H.D. = 0, we have f’(0) = 0. 
[-- [h| + {h} =h +h =2h for small h > 0] ; ey (een 
1-2 : KN @ Problem 3: If f(x) =4xe ~ "xz 0, 
= lim — = -Ine=-1. AY? a, x=0 
~ Meh (OY : / find the value of ‘a’ such that f(x) is differentiable at x= 0. 
£0) = ae se came 7 @ Solution: 
h>0 h e i ) 
oireee 
= a P= tn OY a ale 
i 2 | —h |+{-h} h>0 h h>0 h 
~ 30 h 5a) 
re _ he® ia 
120-5) OS i 
= Tim h 2/h 
= fin 8 9 in SO prone. 
[* |-h| + {-h} =h+ 1-h=1 for small h > 0] hoo h h>oh 
| -(-t+2) 
= lim—=0 —h.e+® Hag 
h>0 2h Also f’(0-) = Jim, ; 
Hence, f is non-differentiable at x = 0. ad 7 
© Problem 2: Find f (0) if f(x) = h(x)cos(1/x), x # 0, =1+ lim ~ = 1, provided a =0. 
(0) = 0, where h(x) is an even function differentiable at x = 0 7 
Hence, a = 0. 
and h(0) = 0. |x —3| [x]; x>1 


©Y Solution: The existence of h’(0) implies that © Problem 4: Let f(x) = | si 


lim h(6)—h(O) _ lim h(0) — h(—8) 
80 fo) 60 fo) 


n (). x<l 
where [.] denotes the greatest integer function. 
Find whether f(x) is 
=. tm h(d) _ i. —h(d) (i) is continuous atx =0, 

a0 & 890 6 (ii) is differentiable at x = 0, 


(iii) is continuous but not differentiable at x = 1, 
(iv) is continuous but not differentiable at x = 3/2. 


© Solution: 
— th 
(i) lim f(x)= lim f(0—h)= lim sin ( a =0 
x>0° h>0 h—>0 2 


th 
lim f(x)= lim f(0+h)= lim sin — =0 
x30" h>0 h>0 2 


f(0) =0 
f(x) is continuous at x = 0. 
f(O-h) —f(0 
(i) 0) = Lim £7) = #0) 
h>0 —h 
ate) eres 
= m 2 - lim bls 2 = os 
h>0 —h hoo 2 th 2 
2 
f(0+h)-—f(0 
f’(0*) = lim ( ( 
h> h 
. Th 
T ie T 
~ho02 Th 2 
2 
£’(0) = f ‘(0*) 
f(x) is differentiable at x = 0. 
f(1-h)-f(1 
dii) f’d) = lim iio) =) 
h>0 —h 
po 
sin -1 th 
. —h cos 1 
= lim = lim 2 
h>0 —h h-0 —h 
2 th 
2sin a wh wh 
h>0 (gh “2 im, (52) - 
40 
im {2+b-fM 4, |-1+h|-1 
f’(1*) h>0 h h>0 h 
_ |-l+h|-1 1-h-1 
= lim = =-—1 
h>0 h h>0 h 


fd) #f ‘(1*) 
Hence f(x) is not differentiable at x = | but it is continuous 
there. 


r( 
(iv) £G/2) = lim 


I 
=v 
5 
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2n||34+h]-0 
on 2m +h]-9 on _, 


h>0 h 


3 
f(x) is not differentiable at x = 9 but it is continuous 


there. 
© Problem 5: 
1 
1 \txy 
(1+{x}) te 
—_—_—_— x # Integer 
Let f(x) = e : 
= x = Integer 
e 


Discuss the continuity and differentiability of f(x) at any integral 
point, where {.} denotes the fractional part. 


&Y Solution: Let x = I, be any arbitrary integers. 
C. 2 
fee —. 
~ fil) e 


0,7) = lim £1, ~b) 
% > 


1 


(14 {Ip — hy) et) (2 } 2 


h-0 e e e 


(+h)! ) 


f(I, + h) = dent (I,+h)= tn ; 


im \Vh vh 
= in ) um -1 
e ° =e . 


Vb Wh 
imi{ G+"). ene 
hod h e _ e eh 


bod 


Now (1 +h)!” 


1 1 h 1h 
— —In(1+h) —| h-—+—.-.... —h| —-—+—.-..... 
eh = eh 2. 3 = 23 4 


ft Bee } 
I3°a 


=> f1,)= lim- 
e€ 


Since f(I, *) # fU, ) 
= f(x) is discontinuous at all integral points and hence non- 
differentiable. 
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© Problem 6: Let 


iia 
; BD) 
(en (e|tx1+-x1 |) } —— for x <0 
f(x) = 3+el*l 
0 forx =0 
— olxl+{x} 
ones for x >0 
|x |+{x} 


where [ ], { } represents integral and fractional part functions 
respectively. Compute the one-sided derivatives at x = 0 and 
comment on the continuity and differentiability at x = 0. 


— ,hth 
fs 6 
h+h 


©Y Solution: f’(0*) = lim 
h>0 


h 
2h 
= lim Cas dh =- 
hoo (2h)h 
I-h+h 
|-hl __ 
-h - én(e|-1+0]) - | 22 ——* 
. 3+e h 
f’(0-) = lim 
h>0 —h 
ue 
h _ 
oe 2e = 
= lim 34eh 
h>0 —h 
_ 
2-—5e 4 
= lim : =2 
h>0 -= 
3e b+] 


Hence f is continuous but not derivable at x = 0. 


© Problem 7: Let f be a continuous function from R to R 
such that f is differentiable at 0. Suppose that f(1/n) = 0 for 
allneN. 

(i) Prove that f(0) = 0. (This fact does not requires the 


differentiability of f) 
(ii) Prove that f ’(0) = 
©Y Solution: 
(i) Since f is continuous at O and lim (=] =0, 
n>o\ n 


1 
we must have f(0) = lim ‘(+ }=o. 
n 


n—-9. 


since we are given that (+ )- 0 foralln EN. 
n 


(ii) By part (i) we have f(0) = 0 and so 


£’(0) = tim (#7 } = Him 22) 
x30 x-0 x0 x 


Thus, since Ee #0 and Z >0 ano, 
n n 
f’(0) = lim} ~~ |=0, 
no 


because f (=| =0 forallneN. 
n 


© Problem 8: If f(x) =3x!° — 7x* + 5x°— 21x? + 3x?—7 then 


find the value of lim ate] 
xl h°? +3h 


© Solution: f (x) = 3x! — 7x8 + 5x° — 21x? + 3x?— 


fa tm (2=D-FO hb 
h0 -h h(h? +3) 

j= lim -f'()-— lea) 1 

ho h?+3 3 am 


Now, f’(x) = 30x? — 56x’ + 30x° — 63x? + 6x 


(F11) = 30- oo 63 +6=-53 


~. From (1), l=- 5¢ 53) = =. 


© Problem 9: If f(x+y)=f (x) +f (y)+|x]y + xy’, 


V x, y © Rand f’(0) =0, then prove that fis differentiable for 
all x € R, but it is not twice differentiable at x = 0. 


&Y Solution: 
f(h)+|x|h+xh* 


f () seetiggy EOD ti 
h>0 h h>0 h 
f(0) = 0, we have 
; __ ( £(h)—£(0) 
f’(x) = tim (SOO) +[x]+xh 


f(x)=f (0) +|x|=|x|. 
Hence, f is differentiable for all x € R. 
It is easily seen that f ’ (x) = | x | is not differentiable at 
x = 0. So, f is not twice differentiable at x = 0. 


© Problem 10: If the function f(x) = |x — al.g(x), where g(x) 
is a continuous function, is differentiable at x = a then find g(a). 


Y Solution: We have 
f"(a*)= ich f(a+ h)—f(a) _ 
h>0 h 


ae (at+h)- O_ 
2 g(a). 

a h 

[*.” g is continuous at x = a we have 


lim 1 g(a +h)= lim 1 g(a —h)= g(a)] 


f(a) = min fi h) = tim oe ala h) a5) 

Since, e 1S ener at x =a, haces we have 
g(a) =— g(a) 

=> g(a)= 


$(a?—b*), 0<x<b 
3 
© Problem 11: If f(x) = {2027-427 -2© bex<a, 
3 9 9x 
aca -b'), x>a 
then find whether f’(a) exists. 
© Solution: We have, 
0,0<x<b 
3 
f’(x) = Se b<x<a, 
9x 
= (a? b*),x>a 
Xx 
6s. 43 
f’(a*) = lim f '(a +h) = lim 2] 
h>0 h>0| 9 (a+h) 
_ -2a*+2b? 
9a’ : 


and f’(a)= = f '(a—h) 
> 


3 
jing: = (a—h)+4 ap 5 
h>0| 9 O(a = h) 
-8a 2b) -8a°+2b° 
+> = 7 : 
9 9a 9a ww, 
“. £’(at) #f ’ (a) and hence f’(a) does not exist. 


@ Problem 12: Let f: [0, 1] > R be defined as 


sd-wysin( 4 if 0<x<l 
f(x) = x : 
0 if x=0 


Then prove that (i) f(x) is differentiable in [0, 1] 
(i) f(x) is bounded in [0, 1] 
(ii) f’(x) is bounded in [0, 1]. 


h3(1—h) sin —0 
h 


© Solution: f’(0*) = lim =0 
h>0 h 
4 | 
(ih) (+h)sin-———-0 
f’(1> = lim oh) 
h>0 —h 


=-—sin 1 


= lim —(1—h)’ sin 
h->0 


Hence f is derivable in [0, 1]. 

Obviously f is continuous in a closed interval [0, 1] and hence 
f is bounded. 

Now f’(x) 


ye = (. 1)? +b if x20 
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(x3 x*)oos{ = it *) + sin - (3x 4x3) x #0 
x x 


X 


0 if x=0 
and lim f'(x) = (0)+sinl3—4) =-sin1. 
xl 
Thus, f’(x) is continuous in [0, 1] and hence it is also bounded. 


x+a if x <0 


@ Problem 13: f (x) = 
roblem 13: f (x) ae an 


x+l1 if x <0 
x)= 
B (x) (x-1)? +b if x>0 


where a and b are non negative real numbers. 

Determine the composite function gof. If (gof) (x) is continuous 
for all real x, determine the values of a and b. Further, for 
these values of a and b, is gof differentiable at x = 0 ? Justify 
your answer. 

xta if x <0 

x-l]if x20 “" 


© Solution: f(x) = 


x+l1 if x <0 


f(x) +1 f(x) <0 
GO) =e) = ae +b f(x) 20 
[x+atl if f(x) <Oorx<-a 
(x+a—l)? +b if f(x) >Oor-a<x<0O 
(l-x-1)?+b_siif f(x) >Oor0<x<1 
= =x7?+b 
(x-1-1? +b if f(x) >O0orx 21 
| =(x—2)*?+b 


(gof) (x) is continuous : 

Continuity atx =—a 
lim G(—a—h) = lim (—a—h)+a+l =1 
h>0 h—>0 


lim G(-at+h) = lim (-a+h+a-—1)? +b 
h->0 h->0 


=b+1 
=> brl=1 > d=0. 
Continuity at x = 0 


lim G(O-h) =(a-1) (as b=0) 


lim G(0+h) =0=> a-1=0 5 a=1 
h->0 
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x+2 x<-l 
G(x)= x? -1l<x<l 
(x—-2)? x21 


=> Gis differentiable at x = 0. 


@ Problem 14: Let f:R— R be a real valued function V 
x, y € R such that |f(x) — f(y)| < sin*(x — y). Prove that f(x) is 
a constant function. 
&Y Solution: Since |f(x) — f(y)| < sin*(x —y), 
x # ylf(x) — f(y)| < | sin*x —y) | 
Dividing by | x — y | on both sides, 
f(x)-f(y) |_ |sin*«-y) 
xX—y xy 
Taking lim y — x, we get using domination law of limits that 
f(x)-f(y) 
x—-y 
rm £CO-F) 
y>x x-y 
=> |f’(~|<o 
=> |f’(~|=0 
f’(x) =0 
= f(x) =c (constant) 
© Problem 15: A function f : R — [1, ©) satisfies the 
equation f(xy) = f(x)f(y) — f(x) — f(y) + 2. If fis differentiable 
on R and f(2) = 5, then show that 


| < 


sin’ (x -y) 
x—y 


< lim 
yx 


lim 
yx 


- 4 
Zin 2 
yox xX-y 


=> 


(*- |f’(x)| 2 0, in general) 


f’(x)= fete '() . Hence, determine f(x). 
x 
© Solution: We have 
f(xy) = f(x)f(y) — f(x) — f(y) +2 (1) 
{x(2 + 2} —f(x) 
Now f’@) stim (2 = ee a 
h>0 h h>0 h 
Foor t *) f(x) i : ae f(x) 
. x x 
lim 
h>0 h 
[using (1)] 
f (1 + *) -2 f i 
= lim Se os i) 
h>0 x 


x 
Putting x = 1 and y = 2 in equation (1), we have 
f(2) = f(1) f(2) — fC) - £2) + 2 


=>5=5((1)-f()-5+2 [ £(2)=5] 


=> fq) =2. 
(1+ 


Now (2) reduces to 
To find f(x), write the above equation as 
df ... dx 
ae 
Integrating both sides w.r.t. x 
we get In |f-1| =f’(1).In|x| + Inc. 
Let f’(1) =a 
In|f—-1] = a.In|x|c 
Now, using the condition f(1) = 2, we have 
In |2-1,=alnc> c=1 
Now, f— 1 = + |x|? 
=> f(x)=1+|xf 
Using the condition f(2) =5, we have 
— 5=142: 


x|> 


f’(x)= elim f'(1) 


h>0 


f(x)-1 )-t0 _ f(x)-1 
x x 


~|o 


_ This gives a = 2, using + sign. 
Hence, we have f(x) = 1 + |x|? 


which can also be written as f(x) = 1 + x’. 


© Problem 16: Let f Pee 


n 


_ [Head Rad T)tT)) 


n 


where x, are any real numbers and n € N. If f(x) is differentiable 
and f (0) =a and f(0) = b, find f(x). 


_ f(x)+fy) 
2 


Y Solution: We have, (222) 


{taking x, =x, x,=y,n=2} 

This holds for any real x, y. So y is independent of x, ie., 
d 

dy 9 

dx . 

Differentiating w.r.t x, 


xty)1 dy 1 dy 
a )14— |= ros’ 
AP} e)-s7rOrogy 
sf (222) = Fits) 

2 2 2 

Taking x = 0 and x in place of y we get 


1,,(0+x)_1,, 
sf ( a J-4$F0 


f {2] = f (0) =a(given). 


Integrating w.r.t. * , (3] =a-— +c 
2 2 


When x = 0, f(0) =0+¢,1.e.,b=c 
[". £(0) = b (given)] 
x ax 


Thus, i = oo (1) 


SY) f(x)+f(y) 
we get 


Agai tti =Oinf 
gain, putting y = 0 in 5 5 


(2 f(x)+f(0)_ f(x)+b 


2 2 2 
f b 
From (1), f(xy+b an +b 
2 2 
f(x) = ax +b. 


© Problem 17: Find a function continuous and derivable 
for all x and satisfying the functional relation, f (x + y) - 
f (x — y) =f?(x), where x and y are independent variables 
and f (0) #0. 


©Y Solution: Put y =x and x=0 to get 


f(x). f(—x) =f?(0) (1) 
Now f ’(x)= lim Ge) 
h>0 h 
f? (0) 
: f (x+h) - F(—x) 
~ h>0 h (cy 
_ £(xth).f(-x)- £20) 
= . lim 
f(-—x) ( h>0 h 
h (h h (h , 
: ; (B+(2 + x)).+(2 (2 + x)) f* (0) 
~ f (-x) eee, h 
h 
(| |= 
)-e 
= m 
f(-—x) h->0 h 
h h 
_ (3) (3) 
i. 2f (-x) no h 
2 
f(x) ree 
= PO .2£(0).f’O)= £(0) f(x) 
f(x) _ £0) © 
> 6s FO) 
=> In|f@)=kx+e 
> | f (x)| = ekx+e = ekx “ec 
= f(x)=+e-e° 
= f(x) =a.e wherea and k are arbitrary constants. 
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® Problem 18: Let f be a function such that 

f(x + f(y) =f(f0)) +f)  VxyeR 
and f(h) =h for 0 <h <€ where € is a small positive quantity. 
Determine f’’(x) and f(x). 
& Solution: Given f(x + f(y)) = f(f&) + f(y))...d) 
Putting x = y =Oin (1), 

f(0 + £(0))=f(f(0)) + £(0) = f(f(0))=f(F(O)) + £00) 

f(0) =0 (2) 


Now f (x) = fim 7A ABT (for 0 <h<e) 


putting x as h and y as x in (1) 


age) oi 


h->0 h hoo h . — . ») 


h 
= im—=1. 
hoo0h 


Integrating both sides with limits 0 to x 

f(x) =x 

f(x) =0. 
© Problem 19: Let f(x) be a thrice differentiable function 
satisfying f(x + y) = f(x-y) + yl[f’(x + y) +f’ -y)] 


where f(0) = 0, f’(0) = I, and f(1) = 2. Find f(x). 
~ @ Solution: Put y =x 


f(2x) = f(0) + x[f ’(2x) + f ’(0)] 
f(2x) = xf ’(2x) + xf ’(0) + f(0) 
Differentiate both sides w.r.t. x 
f’(2x). 2 = f’(2x) + xf ”(2x).2 + f’(0) 
f’(2x) = 2xf (2x) + f’(0) 
Replace 2x by x, 
f’(x) = xf’ (x) + f’(0) 
Again differentiate both sides w.r.t. x 
f(x) = xf (x) + f(x) 
xf (x) =0 
=> f'(x)=0 
f(x) = ax?+bx+c 
Since f(0) = 0,c =0 
f’(0)=1>b=landf(l)=2>5a=1. 
Hence f(x) = x? + x. 


©@ Problem 20: Let f(x) be a positive differentiable 
function satisfying 


(2) = JF) Fy) V x,y € R, where f (0) =2. 


Find f(x). 


©Y Solution: Put x = y=0, f(0) = Jf) 
= f(0)=0,1 
Since f is a positive function f(0) = 1. 
f (x + h) —f(x) 
h 


f’(x) = lim 
h->0 
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s/f (2x).f (2h) —f (x) 
~ h 


Replace x by 2x and y = 0 in the rule: 


f(x) = /f (2x).f (0) 


meicoe /€ (2h) -1) 
h 


h->0 


_@(2h)-1) 
no h.(,/f (2h) +1) 
f(2h)-1 

2h 
f’(x) = f(x) . (0) 
f’(x) = 2f(x) 
én f(x) =2x +c 


= f(x): li 


= f(x): lim 
h>0 


f(x) = e2xte 
f(0)=1 >c=0 
f(x) = e** 


Things to Remember 


1. Right Hand Derivative (R.H.D.) 


= £8) < tia f(a+h)—f(a) 
h>0 h 

Left Hand Derivative (L.H.D.) 

fae im Oo “ f(a) 


f is differentiable at x = a if and only if 
L.H.D. = R.H.D. ° 

2. A function will fail to have a derivative at ¥ point where 
the graph has WN 
(1) acomer, where the one-sided derivatives differ, 

(11) an oscillation point, where the one-sided derivative(s) 
does (do) not exist. 

(ili) a vertical tangent, where the absolute value of slope 
of the secant approaches ©. 

(iv) a discontinuity. 

3. The curve y = f(x) has a vertical tangent line at the 
point (x,, f(x,)) provided that f is continuous at x, and 
|f’(x)| > as xx, 

4. The graph of a continuous function f has a cusp at x, if 
f ’(x) approaches ce from one side and —ce from the other 
side. 

5. If afunction f is differentiable at x = a then it must be 
continuous at x = a. 

If f is continuous at x = a, then f may or may not be 
differentiable at x = a. 

6. If a function f is discontinuous at x =a then it is non- 
differentiable at x = a. 

7. If afunction f is non-differentiable at x =a but both the 
one-sided derivatives exist (though being unequal), then 
f is continuous at x = a. 

8. Ifa function f is defined only in the left neighbourhood 
of a point x = a (for x <a), it is said to be differentiable at 
aif 


f(a—h)-f 
L.H.D. =f’(a-) = lim ae exists. In such a case 


h>0 
f ‘@)= f(a). 
~ Similarly, if a function f is defined only in the right 
, neighbourhood of a point x = a (for x 2 a), it is said to be 
differentiable at a if 


f(ath)-f(a) 
————™ exists. 


R.H.D. = f’(a*) = lim 

h>0 

In such a case f’(a) = f(a’). 

9. A function f(x) is said to be differentiable in an open 
interval (a, b) if it is differentiable at all interior points 
in (a, b). 

10. A function f(x) is said to be differentiable in a closed 
interval [a, b] if 
(1) it is differentiable at all interior points in (a, b). 

(ii) R.H.D. =f ’(a*) exists at the left endpoint a. 
(ii) L.H.D. =f “(a>) exists at the right endpoint b. 

11. @) All polynomial, exponential, logarithmic and 
trigonometric functions (inverse trigonometric not 
included) are differentiable at each point in their 
domain. 

(i) Modulus function and signum function are non 
differentiable at x = 0. Hence, y = | f(x) | and 
y = sgn(f(x)) should be checked at points where 
f(x) = 0. 

(1i1) Power function y = x, 0 < p< | is non-differentiable 
at x =0. Hence, y = (f(x))? should be checked at points 
where f(x) = 0. 

(iv) The inverse trigonometric functions 
y =sin''x, cos"!x, cosec!x, and sec"'x 
are not differentiable at the points x = + 1. Hence, 
y =sin'(f(x)), cos"\(f(x)), cosec"!(f(x)), and sec"!(f(x)) 
should be checked at points where f(x) = + 1. 

(v) Greatest integer function and fractional part 
functions are non differentiable at all integral x. 


12. 


13. 
14. 


15. 


16. 


17. 


Hence, y = [f(x)] and y = {f(x)} should be checked at 
points where f(x) =n, nel. 

(vi) Further, a function should be checked at all those 
points where discontinuity may arise. 


An alternative limit form of the derivative 
te 
xa xX-a 


f(a+h)-f(a—h) 


If f’(a) exists, then as 
2h 


= f(a). 


(i) If f’(a) exists and w(h) — 0 as h > 0, then 
lim f(a + yw(h)) i f(a) = f’(a) 
h>0 wh) 


(ii) If f’(a) exists, and yh) > 0 and o(h) > 0ash— 0, 
f(a+ywh))-flat+o)) _ =F?) 
wh) — oh) 


then lim 
h>0 


Let the function y = f(x) be defined by 
X= x(t) and y= y(t), where t is the parameter. 
y(t +8) — yi) 
Then, & = tim ——3 2) 
dx 630 x(t+8)—x(t) 8>50x(t+8)—x(t) 
) 
In general, the limit of the derivative may not exist, => 


18. 


19, 


2 0. 


but when it exists then it is equal to the value of the — y 


derivative. In such a case, we say that the derived function ~ 


f’(x) is continuous, or the function f(x) is conringury 
differentiable. 


(i) If Jim f’(x) and dim f’(x) both exist ( or are infinite 
then lim f’(x) =f ‘(a) 
xa 
ie L.H.L. of f’(x) =L.H.D. of f(x) atx =a 
and lim f’(x)=f ‘(a*) 
xa 
ie R.HLL. of f(x) =R.HLD. of f(x) at x =a. 
(a) If lim f’(x) = lim f’(x), then f(x) is differentiable 
and its derivative f’(x) is continuous at x = a. 
(b) If lim f’(x) # lim f (x), then f(x) is non- 


differentiable and its derivative f ’(x) is 
discontinuous at x = a. 


21. 


22. 
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(c) If lim f’(x) and lim f’(x) are infinite, then f(x) 
xa xa" 


has an infinite derivative at x =a and hence it is 
non-differentiable there and f’(x) is discontinuous 
atx =a. 
(ii) If any of the limits lim f’(x) or lim f’(x) does 
xa xa’ 
not exist, then we cannot conclude anything about 
the differentiability of the function. In such a case, 
we should try to find the derivative using its basic 
definition (i.e. first principles). 
A function f(x) is twice differentiable at x = a if its 
derivative f’(x) is differentiable at x =a i.e. 


f'(a+h)—f'(a) 
h 


the limit f"(a) = lim exists. 
h>0 


If f(x) and g(x) are differentiable at x =a, then the following 
functions are also differentiable at x = a. 

(1) cf(x) is differentiable at x =a, where c is any constant. 
(ii) f(x) + g(x) is differentiable at x =a. 

(iii) f(x). g(x) is differentiable at x = a. 

(iv) f(x)/ g(x) is differentiable at x =a, provided g(a) # 0. 


If fx) is differentiable at x = a and g(x) is non-differentiable 
at x =a, then we have the following results : 


(i) Both the functions f(x) + g(x) and f(x) 
non-differentiable at x = a. 

(ii) f(x). g(x) is not necessarily non-differentiable at 
x =a. We need to find the result by first principles. 

If f(x) and g(x) both are non-differentiable at x = a, then 

we have the following results. 

(i) The functions f(x) + g(x) and f(x) — g(x) are not 
necessarily non-differentiable at x = a. However, 
atmost one of f(x) + g(x) or f(x) — g(x) can be 
differentiable at x = a. That is, both of them cannot 
be differentiable simultaneously at x = a. 


— g(x) are 


(ii) f(x). g(x) and f(x)/g(x) are not necessarily non- 
differentiable at x = a. We need to find the result by 
applying first principles. 

If f(x) is differentiable at x = a and g(x) is differentiable 
at x = f(a) then the composite function (gof)(x) is 


differentiable at x =a. 


Objective Exercises 


SINGLE CORRECT ANSWER TYPE 


1. 


x 
If f(x) = i.e x # 0 and f(0) = 0 then, 
+ 


el/x # 


(A) f(x) is continuous at x = 0 and f’(x) = 1 

(B) f(x) is discontinuous at x = 0 

(C) f(x) is continuous at x = 0 and f’(x) does not exists 
(D) f(x) is continuous at x = 0 and f’(x) = 0 


2. 


2 ‘ 
if x<X9 


x 
Let f(x) = | 


ax+b if x>X9g 


The values of the coefficients a and b for which the function 
is continuous and has a derivative at x,, are 
(A) a=x,, b=-x (B) a= 2x,, b=-x,” 


(C) a=a=x, a b=-x, (D) a=x,, b=-x,” 
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10. 


11. 


The number of points where function f(x) = minimum 


{x3 — 1, -x + 1, sgn (—x)} is continuous but not 
differentiable is 

(A) One (B) Two 

(C) Zero (D) None of these 


Total number of the points where the function 
f(x) = min {|x| — 1, |x — 2] — 1| is not differentiable 

(A) 3 points (B) 4 points 

(C) 5 points (D) None of these 

The set of values of x for which the function defined as 


1-x x<l 
f (x) = | d-x)(2-x) 1<x<2 
3-x x>2 
fails to be continuous or differentiable, is 
(A) {1} (B) {2} 
(C) {1,2} (D) 


The number of points where 

f(x) = (x + 1) + |[x- 1/3, is non-differentiable is 
(A) 1 (B) 2 

(C) 3 (D) none 


The set of all points where f(x) = 
differentiable is 

(A) {0} (B) {-1, 0, 1} 
(C) {0, 1} (D) none of these 


It f(x) is a differentiable function from R > Q “then 
100 \% 


S(-D'f(r) is 


r=0 
(A) 0 (B) -1 
(C) 1 (D) none 
; |x |-x3"* +1) ; 
The function f(x) = == Sag. — ,x #0, f(0) = 0 is 


(A) discontinuous at x = 0 

(B) continuous at x = 0 but not differentiable there 
(C) both continuous and differentiable at x = 0 
(D) differentiable but not continuous at x = 0 


x #0 
where g(x) is an even 
0 if x=0 
function differentiable at x = 0, passing through the origin. 
Then f’(0) 
(A) is equal to 1 
(C) is equal to 2 


g(x).cos Ls if 
Let f(x) = x 


(B) is equal to 0 
(D) does not exist 


(x? +2x+3+sin mx)" -1 
, then 


Let f (x) = lim 
n—>00 (x? +2x+3+sintx)" si 


(A) f(x) is continuous and differentiable for all x € R. 
(B) f(x) is continuous but not differentiable for all x € R. 
(C) f(x) is discontinuous at infinite number of points. 
(D) f(x) is discontinuous at finite number of points. 


12. 


15. 


. The function f(x) = 


Let f (x) is a function continuous for all x € R 

except at x = 0 such that f’(x) < 0 V x € (-©, 0) 

and f(x) > 0 V x € (0, 0%). If lim f(x) =3, lim f(x) =4 
x>0° x0 

and f (0) = 5, then the image of the point (0,1) about the 


line y lim f (cos* Xx —cos” x) 
x0 


, Peo) 3) 
= X limf(sin” x—sin" x) | js 


x0 
12 -9 12 9 
(A) Gg (B) (2-3) 
16 -8 24 -7 
© (535) © (35-55) 


. Let f be an injective and differentiable function such that 


f(x). f(y) + 2 = f(x) + f(y) + f(xy) for all non negative real 
x and y with f’(0) =0, f’(1) =2 # f(0), then 

(A) x f(x) — 2f(x) +2 =0 

(B) x f(x) +2 f(x) -2=0 

(C) x f’(x)- f(x) +1=0 


— D) 2 f(%) = f'(~) +2 


/x? |x |—|x|— 1 is not es 


Let f be a function such that f(x + y) = f(x) + f(y) for all 


x and y and f(x) = (2x? + 3x) g(x) for all x where g(x) is 


continuous and g(0) = 3. Then f’(x) is equal to 

(A) 9 (B) 3 

(C) 6 (D) none 

Let f(x) be a function such that f(x + y) = f(x) + f(y) and 
f(x) = sin x g(x) for all x, y € R. If g(x) is a continuous 
function such that g(0) = K, then f’(x) is equal to 


(A) K (B) Kx 
(C) Kg(x) (D) none 
3x? +2x-1 1 
———— for xX#— 
6x” —5x+1 3 1 
. Let f(x) = 1 then f’ (5) 
—4 for x= 3 3 


(A) is equal to —9 
(C) is equal to 27 


(B) is equal to —27 
(D) does not exist 


. Given f(x) is a differentiable function of x, satisfying 


f(x) . f(y) = f(x) + f(y) + f(xy) — 2 and that f(2) = 5. Then 
f(3) is equal to 


(A) 10 (B) 24 
(C) 15 (D) none 
2x+1l ,xeEQ 


x?-2x+5,x¢Q 1S 


(A) continuous no where 

(B) differentiable no where 

(C) continuous but not differentiable exactly at one point 

(D) differentiable and continuous only at one point and 
discontinuous elsewhere 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


Let f(x) be differentiable at x = h then 
_ (x+h) f(x) - 2h f(h) 
lim 

x—-h 


is equal to 
xh 


(A) f(h) + 2hf’ (h) 
(C) hf(h) + 2f’ (h) 


(B) 2 f(h) + hf’ (h) 
(D) hf(h) — 2” (h) 


If f(x) . f(y) = f(x) + f(y) + f(xy) —2 V x, y € R and if f(x) 
is not a constant function, then the value of f(1) is 

(A) 1 (B) 2 

(C) 0 (D) -1 

If f(x) = |1 — x|, then the points where sin“'(f |x|) is non- 
differentiable are 

(A) {0, 1} (B) {0,-1} 

(C) {0, 1,-1} (D) none of these 

Let f(x) be defined for all x © R and the continuous. 


Let f(x + y) — f(x— y) = 4xy V x, y = © R and 
f(0) = 0 then 
(A) f(x)is bounded 


(B) f(x) + (2) -t(x+2}+2 
xX xX 


(C) roo+t(2)=e[x-4]+2 
xX xX 


(D) none of these if 

If g’(x) exists for all x, g’ (0) = 2 and g(x + y) = e¥g(x) \. 

e*g(y) V x,y. Then AS 

(A) g(2x) = —2e*g(x) 

(C) lim g(h)/h =3 
h>0 


(B) g(x) = g(x) + 2c" 
(D) None of these 


If y = |1-2-|3—|4—x||]| ; then number of points where y is 
not differentiable; is 
(A) 1 (B) 3 
(C) 5 (D) >5 
— , x+#0 . 
f(x) = 9 2x°+|x| then f(x) is 


1 > x=0 

(A) Continuous but non-differentiable at x = 0 
(B) Differentiable at x = 0 

(C) Discontinuous at x = 0 


(D) None of these 

Let f(x) = cos x and g(x) = 
minimum {f(t):0<t<x},xe[0, 7] 

re ee ; X>T 

then 

(A) g(x) is discontinuous at x = 1 

(B) g(x) is continuous for x € [0, °) 

(C) g(x) is differentiable at x = 7 

(D) g(x) is differentiable for x [0, °) 


27. 


28. 


29. 


30. 


31. 
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If f(x + y + z) = f(x). f(y) . f(z) for all x, y, z and 
f(2) = 4, f’(0) = 3, then f’(2) equals 

(A) 12 (B) 9 

(C) 16 (D) 6 

If f(x) = a (cos x)**+ cos"! (sin x); then the points of 


non-differentiability of f(x) is 
(A) x=1 (B) x=-1 
(C) x=ntne€ 1) (D) none of these 


If f(x) = Max. {1, (cos x + sin x), 

(sin x —cos x)} 0 <x < 52/4, then 

(A) f(x) is not differentiable at x = 1/6 

(B) f(x) is not differentiable at x = 51/6 

(C) f(x) is continuous for x € [0, 57/4] 

(D) None of these 

Let f: R— R satisfying |f(x)| <x? V x ER, then 
(A) ‘f is continuous but non-differentiable at x = 0 
(B) ‘f? is discontinuous at x = 0 

(C) ‘f? is differentiable at x = 0 

(D) None of these 

Choose the incorrect statement given that fis differentiable 


fs, (A) If fis odd and f’(c) = 3 then f’(-c) = 3 
 (B) If fis even and f’(c) = 3 then f’(-c) —3 


32. 


33. 


34. 


(C) If f is even then f’(0) = 0 
(D) If f is odd then f’(0) =0 


Consider the function f(x) 
x? if x<0 
x? if 0O<x<1 
~ 1x] ile oem 


x°=2x43 if x22 
then fis continuous and differentiable for 
(A)xER (B) x € R— {0, 2} 
(C) x € R- {2} (D) x € R- {1, 2} 
The number of points on [0, 2] where 
x{x}+l O<x<l 
fo= 1<x<2 


fails to be continuous or derivable is 


(A) 0 (B) 1 
(C) 2 (D) 3 
Which one of the following functions best represent the 


graph as shown adjacent ? 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 


1 
(A) foo= To B) f= TR 
(C) f(x) =e"! (D) f(x) =a" (a> 1) 
The number of points where the function 


f(x) = (x? - 1) | x?-x —2| + sin (|x ]) 
is not differentiable is 


(A) 0 (B) 1 
(C) 2 (D) 3 
Let f(x) be differentiable at x = h then 


(x +h) f(x) — 2h f(h) 
lim 
x—-h 


is equal to 
xh 


(A) f(h) + 2hf ’(h) 
(C) hf(h) + 2f’(h) 


(B) 2 f(h) + hf ’(h) 
(D) hf(h) — 2f’(h) 


The function f(x) = maximum { x(2-x),2- x} is non- 
differentiable at x equal to 
(A) 1 (B) 0, 2 
(C) 0,1 (D) 1, 2 
sin |x? —5x +6| >: gene 
Let f(x)=) x?-5x+6 
1 », xX=2o0r3 


The set of all points where f is differentiable is 
CA) (8, 2) (B) (00, 00)— {2} aA 
(Cy (aeepee) = (9) (D) (ee, 9) — {2, 3} 


f(a+2h2)-f(a—2h2) 


1 
If f’(a)=—, then li = 
ae aa = f(a+h?—h*)-f(a—h* +h’) 
(A) 0 (B) 1 
(C) -2 (D) none 
[x]+./{x} x<l 
If f(x) = 1 esae then [where [ . ] and 


[x] +{x}? 
{ . } represents greatest integer part and fractional part 
respectively. ] 
(A) f(x) is continuous at x = | but not differentiable 
(B) f(x) is not continuous at x = 1 
(C) f(x) is differentiable at x = 1 
(D) Tin f(x) does not exist 
x—> 


If f(x) has isolated point discontinuity at x = a such that 
|f(x)| is continuous at x = a then 
(A) |f(x)| must be differentiable at x =a 
(B) lim f(x) does not exist 
xa 
(C) lim f(x) + f(a) =0 
xa 
(D) f(a) =0 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


Let fbe a differentiable function on the open interval (a, b). 
Which of the following statements must be true? 


I. fis continuous on the closed interval [a, b] 
Il. fis bounded on the open interval (a, b) 
Il. Ifa <a, <b, <b, and f(a,) < 0 < f(b,), then there is a 
number c such that a, < c < b, and f(c) = 0 
(A) I and II only (B) I and III only 
(C) I and II only (D) only HI 
Let f: ROR, f(x — f(y) = f(f(y)) + xfly) + f(x) -1 V x, 
y €R, if f(0) = 1 and f’(0) = 0, then 
2 


x 

(A) f(x) =1- cs (B) f(x) =x2+1 

C) fix) = (2 ) i a. 

(©) {=| TG (D) none of these 

If f : [-2a, 2a] — R is an odd function such that 


f(x) = f(2a — x) for x € (a, 2a). if the left hand derivative 
of f(x) at x = a is zero, then the left hand derivative of 


“ f(x) at x = —a is 
(A) 1 


(B) -1 

(C) 0 (D) none 

Suppose that the differentiable functions u, v, f, 

g:R—-R satisfy lim u(x) = 2, lim v(x) = 3, 
X—00 X00 

f'(x) 

g'(x) 


+u(x) E(x) = v(x) 
g(x) 


lim f(x) = lim g(x) = ce and 
X70 X70 


_ f 
then lim es) is equal to (given that it exists) 
x (Xx) 


(A) 1 (B) 1/2 

(C) 2 (D) None 

Suppose f is a differentiable function such that 
f(x + y) =f (x) + f (y) + 5xy for all x, y and f’(0) = 3. The 
minimum value of f (x) is 

(A) -1 (B) — 9/10 

(C) - 9/25 (D) None 

Let h(x) be differentiable for all x and let f(x) = (k x + e*) 
h(x) where k is some constant. If h(0) = 5, h’(0) =—2 and 
f’(0) = 18 then the value of k is equal to 

(A) 5 (B) 4 

(C) 3 (D) 2.2 


If for a function f(x) : f(2) = 3, f’(2) =4, then lim [f(x)], 
x2 
where [ . ] denotes the greatest integer function, is 


(A) 2 (B) 3 
(C) 4 (D) dne 


49. 


[x]+ Jf} x<l 


If f(x) = 1 , then 
[x] + {x} 
[where [ . ] and { . } represent greatest integer and 


fractional part functions respectively] 
(A) f(x) =is continuous at x = | but not differentiable 
(B) f(x) is not continuous at x = 1 


50. 


DIFFERENTIABILITY 3.59 


(C) f(x) is differentiable at x = 1 
(D) lim f(x) does not exits 
xl 


Let f(x) be continuous at x = 0 and f’(0) = 4 then value 
2f (x) —3f (2x) +f (4x) 45 


of lim 5 

x>0 x 
(A) 11 (B) 2 
(C) 12 (D) none 


MULTIPLE CORRECT ANSWER TYPE FOR JEE ADVANCED 


51. 


52. 


53. 


54. 


55. 


Let f (x)=|x —1|( [x] — [-x]) , then which of the 
following statement(s) is/are correct? 

(where [x] denotes greatest integer function) 

(A) f (x) is continuous at x = 1 

(B) f (x) is derivable at x = 1 

(C) f(x) is non-derivable at x = 1 

(D) f (x) is discontinuous at x = 1. 


Which of the following function will have tangent at 
indicated point 

| 

x’ sin— , x#0 

(A) f(x) = x atx =0 

0 , x=0 
(B) f(x) = sgn (sin x) atx = 1 
(C) f(x) = sgn (x?) atx =0 
(D) f(x) =|x — 1!" atx = 1 
Let f (x) = sin 71x, g (x) = sgn (x) and h (x) = gof(x) then 


(A) h(x) is discontinuous at infinite number of points 
(B) h(x) =0 for allx e R-I 
(C) lim h(x) does not exist 
x1 
(D) h(x) is periodic with period 1. 


tan[x ]z 


If f(x) = , where [.] denotes the 


[1+ | log(sin? x +1) |] 
greatest integer function then f(x) is 

(A) discontinuous V x € I 

(B) continuous V x ER 

(C) non differentiable V x € I 

(D) a periodic function with no fundamental period 


Let f and g be two functions defined as follows : 
X+ |x| x for x <0 
f(x) = forall x & g(x)=] , then 


2 


(A) (gof)(x) & (fog)(x) are both continuous for all x € R 
(B) (gof)(x) & (fog)(x) are unequal functions 

(C) (gof) is differentiable at x = 0 

(D) (fog)(x) is not differentiable at x =0. 


x for x20 


56. Ifa function f : R > R satisfies 


57 


. 


58. 


59. 


60. 


|X 3* (f(x + ky) — f(x —ky))| $ 1 for every n € N and for 
allx y € R, then 
(A) [3® (f(x + ny) — f(x — ny))| $2 

2 
(B) |f(u) -f(v)| $ ao 
(C) f(x) is a constant function 
(D) f(x)=1VxeER 


If we define new derivative of function f to be 


£3(x + Ax) —f7(x) 


A(f(x)) = Jim, re , then 
(A) A (x) = 3x3 

(B) A (tan x) atx = c equals 6 

(C) A (sin x) at x = 0 equals 1 : 


(D) A (cos x) at x = 0 equal — = 


1... 
if f(x) = minimum cos x5 (sina) ,O< x < 2N, 


where { . } represents fractional part function, then f(x) is 
differentiable at 


3m T 
A) — B) — 
(A) 5 (B) i 
Ms bp) = 
(C) ; (D) 5 
If f(x) = minimum {x*- 1,—x + 1, sgn (-x)}, then f(x) is 


(A) continuous at x = 0 

(B) differentiable at x = 0 

(C) continuous at x = 2 

(D) differentiable at x = 2 

If [ . ] denotes greatest integer function, then for the 
function y = sin 7 (|x| + [x]), which of the following is 
correct 

(A) not continuous at x =—1/2 

(B) continuous at x = 0 

(C) differentiable in [-1, 0) 

(D) differentiable in (0,1 ] 
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61. 


62. 


63. 


64. 


65. 


66. 


If f(x) is differentiable everywhere and f(a) = 0, then at 
x =a, f'(a) is non-zero 

(A) | f | is differentiable 

(B) | f |? is differentiable 

(C) f| f| is differentiable 

(D) f+|f |? is differentiable 


. ol 
Let f (x) = x*sin— forO<x<1 and f (0) = 0. If 
x 


g(x) = x? for x € [0, 1] then which of the following 
statement(s) is/are correct? 
(A) f (x) is differentiable in [0, 1] 


(B) lim 1% 


lim —— does not exist. 
x30 g(x) 


lim f(x) exist 
x0 g(x) 


f(x) 


(C) 


(D) lim does not exist. 


x+l , x2l 4 P P e 
2-x . xep g(x) = f(x) + f({x]), then 


g(x) Is 

(A) not continuous at x =—1 

(B) not continuous at x = | 

(C) continuous at x = 0 

(D) not differentiable at x = 0 

A function f(x) satisfies the relation 

f(x + y) = f(x) + f(y) + xy (x+y) V xyeER. 

If f’(0) =—1, then 

(A) f(x) is a polynomial function 

(B) f(x) is an exponential function 

(C) f(x) is twice differentiable for allx € R 

(D) f’(3) =8 

Function f(x) = max (|tan x], cos|x]) is 

(A) non-differentiable at 4 points in (11, 1) 

(B) discontinuous at 2 points in (-1, 7) 

(C) non-differentiable at only 2 points in (-1, 70) 

(D) in (-%, 1) there are only 2 points where f(x) is 
continuous but not differentiable 

Let a differentiable function f(x) be such that 


lf(y) — f(y)| <> Ix — y| V x, y €R and oes. 


Then the number of points of intersection of the graph of 
y = f(x) with 

(A) the line y = x is one 

(B) the curve y =—x? is one 

(C) the curve 2y = |x| is three 

(D) None of these 


67. 


68. 


9. 


70. 


Given that f’(x) is continuous at x = a. State which of the 
following statements are true 


(A) f(a) = lim £6 -F@) 
hoo) =0—lhh—-a 

(B) f’(a) = lim 162 ~F@a-h) 
h>0 h 


f(a+2t)—f(a) 
t 


t30 2t 


(C) f@) = lim 


. 1 
sin? x.cos—, x#0 
x 


Let f(x) = 
0, x=0 

(A) fis continuous at x = 0 

(B) f’(0)=1 

(C) £’(0) does not exist 

(D) f “is not continuous at x = 0. 


a/x —a/x 


& Py c= 6 is 
Let f(x) = g’(x) ar ee where g’ is the derivative 
yy ” e+e. 


of g and is a continuous function and a > 0 then lim f(x) 
x>0 


exists if 

(A) g(x) is polynomial 

(B) g(x) =x 

(C) g(x) =x’ 

(D) g(x) = x* h(x) where h(x) is a polynomial 
Let f: RR be a function such that, 


(2) _ f@)+fty) 
7 3 


, £(0)=3 and f’(0)=3, then 


f (x) 


(A) is differentiable in R 


(B) f’ (x) =3 
(C) f(x) is continuous in R 
(D) f(x) is bounded in R 


Assertion (A) and Reason (R) 


(A) Both A and R are true and R is the correct explanation 


of A. 


(B) BothA and R are true but R is not the correct explanation 


of A. 


(C) Ais true, R is false. 
(D) A is false, R is true. 


71. 


Consider the function f(x) = x? — 2x and g(x) = -|x| 
Assertion (A) : The composite function 

F(x) = f(g(x)) is not derivable at x = 0. 

Reason (R) : F’ (0*) = 2 and F’(0-) =-2. 


72. Assertion (A) : There is no polynomial function f such 
that f(x + y) = f(x) + yf(f(x)) for allx, y ER 


f(x +h)-f(x) 
im 2H 
0 h 


f(x) = 1 = f(f(x)). 


If f is of degree n then the equation n — 1 = n’ has no 
positive integral solution. 
73. Assertion (A) : There are exactly three functions 
f : R > R such that 
f(x) fly) = f(%) + f(y) - fixy) <i 
1+ f(x + y) = f(xy) + f(x) f(y) ..(2) 
Reason (R) : Adding (1) and (2), we get 
1 + f(x + y) = f(x) + f(y). 
f(x +h)-f(x) “O) 1 
h 


Reason (R) : 


= lim 


h-0 
= f(x)=ax+b where a &bcan be aiceanine’ by using 
function’s value at x = 0, 1. 

74. Assertion (A) : The function y = sin"! (cos x) is not 
differentiable at x = nz ,n € [is particular at = 7. 


dy —sin x oo, 
Reason (R): a2 = isan so the function is not 


=f’(0). 


Now f’(x)= lim 
h-0 


differentiable at the points where sin x = 0. 
75. Consider two functions 
f(x) = sin x and g(x) =| f(x). 


Assertion (A) : The function h(x) = f(x) Bx) | is Ke . 


differentiable in [0, 270]. 
Reason (R) : f (x) is differentiable and g (9) i is not 
differentiable in [0, 270] 

76. Assertion (A) : The function 


xX 
f(x)= cel | | i , where c,, c, are constants 


is differentiable at x = 0, provided c, = 0. 
Reason (R) : e”! is not differentiable at x = 0. 

77. Consider two functions f(x) = sin x and g(x) =| f(x) |. 
Assertion (A) : The function h (x) = f (x) g(x) is not 
differentiable in [0, 270] 

Reason (R) : f (x) is differentiable and g (x) is not 
differentiable in [0, 270] 


78. Consider the function f(x) = cot! [se0 (eo) where 
2x —[x] 


[ ] denotes the greatest integer function 
Assertion (A) : f(x) is discontinuous at x = 1. 
Reason (R) : f(x) is non derivable at x = 1. 


x-l O<x<2 
79. Let f(x) = sgn x and g(x) = ae Sets 
Assertion (A): The function (fog)(x) is differentiable at 
X=2. 
Reason (R) : If f(x) is differentiable at x= g(x) is 
differentiable at x = a then g(x) is differentiable at x =a 
and f(x) is differentiable at x = g(a). 
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80. Assertion (A) : 
f(x) = |(x —1)?P (x — 2)7P*E (x =n)? tig 


differentiable everywhere where p,, p,, ......p, EN. 
Reason (R) : f(x) = x{x| is differentiable everywhere. 


Comprehension — 1 
ef} _ 1, 


sin x —tanx+cosx—l 


x>O0O 


Let f(x) = x <0 


2x? +In(2+x)+tanx’ 
0, x=0 


where { } represents fractional part function. Lines L, and 

L, represent tangent and normal to curve y = f (x) at x = 0. 

Consider the family of circles touching both the lines L, 

and L.,. 

81. Ratio of radii of two circles belonging to this family cutting 
each other orthogonally is 


(A) 2+ V3 (B) V3 
© 2+ V2 (iD oF 
82. A circle having radius unity is inscribed in the triangle 


formed by L, and L, and a tangent to it. Then the minimum 
area of the triangle possible is 


(A) 3+ V2 (B) 3- V2 
(34 9 (i 3902 


83. If centres of circles belonging to family having equal radii 
'r' are joined, the area of figure formed is 
(A) 2r° (B) 41? 
(C) Sr (D) r? 


Comprehension — 2 


Let f(x) be a real valued function not identically zero, which 
satisfies the following conditions. 

I f(xt+y™*)=f(x}+ {f(y)}"*!,n © N, x, y are any real numbers 
I. f£’(0)20. 


84. The value of f’(10) is 


(A) 10 (B) 0 

(C) 2n+1 (D) 1 
85. The function f(x) is 

(A) odd 

(B) even 


(C) neither even nor odd 
(D) even as well as odd 


86. The function f(x) is 
(A) Continuous and differentiable everywhere 
(B) Continuous everywhere but not differentiable at some points 
(C) Discontinuous at exactly one point 
(D) Discontinuous at infinitely many points 
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Comprehension — 3 
Suppose f, g and h be three real valued function defined on R. 


Let f(x)=2x+ |x|, g(x)= ; (2x —|x|) and h(x) =f(g(x)) 


87. The range of the function 


k(x) =1+ searing) + cot '(h(x))) is equal to 
T 


[1 7 5 11 
(A) +4] (B) rad 
[1 5 7 11 
7.3] () 24 


88. The domain of definition of the function 
I(x) = sin“ (f(x)) — g(x)) is equal to 


r3 
= (oe) 
L8 


(©) [-1,.1) 


(A) (B) (, 1] 


3 
o (ad 


89. The function T(x) = f(g(f(x))) + g(f(g(x))), is 
(A) continuous and differentiable in (— °9, 9). 


(B) continuous but not derivable V x € R. 
(C) neither continuous nor derivable V x € R. 
(D) an odd function. 


Comprehension — 4 

A function f (x) is said to be differentiable at x = c, if 
f’(ct)=f’(c_) =a finite quantity. Also f (x) is said to be bounded 
if | f (x) | <n V x for which f (x) is defined (where n is finite) 


90. Letf: R—Randc € Rsuchthat lim af (c+1)-r00| 
n 


=a(a€ R) then 

(A) f’(c) exists and is equal to a 
(B) f’(c) does not exists 

(C) f’(c) exists but is not equal to a 
(D) f’(c) may or may not exist. 


91. 


92. 


If lim f(x)=0 and lim f(x) =0 andf(x)becontinuous 
x00 X>-0 


on R. Then 

(A) f (x) is bounded on R and attains both maximum and 
minimum on R. 

(B) f (x) is unbounded on R but attains minimum on R. 

(C) f (x) is bounded on R and attains either maximum or 
minimum on R. 

(D) f is unbounded. 


f (x) is defined on [0, 1] and 


where a,c € Randc > 0 


fo) ‘i sin(x ©) x #0 
0 x=0 


(A) f’(0) exists if0<a<1 

(B) f (x) is continuous if a < 0 

(C) f(x) is bounded and continuous if a > c 
(D) f (x) and f’(x) are continuous if a> 1+. 


Comprehension — 5 
Let f: R > R be a differential function satisfying 


( 


93. 


94. 


95. 


is _ 2+f(x)+f(y) 


for all real x and y and f’(2) = 2. 


3 3 

The range of f(|x|) is 

(A) [0, ©) (B) [1, ©) 

(C) [2, -) (D) None of these 
If f(x) = |f(|x|) — 3] for all x € R, then for g(x) 


(A) one non-differentiable point 
(B) two non-differentiable point 
(C) three non-differentiable point 
(D) four non-differentiable point 


The number of solutions of the equation 
x? + (f (|x|)?) = 9 are 
(A) 0 
(C) 3 


(B) 2 
(D) 5 


MATCH THE COLUMNS FOR JEE ADVANCED 


96. Column-I Column-II 
tan’'x, |x|21 o 
(A) Let f(x) = 4 x?-1 —— , |x| < 1, then f(x) is (P) -l 
——, |x|kl 4 
4 
not differentiable at x equal to 
(B) f(x) = (x?— 4) |x? — 5x + 6] + cos |x| is non derivable at x equal to (Q) 1 
(C) Ifsin(x + y) =e**¥—2, then ” is equal to (R) 2 
x 


97. 


98. 


99. 


(D) Let f: R > R 1s defined by the equation 
f(x + y) = f(x) f(y) Vx, y € R, f (0) 4 0 and f’(0) =2 
f(x) 
( 


then 
f(x 


is equal to 


Column-I 


Vx+l1 if 0<x <3 
(A) Letgxy=|ee TESS, 
bx+2 if 3<x<5 
then (a + b) equals 
(B) Letaandb be real numbers and let f(x) =a sinx +b yx +4,VxER 


If flog, (log, 10)) = 5 then the value of f(log,, (log,, 3)) is equal to 


if g(x) is differentiable on (0, 5) 


_ sin* x +sin* 2x +sin* 3x 
(C) lim— ; 3 = equals 
x0 sin” x + sin” 2x +sin” 3x 


1 
(D) Number of solution(s) of the equation 2'°&* +8 =(x —8)'°8»* is 


Column-I 
(A) If f(xy) = f(x) . f(y) and fis differentiable atx = 1 such that 
f’(1) = 1 also f(1) # 0, then f’(7) equals ~~ 
(B) If [.] denotes greatest integer function, then number of > 
at which the function f(x) = |x? — 3x + 2| + |sin x| = NSS wt /2), 
—M<x <7, is non differentiable, is am X 
(C) Let f(x) = [a+7 sin x], x € (0, 7), a € I, taGotec greatest integer 
function. Then number of points at which f(x) is not differentiable is 
(D) If for a continuous function, f, f(0) = f(1) ¥O,f (1) =2 and 
y (x) = f(e*) e™, then y’(0) is equal to 


Column-I 
[-sin"'a-00"9)] sin! (1-{x}) 
0 
V2 (x)= 00) a 
(A) If f(x)= A - 
Asin”! (1-{x})cos™! (Gy) ect 
2{x} (1-{x}) 


is continuous at x = 0, then the value of sin*k + cos? =) , 1S 


(where {x} denotes fractional part function) 

(B) If f(x)=[2+5]|n|sin x] wheren €I has exactly 19 points 
of non-differentiability in (0, 70), then possible value(s) of 'n' are 
(where [x] denotes greatest integer function) 


(C) Let f(x)= 
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(S) 3 


(T) None of the above values 


Column-II 


(P) 0 


Q) 1 


(R) 2 


(S) 3 
(T) 4 
Column-II 
(P) 1 


Q) 13 


(R) 5 


(S) 3 
(T) 2 


Column-II 


(P) 2 


(QQ) -2 


(R) 3 
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100. 


(exp((x + 2)In 4)) 7 


[x+1] 


—16 


If P=f’(0-) —f’(0*), then lim 
xoP a” =16 


is less than (where [x] denotes greatest integer function) 


1 
(D) The number of points at which g(x) = 5) is not 
+ 
f(x) 
differentiable where f(x) = 1° 
1+— 
x 
Column-I 
(A) Iff:[0, 1] — [0, 1] is continuous, then the number 


of roots of the equation f(x) = x? is 
(B) 
f’(x) = 0, the number of roots of f(x) = 0 is 
The number of values of x at which f(x) = 
not differentiable 


Let f(x) = a 


(C) 


if x is rational 


(D) 


2-—x,if x is irrational 


If f is derivable, then between the consecutive roots of 


[1 — |x — 1|| is 


Naud 


(S) -3 

(T) 5 

Column-II 

(P) one 

(Q) at least one 
(R) at most one 
(S) more than one 


Review, EXSRCEE: for JEE Advanced 


>, west 


\ 


A) » 
for x # 0, f(0) = 0. Is 


Vx+1-1 
a 


function f(x) continuous and differentiable at x = 0 ? 


Let f(x) = 


Let g(x) be polynomial of degree atmost two and f(x) be 
continuous at x = 0 and differentiable at x = 1. Find 


5xel/* +2x 
—— , x<O0 
3-el/* 
g(x) if f(x) = g(x) , VS2=1 
(x—1)’ sin gt x>1l 
(l=%) 
-x-l , -2<x<0O 
Let f(x)=4x°-x , O<x<2 and 


2-x ,2<x<3 
g(x) = f(|x|) + |f(x)| check continuity and differentiability 
of g(x) over [-2, 3]. 
Check the continuity and differentiability of 


2 
f(x) = sin! =) : 
»< 


Let f (x) = (x? — 4) |(x? — 6x? + I1x- M+ 


1+|x|/ 
Find the set of points at which the function f(x) is not 
differentiable. 


10. 


Examine the differentiability of 
f(x) = x +2V2x—4 + Jx—2V2x—4 over its domain. 
Let f(x) = x? — 3x and 


min(f(t):0<t<x),O0<x<2 
2x—-5 »,2<x<3., 
(x-2)? 


g(x) = 


,x>3 


Draw g(x) and discuss continuity and differentiability of 
g in (0, 4). 


2 
Lett = {> ta,O<x<l 
2x+b,1<x<2 
3x+b, O<x<l d(f 
and a) = | 3 f (00) 
x , 1<x<2 d(g(x)) 


exists at x = 1, find the values of a, b and also its value. 


If f and g be two functions having the same domain D, if 
f and g be derivable at x, € D, and if f(x,) # g(x,), then 
prove that each of the function max. {f, g} and min. {f, g} 
is derivable at x,. What happens if f(x,) = g(x,)? 


(i) f:[0,1]— [1,2] be a differentiable function, then 
prove that the number of solution of f(x) — e**-) — 
log,(1 + x) = 0 will be at least one. 

(ii) Let f :[1, e] + [0, 1] be continuous then prove that 
f(x) = @n x has atleast one solution in [1, e]. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


If a differentiable function f(x) satisfies the relation 


x (2) = x f(x) - yf(y) V x,y € R & f(e) = I/e, then 
y y 


] 
prove that f(x) = past Sa : 
x 
Given a real valued function f(x) as follows : 


x? +2cosx —2 


1 
f = f < 0; {(0) = — & 
(x) J or xX (0) 5 


Ax) sin x — (n(e* cos x) 
x)= 
6x? 
differentiability of f(x) at x =0. 
Let f be given by 
x? sin(x 3) when x < 0 
f(x) = 


0 when x = 0° 


for x > 0. Test the continuity and 


Show that f has a derivative for all values of x, and that 
f£’(0) = 0. Prove that f’ is not, however, continuous at x = 0 
Draw the graph of the function f(x) = x —|x—x’|,-I <x <1 
and discuss its continuity in [—1, 1] and differentiability in 


(-1, 1). 


2 
tan[x* | 
Be TT a ei >» O<x<l 


If f(x) = ax? is 
2cos mx +tan7! x » 1<x<2 
1 ~ 
differentiable in [0, 2], then a= — andb= as <3 ~ 
k, ® kb 
Find k,* +k,” { where [ ] denotes — 
greatest integer function}. 


x" cos} = |,x #0 , . 
If f(x) = x" is continuous but non- 


0, x=0 
differentiable at x = 0, then all possible values of a. 
al/x _ a V/x 
Examine the function, f(x) = x. ,x# 0 
qal/x + al 


(a>0O) and f(0) =0 for continuity and existence of the 
derivative at the origin . 
Let f(x) = x*— 8x? + 22x? — 24 and 

minf(t);x<t<x+l-—-l<x<l 
g(x) = 24h deo Discuss 
the differentiability of g(x) in [-1, 2]. 
For the function g whose graph is given, arrange the 
following numbers in increasing order. 
0, g“(-2), g (0), g (2), g (4) 

Y, 


20. 


21. 


22. 


23. 
24. 


25. 


e Xb) Jim 


26. 


27. 


28. 


29. 


30. 


DIFFERENTIABILITY 3.65 


Let f (x) = max. {|x? — 2 |x| |, |x|} and g (x) = min. 
{|x? —2 |x| |, |x|} then show that f(x) is not differentiable at 
5 points and g (x) is non differentiable at 7 points. 


Consider sugnon f:R-{-l,1} OR. 


f(x) = =e : . Find f’(x), draw the graph of f’ and 


prove that it is not derivable at the origin. 
Suppose the function f satisfies the conditions : 
(i) f(x + y) = f(x)f(y) for all x and y. 

(ii) f(x) = 1 + x.g(x) where lim g(x) =1 

Show that the derivative f ’(x) exists and f’(x) = 
all x. 

If f(x) = |x - 1] . ([x] - [-x]), then find f’(1*) and 
f’(1-) where [x] denotes greatest integer function. 


f(x) for 


Let f: R— R be continuous function | f(x) |< x*",n € N. 

Prove that f(x) is differentiable at x = 0. 

Find the values of 

f3+hy -fG6=h7) 
2h? 

f(a+2h")—f(a—2h’) 

h->0 h2 


(a) lim if (3) =2:; 


if f’(a) = - 
4 


5e/* 42 
If f(x)= 1 3-e* ° 
(0) , x #0 
x*f(x) for continuity and differentiability at x= 0 
JT-x ,O<x<1l) 
x+2,(1<x <2) 
4-—x ,(2<x <4) 


& differentiability of y = f (f(x)) forO <x <4. 


ax(x—-l)+b,x<l 
The function f(x) = 4 x —1 , 1<x <3 find the values 


a) Examine f(x), xf(x) and 


f(x) = . Discuss the continuity 


px? +qx+2,x>3 
of the constant a, b p and q so that 
(i) f(x) is continuous for all x. 
(ii) f’(1) does not exist. 
(iii) f’(x) is continuous at x = 3. 
Discuss the continuity on0 <x <1 & differentiability at 
x = 0 for the function f(x) = x. 


x.sin rr 
f(0) = f/m) = 0, r= 1, 2, 3, 
Suppose that instead of the usual definition of the 
derivative Df(x), we define a new of derivative, D*f(x), 
by the formula, 

f°(x+h)-f? 
neain 

h>0 h 


sin — sin where x #4 0, x 4 Il/rt & 
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where f?(x) means [f(x)]*.. Derive the formula for 
computing the derivative D* of a product & quotient. 

31. Let f(x + y) — 2f(x — y) + f(x) — 2f(y) = y —2 for all real x 
and y. If f’(x) exist, find f(x). 

32. Let f(xy) = xf(x) + yf(y) for all real x and y. If f isa 
differentiable function and f(0) = 0, find f(x). 

33. A differentiable function f satisfies the relation f(xyz) = 
f(x) + f(y) + f(z) V x, y,z © R* and f’(1) = 1. Find f(x). 


34. A differentiable function f satisfies the relation 
xf(y) + yf(x) = (x + y) f(x). fly) Vx,y eR. 
If f’(0) = 0, find f(x). 

35. A differentiable function f satisfies the relation 
f(x + y) = f(x) + f(y) + f(x).f(y) V x,y ER. 
If £(0) 4-1 and f’(0) = — 1, find f(x). 


___ Tanget Exercises for JEE Advanced 


1. Let 'f bea function whose graph is obtained by summing 
the ordinate values of the graph of another function ’g’ 
after shifting its graph by 1 unit leftward and rightward. 


1—|x| ,|x|<1 
a 


differentiability of f(x). 
2. Check the differentiability of 


f(x) = reall x#e 
0 , 


discuss the continuity and 


veteeen 5 ,x>0 
x 
3. Let f(x) = cee are oe . (YY, 
= ‘ 
0 ,x=0 


Show that f(x) is not differentiable at x = 0. 


4. A differentiable function f satisfies the relation f(x? + y*) = 
(f(x))* + (f(y) V x,y € R. Find f(x). 


5. If f(x) + fly) =f (xJi-y? + yvi-x?) V x, 
ye (-3.5] and dy lt) = 1, find f(x). 
2, 2: dx <x 


6. Let f(x) =x*?-—x*+x+1 and g(x) =3-x 
We define a function 
: max{f(u) , O<us<x} ,O<x<l 
Qs min{g(v) l<x<2 
Discuss the continuity and differentiability of h(x) in the 
interval [0, 2]. 


,l<v<x} 


0) for 


ay eG \ + sind ix” | for 


denotes the fractional part function. 
Xg(x) forl<x<e 


Ns le 


otherwise ~ 


Discuss continuity and differentiability of f(x) over 
its domain. 
8. Suppose f is differentiable on the interval (a, 0) and 
lim (f(x) +f'(x)) =@ ER). 
X—>00 
Prove that lim f(x) = and limf'(x)=0. 
x00 x00 


9. Letf be acontinuous and differentiable function in (a, b), 
lim f(x) = 0 


~ and tim f(x) = -0o and f’(x)+ f(x) 2-1 fora<x<b. 
x>b 
Prove that b—-a>7. 


10. If 


xX Xx xX 
1—cos? xcos? 3008" 8 soeievys cos” ae 


= i 
f(n) x50 xX 2 


and A= lim f(n). Find the absolute value of 27abc for 
n—co 


which the function 


3 cot! x x <0 

T 
g(x) = Xr x=0 
Liew x>0 

T 


is differentiable at x = 0. 


ax(x—-l)+b ; x<l 
11. Let f(x) = x+2 ; 1<x <3 is continuous for 
px? +qx+2 ; x>3 


all x except x = 1 but |f(x) | is differentiable every where 
and f’(x) is continuous 


atx =3 and|a+b+p+q|= = + then find the value ofk 


12. Two real valued, continuous and differentiable functions 
f(x) and g(x) defined on R satisfy the conditions 
f(x + y) = fix)g(y) + g@tty) 
g(x + y) = g(x)g(y) - f~)f(y) 
If g’(0) = 0, prove that f(x) + g(x) = 1. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


Sketch the graph of the function 
7 if |x |21 
1+|x| 
f(x) = a 
——_ if |x|x1 
1-|x| 


and find the domain of f’(x). 


Use the graph of f to answer each question. 


(i) Between which two consecutive points is the average rate 
of change of the function greatest ? 

(ii) Is the average rate of change of the function between 
A and B greater than or less than the instantaneous 
rate of change at B ? 

(iii) Sketch a tangent line to the graph between the points 
C and D so that the slope of the tangent line is the 


same as the average rate of change of the function 


between C and D. 


(iv) Give any sets of consecutive points for which # 
the average rates of change of the function are: 


approximately equal. 
Given f(x + y + z) = f(x) f(y) f(z) for all x Xx, Ny, z if 
f(2) = 4 and f'(0) = 3, then show that f(0) = = | and 
£'(2)=12., 
Let f(x) = x? -3x?+6 V x ER and 
max.{f(t),x+1<t<x+2},-3<x<0 
g(x) = ; 
1—x for x 20 
Test continuity of g(x) for x €[-3, 1]. 
If f(x) =x?-2]|x| and 
— min.{f(t):-2<t<x}, -2<x<0 
Be) max {f@):0<t<x}, 0<x<3- 
(a) Draw the graph of f(x) and discuss its continuity and 
differentiability. 
(b) Find and draw the graph of g(x). Also, discuss the 


continuity. 


Suppose that f(x) is continuous at a point ‘a’. Prove that 

it is differentiable at ‘a’ if and only if there exists some 

[£G) -L@)| 
|x— 


linear function L(x) such that tends to ‘0’ 


as x tends to ‘a’. 

Suppose that f(x) is a differentiable function such that 
f(x) = g(x), g”(x) exists and |f(x)| < 1 for all real x. 
If {f(0)}* + {g(0)}? = 9, then show that for some c € (3, 3), 
g(c)g"(c) < 0. 


DIFFERENTIABILITY 3.67 


1 
—oy | When 


20. If f(x) = cos x. cos (= ¥ 


x € (0, 2) — {1/2, 37/2}, 

and f(x) = 0 when x € {1/2, 37/2}. 

Show that f is continuous but not differentiable at 
x = 7/2, 37/2. 


“UX for x #0 


21. Prove that the function f(x) = . 
0 for x =0 


is infinitely differentiable at the point x = 0. 


22. A function f : R > [1, ©) satisfies the equation 
f(xy) = f(x) fly) — f(x) - f(y) + 2 
If f is differentiable on R and f(2) = 5, then show 


f(x)-1 
xX 


that f’(x) = . £’(1) Hence, determine f(x). 


23. Let f: R > R satisfy |f(x)] S$ x*e* V_ x € R, then show 
that f(x) is differentiable at x = 0. 


MOY | x1 
by PIO) = Tx 


and g(x) = , then find 


1+ 


f(x) 
the points where g(x) is not differentiable. 


25. If f(x + y) = f(x) + f(y) V x, y € R, f(1) = 1 then find 


gf (tanx) = af (sinx) 
be x°f (sin x) 
x-l, -l<x<0O 
26. Let f(x) = 5 Discuss the 
x” , O<x<l 


differentiability of h(x) = f(|sin x|) + |f(sin x)| in [0, 270]. 


27. Let f: RR satisfy f(xy) = f(x). f(y) — f(x + y) + 1 for 
all x, y € R. If f(x) is differentiable and f’(0) = 1 then 
determine all functions ‘f’. 


28. Suppose that function g(t) and h(t) are defined for all 
values of t and that g(0) = h(O) = 0. Can lim g(t)/(h(t) 
t0 
exist? If it does exist, must it equal zero? Give reason for 
your answer. 


29. Given a function f, we say that f is differentiable at 


xX, € D; if there exists a real number A such that 
m EEO f (X9)-A(x- Xo) 
on [x=%9| 


Prove that if f is differentiable at x, then the value of 
A in the above definition is the derivative f’(x,). (Note 
that the magnification function A (x — x,) is called the 
differential of f at x,, and A is called the differential 
coefficient.) 
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30. A differentiable function f satisfies 

(x—y) f(x +y)—(x + y) f(x-y) 

= 4xy(x?— y?) Vx, y ER, where f(1) = 1. 

Find f(x). 

A differentiable function f satisfies the relation f(x+y) — 
f(x — y) = f(x). fy) Vx,y ER. 

If f’(0) = 0, find f(x). 

Let f be defined on (a, b) and differentiable at c, where 
a<c <b. Suppose x, > c and z, +c, where 

x <c<z, forall n. 


f(x,)-f(Z,) 


X, ~ Zp 


31. 


32. 


Prove that > f’(c). 


33. 


34. 


35. 


A differentiable function f satisfies the relation 


+ 
(2) = f(x) . fy) Vx, y © R- {-1}, where 


f(0) # 0 and f ’(0) = 1. Find f(x). 

A differentiable function f satisfies the relation 

[1 + f(x).f(y)] f(x + y) = f(x) + fly) Vx, y ER. 

If f(0) = 0 and f’(0) = 1, find f(x). 

Given a differentiable function f(x) defined for all real x, 
and is such that f(x + h) — f(x) < 6h? for all real h and x. 
Show that f(x) is constant. 


Previous Years Questions (JEE Advanced) —s—isisi 


A. Fill in the blanks : 


(x - 1)? sin 


—|x| ifx#l 
1. Let f(x) = 
-1 if x=1 


be a real-valued functions. Then the set of points where — 
f(x) is not differentiable is........... [IIT - 1981] 


2. Let f(x) = x |x|. The set of points where f(x) is wice 
differentiable is............... [IIT-1992] 7 


Multiple Choice Questions with ONE correct 


m 


answer : 
3. For areal number y, let [y] denotes the greatest integer 
less than or equal to y : Then the fuction 
X)= 14[xP [ = ] 


(A) discontinuous at some x 
(B) continuous at all x, but the derivative f’(x) 
does not exist for some x 
(C) f'(x) exist for all x, but the derivative f'"(x does not 
exist for some x 
(D) f'(x) exits for all x 9. 


4. Iff(x)=x vx —Vx-+1), then [IIT - 1985] 
(A) f(x) is continuous but not differentiable at x = 0 
(B) f(x) is differentiable at x = 0 
(C) f(x) is not differentiable at x = 0 10. 
(D) none of these 


5. Let [x] denote the greatest integer less than or equal to x. 
If f(x) = [x sin 71 x], then f(x) is 
[IIT - 1986] 
(A) continuous at x = 0 
(B) continuous in (-1, 0) 
(C) differentiable at x = | 


(x -1) 6. 


11. 


(D) differentiable in (-1, 1) 
(E) none of these 


The set of all points where the function 


. 4(0),= eT is differentiable, is [IIT - 1987] 
(A) (-20, 2) (B) [0, %) 
(C) (20,0) U (0,0) (D) (0, %) 


(E) none of these 
Letf: RR be a differentiable function and f(1) = 4. 


f(x) 


Then the value of lim }| —— dtis 

rH ol [IIT - 1990] 
(A) 8f'(1) (B) 4f'() 
(C) 2f') (D) f’() 
Let [ . ] denote the greatest integer function and 
f(x) = [tan? x], then : [IIT - 1993] 


(A) lim f(x) does not exist 
x0 


(B) f(x) is continuous at x = 0 
(C) f(x) is not differentiable at x = 0 
(D) f'(0) =1 


The function f(x) = (x? — 1) |x? — 3x + 2| + cos (|x|) is Not 


differentiable at - [IIT - 1999] 
(A) -1 (B) 0 
(C) 1 (D) 2 
Find left hand derivative of f(x) =[x]sin (7x) at k, k an 
integer if [IIT - 2001] 


(A) (-D*(k- Da (B) GDR k= Da 
(C) (-D* (k-1)kn (D) (-D** (k- 1)kn 
Let f : R ~ R be a function which is defined by 


f(x) = max {x, x*}. The set of all points where f(x) is not 
differentiable is - [IIT - 2001] 


12. 


13. 


14, 


15. 


16. 


17. 


18. 


19, 


(A) {-1, }} (B) {-I, 0} 

(C) {0, 1} (D) {-I, 0, 1} 

Which of the following functions is differentiable at 
x=0? [IIT - 2001] 


(A) cos (lx|) + |x| (B) cos ({x|) — |x| 
(C) sin (\x|) + [x (D) sin (|x|) — |x| 
The domain of the derivative of the function 


tan”! x, if |x|<1 


f(x= i IIT - 2002 
o S(lxl-1).if [x pot e | 

(A) R— {0} (B) R- {1} 

(C) R-{-1} (iD) R= {by 

If f(x) is differentiable and strictly increasing function, 


2 
then the value of lim £&& )-f@) jg 
x0 £(x)-f(0) 


[IIT - 2004] 
(A) 1 (B) 0 
(C) -1 (D) 2 
The function given by y = ||x|— 1| is differentiable for all 


real number except the points [IIT - 2004] 
(A) {0, 1,-1} (B) +1 

(C) 1 (D) =1 
If fis a differentiable function and f(1/n)=0 VY n2 1 and 


n € I, then 

(A) f(x) =0, x € (0, 1] 

(B) f(0) = 0, f'(0) =0 

(C) f(0) =0=f'(x), x € (0, 1] 

(D) f(0) = 0 and f'(0) need not to be zero 
Let f(x) be differentiable on the interval (0, 00) such 


t?f(x) —x°f(t) 


[IIT - 2005] 


f(1) = 1, and lim = | for each x > 0. 


tox t-x 
Then f(x) is [IIT - 2007] 
1 2x2 =1 4x’ 
Aa ‘) —+— 
3x 3 3x 3 
-1 2 1 
(C) —t+—= (D) — 
xX x »« 
Let g(x) = ae) ;0<2, mand n are integers, 


logcos™(x — 1) 
m #0, n> 0 and let p be the left hand derivative of |x — 1| 
at x= 1. If Hy g(x) = p, then : [IIT - 2008] 


(A) n=1n=1 (B) n=1,m=-1 
(C) n=2,m=2 (D) n>2,m=n 
2 Tl 
—|,x# 
Let f(x) = . a rae then f is 
0,x =0 


(A) differentiable both at x =0 and atx =2 


20. 


21. 


2% 


23. 


24. 


25. 


DIFFERENTIABILITY 3.69 


(B) differentiable at x = 0 but not differentiable at x = 2 
(C) not differentiable at x = 0 but differentiable at x = 2 


(D) differentiable neither at x = 0 nor at x = 2 
[IIT - 2012] 


. Multiple Choice Questions with ONE or 


MORE THAN ONE correct answer : 


If x + |y| = 2y, then y as a function of x is 


[IIT - 1984] 
(A) defined for all real x 
(B) continuous at x —0 
(C) differentiable for all x 
1 
(D) such that ay = > forx <0 
dx 3 
The function f(x) = 1 + |sin x| is [IIT - 1986] 


(A) continuous now here 

(B) continuous everywhere 

(C) differentiable nowhere 

(D) not differentiable at x = 0 

(E) not differentiable at infinite number of points. 


a |x —3|, x21 

The function f(x)=} x2 3x 13 is 
—-—4+—, x<l 
A 2 4 


[IIT - 1988] 
(A) continuous at x = | 
(B) differentiable at x = 1 
(C) continuous at x = 3 
(D) differentiable at x =3 


Let h(x) = min {x, x}, for every real number of x. Then 
[IIT - 1998] 
(A) his continuous for all x 
(B) his differentiable for all x 
(C) h’(x)=1, forall x >1 
(D) his not differentiable at two values of x’ 
x<O 
then for all x {UIT - 1994] 
x20 


0, 
Let f(x) = > 

x, 
(A) f' is differentiable (B) fis differentiable 
(C) f' is continuous (D) fis continuous 


xsin(li/x) , x #0 
Let g(x) =x f(x), where f(x) = 0 x=0 Atx=0 
[IIT - 1994] 


(A) g is differentiable but g’ is not continuous 
(B) gis differentiable while f is not 

(C) both fand g are differentiable 

(D) g is differentiable and g’ is continuous 


. The function f(x) = max {(1 — x), (1 + x), 2}, 


xX € (00, 0) is 
(A) continuous at all points 
(B) differentiable at all points 


[IT - 1995] 
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27. 


28. 


29. 


30. 


31. 


32. 


(C) differentiable at all points except at x = 1 and x =-1 

(D) continuous at all points except at x = 1 and 
x =—1, where it is discontinuous 

Let f : R > R be any function. Define g : R > R by 

g(x) = |f(x)| for all x. Then g is - [IIT - 2000] 

(A) onto if f is onto 

(B) one-one if f is one-one 

(C) continuous if f is continuous 

(D) differentiable if fis differentiable 

If f(x) = min. {1, x’, x*}, then 

(A) f(x) is continuous V x ER 

(B) f(x) is continuous & differentiable everywhere 

(C) f(x) is continuous but not differentiable y x E R 

(D) f(x) is not differentiable at two points 


[LIT - 2006] 


T x<—= 
-K-<, 
If f(x) =4 -cosx, -2<x <0, then — [IIT-2011] 
as O<x<l 
fn x, 
x >1 


(A) f(x) is continuous at x = — z 


(B) f(x) is not differentiable at x = 0 
(C) f(x) is differentiable at x = 1 


(D) f(x) is differentiable at x = 3 


Let f : R > R be a function such that f(x + y) = f(x) + 

f(y), V x, y € R. If f(x) is differentiable at x=0, then 
[IIT - 2011] 

(A) f(x) is differentiable only in a finite interval containing 

Zero 

(B) f(x) is continuous V x € R 

(C) f’(x) is constant Vx ER 

(D) f(x) is differentiable except at finitely many points 

Let f : R—R bea function such that 

f(x+y)=f(x)+f(y), Vx,yeR 


If f(x) is differentialbe at x = 0, then [IIT - 2011] 

(A) f(x) is differentiable only in a finite interval containing 
Zero 

(B) f(x) is continuous V x eR 

(C) f'(x) is constant Vx ER 

(D) f(X) is differentiable except at finitely many points. 


TT T 
-X-—,x<-— 
2 
Tl 
If f(x) = ee <0, then [IIT - 2011] 


x-LO<x<l 


In x,x>1 


33. 


34. 
_ centre N(x,, 0). Suppose that H and S touch each other 


(A) f(x) is continuous at x = 


(B) f(x) is not differentiable at x = 0 
(C) f(x) is differentiable at x = 1 


3 
(D) f(x) is differentiable at x = “5 


Let g: RR bea differentiable function with g(0) = 0, 
g'(O) =O and g'(1) £0. Let 


x 
f(x) = xe x #0 


0, x=0 
and h(x) = e*! for all x © R. Let (foh) (x) denote f(h(x)) 
and (hof)(x) denote h(f(x)), then which of the following 
is (are) true ? 
(A) fis differentiable at x = 0 
(B) his differentiable at x = 0 
(C) foh is differentiable at x = 0 
(D) hof is differentiable at x = 0 [2015] 
Consider the hyperbola H : x,—y, = 1 andacircle S with 


at a point P(x,, y,) with x, > 1 and y, > 0. The common 
tangent to H and S at P intersects the x-axis at point M. 


35. 


If (1, m) is the centroid of the triangle APMN, then the 
correct expression(s) is(are) 


dl 1 

(A) al fora, > 
dx, xX] 
dm Xy 

(B) = forx,>1 
dry 3( x = 1] 
dl 1 

(C). a1 > fore, > 1 
dx, xX] 
dm 1 

(D) ——=, fory,>0 [2015] 
dy, 3 


Let f |-4.3| — Rand e|-3.2| — R be functions 


defined by f(x) = [x?— 3] and g(x) = |x| f (x) + |4x —7| f(x), 
where [y] denotes the greatest integer less than or equal 
to y for y e R. Then 


(A) fis discontinuous exactly at three points in |-5. | 


(B) f is discontinuous exactly at four points is |-$2| 
(C) g is not differentiable exactly at four points is 
1 
eee 
2 
(D) g is not differentiable exactly at five points in 


HH 


[2016] 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


Let a, b e R and f: R > R be defined by f(x) 
=a_cos (|x? — x|) + b |x| sin (|x? + x|). Then f is 

(A) differentiable at x = 0, ifa=0Oandb=1 

(B) differentiable at x = 1, ifa=1andb=0 

(C) not differentiable at x = 0, ifa = 1 andb =0 


(D) not differentiable atx=1,ifa=landb=1 [2016] 


Let f: (0, 00) — R be differentiable function such that f(x) 
=2- 1) for all x € (0, ©) and f(1) # 1 then 
Xx 
ae 
(A) lim f (=) =1 
x30+ xX 
‘ 1 
(B) lim xf (=) =2 
x30+ x 


(©) Jim x*f’(x) =2 
(D) |f(x)| <2 for all x € (0, 2) [2016] 


Letf: ROR, g:R—- Randh: R>R be differentiable 
function such that f(x) = x? + 3x + 2, g(f(x)) = x and 
h(g(g(x)) = x for all x € R. Then 


A) g@)=— (B) h’(1) = 666 NC 
(C) h(O0) = 16 (D) h(g(3)) = 36 [2016] 
For every twice differentiable function f: R >[-2, 2] with 


(£(0))* + (£’(0))? = 85, which of the solowale statement(s) 
is (are) TRUE? 
(a) there exist r,s €R, where r<s such that £6 one-one 
on the open interval (r, s). 
(b) there exits x, €(—4, 0) such that |f"(x,)| < 1 
(c) limf(x)=1 
x0 


(d) there exists a € (—4, 4) such that f(a) + f(a) = 0 and 


f(a) #0 [2018] 
Assertion & Reasoning : 
Let f and g be real valued functions defined on interval 
(-1, 1) such that g(x) is continuous, g(0) + 0, (0) = 0 
and f(x) = g(x) sin x. 
Statement-—1 : lim [g(x) cot x — g(0) cosec x] 

x0 

g(0) 


Integer Answer Type : 


=f"(0) 


Statement-—2 : f'(0) = [IIT - 2008] 


If the function f(x) = x? + e*? and g(x) = f(x), then the 

value of g’(1) is: [IIT - 2009] 

Let y'(x) + y(x) g'(x) = g(x), y(0) = 0, x € R, where 

f(x) denotes and g(x) is a given non-constant 
x 

differentiable function on R with g(0) = g(2) = 0. Then 

the value of y(2) is (UIT - 2011] 


43. 


44. 


45. 


46. 


47. 


DIFFERENTIABILITY 3.71 


Subjective Problems : 


x2 


Let f(x) = i ae 


[IIT - 1983] 


= 2x?-3x+ = 1SxS2 


Discuss the continuity of f, f’ and f" on [0, 2]. 


Let f(x) = x3 -x?+x+1 and [IIT - 1985] 
g(x) = max {f(t); O<t<x},O0<x<1 
= 3% 1<x<2 


Discuss the continuity and differentiability of the function 
g(x) in the interval (0, 2). 
Let f(x) be defined in the interval [—2, 2] such that 
f(x) =1,-2<x <0 
=x-1,0<x<2 
and g(x) = f([x\) + [60] 
Test the differentiability of g(x) on x € [-2, 2] 
[IIT - 1986] 
Let f(x) be a function satisfying the condition f(—x) = f(x) 
for all real x. If f°(0) exists, find its value. [IIT - 1987] 


‘Draw a graph of the function y = [x] + |1 — x], 


K —1<x<3. Determine the points, if any, where this function 


49. 


50. 


51. 


52. 


48. 


is not differentiable. [IIT - 1989] 


A function R > R satisfies the equation f(x + y) = f(x) f(y) for 


all x, y in R and f(x) # 0 for any x inR. Let the function be 
differentiable at x =0 and f?(0) = 2. Show that f’(x) = 2 f(x) 
for all x in R . Hence, determine f(x). [IIT - 1990] 


Le (222) = f(x) +f(y) 
2 2 


exists and equals — | and f(0) = 1. Find f(2) 


[IIT - 1995] 
by 
kl */: x0 test whether 


0) ; x #0 


for all real x and y. If f'(0) 


Let f(x) = fe 


[IIT - 1997] 
(a) f(x) is continuous at x = 0 
(b) f(x) is differentiable at x = 0 
Determine the values of x for which the following function 
fails to be continuous or differentiable 


I=x cee 
f(x) = }A-x)2-x); 1s x <2 
ce 4 XS 


Justify your answer. [IIT - 1997] 


Discuss the continuity and differentiability of the function 


[IIT - 1998] 
2+V1-x? ; |x|<1 
f(x) = 


Qe ;|x|>1 
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53. 


54. 


55. 


56. 


57. 


Let a € R. Prove that a function f : R > R is differentiable 
at o if and only if there is a function g: R > R which is 
continuous at o and satisfies f(x) — f(@) = g(x) (k - a) 
for all x € R. [IIT - 2001] 


xta ifx <0 
Let f(x) = |x—1| if x >Q- and 


x+l if x<0O 
g(x) = (x -1) ih GP gs where a and b are non- 


negative real numbers Determine the composite function 
g of. If (g o f) (x) is continuous for all real x, determine 
the values of a and b. Further, for these value of a and 
b, is gof differentiable at x =0 ? Justify your answer. 

[IIT - 2002] 


If a function f : [- 2a, 2a] > R, is an odd function such 
that f(x) = f(2a—x) for x € [a, 2a] and left hand derivative 
at x =a is 0, then find the left hand derivative at x =— a. 


[IIT - 2003] 
bsin'~~* » -1/2<x<0 
Let f(x) = 41/2 >; x=0 
ax/2 
= i 5 O<x<— 
x 


If f(x) be a differentiable function at x = 0, & |c| Pe 12, 
then find the value of ‘a’ and prove that 64 b? = ce). 
(MIT -: 
If f(x - y) = f(x). g(y)- fly). g@) and 
g(x — y) = g(x). g(y) + f(x) . f(y) for all x,y ER. 


58. 


59. 


If right hand derivative at x = 0 exists for f(x). Find 
derivative of g(x) atx =0 [IIT - 2005] 


Match the Columns 


Column-I Column-II 

(A) x |x| (P) continuous in (-1, 1) 

(B) |x| (Q) differentiable in (-1, 1) 

(C) x + [x] (R) strictly increasing in (-1, 1) 


(S) not differentiable at least at one 
point in (-1, 1) 

Let f,: ROR, f,: [0,00) +R, f,: R Randf,: R > [0, ©) 

be defined by 


(D) [x= 1] + fk +1] 


|x| if x<0, 
t®) e* if x20; 
f(x) = x; 
sinx if x<0O, 
A= x if x20 
and 
f(x) = eae if x<0, 
~ |f,@,()-1 if x20. 
— List I List II 
f, is 1. onto but not one-one 
318 2. neither continuous nor one-one 
R. f, of, is 3. differentiable but not one-one 
S. f, is 4. continuous and one-one 
P Q R S 
(A) 3 1 4 2, 
(B) 1 3 4 2 
(C) 3 1 2 4 
(D) 1 3 2 4 [2014] 


Previous Years Questions (JEE.Main Papers) i, 


Let f be a differentiable function such that 8f (x) 


+ or({+} —x =5 (x #0) and y = x’ f(x), then = at 
x 


>< 
x=-lis 
15 15 
(a) — (b) -— 
14 14 
« -4 (io (2013, online] 
14 14 


Fora>0,teé (0. *) Jetx= an * ,y= a> * Then 


2 
d 
1+ (<*) equals 
dx 


2 2 


x 
(a) > 
a 


Or ji) 24 8 
+ 
«) ~— (a) x a (2013, online] 
y x 
4 dy : 
If y = sec (tan x), then = is equal to 
X | x=] 
(a) + (b) 1 
2 
2 d) = 2013 
(c) v2 ® =F [2013] 
x % d 
Let f(x) = 5 ,x#0,-2. Then (f-'(x)) (wherever 
x° +2x dx 
defined) is equal to 
@) — ) — 
7 eres Zee 
(I-x)° (I-x)° 


10. 


11. 


12. 


1 3 ; 
(c) ia (d) G=52 [2013, online] 
If g is the inverse of a function f and f’(x) = , then 
1+x° 
g'(x) is equal to 
(a) 1+x° (b) 5x? 
1 

(C),. — e (d) 1+(g@))P [2014] 

1+ (g(x) 


Let f(x) = x|x|, g(x) = sin x and h(x) = go f(x). Then 

(a) h(x) is not differentiable at x = 0 

(b) h(x) is differentiable at x = 0, but h’(x) is not 
continuous at x = 0 

(c) h’(x) continuous at x = 0, but it is not differentiable 
atx =0 


(d) h’'(x) is differentiable at x =0 


Naw 


[2014, online] 


1 
If f(x) = x*?-x+5,x > —, and g(x) is its inverse function, 
then g'(7) equals 


ea (b) 
3 


13 

1 1 
c) = d) -— 
(c) 3 (d) B 
Let f : R > R be function such that |f(x)| < x? for all 
x € R. Then at x = 0, fis UA 
(a) continuous but not differentiable 


(b) continuous as well as differentiable 
(c) neither continuous nor differentiable 


(d) differentiable but not continuous [2014, online] 
2 2 
If y=e™, then : is equal to 
dx” }dy~ 
(a) ne™ (b) ne™ 
(c) 1 (d) —ne™ [2014] 
J <x< 
If the function g(x) = Pola DEES? is 
mx+2, 3<x<5 
differentiable, then the value of k + m is 
16 

a) 2 — 

(a) (b) 5 
10 

(c) = (d) 4 [2015] 


For x € R, f(x) = [log2 — sin x| and g(x) = f(f(x)), then 

(a) gis not differentiable at x = 0 

(b) g'(0) = cos(log 2) 

(c) g'(0) =—cos(log 2) 

(d) g is differentiable at x = 0 and g'(0) = —sin(log2) 
[2016] 

If f(x) is differentiable function in the internal (0, «) 

Citar i 


t-x 


such that f(1) = 1 and lim = | for each 


tox 


13. 


14. 


[2014, online] 


DIFFERENTIABILITY 3.73 
3). 
x > 0, then f} — | is equal to 
2 
23 13 
(a) — (b) — 
18 6 
(c) . (d) EL [2016, online] 
—x, x<l 
If the function f(x) = i is 
atcos (x+b) 1<x<2 
differentiable at x = 1, then aes equal to 
(a) T+2 (b) Tm—2 
—m-2 4 
(c) (d) —1 —cos1(2) [2016] 
15 15 
Ify= [x+vx? 1] +[x- e=1] then 
2 d’y dy F 
(x* Sl)—t+ x — is equal to 
we ban! dx 
— (a) 125y (b) 224 y? 
(c) 225 y? (d) 225y [2017 online] 
d’y d 


15. 


16. 


17. 


18. 


If 2x =y' + y"* and (x?- 1) —3 +x 
2. + k is equal to dx 
(a) —23 

(c) 26 


*. +ky =0 then 


(b) -24 


(d) [2017 online] 


6xvlx ] iS 


3 


If for x €(0, 1/4), derivative of tan”! 
1-9x 


Vx - g(x) then g(x) is equal to 


(a) : (b) 
ay ee a 5, 

1+9x? 1+9x? 

3xVx 3x 
(c) (d) [2017] 
1-9x? 1-9x? 
13 ae d’y . 
If x? + y? + sin y = 4, then the value of —; at the point 
dx 
(—2, 0) is 
(a) -34 (b) -32 
(c) —2 (d) 4 [2018 online] 
cosx x | 
alae 2 . £’(x) 
If f(x) = |2sinx x 2x|, then lim 
x>-0 X 
tanx x 1 

(a) exists and is equal to 0 
(b) exists and is equal to —2 
(c) exists and is equal to 2 
(d) does not exist [2018 online] 
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19, 


20. 


21. 


22. 


23. 


If f(x) = sin! an , then r(-3) is equal to 
1+9* 2 
(a) V2 log J3 


(b) —vV3log3 
(c) —V3 log V3 (d) V3log 3 


For each x €R, let f(x) = |x — 1|, g(x) = cos x and (x) = 
f(g(2 sin x) — g(f(x)), then © is 

(a) differentiable at each point of R 

(b) not differentiable at 0 

(c) not differentiable at 1 

(d) differentiable only in (-1/2, 1/2) [2018] 
Let S = {t ER: f(x) = |x — aI. (e* — 1) sin |x| is not 
differentiable at t}. Then the set S is equal to 
(a) {0} (b) {Tt} 

(c) {0, Tw} (d) & (empty set) 


[2018 online] 


[2018] 


d2 
If x = 3 tant and y =3 sec t, then the value of a att = 
X 


3 1 ? 
(a) —= (b) —— ae, 
2/2 3/9 _¥ Nd 
(c) rs (d) 6J2 (®, [2019] 
, a 

max {| x |, x7} |x|<2 
Let f(x) = : : 

8—2|x|, 2<|x|<4 


Let S be the set of points in the interval (4, 4) at which f 
is not differentiable. Then S: 

(a) is an empty set 

(b) equals {-2,-1, 1, 2} 

(c) equals {-2,—-1, 0, 1, 2} 

(d) equals {—2, 2} 


24. 


25. 


26. 


(d) not differentiable at one point 
28. } 
f(x) = f(x) for all x € R. If h(x) = f(£(x)) then h’(1) is equal to 


Let f: (-1, 1) — R be a function defined by 


max{—|x |,-v1—x?}- If k be the set of all points at 


which f is not differentiable then k has exactly 
(a) three elements (b) one elements 


(c) five elements (d) two elements [2019] 


If x logdog x) — x° + y>=4 (y > 0), then dy at x =eis 
dx 
equal to 
1+2e 
oo (b) ———— 
V4+e2 W4+e7 
a (@ 742 [2019] 
2W4+e? 4+e° 
-1,-2<x<0 
Let f(x) = and g(x) =|f(x)| + (|x|). Then 
x*-10<sx<2 


in the interval (—2, 2), g is 

(a) differentiable at all points 

(b) not differentiable at two points 

(c) not continuous 

[2019] 
et f be a differentiable function such that f(1) = 2 and 


(a) 4e (b) 4e? 
(c) 2e (d) 2e? [2019] 
28. For x > 1, if (2x)2” = 4e”*-, then (1 + log 2x)? dy is equal 
dx 
to 
x log 2x + log 2 
(a) log 2x (b) —>— 
x 
x log 2x —log2 
(a) x log 2x (b) ————— _ [2019] 
29. Let K be the set of all real values of x where the function 


f(x) = sin |x| — |x| + 2(x — p) cos |x| is not differentiable, 
then the set K is equal to 
(a) {n} 

(c) (an empty set) 


(b) {0} 


(d) {0, 7} [2019] 


Concept PRoBLEMS—A 


1. 
2. 
3. 


4. 


wa 


f'(0*) =— 1; f'(0-) = 1; non-differentiable 
m=-1,n=T7. 

f'(i+) =- 1; f'U-) =3 In3 hence f is not differentiable 
atx = 1 

(b) (2a"')/3 

yes; y=1. 

non-differentiable at x = 0 


PRACTICE PROBLEMS—A 


7. 


9. 


14. 
15. 


—h; 0. 

(a) -1.1 b) 2, 
a a 

(c) 1,0 (d) 0, 0. 

f(x) is not differentiable at x = 0 

0 

0 


Concept PRoBLEMS—B 


1. 


2s 
3. 
4 


9. 
10. 
11. 


(a) -1,2 (b) 
(a) 0 (b) 
(a) 5 (b) 
— 4 (discontinuity), — 1 (corner), 2 (discontinuity), 5 
(vertical tangent). 


a=2,b=0 

continuous and differentiable. 

cont. but not diffiat x =0; diff. & cont. at x = 1/2 
a=1,b=1 

discontinuous and non-differentiable at x = 1. 


PRACTICE PROBLEMS—B 


12. 
13. 
14, 
15. 
16. 


18. 


continuous; diff at x = 1, non diff. at x = 0 
continuous but non diff at x = 0 

a=2 

diff. 

discontinuous & not derivable at x = 1, 


continuous but not derivable at x = 2 ‘ 
discontinuous at x = 1 and hence non-differentiable. 


Concept PRoBLEMS—C 


1. 
2. 
3. 


- 


10. 


(a) x=-3,1 
yes 

(a) -1,1 

(b) x= 10/3, L-H.D. = -3, R.H.D. =3 
f'(o) does not f’ (0°) = 0 f’ (0°) 

f(x) is cont. but not diff. at x = 0 

(a) Y. 


(b) x=+1. 


(b) All x (c) f’(x) = 2)x| 
discontinuous at x = 0, 1, 2, 3 hence non-differentiable 


The Dirichlet function is nowhere continuous, and hence 
it is nowhere derivable. 
diff every where. 
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PRACTICE PROBLEMS—C 


11. 
. differentiable. 

. x=0,41 

. a= 35/9, b = 10/3 
. Non differentiable. 


17. 


18. 
y 


19. 


20. 


continuous but non-differentiable. 


i 
f’ 


fis cont. but not diff. at x = 1, discont. at x =2 & 
x = 3. cont.& diff. at all other points 


3 ; The bold line represents the graph of y = f(x). 


It is non-differentiable at three points namely 
ie Oe 
4°2° 3 

g of (x) =0 for all x € R and 


Oif x is an integer 


fog= nif x @R‘and Vn <x <Vn+l or 
x ER and—Vn+l<x< Jn 


gof is differentiable everywhere and fo g is differentiable 
on R-I. 


cOsx , 
g(x) = 


O<x<nt 
sinx-l, x>T7 

Adjacent figure represents the graph of g(x). Clearly, g(x) 
is continuous but non-differentiable at x = 7. 
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Concept ProBLEMS—D 
1. 6cos9 
2. f(x)=x°,a=2 
3. (i) f(x)=2%a=5 
(ii) f(x) =cos x,a=7 or f(x) =cos (1+ x), a=0 
4. The only doubtful point is 0. But |f(x)/x| = |x| > 0 


as x — 0, so f'(0) = O. For x > 0, f’(x) = 2x and for 
x <0, f'(x) =—2x. therefore f'(x) = 2|x] is continuous. 


5. 1 

6. 2/3 

7. non diff. atx =0 
8. a=6,b=-3. 


Concept PROoBLEMS—E 


2. (a) x forx >0,-—x forx <0 
(b) Yes 
(c) 1 forx >0,-—1forx <0 
3. (a) ax (b) Yes 
4 
(c) 9x23 
4. (a) g'(x)=2x forx <1, g(x) =2 forx> 1 


g"(x)=2 forx <1, g"(x) =O forx> 1 
(b) gis differentiable ; g' is not 
5. —sina 
PRACTICE PROBLEMS—D 
6. (a) y"=6 |x|; y"(0) =0. 


(b) y"=2 sin Die cos sin : 
> x x x x 


at x #0, y"(0) 


does not exist, since y ' (x) is discontinuous at x = 0. 
8. 2sec* x tan x 
9, n-l<k<n 


Concept PROBLEMS—F 


1. (a) Yes (b) No 

2. No 

3. (a) No (b) No 

4. If g(x,) #0 then f is non-diff. as x = x,. If g(x,) = 0 then 


fis differentiable is x = X): 


PRACTICE PROBLEMS—E 


6. Yes 

7. No 

8. (b) fis twice but not thrice differentiable at x = x, and the 
derivatives are 0. 

9. They are of opposite signs. 

10. non-differentiable. 


11. Cont. but non diff. at x = 1, discont. and non diff. at x = 2, 3 

12. non diff. at x = 7, 27 

13. p>1 

14. non-diff at x = 2, 3 if a # 4, 9; non diff at x = 3 if 
a= 4; non-diff at x = 2 ifa=9. 


PRACTICE PROBLEMS—F 


2. x, |x| 
3. -1 
4. 0 
5. 2x 
7. ae) 
2 
8 x+xe 
10. f(x) = 2x 
OBJECTIVE EXERCISES 
1. ¢ 2. B 3. A 
4A 5. B 6. A 
TA 8. D 9. B 
10. B WW. A 12. D 
13. A 14. A 15. A 
16. B 17. A 18. D 
19. A 20. B 21. D 
22. C 23. B 24. D 
25. C 26. B 27. A 
28. C 29. C 30. C 
31. D 32. A 33. C 
34. C 35. C 36. A 
37. D 38. D 39. C 
40. A 41. C 42. D 
43. A 44. C 45. A 
46. B 47. C 48. D 
49. A 50. C 51. A.C 
52. A,D 53. A,B,C 54. B,D 
55. A,C 56. A,B,C 57. D 
58. B,D 59. A,B,C 60. B,C,D 
61. B,D 62. B,D 63. A,B,C,D 
64. A,C,D 65. A,B,D 66. A,B 
67. A,B,C 68. A,C.D 69. C.D 
70. B,C 71. A 72. A 
73. D 74. A 75. D 
76. A 77. D 78. B 
79. C 80. B 81. A 
82. C 83. B 84. D 
85. A 86. A 87. B 
88. D 89. B 90. D 


REVIEW EXERCISES for JEE ADVANCED 


18. 


20. 


91. C 92. D 93. C 
94. C 95. B 

96. (A)-(P.Q), (B)-(S), (C)-(P), (D)-(R) 
97. (A)-R,(B)-S, (C)-P, (D)-Q 

98. (A)-(P), (B)-(R), (CQ), (D)-(T) 

99. (A)-P; (B)-(P, Q), C-PRT, D-R 


00. (A)-(Q), B-(R), (C)-(S), (D)-(P) 


continuous but non-differentiable. 
g(x) =x 
discont and non-diff at x = 0, 2; cont but non-diff at x =+ 1. 
discont and non-diff at x = 0; cont but non-diff at x = +/2 
and —1,1 
{1, 3} 
non-diff at x = 4 
discontinuous and non-differentiable at x = 2. 
a=-1,b=—2, value = 2/3. 
If f(x,) = g(x,), then the two functions may or may not be 
differentiable at x = x,. 
. fis cont. but not derivable at x = 0. 
. continuous but non-differentiable at x = 0. 
. 180 
. ae (0, 1] 
. Ifa € (0, 1),f '(0*) =—1,f’ OD) =1 } 
=> continuous but not derivable ; Ifa=1, f AZ - 0) which 
is constant => continuous and derivable; 
Ifa>1,f'(0) =—-1, f'(0) =1 


=> continuous but not derivable. 


non diff. at x = 1 

- g/(0), 0, g(4), 2’), gC 2) 

f(x) is non differentiable at x = a, B, 0, y, 6 and g(x) is 
non differentiable at x = a, B, 0, — 2, 2 


ifx>0,x #1 


Gs | "> 


if x <0, x #-1 
1+x 


ifx >0,x #1 


1 
(I-x) 


(1+x) 


and f'(x) = 
if x <0, x #-1 


DIFFERENTIABILITY 3.77 


23. f0*)=3, fd) =-1 

25. (a)2 (b)1 

26. f(x) is not cont. not diff, xf(x) is cont. and non diff. x7f(x) 
is cont and diff. 

27. cont but not diff at x = 1, discont. at x = 2, 3 

28. a4#1,b=0, p=1/3,q=-1 

29. continO<x <1, but not diff. atx =0 

30. D*[f(x). g(x)] = f (x) D* g(x) + g°(x). D* f(x); 
se MiNt  g?(x).D*f(x)-f*(x).D* g(x) 


eu [e(x)]* 
31. x +1 


= 1, f(x) =0. 
35. f(x)=e*-1 


TARGET EXERCISES for JEE ADVANCED 


Continuous but non-differentiable at x =—2,—1, 0, 1,2 
not differentiable at x = e; f'(e*) = 1, f'(e) =0. 

f(x) = 0, f(x) = 1/2, f(x) =x. 5. f(x) = sin! x) 
continuous but non-differentiable at x = 1. 

f is continuous and differentiable for all x € domain , 
except non-differentiable at x = 1 

10. 256 

11. 54 

13. R-{-l, 1} 


Sn Pb 


14. G@) AandB (ii) Greater 
Y, 


f 
(iii) /B Cy a (iv) Band C, DandE 
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17. 


. g(x) is continuous in [—3, 1] except x = 0 


(a) continuous for all Xx ¢R_ not differentiable for all 


x €R—-{0} 


(b) g(x) is not continuous at x = 0 


35. 
37. 
40. 
43. 


BC 36. AB 

A 38. BC 39. ABD 

B 41. 2 42. 0 

f and f’ are continuous and f' is discontinuous on [0, 2] 


22. 14% 24. {+1,0,1- V2 \) 44. cont. on (0, 2) and differentiable on (0, 2) = {1} 

tn2 : 45. not differentiable at x = 0, 1 
25. s 26. Non - diff. atx = 7, 27 46. £'(0) =0 47. x=0,1,2,3 
27. x +1 48. f(x) =e 49. -1 
28. For g(t) = mt and h(t) = t, limit, , g()/(h() = m, which —50._ cont. but not diff. 

need not be zero. 51. f(x) is not continuous and thus not differentiable at x = 2 
30. f(x) =x° 31. f(x) =0 3 52. continuous but not differentiable at discontinuous and not 
33. f(x) = 1-x 34. f(x) = eal differentiable at x =-1. 

1+x eo +1 stat] IbN-! a 
PREVIOUS YEAR'S QUESTIONS [ERNC=s si} }iiisoiiiir est) 
(JEE ADVANCED) rane 

1. {0} 2. R-{0} = aad atx =0 
3. D 4. B 56. Sy 
5. ABD 6. A 4) bs 
ee oo 8. (AP, QR). BE, 8), CR, $), DP, 
9 D 10. A : Cand 59. D 
11. D 12. D : XN 
13. D 14. Cc a_N 
eae — “h (®, QUESTIONS FROM PREVIOUS 
17. A 1. C a YEAR'S (AIEEE/JEE MAIN PAPERS) 
ne a ABD 1. (c) 2. (d) 3. (d) 4. (b) 
21. BDE 22, ABC 5. (d) 6. (c) 7. (c) 8. (b) 
23. ACD 24. BCD 9. (d) 10. (a) 11. (b) 12. (c) 
25. AB 26. AC 13. (a) 14. (d) 15. (b) 16. (b) 
27. C 28. = AC 17. (a) 18. (b) 19. (a) 20. (a) 
29. ABCD 30. BC 21. (d) 22. (d) 23. (c) 24. (a) 
31. BC 32. ABCD 25. (c) 26. (d) 27. (a) 
33. AD 34. ABD 28. (d) 29. (c) 


HINTS & SOLUTIONS 


Objective Exercises 


SINGLE CORRECT ANSWER TYPE 


xX 


i: (ose 
0, x=0 
LHD = 
—h 
lim 1+ us = lim a 
h—0 —h ho0]+e 
h = 
RHD > lim 1+ el/h 0 
h>0 h 


Since LHD and RHD exist, f(x) is continuous but not 


differentiable at x =0 
Hence, C is correct. 
2. For f(x) to be continuous at x = x,. 


axy+b=x; 
For f(x) to be differentiable 
LHD => 
2 2 2 
X ) —h) -x h* —2x,h 
rr Gans Me geen ‘02 = 
h>0 —h h>0 —h 
RHD = 
2 
a(x,t+h)+b—(x 
sg, B00 th) +b—(%o)?_ 
h>0 h 


For differentiable, LHD = RHD. 
=>a=2x, &b=-x5 

Hence, B is correct. 

3. f(x)= min{x? —1,-x4+1, sgn(—x)} 
At x = 0, f(x) is differentiable as LHD = RHD = 0 
At x = 2, f(x) is continuous but not differentiable. 
Hence, A is correct. 


y = Sgn(-x) 


4. f(x) =min{|x|-1|x-2]-} 
f(x) is not differentiable at x = 0, 1, 2 
Hence, A is correct. 


1-x, x<l 
5. f(x)={(1—-x)(2-x), 1<x<2 
cy 
() ‘ <. 3-x, x>2. 


y f(x) is discontinuous at x = 2 & non-differentiable 
at x = 2. However, it is differentiable at x = 1 since 
LHD = RHD=~1 


Hence, B is correct. 


y=I1-x 


(1,0) 


y = (I-x)(2-x) 


6. y=x?,p<1 is non differentiable 
at x=0 
y=|xP.p>1 is 
differentiable at x =0 


f(x) is non differentiable at x =—1 only. 
Hence, A is correct. 


7. £(x) =3{x? |x |-|x|-1 


xf? -[x|-1 


is non differentiable at x = 0 because of | x | 
Hence, A is correct. 
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8. If f(x) is differentiable function from R > Q. 


= f(x) is constant function. 


100 


¥ (-1'f(r) = £(0)—f(1) + £(2)—£(3) +... + £(100) 
r=0 


=f(100) which is some constant 


Hence, D is correct. 
—x3!/x 
glx -] 
-x(3"* +2] 
glx =| 


: x >0 


LHD at x =0 


3h 4 

lim ——— x — = 
ho03/h_7 oh 

So, f(x) is not derivable at x =0 
but it is continuous 
Hence, B is correct. 


10. Since g(x) is even and differentiable at x =0, 


g(0)=0 
ig ey 

hoo hh 

acneos{F | 

f (0) =1 

(0) = lim i 
pe ap 

ho0 h 
=> f(0)=0 


Hence, B is correct. 


2 


ll. f(x)= lim} 1 


n—eo 


As x? +2x+3+sinmx>2 VxeR. 


f(x) =1 for all x. 
Hence, A is correct. 


(x? +2x+3+sinmx) +1 


12. ylim f (cos® x —cos? x} =x lim f (sin? x—sin? x} 
x0 x70 


cos? x< cos” xX 


sin’x > sin°x 
=> 4y = 3x => line eqn 
Let image be (h, k) 


= Pt (+. <) will fulfill the equation of line 


(2) 
2 2 
= 444 =3h 
4 k-1/2 
3. h/2 
2s y= 9i63 
Solving (I) & (ID 


NN) 
WY Hence, D is correct. 
f(x+h)—f(x) 
h 


. £(xd+h/x))-f(x) 
= lim 

h>0 h 
if f(x)-f(+h/x)+2-2 f(x)-fd+h/x) 
h>0 h 


oe) 


13. f (x)=lim 
h->0 


= es) v( ; 


= (£(x) 1) lim f(+h/x)-2 1 
h>0 xX 


Aig (f() = 2) 


= (fx) -1 2 
x 
xf (x) =2f(x)-2 
Hence, A is correct 


iat ei 
h-0 h 


=i Ug 
= lim i =f (0) 


h-0 


2 
ra (0) = lim (2h° +3h)g(h) 
h>0 h 


= lim(2h +3)g(h) 
h-0 


= (3)g(0) 

=3x3=9 

f(x)=f O=g 

Hence, A is correct. 

f(x +h)-f(x) 
h 


15. f (x)= lim 


jim =r 
ho-0 hh 
fost EY 
h>0 h 


g(0) =k 
Hence, A is correct. 
3x7+2x-1_ (3x-I(x+l) _ x4 


16. f(x)= 
6x2—5x4+1 (3x—-1)(2x-1) 2x1 
AW3+h+l | 
(5b 2(1/3+h)-1 
3 h>0 h 


im 4/3+8/3+9h-4 

ho0 h(2(1/3+h)-1) 

=—27. 

Hence, B is correct. 

f(x +h)—-f(x) 
h 


17. £'(x)= lim 
h-0 


. f(x)-f(1+h/x)—2f(x)+2-f(1+h/x) 
= lim 


h>0 h 


_FO-D ey 
X 


df 
x)-l 


Now, sa, 
f X 
Integrating both sides w.r.t x, In|f(x)—1] = nIn|x|+InC 
=> f(x)=1+cx" 
Put x = 1, y = 2 to get f(1)=2 
Use f(1) =2 and f(2) =S to get 
f(x)=x7 41 
Hence f(3) =10 
Hence, A is correct. 


18. For f(x) to be continuous, 


2x+1l=x*-2x+5 


DIFFERENTIABILITY 3.81 


=> x?-4x+4=0 

= (x—2)* =0 

>x=2 

For f(x) to be differentiable at x =2 


. 242+hj)+1-5 Oh 204 45 =5 
= lim = lim 
h>0 h h>0 h 


(h rational) 
Both are equal to 2. 


(h irrational) 


Hence, D is correct. 
19. lim (x +h)f (x) —2hf(h) 


xh x—h 
lim xf (x) —hf (h) qi hf (x)—hf(h) 
xh x—-h xh x—-h 


=f(h)+hf (h) +hf (h) 
= f(h)+2hf (h) 


Hence, A is correct. 


20. Put x =1y =1=> f7(1)-3f(1)+2=0 


>f)=12 
If f() =1, put y =1 to get f(x) =1 
which is a constant function 
Hence f(1) =2 
Hence, B is correct. 
21. y =sin™! ({1-|x |) 
This function is non differentiable at 
x =0, +1 and |i-|xJ=1= x=2+2 
=> x =22 
Hence, D is correct . 
22. f(x+y)—f(x—y) =4xy 
Put x =0 
f (y) =f (-y) = f(x) is even function 
Put y=x 
f (2x) = 4x? = (2x)? 


f(x) =x?. It is unbounded. 


Hence, C is correct. 
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23. g(xt+y)=e'g(x)+e*g(y) 
Put x=0, y=0> g(0)=0 


e"'g(x) + e*g(h)—g(x)—e*g(0) 
h 


B= lim 
g'(x) = g(x)+2e" 

Hence, B is correct 

24, y=|1-|2-|3-|4—-x||]| 

J(x) is not differentiable when 

x=4 |3-|4—x|-0,[2-|3-|4—x|E0,|I-|2—-|3-|4—x|-0 


y is not differentiable at more than 5 points 


Hence, D is correct. 


: , x>0 

2x+1 
25. f(x)= a x <0 
1 x=0 


lim f(x)=1, lim f(x)=-l,  f(O)=1 
x70 


x00" 
Hence, C is correct. 
26. y = cosx is decreasing in [0, z] 
COS X, xeé[0, 7] 
g(x)=4. 
sinx-l, x>7 


lim cosx =—-1, lim f(x)=-1) f(a) =-1 
xO XT 


At x= z, LHD = 0 RHD = 1. Not differentiable 
Hence, B is correct. 

27. Put x=y=z=0>f(0)=1 

Put z=0 
=> f(x+y) =f(x)-f(y). 

f(x)-f(h)-f(x) 


f (x)=li 
Soe i 
f (x) =3f(x) 
Put X=2 
f (2)=12 


Hence, A is correct. 


28. f(x)= im (cos x)* +cos ‘(sinx) 
oo 


cos 'sinx, x#nt 
1+cos'sinx x =nt 


f(x) is discontinuous at x =n 
Hence, C is correct. 


29. f(x)=max{l, cosx+sinx, sin x —cos x} 


= mos Piso Fx] sain( x4 


: : . T 
f(x) is not differentiable at x = a T 
Hence, C is correct. 


1 


° 
lat 


30. |f(x)|s < 
|£(0)|<0 => £(0) =0 
| £(h) |S h? 
in [POO 


< lim \h| 
,” H-0 


h>0 


IF’ <0 


>f (0)=0 


Hence, C is correct. 


31. If f(x) is even and differentiable for all x 


=> f'(0) =0 
Hence, option D is correct. 
xy x <0 
2 
< 
32. f(x)=4*’ onan 
2x-l, 1<x<2 
x 9543. x22 
3x’, x <0 
; < 
eae 2x, O0<x<l 
2, l<x<2 
2x-2, x22 


f(x) is continuous and differentiable for xe R. 


Hence, A is correct. 
x°4+1, OSx<1 
33. f(x)=43-x, I1<x<2 
2, x=2 


=> f(x) is discontinuous at x = 2 andnon-derivable at x =1 


Hence, C is correct. 


34. As x > tc0, f(x) 90 
Asx >0, f (x)>0 
As x <0, f (x)>0 


& atx = 0, f (x) is non differentiable. 
Hence, C is correct. 


35. f(x) =(x?-1) | (x-2)(x +1) | +sin |x| 


y =(x+1)|(x+)]| is differentiable at x=—1 
f(x) is non differentiable at x =0 & 2 
Hence, C is correct. 
36. Putx=h+t wheret—>0 
. (2h+t)f(h+t)—2hf (h) 
lim ‘ 


t>0 


= 2hlim 


t0 


POS OED) ant 
t t30 
=f (h)+2hf (h) 
Hence, A is correct 
37. f(x) =max{.x(2—x),2—x} 
Now as y= Jx(2-x) 
= y? =2x-x?41-1 
y’ +(x-1) =1 (\ 
f(x) has corner at x = 1 and has infinite dedivative atx =2 


f(x) is non differentiable at x =1, 2. 
Hence, D is correct. 


y =|x(2-x) 
T = hg 
(0,0) (1,0) (2,0) ae y=2-« 
sin(x*-5x +6) 
a ESE, FES 
x° —5x+6 
38. f=) sin(x?-5x +6) 
: 2<x<3 
x° —5x +6 
1 x=2or3 


f(x) is non differentiable at x = 2 & 3 as it is discontinuous 
there. 
Hence, D is correct. 


39. 


40. 


FN 
> 3. 


43. 


44, 


DIFFERENTIABILITY 3.83 


f(a+2h?)—f(a—2h? 

4h? 
, oh Ih : 4h? 
f(a+h*—h*)-f(a—h’ +h’) 2h? 3h" 


f (a)x ese 
f(a) —2 
Hence, C is correct. 
[x]+./{x}, x<l 
f Py 
(x) : x21 


[x]+ {x}? 
lim fey. lim fio=1, FH] 


—h)- 1-h 
LHD => lim pe 2 lim 
h>0 —h ho-0) = =——h 
Hence, A is correct. 
—f(a) = lim f(x) 
or x>a 
Hence, C is correct. 
Statement III is true using Intermediate Value Theorem. 


=does not exist 


Hence, D is correct. 

f(x—f(y)) =f(E(y)) +x f(y) +£(x)-1 
Put y=0 

f(x-1l) =f()+x+f(x)-1 

Putx =1 

fd)=1/2. 


1 
r= 


Now, 

f(0) =1+f(1)-1/2 
f()=2+f(2)-1/2° 
f(x-2) =x-1+f(x-1)-1/2 


1 
a ae 


Add all equations, 


x(x +1) _Xx 


£(0)= ztf@) 


2 
x 
f(x) =1-—— 
(x) 3 


Hence, A is correct. 
Conceptual Problem. 
C is Correct. 
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45, limu(x)=2, lim v(x) =3, lim f(x)= lim g(x) = 
X—oo Xoo X—oo X00 


Dui 
B(x) HO ay 

£(x) _ 
ne a(x) 

race + U(x ee fim v(x) 
x g'(x) ad 
=> at+2a=3 . 
using LH Rule 
= 


Hence, A is correct. 


46. £’(x) = lim f(x)+f(h)+5xh—f(x)—f(0) 


h>0 h 
=m M45, £0) =0) 
ho-0 h 
f (x)=f (0)+5x 
=5x+3 


52 
f(x) =—x* +3x 
ae 


Mini ] fo == 
inimum value o ta 10 
Hence, B is correct. 
47. (x) =(kx +e* )h(x) 
Putx=0, f(0)=5 


Differentiate w.r.t x 


f (x)= (k+e )n(x)+(kx +e* )n'(x) 
Put x =0 


f (0) =(k+Dh(0) +h (0) 
18=5k+5-2 
k=3 


Hence, C is correct. 


48. If f (2)=4= f(x) is differentiable and continuous 


at x=2 

as f(2) =3 

lim f(x)=3+h 
x72" 

lim f(x) =3-h 
x32 


So, lim[f(x)] will not exist. 
x72 


Hence, D is correct. 
49. Similar to Q . 40. 


2f (x) —3f (2x) +f (4x) 
2 


50. lim 


x0 x 


Applying L-Hospital Rule, 
2f (x)—6f (2x) +4f (4x) 


lim 

x>0 2x 

fm Zt O—12F (2x) +16f (4x) 
x0 2 

=12 


Hence, C is correct. 


MULTIPLE CORRECT ANSWER TYPE 


51. f(x)=|x-1| ((x]-[-x)) 
lim £(x)=0, lim f(x) =0, f() =0 


LHD > lim —— ni) =-| 


h>0 —h 


RHD => lim a) =3 
ho-0 hh 


Hence, A, C is correct. 


Ot 3h 
52. A) LHD — > lim? Sit VP _ 
h>0 —h 


2. 
Rip in 


h-0 


B) LHD—- Notdefined & f(x) is discontinuous at 
X=T. 


RHD > Notdefined C) f(x)= fe : - 
Dp) LHD=0 , 
RHD =0 
Hence, A, D are correct. 

53. h(x) =go f(x) =sgn(sin 1x) 

0, x=I 

=41 xe(0,), (2,3),... 
-1 xe(1,2), (3,4),... 


Hence, A, B, C are correct. 


54. 


55. 


56. 


57. 


f(x) = tan[x]7 
[+ log(sin? x +1) | 
=0, xER 
Hence, B, D are correct. 
x, x20 x, x<0 
roo=[) x<0' eoo=f >0 


0, x<0O 


x? x>0 


Foa0=| 


2 
x“, x20 
gof(x)= 
0, x<O0 


Hence, A, C are correct. 


Replacing n by (n — 1), in ¥ F(x +ky)—f(x—ky) Ist 1 


k=l 


n-l 


SY) 3* (f(x +ky)-f (x —ky)) 
k=1 


Subtract 2 from 1, 
3" (f(x +ny)-f(x- ny))| <2 


we get Sees 2 


3] (.+ny) FO —ny) Ss gouseeeosacenenceseeepeeecpeeeces : 6) 


Put x + xy =u, xX — xy=v 


2 
eq 3 becomes | f (u) —f(v) |S = 
Asn—-o, 3 
|f(u)—f(v)| <0 


= f(u)=f(v) > f(x) is constant function 


Hence, A, B, C are correct. 
(x+ hyp -x3 
h 


A) A(x) = lim = lim(x +h)? +x? +x(x+h) 


= 3x? 


tan>(x +h)—tan? x 


B) A(tan x)= lim * 
h0 


=3tan? (x) sec” x 
at x= 7 A(tan x) = 6 


sin? (x +h) —sin?(x) 
h 


C) A(sinx)= lim 
h-0 
= 3sin x cosx 


at x=0, A(sinx)=0. 


e ug 53 
D) A(cos" x) = Hen = ae x) 
> 


DIFFERENTIABILITY 3.85 


-1 


fl =x? 


atx =0, A(cos"! x) = 


=3(cos"! x) x 


Hence, D is correct. 


58. f(x)= in eo xX, > {sin x} ] 


Hence, B & D are correct. 


(0,1) 
(0,1) 
2 


9} (x,0) on 
2 


. f(x)= min{x° —1,1-x, sgn(—x)} 


Hence, A, B, C are correct 


. y=sinn(|x|+[x]) 


_ Jsina(x+[x]), x20 
sint(—x+[x]) x<0 


geese 

2 
LHL=-1, RHL=-1, (-z fA 
at x=0 


LHL = 0, RHL =0, f(0) =0 
inz(—I1+h 
sin m(—1+ _ 


LHD = lim 
h30 —h 

Ripe =, 
h-0 


Hence, B, C, D are correct. 


. For |f| 


CHD — tm E@BI-1fC. 
h>0 —h 
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= lina |f(a—h)| 
h>0 —h 
RHD = lim [f@th)| 
h-0 


So, | f(@)| is not differentiable at x = a. as LHD & RHD will 
be of opposite sign. 


But | f(x) [’ will be differentiable. 
Hence, B & D is correct. 


h? sin — 
h =0 


62. (A) RHD=lim 
h-0 


f(x) is differentiable only in (0,1). 


x’ sinl/x 


(B) lim ——75— = Does not exist 
x0 4 


—cosl/x+2xsin(1/x) 


(D) lim = Does not exist 


x30 2x 
Hence, B, D are correct. 


+1, 21 
63. f(x)=2- 7” * 
2-x, x<l 


|x |+1, 
UxD= Py 


|x|21 
|x|<1 
x21 
x <-l 
O0<x<l 
-l<x<0 


x+l1 
1-x 
2-x 
2+x 
g(x) =f (x) +f (|x) 
2x+2, 
3-2x, x<-l 
~)4-2x, O<x<l 
4, -l<x<0 


x21 


Hence, A, B, C, D are correct. 
64. f(x+y)=f(x)+f(y)+xy(x+y) 


oe fim OO er 


=x7?4+f (0) (.f(0)=0) 


f (x)=x?-1 
Hence, A, C, D are correct. 


65. f(x) =max(| tan x |, cos | x |) 
Hence, A, B, D are correct. 


gs, oat 


y = 2|tanx| 


ad 
2 


x—y 
Putx > y+h 
' 1 
f (x)< = 
If Os 


lee 1 
=>-—<f (x)<=— 
9 2 


, 1 
& f(x)z— 
2 25 


’ 1 
f = 
(x) ; 


Integrating, we get f(x) = xt 


_ Hence, A, B is correct. 


67. Conceptual. 


Hence, A , B is correct. 


; 1 
sin? xcos—, x #0 
x 


68. f(x)= 
0, x=0 
lim f(x) =0= lim f(x) 
x30" x30 


2 


. | eee Gers we 
2sin Xcosxcos—+— sin“ xsin—, x #0 
. x 


f (x) = xX x 
0, x=0 
Hence, A, C, D is correct. 
69 : e/* a7 a/x 
* lim f(x) = li —__—_ 
mae (x) oe (x) e/® +e0/x 


RHL = lim g (x) 
x0 
LHL => lim~g (x) 
x0 
for lim f(x) to exist, LHL = RHL. 
x0 


= 2 (0)=0 
Hence, C,D is correct. 


70. ley } FOO*EY) pq =3, £0) =3 


3 3 


f (3x) +f (3y) 


f(x+y)= - 


Oe lim 1 [Asien Pee 
h>0 3 h 
= 1 im fGW-FO) 
3 h>0 h 
=3 
f(x) =3x+3 


Hence B, C is correct. 


Assertion & Reason 

71. A: F(x) =|x P +2|x| 
x? +2x, x20 

x? —2x, x<0 

F(x) is not derivable at x = 0. 

R: F (0*)=2 & F (0 )=-2. 

Hence, A is correct. 

mt MCE f(x) 


72. £ (x)= : 


f os 


Nowlff(x) hasdegree‘n ’ ea (x) hasdegree n—1 &fo FO) 
has degree n? 

Hence, there is no polynomial possible. 

Hence, A is correct. 

73. Hence, D is correct. 


-1 


74, y=sin  cosx 

dy 1 ; —sin x 

= x—sinx = 

dx lingo? x | sin x | 
It is not differentiable at x = nt 
Hence, A is correct. 
75. A: h(x) = sin x | sin x | 

_ sin’x, xe [0,7] 
—sin’x, xe (1, 270] 


h(x) is differentiable in x € [0,27] 
R: It is correct. 
Hence, D is correct. 


76. A: f(x)=ce%l+c,|xf 
For f(x) to be differentiable, c, =0 
f(x) =c,|x p= Cx? Vx 


R: It is correct. 
Hence, A is correct. 
77. Same as Q. 75. 
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78. = 

f(x) =cot™ (| Pn a } 
x 
4 
5 


lim f(x)= 
xl 


lim f(x)= 


xo 


f(x) 1s discontinuous & hence, non derivable at x =1 
Hence, B is correct. 


-l, O<x<l 
79. fog(x)=41 1<x<4 
0 x=1 


Hence, C is correct. 

80. f(x) =|(x-1)7P (x -—2)7P h(x =n)? | 
Hence, B is correct. 
LHD at x =0 

\ —sinh+ tanh +cosh—1 

2h? +1n(2—h)- tanh)” 

=a (1—cos h)(tanh—1)-h 

b0 (h) —h[ 2h? +In(2—h)— tanh | 


lim 
h30 


>=0 
RHD at x =0 
eile, 
hoo) oh 
L,=> y=0 
L,=> x=0 


81. Circle touching both lines 
(xtr)* +(ytry = 
x? 4 y- +2rx+2ry+r’ =0 
Two circles are orthogonal 
2Ht, + 2H, =1; + i. 
1? +1) —4r1, =0 


1, _ 4416-4 


I 2 


=2+ 3 


Hence A is correct. 
82. x? +y7+2x+2y+1=0 


(a+b)? +(a+c)? =(b+c)? 
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2a* +2a(b +c) = 2be 
a> +ab+ac = be 
Asa=l 


1+b+c=be 2 


c+l c a /0 


b 
c-l 


Area of A= 5 (1+ by(1+0) 
=> (l+b+e+be) 


=be 
_ e(c+l) 


c-l 


dA 
a (c=1)(2c +1) =(c? +c] 


> 2c? -2c+ f-1=c7? + f 
= c?-2c-1=0 


+ 
— te da 


(14+-V2)(2+2) 
2 © 
=(1+/2)(1+V2)=(3+2V2) 
Hence, C is correct. 


83. Area of figure = 4r? 
Hence, B is correct. 


(-1,r) (1,1) 


Min value of A= 


(4-1) (1-1) 


Comprehension 2. 


3x, x20 x/3, x20 
f(x) = » B(xy= 
me x <0 x x <0 


h(x) =f(g(x)) 
_ |x, x20 =x VxeR 
ix x<0 


84. k(x)= 1+4(cos x+cot”! x} 
T 


‘\ 87. lim 


Min value at x =1 => - 
11 
Max valueatx=-l1 > rs 
Hence, B is correct. 
sin! S x 20 
85. I(x) = 3 
0 x <0 


Hence, D is correct. 
86. g(f(x))=x, xER 


T(x) = f(x) + g(x) 


ue x20 
=) 3 
2x, x <0 


Hence, B is correct. 
Comprehension 3: 
f(c+1/n)-f(c) 


n—eo 1/n 


=f(c)=a 


This holds true only if f ‘(c) exist 
Hence, D is correct. 


88. lim f(x)= lim f(x)=0 & f(x) is continuous 
X—eo X—-00 
Hence, C is correct. 


89, lim f(x)= lim f(x) =0 
x30" x30" 


col 
> 


=—¢ 
ax?! sin(x*] x" cosx °x x #0 


0) x=0 


i@-= 
f (x) is continuous if a—c-1>0 
Hence, D is correct. 


Comprehension 4 


(53°) 24+f(x)+f(y) (2) =2 


3 3 
fea re 


ls a 2 3f (3h) = 3f (3) 


f (x) = lim ( 

h-0 
Putx=0, y=0, f(0)=2 
f(x) =2x+2 


90. g(x) x>0 
Hence, C is correct. 


91. 


92. 


93. 


g(x) >2|x|-1| 
Hence, C is correct 


ad 
(<L0) (1,0) 
2 2; 


x* + 4(|x]+1* =9 
5x? +8|x|-5=0 
ae -8+/64+100 
10 
_ -8+,/164 
10 
ie -8+ 164 
10 


So, two values of x are the soln of eqn. 
Hence, B is correct 


[so x>0 


Hence, C is correct. 
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94, g(x) =|2|x|-1] 


Hence, C is correct 


95. x7+ 4(|x|+1)* =9 


5x? +8|x|-5=0 
xl -8+/64+100 
10 
_ -8+ 164 


10 


-8+/164 
aq 


So, two values of x are the soln of eqn. 
Hence, B is correct 


MATCH THE FOLLOWING 


96. 


tan’ x, |x|21 
(A) F)=4 42-4 
, [x|<l 
At X=l 
RHD => lim tan- ish) w/4 1 
h>0 2 
LD > 1 (™ hy" = ») ria fo 
h-0 
a 2 oo 
=> lim Gen)? eNetdetined 
h>0 —4h 
At x=-l 
(-I+h)°-1 7 
es = ae 4 tin ith)’ -1+% 


—h h>0 —4h 
= Not defined 


f(x) is non differentiable at x =+1, -1. 


—4) |x? -5x+6|+cos|x| 


(B) f(x) =(x? 
f(x) =(x? —4) | (x-2)(x—3)|+c0x 
f(x) is non differentiable at x =3 

(C) sin(x+y)=e**¥ —2 
> cos(x+y)(I+y ) =e (l¢+y) 


> y = 


m <0. a f(x) 


(D) f (x)= = 2f(x) 


Hence > A > nen Bo un C(P), D>(R) 


thy sty= avVxt+l, 0<x<3 
bx+2, 3<x<5 


As g(x) is continuous at x =3. 


=> 2a =3b+2 (1) 
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os 0<x<3 
g (x)=42Vx41 


b 3<x<5 


As g(X) is differentiable at x =3, 


ae 
4 


Solving (I) & (ID 


98. 


a=-_, ie a+b=2. 
5 


1 
(B) le 8310 ot } log log3 
log3 


(A) f (x)= lim 


& logy, log), 3 = log log3 
f(-x) =-asin x —bv/x +4 
f(x) =asinx+byx +4 


f(x) is non differentiable at x = -5. 0, > 1,2. 
(C) f(x)=[a+7sinx], xe€ (0, 2), ael 
=a+[7sinx] 
(II) f(x) is non differentiable when 


123 45 6 


There are 13 points where f(x) is not differentiable 
(D) y(x)=f(e*). 
y (x)=f (c* ) rag ® +e"F'(x)f(e*) 
y (0) =2 Hence, 
A- (P), B—(R), C > (6), D > (1) 


99, 
=> f(x)+f(-x) =8 
wee ~ [5s (1-{x}’) sin“' (1—{x}) 
=> f(-x) =8-f(x) . (A) ee 2 
OY * x30 = 3 
= f (log) logy 3) =8 —f (log; log; 10) ~ 7 v2(tx) (x}’) 
=8-5=3 OF cos! (1-x”)sin'(1-x) ‘ 
Ain’ lim = 
sin* x + (2sinx cosx)* + (3 sin x — 4sin’ x). ‘ x9 V2 (x - x) 2 
lim _AN 
x 


= sin x(1+(2cos x)! +(3 —4sin? x)) 


lir : 
(1+(2cosx)’ +(3-4sin" x] 


x30 


=0 


(D) 2!8* +8 = (x —8) 81° 


sin? x +(2sin x cos x) +(3 sin x —4sin* x} 


_ Asin“! (1—{x}) cos”! (1—{x}) 


x90" V2 d-{xp 


= k= &A=v2 


By drawing a rough sketch, it can be observed that 


there is only one point of intersection of 
y — gloss x +8 


&y=(x _g)!08.10 
HenceD >Q. 


A->R, BoS, CoP, DQ. 


f(x)f (l+h/x)—f(x) 
h 


_ f(x) 
X 
f(x)=x 


(Os 
xX 


=f (x)=1 


(B) f(x) =|(x-D(x-2)| +|sinx +] x-3 


Then, dn eee aa 2 


V2 
(B) f(x) =[2+5|n|sinx]=2+[5|n|sinx] 
is non - differentiable at 
2 3 4 5|n| 


sin x = ; ‘ ; : 
5|n| 5|n| 5]n]| S5]n] Sn] 


= For 19 points, |n |= 2 
=>n=22. 
; hiG/4y"—Gi4y 
(C) f (0*) =lim Claes ae 
h-0 h(@/4)'"+@/4)"") 


-I/h /h 
(or) = fim Gia" -G/4y" _, 
h-0 Gray yay 


P=f (0-)-f (0*)=2 


[x+]] 
(e%t2)In4y 4 _ 16 


lim 
xo? 4* -16 
(x42) 
‘-_T qr 1) 
lim =li 
x92 AX 46) x92) 4? _] 
(x-2) 
2 _ _ 
= tim by Liye 
x72 x-2 x-2 _ 
(D) f(x)=——, x#-l 
1 1+x -l 
x)= = XF 
BX) fi 2x -14+.3x 3 
1+x 


Review; E: 


g 
yw) 
Ss 


Vx+1-1 

———, x#0 ° 
f{(x)= vx 

0 x=0 © 

aii Vx 

lim f(x) = lim — =0 
x30" ( ) x30 vx Vx +141 
Atx=0 
RHD 
lim VB+1-1 _ 
noob 
LHD 
fit i = ot Gemed 
hoo) h30/]—h +1 


Hence, f(x) is continuous but not derivable atx =0. 


Let g(x) = ax” +bx +¢ 
5xe% +2x _ 


3-el/* 0 


lim f(x) = lim 
x30" x30" 
lim f(x) =c 
x90" 


>c=0 


lim f(x) =a+b 
xo 
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g(x) is not differentiable at x =—1, ~ & 0. 


Hence, AP, B (P,Q), C> ,D->(R) 
100. 

(A) f(x)=x3 

If f(x) is continuous in [0, 1], no of roots can be 

exactly one if range of f(x) =[0, 1]. 
(B) between any two consecutive roots of f (x) =0, 

f(x) can have atmost one root. 
(C) f(x) =|1-|x-—1]| is not differentiable at x = 2,0,1 
(D) For f(x) to be continuous, 
xK=2-x 
x=] 
Hence, 
Gy A->(P), B+{R), C38), D>) 


~~ 


Kercises 


lim f(x) = lim (x—1)? sa : 
xo! xo! 


Js 


(l-x)? 
=! 
>a+b=1 () 
LHD atx=1 > 2a+b 
RHD at x = la 


h’ sin _ +1+h—2a—-b 
lita ul 
h>0 
=> 2at+b=1 


h 
(1) 
upon solving 
a=0, b=1 
= g(x) =x 


—|x|-l, —2S|x|<0 


3. f(x)=4x"-|x|, Os|x|<2 
2-|x|, 2s|x|s3 
oe. Peed 

_ =x O0<e<2 
2-x 2<x<3 
2+x —-3<x<-2 
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x-l, —2<x<-l 

x+l, -l<x<0O 
|f(x)|=4x-x? O<x<l 

su exe? 


x-2 2<xs<3 


6. 


f(x) = x4 2V2x—4 +x—2V2x—4 
=|Vx—2 +V2| + \¥x-2-2| 


22, 2<x<4 
f(x)= 
2Vx-2, 4<x 


f(x) is not derivable at x =2 &4. 


x =|, 2<x<-l 
x° 42x41, -l<x<0 : 
g(x) = 0, O<x<l ° 
2(x?—x), 1<x<2 
0) 2<x<3 
g(x) is discontinuous at x =0 & 2 
& g(x) is non derivable at x =0, +1,2 
2 
4. f(x)=sin7! chee 
x 
A 2_ 
For £(x) to be defined, : a Lei 
x 
= 4(x?-1)<x4 
=> (x*-4x?+4)>0 
2 
=> (x? -2] 20 
f(x) to be checked at x =0, +2. 
x?x > Axyx?-1 
este x°-l 
4 (x ?—-1) x 
2 
x2 2x eae. 1) 
> x 
(x?-2)’ xix? -1 
_ 4-2x? ; 
xvx? =1|x? -2| 
f(x) is not derivable atx =0,+/2 
but continuous at x=+/2 . 
5. F(x) =(x?—4) |x? 6x? + 11x —6]+ 
1+|x| 


= (x? -4)| (xD -2)(x -3) |+ 


f(x) is not derivable atx =1 & 3. 


x 
1+|x| 


f(x)=x? —3x 
f (x) =3x’ -3 
=3(x?-1)=0 


>x=tl 


x? 3x, O<x<l 


wel? 12%<2 

».¢ 

e 2x-5, 2<x<3 
(x—2)7, x>3 

g(x) > 


x33x 


g(x) is discontinuous & non derivable at x =2. 


2 < 
fee x°ta, O<x<l 
2x+b, 1<x<2 


(x) 3x+b, O<x<l 
xX) = 

. x, 1<x<2 
RHD at x =1 for f(x) 


. 2+2h+b—-(2+b) . 2h 
lim = lim 
h0 h h>0 h 


LHD at x =1 for f(x) 


i (l1—h)*>+a-2-b _ - h?—2h+a-1-b _ 
h>0 —h h>0 —h 


10. 


11. 


ifa=1l+b 
RHD at x =1 for g(x) 


(1) 


.. G+hyP-1 .... +h)? +141+h 
lim lim =3 
h>0 h — h-o0 
LHD atx =1 for g(x) 
lin 3-3h+b-1_, if b=—2 
h>0 —h 
>a=-l 
Value re es i 
d (g(x) 3 


If f & g are derivable & f (xy) #E(Xq) 

= f, g will not intersect. 

So, max {f,g} or min {f, g} will be either for g respectively 
forall xeD. 

So, they are derivable. 

If f (xo) =g(Xo) = they will intersect 

so, we shall have a sharp pt at x, for 


max {f,g} or min {f, g} 


so, they are not derivable at x = x9 (May or May not) — : 


Let g(x) =e") + log(1+x) 
(i) g(x) =(2x-DeX* pa 2G 
1+x 
£(0)=1 
g(1) =14+1=2. 
As g(x)is continuous & differentiable in [0, 1] & 
will vary from [1, 2] 
So, f(x) = g(x) will have atleast one solution 


(i) f(x) =Inx 


f (x) ot >0 
x 
f()=0, f(e)=1 


As f(x) has atleast one root in [1, e] 


*(5} xf (x)— yf (y) 
y y 


2: 
Ga yf(x)-f(y) 
y x 


f(x +h)—f (x) 
h 


f (x)= lim 
h0 


; f((x)/(1+h/x)!)-f(x) 
= lim 
h>0 h 


: | f(x 
= lim 
h-0 


si(1+4) f(x) x4 
1+h/x x(1+h/x) x h 


2 
(+8 foo (+5 roon{ t+] | 
x X x 


) 


Di 


1 
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= lim 


( 


2 
] h 
Xx 


(xf (x) +hf(x)-f(1+h/x)—xf(x)—f(x)h? /x —2 hf(x)) 
= lim 
h>0 x(1+h/x)*h 
(qj 1 
x 
dy ¥.1 O 
dx x x2 
LF=el!!* dx _ 
xy= [- Pax 
* 


12. 


13. 


xy =-f (1)Inx +c 


Inx 
y>— 
x 


Hence proved. 


lim f(x 
x00" 


lim f(x 


x00 


sin x —In(e* cos x) 


)= lim 
x30" 6x2 
xs x 
cos X —— [-e sinx+e cos x | 
= lim € Cosx 
x70" 12x 


= lim 


x0" 


cosx—l_ e* tanx 1 
+ =—a 
12x 12x 12 


x? +2cosx—1 


=Not defined 


= |i 
) an 


Hence, f(x) is not continuous at x = 0. 
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lim f (x) =Not defined & f (0) =0 
x70" 


=k, =6, k,=12 


k? +k} =180. 
LHD at x =0 pee 
1 
2 in hy 73 16. lim x*cos] ~]=0 if a>0 
lim 2 Sina)" _ 9 x30" & 
h>0 —h 
LHD atx =0 
Hence, fhas a derivative for all x & f (x) , 1 
‘ a 
is not continuous at x = 0. on Beara 
14. f(x)=x Ix x"|=x |x(1—x)| RHD at x = 0 
1 
2 lim h*' cos— 
x+x-x*, x21 a ae 
oe 2 
=X-X4x", O<x<l For ffx) to be non differentiable, a—1< 0 
reek” XeU >a<l 
2x —x’, x21 gl® _g-Wx , 
xX -————_., x# 
={ x? O0<x<l 17. f(x)= a * 4a 
2x-%, x $0 : Os eo 
_ Fora>0, a41 
f(x) is continuous in x € [—1,1] \y ¥ alk —a7lx 
& not differentiable at x = 0 lim x- “ee 
x90" a’ +a 
1/x -I/x 
x90 a'* +a 
LHD at x =0 


h- (ql -a'") 
lim —+~—_____‘ = 
15. LHD atx =1 ho0 p. (a +a!) 


1-h)? +b-a- : 
a(l—h) +b-a—b Hence, f(x) is continuous at x = 0 but not derivable. 


oe 


—h 
: If a=1 
=alim (comet) f(x) =0 Hence, f(x) is continuous & derivable at x =0. 
h-0 - 
RHD at x =1 18. f(x) =x* —8x?+22x? — 24. 
-1 
f (")= im oS AL tb) + tan (1+h)-—a—b f(x) = 4x? 24x? +.44x 
h30 h 
2 
if a+b+2+7/, =0 = 4x(x —6x +11) 
f(i*)=+4 24, ~I<x<0 
4 g(x) =4x* —8x?+22x?-24, O<x<l 
Sige aoe peo x-10, x>l 


19. 


20. 


21. 


Hence, g(x) is non differentiable at x = 1. 


y = f(x) 


(0,-2y) 
From the graph, 


g (x) = slope of tangent at pt x. 


Hence, g (0), 0, ¢ (4), g (2), g (-2) 


f(x) is non differentiable at 5 points (marked - o) 


f(x)= max | | : 
From graph, 


&& (x) is non differentiable at 7 points (marked - // ) 


; , x20 

(x)= = ta 

—1x! é x <0 

1+x 

For f(x) 

LHD at x =0 

lim 2 x a1 

ho01+h -—-h 

RHD at x =0 

lim —— x— = 1 

hool—-h h 


(-1,0) ! a / 
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ame x>0, x#l 
: (1-x) 
Nowf (x)= 
Tat ee x<0, x#-1 
(1+x) 
For f (x) 
LHD at x =0 
1 
er an 2 
. (1—-h) 1-—(1—-h) 
lim ——————_ = a 
h>0 —h h>0 (1—h)?(—h) 
2h—-h? 
= lin ——__ —+=- 
h0 (1—h)*(-h) 
RHD atx =0 
1 
402 
lim ie) =2 
h>0 h 


Hence, f (x) is not derivable at x = 0. 


¥2, 


23. 


24. 


f(x+y)=f(x)-f(y) 

=> f(x)=a’* 

=> g(x)= a = Now hy g(x)=1 
>a=e. ~ 


Xx 


Hence, g(x) = = 


Now, f(x) is derivable for Vx &f (x) = f(x) forall x. 


f(x) =|x—1]- (xJ-[-x]) 


f (1*) = tim“ - 3 


h0 


|f(x)|< x4" = —x"" <f(x)<x™ 

LHD at x =0 

f (x) = lim EN gg f (0-)=0 
h->0 —h hoo) 6«—h 

RHD at 

f (x) = lim SO ati f (0*)=0 
h>0 ho-0 bh 


Hence, f(x) is differentiable at x = 0. 
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_ £(3+h?)-£ (3h?) l-f(x), O<f(x)s1 
25. (a) lim oe 27. fof(x)=4f(x)+2, 1<f(x)<2 
j = < < 
ean 4-f(x), 2<f(x)<4 
<x< 
f(a+2h?)—f(a—2h?] naa 
(b) lim 3 2-x, 1<x<2 
h-0 h 
: 6-x, 2<x<3 
=> 4f (a)=1 =)5 x=2 
5e/* 42 0, x=3 
_|o—am #0 
26. £(xX)=4 3-e x-3, 3<x<4 
0, x=0 f of (x) is discontinuous at x = 2, 3 and non derivable at 
: ; 2 x =1, 2, 3. 
lim f(x)=—-5, lim f(x) == 
x>0° x30 3 2 
ax” —ax +b, x<l 
f(x) 1s discontinuous & non derivable at x = 0. 28. f(x)= x—, 12%<3 
N f 
aya px? +qx+2, x >3 
I/x 
X: de t+2 ,x#0 If f(x) is continuous for all x ER 
ay oe b=0 () 
0, x=0 O 2=9p+3qt2 
lim f(x)=0, lim f(x)=0, f(0)=0 “NS => 3p+q=0 18) 
x>0° x0 
LHD at x =0 a4 2ax—a, x <1 
dt, f (x)= 1, 1<xs<3 
—h be" + 2) (x) 
lim = 2px+q, x >3 
h>0 -h(3-e7"") 3 
LHD atx =l=a#l (III) 
RHD at x =0 6p+q=1 (IV) 
h(5el” + 2) From (II) & (IV) 
m0 Go) —5 1 
>9 hi3-e a2: 
aoe 
Hence, x f(x) is continuous but not differentiable q=-l 
Now, x7f(x) 
1 1 1 
Ix 29. f(x) = xsin} — |sin}] ———— |], x#0, x4#— 
(se +2) © (=) (4 IT 
2 _ jx“ ———,, x #0 
x°f(x)= 3_¢@l/x . 
7e lim f(x)=0, f(0)=0 
0 x=0 x70" 
lim f(x) = lim f(x) = f(0) =0 atx # it 
x90" x30" rm 
LHD at x =0 : . 1 
i i lim f(x)=0, lim f(x)=0, f] —]=0 
. h* Ge °* +2) pecuca eee IT 
lim —-+————+ = Im I 
h>0 —h (3 et) 
Hence, f(x) is continuous for x € [0,1]. 
RHD at x =0 LHD atx =0 
Wh 
a, hsin( = ial 5 7] 
ho0 h (3 = el) lim = co =Not defined 
h>0 —h 


Hence, x7f(x) is continuous and derivable at x =0. Hence, f(x) is not derivable atx =0. 


30. 


31. 


32. 


f° (x+h)g?(x +h)-f7(x)g”(x) 
h 


f?(x+h)(g?(x +h)-g7(x)}+ 


g?(x+h)(f?(x+h)—f°(x))+ 


D'(f-g) = lim 


1... g?(x)f?(x+h)+£7(x)g?(x +h) —2f?(x)g?x 


=—lim 
2 h30 h 


=| f° COD" g(x) + 27@OD'F00) | 
wh 2, 
pie g.|f Gen fo) led 
g(x) bool g*(xth) g*(x)) h 
f° (x +h)g?(x)-f7(x)g7(x)- 
f?(x)g?(x +h) +f7(x)g?(x) 


lim 


at g°(x)g’(x+h)h 
_ g°(x)D'f(x) -f*(x)D g(x) 
(g(x))* 
f(x+ y)—2f(x—y)+f(x)-2f(y)=y-2 
Putx=y=0 
(0) =1 
Put x =0 
f(y) —2f(-y)+1-2f(y)=y-2 im 
f(y) +2 f(-y) =3-y a & 
Put y=—y 
f(-y)+ 2f(y)=3+y (II) 
Solving (I) & (II) 
—3f(y) =-3-3y 


f(yy=Il+y >f(x)=14+x 


f(xy) = xf(x)+yf(y) 
Putx=y=0>f(0)=0, fd)=0 asx=y=1 


sttay+(1+®) (142) x09 
x x 


f(x) =fm 7 


; f () 
f ea I 
(== (1) 
Differentiating wrt x. 
yf (xy)=xf (x)+f(x) 
Puty=0 & x=l 
f (0)=0 


Hence, f (x) =0 


33. 


34. 
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f(x) =0asf(0) =0. 

f(x yz)=f(x)+f(y)+f(z) 
Putx=y=z=1 =>f(l)=0 
f(xy) =f(x)+f(y) 

=> f(x) =Inx. 

xf (y) + yf (x) = (x + yf (x)-f(y) 
Put y=0 

xf (0) = xf (x)f (0) 
=> xf(0)[1—f(x)]=0 
either f(x)=1 or 
Put x =-1 

f(y) + yf() = (1+ yf DE (y) (ID) 
Putx =1, y=1 


£(0) =0 


2f (1) = 2f7 (1) 


= FE) -) =0 


= either f(1)=0 or F()=1 


35. 


From (II) 

If f()=1 

iyyry= Uy) t(y) 

=> f(y=1 

or If f()=0 

f(y)=0 

=> f(x)=0 

=> f(x)=Oorf(x)=1 
f(x+y)=f(x) +£(y) + f(x) f(y) 
Put y=0, f(0) =0 


f (= tim OT f(h)—f(x) 


=(1+f(x))f (0) 
f (x) =-1-f(x) 


a 
dx 

Ind+y)=-x+e. 
It+y=e**" 


= ext —1 


y=e*-l 


3.97 
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i eee 4. f(x? +y)= EO)? +)? 
- ms ee Put y=h 
f(x? +h?)-t(x?) f(x) =f (x?) +£(hy 
h? ~ bh 
Put x=0, y=0 


f(0) = 2f (0)? 


: 1 
= either f(0)=0 or f(0)=— 
one unit one unit 2 
leftward rightward Iff (0) = 0 


f(x)? =f (x’) 


si 2f (x)f (x) = 2xf" (x?) 
0, x<-2,x>2 Put S 
ts eee Differs jating wrt x. 
a ——- d (02, 2\_ ’ 
oe nee Qxf (x +y )=2f of (x) 
Xx, O<x<l ‘ Pat y=0 
x42 Vere? - S xf (x?)=fO0f (x) 

Hence, f(x) is continuous but not derivabl ; Integrating 

x =-2, -1, 0,1, 2. i¢(x2)=* (x) 
2. LHDatx=e 2 2 

(-h) 2? 5. Foy fo) =f(xyi-y¥" +yvi-x?} 

lim =a =0 

oe es Asf (0) =1- 

RHD at x=e ; . £(x+h)-f(x) 

f (x)= lim 
ot h0 h 
=h 

ime =1. = |j f(x+h)+f(-x) f(x) isodd 

tse =  — as f(x) iso 

f(x) is not differentiable at x =e | 5) 5) 

xthyl—x* —xJl—(x +h) 
3. LHDatx=0 — A 
1 2 s 2 
-vfi(1~ heos 1} (1-neos = iin (x +h)y1 Xx xl (x +h) 

li h =lim a h-0 h 

h30 —h b0 wh ] 

RHD at x =0 ie 

a Vh(i+hsin1/h) sess (1+hsin1/h) 7 Integrating both sides. 

h>0 h 130 Vh 7 f(x)=sin"!x+c 


f(x) is not derivable at x = 0. f(x)= sin! x as f(0)=0 
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f(x) =x?-x? 4x41 (0,1) Geet eee eee eee eee noe eee ee eee 
f (x) =3x?-2x+1>0 
g(x) =3-x 


3. 2 See 
moo= | x°+x+l, O<x<l 


3-x l<x<2 
h(x) is continuous but not derivable at x = | f(x) 
14f2(x) 
mt) Integrating 


b 


ch) f tan“"F@x) > -|x 


f(x) a 
-t > -(b-a) 
t<b-a 
~ = (1-cos? x cos” x/2. cos? x/8-+- cos” i") 
10. f(x)= lim 5 
(> > y x30 x 
(3,0) 
f(n)= y-1_1... 
( 16 
0, -e<x<l eK 7 j 
= ~_AY ° d= lim f(n)= = 
a {i+sininx’*} sx e (Ww. ” ne 1-1/4 3 
3 2 - 
RHDatx=0 =— 
0 -e<x<l T 
: eee iia oS—" 
i Tt 
_ Jsin27Inx eee. 
: lim f(x) == 
-si im f(x)=— 
Sere ee ue . 
a lim FG) =e 
x30" 
x -e<x<l 
0, x=lore a= Bs 
nr 3 
ieee l<x<el” 
3 ee 
isi sin27In x . 
3 4 
c=— 
Hence, f(x) is discontinuous at x = 1 & non derivable also. 3 
= 27abc = 256. 


lim (f(x) +f (x)) =1 
oneal 11. lim f(x)=5, lim f(x) =9p+3q+2, 
If f(x) is differentiable & limit of f(x) +f (x) exist, it is aid — 
possible only when => 9pt+3q =3 


f(x) 91 & f (x) 30 for x 50 => 3pt+q=l (1) 
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lim f(x) =3, lim f(x)=b 
xol xol 


>b#3 
lim f (x) = 6p +4, tim f(x)=1 
=> 6p+q=1 
From (1) & (IID 
p= q=! 


LHD for | f(x)| atx =1 


lim ERO j 


h->0 
So, b =-—3 for LHD to exist 
RHD for | f(x)| atx=1 =1. 


>a =-l 


k 
jatb+p+q|=|-1-3+0+1| aT 


>k=54 
12. f(x—y)=f(x) g(y)-f(y) g(x) 
Putx=y=> f(0)=0 
Put y=0=> g(0)=1 
9 Oh) = FO) 


(0°) Jim 


= tim £608(ch)- BOE (rh) -F (0) _ 
h3>0° h 


Put y=x ing(x—y)=g(x)g(y)+f(x)f(y) 


=> g?(x)+f?(x)=1 


x x2L-l<x<0 


13. f(x)=41** 
x<-l0O<x<l 
-x 
aie’ x21, -1<x<0 
, Ss 
Pa (+x) 
ae x<-LO<x<l 
-x 
Graph of f(x) 


Domain of f (x) =R ~ {-L} 


(ID) 


(II) 


ee) 


(0,1): 
21 


(1,0) 


14. (i) Between points A & B 
(ii) Greater 


(iii) 


(iv) B, C & D, E Points 
15. f(x+y+z)=f(x)-f(y)-f(Z) 
Putz=0 
f(x+y) =f (x)f(y)f() 
f(x)f(h)f (0) —f(x)f (O)F (0) 


age h 

= 3 f(x) f(0) 

f (x 

To Oe) Pe ae) St 
= f(0)=41 

Put x=2 
=> f (2) =3f(0)f (2) 
= 12f(0) 
Integrating 
f(x) =eFO* +6, 
Asc=0 


f(x) = ef Ox 
As f(x) is always +ve => f(0) is +ve 


= £(0)=1 


& Hence, f (2) =12 
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16. f(x)=x?-3x?+6 19. Let assume that g(x) & g (x) are +ve for x €(-3,3) 

f (x) =3x? —6x = -ISf(x)S1 & 2/2 <g(x)<3 
=3 x(x —2) Now, f (x) = g(x) 

Gao) Geese. —3ere—9 Integrating x 

= <_ * 

sel” eo f(x) = f g(xdx + £(-3) 

1-x x20 3 

(x+1)°-3(x4+1)? +6 -1<x<0 If g(x) is decreasing 


g(x) is continuous for x €[-3, 1] expect at x =0 i o(x)dx > 62 = f(x) > 2V23-D>1 
“3 


which is a contradiction 


(0,6) 


If g(x) is increasing 


J e(yax +6/2 = f(x) > 4/2 2f@)>1 
3 


which is a contradiction 


_ Hence, g(x) &g (x) can’t be of same sign 


= g(x)g (x) <0 


; 20. lim, f(x) =0, lim f(x) =0 


c=%%, x20 : KN ' ere Ae 
17. £0=) , “\Y 
x°+2x x<0 (Aa) ¥ iim f(x)=0, lim f(x) =0 
)” To 3 
a) Graph of f(x) — oo a as 
f(x) is continuous for x ER but not derivable at x =0 So, f(x) is continuous at x = 7/ yy : 
3n/2 
2 
ee eee LHD atx= 1/2 
es -1, -l<x<0 
x= 
. 0 O<x<2 
x7-2x 2<x<3 cos( /2—h)| cos . 
g(x) is continuous for x €[—2, 3] ~ {0} cos( 5 h| 
lim 
h>0 —h 
sin hcos ( ; ) 
: sinh 
= lim 
h>0 —h 
a ‘ = does not exist 
LHD atx = 37/2 
18: ig OE 2 SEOs 
xa xX—-a xa xX—-a 
As f(x) is continuous => lim L(x) > f(a) cos(31 /2—h)} cos 
x7a 


1 
cos( - h| 
2 


For differentiability = | f (x) |=0 


lim 
Sy @=0 - m 
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21. 


22. 


23. 


24. 


. sinh 1 
= lim cos] — 
ho0 hh sinh 


= Not defined 
: . 3 
Hence, f(x) is non derivable at x = - > 
LHD at x =0 
eh’ = ; 

lim = lime!" =0 
ho0 -—h = ho 0 f° 
RHD atx =0 

-1/h? 

; . 2 ay 
lim ~ = lime!" =0 
ho0 oh h>0 h> 


Hence, f(x) is infinitely differentiable at x = 0 


f(xy) = f(x)- f(y) -f(x) -f(y) +2 
As (0) = 1 


soot(14")-too-tarhsx+2+F09 
: : x 
f = in 


h 


Po=¢6- ime - Se 


_€@-D eg 
x 
fis _£@ 
f(x)-l x 


As Putx =l,y=2 
=>f()=2 
Integrating both sides, 

f(x)-l= ex? 

f(x)= cxf O44 

f(x) =14+x? 

| f(x) |S x7e* 

Put x =0=>f(0)=0 

Divide by |x| both sides 


F)-FO| gs 
—\< 


Now lim 
x0 


f(x) -f(0) 
Xx 


< lim | x|e* =0 
x70 


=> f(x) is differentiable at x = 0. 


-1 
ats ) x21 
f= om 
SCS) 
x+1 


g(x) = 


1 
+ — 

f(x) 

-1 
sits ) x21 

a) el 

-x(1— 
029 gy 
—x° +2x4+1 


g(x) is non differentiable at x = +1,0,1- 2. 


f(x) +f(h)—f(x) 


25. f (x)= lim =f (1) 


h-0 h 
Integrating 
f(x)=f (I)x+c 
f(x)=x as f(0)=0& fd)=1 
ptanx = gsinx tan x—sinx -] 
lic.—— —— = lim ; 
x0 x“ sinx x20 x sinx 


tan x-sin x -] (tan x —sin x) 
x —— 


> > lim - Fa 
x0 tan x —sinx xX” sinx 
_ In 
2 
; sinx—l, —lSsinx <0 
26. f(sinx)= 8 
sin” x, O<x<l 


|sinx|—-I, —1<|sinx|<0 
f(| sin x |) = 
( ) sin? | 0<|sinx|<1 
= {sin’ x, xeER 
|sinx —1], —l<sinx <0 
| f(sin x) |= ‘ 
sin“ x, O<sinx <1 


O<sinx <1 


1—sinx, —l1<sinx <0 
sin? Xx, 


—-l<sinx <0 


1, 
A(x)=4 : 
2sin°x O<sinx <1 


Hence, h(x) is not differentiable at x = 7 & 2m in x €[0,27] . 


27. f'(x)= fim SOO-HO) =F) HIF) 
h-0 


f (x) =f(x)f (0)—xf (0) 


f (x) =f(x)-x 


So, 


28. 


29. 


Put y = f(x) 

dy 

= —xX 

dx 

dy 

—-l(y)=-x 

rea) 

: —Jldx if 

Integrating factor = e =e 
Integrating both sides. 

=>ye*= -| xe “dx 

=-[-xe™ -e™*]+c 

y=x+tl 

. g(t) . _ oer cose 
lim =—. It may or may not exist at t= 0 and if it exist, it 
+0 h(t) 
may not always be zero. 
e.g 


mx+4, t>0 
g(t) = 0) t=0 


mx?+2 t<0O 


x+4, t>0 
f(t)= 0, t=0 


mx’ +4, t<0O 


or 

= mt, t#0 

: 0, t=0 

f(t) = t, t#0 
~ jo, t=0 


(x—y)f(x+y)-(x+y)f(x-y)= Axy(x? -y) 


Gey (x+y APY < ax(x?-y?) 
y y 
wer pate) or y(FE=V=F00) 
y y 
he y)-x-y]=4x(x?-y’) 


Take limit y > 0 
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=> xf (x)+xf (x) —2f(x) = 4x? 


xf (x)—f(x) = 2x? 


Putt = f(x) 
dt t 
x 
dx x 


Integrating both sides 
t 
—=x’*+e 
Xx 
f(x) = x? +cx 


= f(x)=x? as f(l)=1 


gg, [Ei 2 Pry) eI) 
y ¥ y 

ap EE) SEO) gg 0) 

~ oS y 


Taking lim yo 0 


SS f (x)+f (x) =f(x)f (0) 


= 2f (x)=f(x)f (0) =0 
=f (x)=0 
= f(x)=d=0 as f(0)=0 


31. 1a 1a) -f Za) 
XZ 
as x, =c—h 


Z, =Ccth. 


~ tim f= )-F(e+h) 
h-0 —2h 


I 
=f (c) if f(x) is differentiable at x =c. 


32. ((2£4)=t100-109 
Put x =0, y=0 
f(0)=1 
Put y=-—x. 
1=f(x)-f(-x) 


f(x)= ine 
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33. 


1...) (f(-x)f (xk +h)-1) 
= lim 
f(—x) h0 h 


=f (x)= 


1 j , 
aa x)f (x) —f(x)f ( x)) 


, , f , 
f (x)=f (Fs (—x) 


= f(x)=0 or f (-x) =0 


 24]-t00-109 


1+xy 
Put x =0,y =0 >f(0) =1 as f(0) #0 
Put y =—x. 


. £(x+h)-f(x) 
= lim 
h>0 h 


ei f(—x)f(x +h)-1 
h>0 hf (—x) 


een) 
- 1—x(x +h) il x(x +h) —h(-x) 


h30 f (-x) (l1—x(x +h))* 
eset (1-x°) 
M%) (1x?) 
ray = £2 
1-x’) 
f(x) _ 1 
f(x) [i-x?| 
Inf(x) =n 4 1 
x 
Po] 
= f(x)=,/—* 


34. f(x +h)—f(x) < 6h? 


35. 


. f(x +h)—f(x) 
h 


If h>0 


f(x+h)-f(x) <6h 
a i 


fim. 2*-PRO 24 


h0 h (1) 
Ifh<0 
f (x+h)-f(x) Sh 
a 
ig es 
h (2) 


For differentiability of f(x), (1) & (2) should be satisfied 
together. 


=f'(x)—0 
_ => f(x) is a constant function. 
f(x +h)—f(x) < 6h2 
<6h 


f(x +h)-f(x) 
h 


< lim 6h 
h>0 


=> lim 
h>0 


d 
ay il 
dx 


Replace h by —h. 
f(x —h)-f(x) < 6h? 
f(x —h)-f(x) > 6 
—-h 
lim SE Sel sae SS 
h>0 —h 
‘i f(x+h)-f(x) -0= dy 
h>0 h dx 


So, f(x) is a constant function. 


h 
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Previous Years Questions (JEE Advanced)  —s—i—s—is 


(x —1)* sin j 
1; f@)= = 
-l, x=l1 


As |X| is not derivable at x = 0 
f(x) is non derivable at x = 0 only 


ae x20 
2. f(x)=x|xF x 
—-x*, x<0 
; 2x, x20 
f (x)= 
—2x, x<0 
£"( y= 2, x20 
me -2, x<0 


Hence, f (x) is derivable for x € R ~ {0} 
tan(m[x — 1]) 
1+[xP 
Hence, D is correct. 


3. f(x)= =0 VxeR 


1 
(l+x)? 
1 
(I-x)’ 
f(x) is differentiable V x ER 


Hence, A is correct. 
f(x) 


f (x)= 


5x <0 


J 2tdt 
=lim— 
xol x-l 


= lim 2f(x)f (x) (Applying L-Hospital’s rule) 
=8f w 


ce, Ais a 


6. 


f(x) = x(vx — Vx41) 2 s-| [ tan? x | 


CS” = 
lim f(x) = f(x) = 0 oy ftto= ted tee) 
x0" 


) 


RHD at x =0 : NG Hence, B is correct. 
eek — = Dy 9 £00) = (x? =1) x? 3x +2] + 608 | x | 
x ms 
(&, f(x) is non differentiable at x = 2. 


Hence, D is correct. 


10. LHD atx=k 
[k —h]sin w(k —h)—ksinkn 
m 


LHD at x = 0 not defined 
Hence, f(x) is not differentiable at x = 0 


f(x) =[xsin 1x] I=li 


h>0 —h 
A) lim f(x) =0, lim f(x) = 0,£(0) = 0 be Tim asin hn) 
: 1 h-0 —h 
B) For xé (CL Ms x sin 1x € (0,1) If k is odd 
So, f(x) is continuous. a (catenin ee 
C) RHDatx=1 ian 7 
lim aes = not defined If K is pias " 
ae i ai 
So, f(x) is not derivable at x = 1 h0 h 
D) f(x) is differentiable V x € (-1,1) Hence, A is gare 
Hence, A B D are correct. 11. f(x)= max {x, Xx } 
i= — 
I x | 
~ »X 2 0 . . . 
_jl+x f(x) is non differentiable 
~| x at three points {—1, 0, 1} 
i 5x<0 
-x 


Hence, D is correct. 
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12. 


13. 


14. li 


15. 


16. 


For f (x) = sin|x|-|x| 
RHD at x =0 

lim sinh—h -0 

h>0 h 

LHD at x =0 

lim —sinh—h -0 

h>0 —h 


So, sin| x |—|x| is differentiable at x = 0. 
Hence, D is correct. 


1 |x| 

1+x 

, 1 
f (x)= ] x>l 
en x<-l 

2 


f(x) is not derivable atx = 1 & —1 
Hence, D is correct. 


(x?)—f0x) 
x30 F(x) —£(0) 


= lim 

x30 f (x) 
=-| 
Hence, C is correct. 
y=||x|-l] 


(1,0) (1,0) 


||x| — 1| is non differentiable at x = —1, 0, 1. 
Hence, A is correct. 


1 
lim f (=) =0 & f(x) is continuous for x = 0 
n—>eo n 
So, f(0) =0 
Now, f (0) = lim £(x)-fO) 
x30 x 
eA KS) 
= lim —— 
x70 X 
Put x = = 
n 
f (0) = lim fd/n) -0 
noe 1/n 


Hence, B is correct 


. (x)= 


. F(x)= 


_ vt(x)—x7f(t) 
tio — 
tox t-x 


lim 2tf(x)—x°f (t) 


tox 
2xf(x)—x°f (x)=1 


d 
= Ixy-x? Fa] 
dx 


LF=e. = ems x? 
Integrating both sides, 


-3 
= —4 Xx 
=—-|x “dx =—+c 
yx? =—] 5 


Putx=l,y=1 


~ Hence, A is correct. 


(x-1? 
log cos™ (x —1) 
h n 
lim g(x) = lim __ hy 
x71 h-0 log cos” (h) 


~(n)h™! 


= lim " cos(h)=—1 (asp=-l) 


h>0 msin 
>n=2,m=2 


Hence, C is correct. 


of? 


0, x=0 
RHD at x =0 


h? cos") 
h 


lim ——————— = 0 
h>0 h 


LHD at x =0 
2 


T 
cos} —— 
; —h 
lim. ——_—_—— 


h>0 —h 
f (x) is derivable at x = 0 


RHD at x =2 
Tt Tt 
. cos( 5] . seos( 5] 
lim = lim 


2 


x , x#0 


=0 


(2+h)* 


h0 h h>0 h 


20. 


21. 


22. 


23. 


24. 


= lim 4sin ( 
h-0 


T —n 
= 2 
2+h) (2+h) 


Tt 
cos 
. ( 2-h J 
lim = 


h>0 —h 
f(x) is not derivable at x = 2 only 


=-T 
LHD at x =2 


(2—h)* 


Hence, B is correct. 
x+|y- 2y 

If y20 

y=x 


& If y<0 
Xx =3y y=x/3 


Hence, A, B, D is correct. 
f(x) =1+|sinx| 

1l+sinx, x €[0+2n7,7+ 2nT] 
7 ee x €[2nnt+ 7, 2nt+ 27] 
Hence, B, D, E is correct. 


3-x, 1l<xs3 

—3, 3 
f(x) = 3 x> 

x? 3x 13 

—-—+-—, x<l 

4 2 4 

-l, 1<xs3 
fe 1, x>3 

x 3 

—--—, x<l 

2 2 


Hence, A, B, C is correct. 
h(x) = min {x, <j 


h (x) is continuous for all x & not differentiable at x =0 & 1 


Hence, A, C, D is correct. 


E(x) O ,x<0O 
x)= 
x? x20 
, O ,x<0O 
f (x)= 

2x ,x20 


Hence, B, C, D are correct. 


25. 


27. 


28. 


29. 


~~ 


DIFFERENTIABILITY 


x’ sin(1/x), x #0 
g(x) = 


0, x=0 
RHD at x =0 
2 os 

lim h* sin(1/h) -0 

h>0 h 

LHD at x =0 

2 os 
lim h* sin(1/h) -0 
h>0 h 
; ten ates, x#0 
g (x)= Xx x 
0, x=0 
lim g (x) = Not defined 
x30" 
xsin(l/x), x#0 
f(x) = 
0, x=0 
LHD at x = 0 
— lim msi IA) -Needaaned 

h30 —h 


Wa 4 ‘Hence, A, B is correct. 
26. 


f(x) = max{(1—x),1+x,2} 


Hence, A, C are correct. 
Conceptual 
Hence, C is correct. 


f(x) = min{I,x”,x°} 


(0,0) 


Hence, A, D is correct. 
lim_f(x)=0, lim. f(x)=0 
T TT 


x2-— x9-— 
2 2 
LHD at x =0 
. —cosh—(-1l) 
lim ——————— = 
h>0 —h 


0 
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30. 


31. 


32. 


33. 


RHD at x =0 


LHD atx=1 

. (U-h)-1 
lim ———— = 
h>0 —h 
RHD at x=1 
fas In(i+h) 4 
h>0 h 
Hence, A, B, C, D is correct. 
f(x+y)=f(x)+f(y) 
f(x+h)-f(x) 

h 


1 


f (x)= lim 
h>0 


f(x)=f (O)x+c 
f(x) =f (0)x 
Hence B, C is correct. 
f(x+y)=f(x)+f(y) 
Peete f(x+h)—f(x) 
h>0 h 

2 f (0) 

ho0 h 
f(x)=f (O)x+tc 
f(x) =f (0)x 
Hence, B, C is correct. 

lim f(x)=0, lim f(x) =0 
ae i 
LHD at x=0 

. —cosh—(-l) 
lim. ——__——_— = 
h>0 —h 
RHD at x =0 


0 


LHD atx=1 

. (U-h)-1l 
lim ————— = 
h>0 —h 
RHD at x= 1 

. Indi+h) 
lim ———— = 
h>0 h 
Hence, A, B, C, D is correct. 
Differentiability of f(x) at x =0 


1 


1 


LHD = lim EONS Ny. 
h>0 h 


a h 
f(O+h)-FO) _ sth) _ 


h ho>0 bh 


RHD => lim 0 
h-0 


nf 0+g(-h) _ 


0 


=> f(x) is differentiable at x = 0 
Differentiability of h(x) at x = 0 
h’(0*) = 1 & h(x) is even function 
= h(x) is non differentiable at x = 0 
Differentiability of f(h(x)) at x =0 
£(h(x)) = g(e'") 


LHD = tim £60) =f (hO-H)) 


f(0+h)-f(h 
RHD => lim ( ) ( (0) 
h0 h 


e(e)—s@) 
h 


= lim 
h-0 


2() 


So, f(h(x)) is non diff at x = 0 
Differentiability of h(f(x)) at x = 0 


~~ ® lf(x)| 
: neoor= {5 ; x #0 
) 1, x=0 
LHD = lim h(f(0)) —h(f(O—h)) 
h>0 h 
_ ele(-h)| = 
re i x. 86 MI _ 9 
h0 | g(—h)| h 
copia (f(0+h))—h(f(0)) 
h>0 
ai ela) J : | g(h) | Z 
h>0 | g(h)| h 


34. 


35. 


Hence, A, D is correct. 
Tangent at P — xx, — yy, = lintersects X-axis at 


1 
M=>| —,0 
[ 
ay -0 
Slope of Normal =—t = 


X, Xp Xp 


=> x, =2x, > N= (2x,,0) 


1 
3x, +— 
F x Yt 
F troid 1= 1 m= 
or centroid 3 3 
er ee. & dm ldy x, 
dx, 3x7 dy, 3dx,  3,fx?-4 


Hence, A, B, D is correct. 
f(x) = [x? — 3] which is discontinuous at x = 1, a. a, 2 
Now, g(x) =f (x)[| x|+|4x—7|] is non differentiable 


36. 


37. 


38. 


39. 


at x=1,V2,V3 


7 
& |x |+|4x —7| is non differentiable at x = 0, ri 


But f(x) =0 V x €[V3,2) 
Hence, g(x) is non differentiable at 0,1, V2,V3 
Hence, B, C is correct. 


f(x)= acos(x* - x) +bx sin (x(x? +1)) 


It is differentiable V x ¢ R 
Hence, A, B is correct. 


f(a Fej= 2 VxeE(0,) 
X 


> f(x)=x+= as f()¥1l>c#0 
».¢ 


A) im (+) lim (2-1-cx?)=1 
x 


x30 x30" 


B) lim xi()- lim (1+cx?)=1 
x30" xX x30" 
C) lim x*f’(x) = lim (x? - c} =-c 
x30" x30" 
D) for c #0, f(x) is unbounded function 
Hence, A is correct. 


As g'(f(x))£'(x) =1 
novi 
>27(2)= 3 


As h(x) =f of(x) 

=> h(0) =16 

h(x) =f of(x) 

=>h’(x) =f’ of(x)xf’(x) 

h’(1) =f’(f()) x f’() =111x 6 = 666 
Hence, B, C is correct. 

Apply LMVT in [—4, 0) 

LOT _t7(g,) 


, [£O)+| £4) | 
= |f’(xo)|< ; <1 


If f(x)is periodic, > lim f(x) 41 
X—eo 


Similarly, 


f’(x,)| <1forsome x,e (0,4) 


a(x) = (F009) +(£’(x))” 
g(x) < 5 & g(x,) $5 


g(0) = 85, it has local maximum value = 85, Say a 


= g(a) =0,2”"(a) <0 

=> 2f(a)f’(a) + 2f’(a)f”"(a) =0 
=> (f(a) +f”(a)) f(a) =0 
=>f(a)+f"(0)=0 asf’(a) #0 


Hence, A, B, D is correct. 
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40. Statement-1 
lim (g(x) cot x — g(0) cosec x) 
x0 


lim g(x) sa xX g(0) = g (0) 
x0 sin xX 


& f(x) =g(x)sinx 


f (x) = g (x)sin X + g(x) cos x 


f(x) = g (x) cos x + g (x) sin x + g (x)cosx — g(x)sinx 


f (0) = 2g (0) 
Hence, B is correct. 
41. f(x)=x? +e” 


, 1 
Ss 


3x? pier 
2 


; 1 
‘ 0) 7 1/2 =2 
_ yO) Fyn) (0) = g(x) 


Jg dx 


_ Integrating factor e 
y(xe® = fe®™ g(x)dx 


=. O<x<l 
43. f(x)=22 
i he l<x<2 
2 
imeG = eo e een) 
x21 2 xr io) 
O<x<l 


xX, 
f’'(x)= 


4x-3, 1<x<2 
lim f’(x) =1, lim f(x) =1, f’(I) =1 
xol xl" 
1 O<x<l 
f(x) = 
4, 1<x<2 
f(x) & f’(x) are continuous everywhere 
While f(x) is discontinuous at x = 1. 
44. f(x)=x>?-x*4+x41 
f(t);O<t<x}, O<x<l 
3-x, l<x<2 


g(x)= mo 


f(x) = 3x? -2x+1>0 


(0,1) 
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So, f(x) is strictly increasing Vx ER 


x? x? +x +1, O<x<l 
B(x) = 


3-x, 1<x<2 
lim f(x)=2 = lim f(x)=f(1) 
x31 xol 
i {eimaa O<x<l 
g()= 
-1, l<x<2 
g(x) is continuous but not differentiable at x=1 
roo= |! -2<x<0 
x-l O<x<2 
g(x) = f([x P+] fC) | 
1, x=0 
f(|x)=4-x-L -2<x<0 
x-l, O0<x<2 
1, —2<xs<0 
|f(x)JF4l-x, O<xsl 
x-l 1l<x<2 
—x, —-2<x<0 
2, x=0 
BO) = 94, O<x<l 


2x-2, 1<x<2 
g(x) is not differentiable atx =0 & 1 


46. 0) = tim | DIO _ 
h>0 h h>0 —h 


For f(x) to be differentiable, f'(0) = 0 
47, y=[x}+|1-x| 


—xX, -Il<x<0 
1-x, O<x<l 

y= 4x, 1<x<2 
x41, 2<x<3 
> x=3 


f(x) is not differentiable at x = 0, 1, 2,3 
f(x +h)-f(x) 
Pepsi isda 


48. f'(x)=li 
h>0 h 
=lim f(xy FD) =f (O)f(x) = 2f(x) 
h>0 h 
Integrating both sides, 
f(x)=e* 
i (222)- f(x)+f(y) 
2 2 
f <n f (2x) +f (2h) — 2f(x) 
h—0 2h 


f(-h)-f(0) 
mic) -FO) 


50. 


_ £(2h)-£(0) 
= lim. ————— 

h>0 2h 
P(xj=f ©) 
f(x)=f (O)x+ce 
f(x)=-x+l 


a) £(x)= i :} x #0 


0, x=0 
x, x>0 
= 40, x=0 
xe"*, x <0 


lim f(x) =0=f(0) 
x70" 


lim xe”/* =0 
x30" 
f(x) is continuous at x = 0 


1, x>0 


. b) f(x) =) x=0 


51. 


52. 


ex x<0 


So, f(x) is derivable at x = 0. 


1-x, x<l 
f(x) =22-3x+x?, Il<x<2 
3-x, x>2 
-1 x<l 
f (x) =42x-3 (ox<2 
-l x>2 


So, f(x) is not continuous at x = 2 & not derivable at x = 2 


2+v1-x’, |x|sl 
f(x)= : 

Pe oes |x|>1 
lim f(x) = 2, lim f(x)=2, f()=2 
xol xo 


lim f(x)=2, lim f(x)=2e”, f(-1)=2 
x9-T 


xo-l 


For x= 1 
LHD 
245-C—hy = 2h —h?2 
lim ( ) = lim leas not defined 
h>0 —h ho>0) = —h 
For x = —1 
RHD 
24A=(4ehy =o 2h —h? 
lim ( ) = lim eh not defined 
h>0 h h>0 h 


f (x) is continuous but not derivable at x = 1 
& it is discontinuous and not derivable at x = —1 


53. 


54. 


55. 


56. 


f(at+h)-f(a) 
h 


oe 


a g(a+h)h 
h>0 h 
= g(Q) 


For f(x) is differentiable, g(x) needs to be continuous at x = a 


X+a, x <0 
f(x)=4x-l, x21 
1-x, O<x<l 
x +1, x <0 
oa x20 
f(x)+1, f(x) <0 
(f(x)-1)* +b, f(x) 20 


x+atl, 


eore=| 


x<-a 
-asx<0 
x’ +b, O<x<l 
(x —2)* +b, x>1 
For continuity at 
x=-a> l=1+b>b=0 


(x+a=1) +b, 


x=O0>a=l 
For differentiability at x = 0 
RHD =0 
LHD =0 
g o f(x) is differentiable at x = 0 
LHD at x =—a 

. f(-a-—h)-f(-a) 
lim ————— 
h>0 —-h 

. —f(ath)+f(a) 
lim. ————— 
h>0 —-h 

. f(ath)-f(a)_,. f(a—h)-f(a) 
lim = lim = 
h>0 h h0 h 


bsin |! aki 
7S 


f(x)= =; x=0 


: Geke2 
2 


For continuity at x = 0 


1 
lim f(x) =bsin£, £(0)=— 
ee ene a ee 


a 
lim f(x) == 
er (x) 2 
sope 1 
=>a=l & bsin = -=— 
2 2 
For differentiability at x = 0 


57. 


58. 


DIFFERENTIABILITY 


RHD 
[ -1o1 ] i 
lim -— |x— 
h>0 h 2) h 
Le ee) 
lim 
h30 2h? 
ee a ee | 
lim = = — 
h>0 = 4h 8 8 
LHD 
_ -h 1 
bsin | [ -— 
; 2 2 
lim 
h>0 —h 
: b 1 1 
lim Xxr= 
h>0 _ (c _ b) 2 2 8 
4 
2 
= 16b?=1-— 
A 


= 64b? =4-¢? 


f(xy) =f(x)g(y)-f(y)g(x) 
‘Putx=y >f(0)=0 


Puty=0 > g(0)=1 


f (0*)= lim f(0+h)—-f(0) 
h>0° h 


= tim £O8(ch) ~ g(O)F(-h) ~F (0) 
h>0" h 


=f (0) 

Hence, f(x) is differentiable at x = 0 

Put y=x in g(x—y)=g(x)g(y) + f(x)f(y) 
= f?(x)+g7(x)=1 

Differentiating, 

2f (x)f (x) +2g(x)g (x) =0 

=> g (0)=0 


x’.x 20 
A) xIxky” 
-x°, x <0 


Hence, A > (P, Q .R) 
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B) y=vixl 


Hence, B —> (P, S) 
-1 -l<x<0O 
O<x<l 


x 
C) nvint=f) 


(0-1) 


(-1,-2) 
Hence, C > (R, S) 
D) |x-1|+[x+1| 


(1,2) y=2 (1.2) 


Hence, D —> (P, Q) AY 
x’, x <0 © 
59. fi(fi)=1 ,, 
eos x20 


£,:R > [0,) 


f, f(x), x <0 
f4(x) = 
fof,(x)-l x20 


x’, x <0 
e*X*-1, x20 


“ ~_e 


y=f, x) 


Hence, D is correct 


1. 8f(x)+6f (=) ee ee re () (x #0) 
Xx 
y= xf (x) 
Put x= a 
x 
ai(+}+6000 eee 
X MG <culepesusensbenstens (II) 

Solving (I) & (ID 


= 28f (x) = 40+8x —-30-° =10+8x-© 
x x 


Hence, C is correct. 


— fsin't : 


dx = Il a : Ina eee eee 
dt Jasin Vi-t? 

y = gos t 

dy -1 a "Ina 


dt afacst Vi-v 
Now, dy _ dy/dt _ —yae' wy 


dx dx/dt _ Jgsin't x 


dy —s y? ; 
So, 14] | =—> ~~". Hence, D is correct 
dx x2 


y= sec(tan x) 


Let tan7'x =0 
x =tan0 


“ y=secO= 1+x? 


On differenciating w.r.t x, we get 
dy _ 1 


+: hae 
- Atx=1 

dy 1 

dx 2 


Hence D is correct. 
2 
X°-X 
[y= — x #0, -2 
x° +2x 


—1 -1 
fgat@ )_x 
xX(x+2) x+2 
x-l 
Now, y = ——— 
2 x+2 
2y+l1 
=>xyt+2y=x-l >x= ula 
iy 
_ 2x+1 
fs 
1-x 


Pee 8 


1-x 
d /,- 3 
mau '(x))= — 


Hence, B is correct 


f’(x)= 


ix 


Here, g is the inverse of x 
=>fog(x) =x 

On, differenciating w.r.t x we get 
f"{g(x)}xg"(x) =1 


=> g'(x)= 


= 
f’(g(x)) 


DIFFERENTIABILITY 


g'(x)= i 


1+{g@} 
= g’(x) =1+{g(x)}° 
Hence the correct option is D. 
f(x) = x |x| 
g(x)=sinx & h(x)=gof(x) 


x, x20 


-x?, x <0 


As ta=| 


sin x’, x20 
h(x) = gof(x)= 


—sin x’, x <0 


2X COS x’, x20 
Now, h’(x) = 


—2xcosx*, x<0 
LHL = RHL = h’(0) atx =0 
=> h'(x) is continuous at x = 0 


 a™ 2 2 
: RAD tim 22008" _ > LHD = im 22 S08)_ =» 


h>0 h hoo))0 —h 


Hence, option C is correct 


1 
F(X) =X" -X45,x>5 
As x7 -x+5=7 


x? -x-2=0 
(x —2)(x+1)=0 
=>x=-lor2 


>x=2 ieee 
2 


, 1 1 1 
g (7) = ; = = 
f’(2) 2x2-1 3 
Hence, C is correct 


If (x)| < x? 

Put x =0, |f(0)| <0 > £(0)=0 
lim ee) < lim|x| 

x70 x x0 


= |f’()|<0 => f’(0)=0 
Hence, B is correct 


= em, d’y )d*x 4 
aa eRe (RS ns 
dx” } dy 


d*x d( 1 d 1 1 
As 7 = Ea x 
dy“ dy\dy/dx} dx\dy/dx dy / dx 
2 
1 x d yy 1 
(dy/dx)” dx° (dy/dx) 
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=> d’y = (y’) d?x sbandeeseccisademenscisedewnses (1) —sigee ge 2 
dx? dy? 3x 3 
, nx 3 _2 18 
Now, y’ = ne if a ae 
Yoae _ 8418%3 
2 7 -(n’e™) 36 
a es ae 4427 31 
=e 2 a3 ny = as 
dx dy n(e™ | 18 18 
Hence, D is correct i eet 7 x<l 
ii. a= kV¥x+l, 0<x<3 atcos (x+b), 1<x<2 
. mx+2, 3<x<5 I, x<l 
f’(x)= -1 
k Sea, eo 
——., 08S xs3 _ a2 
2'(x)=4 Wx 41 Vi-(«+b) 


m, JeR SS = J1-(1+b)’ =1 


As g'(x) is differentiable 


>b=-1 

a7  . aahtiandcrnenwaead (1) As f(x) is continous at x = 1 

: C tT 
As g(x) is continuous, . Te rs. 
<> DW = BMH 2 ecccccsssssceceesesesessssssssssssesnsene (Il) NS (x 
Solving (1) & (II) ~ Sa=-(F41] 

+2 8 m* 
eg Lor 222 
=>k+m=2 ow b 2 Hence, A is correct. 


Hence, A is correct am * 
11. f(x)=|log2-sinx| & g(x)=f(f(x)) 


14. y=[x+vx?-1]> +[x-vx?-1]5 
; ee —1y* 15 fe aays 


Note that, y= [x 

Forx >0, log2>sinx x -1 Vx 1 

.. f(x) = log 2—sinx y= = ieee 1) = feean =") 
= g(x) = log 2 —sin(f(x)) vx -l 


= log 2 —sin(log 2 — sin x) Ok? Dy’ =15] ove? 1 Gea4)x* | 


Clearly, g(x) is differentiable at x=0 as sin x is differentiable. 


Now. Again differentiate, 
g’(x) = —cos(log 2 — sin x)(—cos x) oe? —1yy"+ Kyra 225{(x + Vx? -1)!5 +(x—¥ x? —1)'5 
Vx =1 A eae | 


= cos x: cos(log 2 — sin x) ' 
x” —l)y”+xy’ = 225y 


Hence, D is correct 


=> 2’(0) =1-cos(log 2) 
Option B is correct. 


2 _ 2 _ a d 
1 ig Eg 15. 2x=y"Sty™ & (x?7-1)\ Sa axDeky=0 
tox t-x dx dx 
_y2f" ile 1 _ 
fim 2t = * FO _ | 2S oy My = oy ty, 
tox t 5 5 
=> 2xf(x)- xXf(x)=1 = 10y=y, (y"® _ y 5) 
2 -l é 
= f"(x)-—f(x) == 1 ‘ge 
. x2 = 10y, = yuly"” -y")+(yy Sy +-y 5 
Integrating 5 5 
3 
26 (yy X _ 2 2x 
=>x“f(x)=+ 3 +c = 10y, =y,(y'-y V5) 4-(y,) 5 


16. 


17. 


18. 


(10y) 2 2x 
= 10y, = yy oD oa 
1 


2 
= 10(y,)° = d0y)y,, +(y:) = 


= SOyy; =50y7y,, +2xy; 
2 
= 50y = so( 2) yy, + 2xy; 
yi 


1/5 


50 “ 
=> 50y = i00 +y)? —4)y,, + 2xy, 


= (x?-l)y,,+xy,-25y=0 = A+k=~24 


Hence, B is correct 


bude }- anv! 2-(3x¥”) 


Let y = tan! 
: [a 1-(3x%?)' 
-1 (4.3/2 -1 -1 2x 
= 2tan (3x )f- 2a xX = tan | 
1-x 
2 aie =3x= (x)? 
dx 1+(3x*”) 
ae ae 
1+9x? 
9 
g(x) = —— 


1+9x° 
Option B is correct 


x+y’ +siny=4 
2x+2yy+y,cosy=0 => at(-2,0), y,=4 


2 : 
2+2(y,) + 2y1y1,—y, Siny+ y,; cosy =0 
At (2,0) > 2+32+y,, =0 
Yu= 34 
Hence, A is correct 
cosx x 1 
f(x) = |2sin x x? 2x 
tanx x 1 


cosx 1 1 


Ag {6X .|28in x 12 


19, 


20. 
O00) = F(g(2sin x) — g(f(x)) 


=> 


x): _ 


lim —— 


x>0 X 


—2 


Hence, B is correct. 


f(x)=sin! mit 
1+9x 


xX 


f(x) =2t =2tan | 3* 


f’(x)= 


r( |= x 
2 ies v3 


> 


= 3 In V3 


14+9 


x 


2 


DIFFERENTIABILITY 


] Let 3% = tant 


x 3* In3 


1 


3 


—In3 
2 


3 


Hence, A is correct 


In3 


f(x) =|x 1]; g(x) = cosx 


— Asfo g(x) =|cosx -1|= 2sin” 


21. 


22. 


& gof(x)=cos|x-—1|=cos(x -1) 
So, 0(x) = 2sin?(sin x) —cos(x —1) 


(x) is differentiable V x e R 
Hence, A is correct. 


f(x) =|x—1|-(el*! -1) sin| x | 
(n—x)(e* -1)sinx, O<x<n 
f{(x)= (n-x)(e* —1)sinx, X20 


(% x)(e™ 1) sin( x), x<0 


(e) 


RHD at x = 0 => lim(a —h)-———sinh = 0 
h-0 n 


LHD at x =0=> lim(a+h) 
h-0 


RHD atx =1z=> lim 
h 


>0 


LHD atx =z=> lim 


h-0 


Hence, D is correct 
x =3tant; y =3sect 


el 


sinh =0 


(n)(e"** = 1)(-sin h) =0 


n 
h(e** —1)sinh a6 


=n 


d 
Eas 3sec” t, ai = 3secttant 
dx dt 


dy 


dx 


=sint 
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23. 


24. 


25. 


26. 


d’y — cost _ cos’ t ol 
dx? 3sec*t 3 6/2 
Hence, D is correct 


ray= | [|x|,x7], |x|s2 
8-2|x|, 2<|x|<4 
8+2x, -4<x<-2 
x’, 2<x<-l 
f(x) =4|x|, -l<x<l 
x, 1<x<2 
8-2x, 2<x<4 


4 -2 -1 1 2 4 
f(x) is not differenciable at x= —2, —1, 0, 1, 2 
S = {—2, —1, 0, 1, 2} 
Hence, C is correct 


max{—|x |, —Vl—x7} 


Graph of the given function is shown as 


(1,0) (1,0) 


Clearly, f(x) is not differential at 3 points in (—1, 1). 
Hence, A is correct. 

x log (log x) — x} y =4 
Differenciating both sides w. r. t x, we get 


1 d 
x—+In(Inx)—2x+2y=0 
x dx 


Xx 
log, x 
d 
At x =e, fadessy a6 
dx 
MYO e=y csnedaeeinatnoeta (II) 
dx  2y 


Also from (I), -e? +y? =4 
y= V4+e? 


d 2e-1 
«. from (ID, he 
dx 


Wa4+e? 


Hence, C is correct 

-l, 2<x<0 
f(x)= 5 

x°--l O<x<2 


g(x) =|f(x) [+f (|x|) 


27. 


lL. 2x26 
|f(x)|]E41-x’, O<x< 
x oi, I<xs2 
f(x |) ={x?-1 2<x<2 
x =2, =<tox< 
g(x) = 40, O<x<l 


2° =), 1lexs2 


g(x) is not differentiable at x = 0. 
Hence, D is correct. 

f’(x) =f(x) > Inf(x)=x+c 
=> Inf(x)=x+In2-1 

endl 


=>f(x)=e’- 
f(x) =2e*7 


; on ee 
Now, h(x) = 2e =p 
e 


“Wry= 240) 2(0) 


SY 5 
h’(1) = =e”? x 2=4e 


28. 


29. 


e 
Hence, A is correct. 
(2x)? =4e" >" 


2yiIn2x =In4+2x—-2y 


= 2y,n2x+2~=2-2y, 
x 


=> y,(l+In2x)+2=1 
x 


2x+in4 1 
= 9, (1429) 4 ———_*— 5 1 
2(n2x+1) x 
In2 
gies = 
(1+ In 2x)x 


+1n2 
y+ in2x)? = d+In239-(* zz 
x 
_ xIn2x—In2 


x 
Hence, D is correct. 


f(x) =sin|x|—|x|+2(x—p)cos|x| 
x20 


ro=| sin X —X + 2(x —p)cosx, 
x <0 


—sinx +x+2(x —p)cos x, 

£(x) cosx—1+2cosx—2(x—p)sinx, x20 
2 

—cosx +1+2cosx—2(x—p)sinx, x <0 


f(x) is continuous at x = 0 
= f(x) is always differentiable . 
Hence, C is correct. 


METHODS OF DIFFERENTIATION 


4.1 Introduction 


In the previous chapter, we have seen how to interpret 
derivatives as slopes and rates of change. We used the 
following definition of a derivative to calculate the derivatives 
of functions defined by formulae. 


Definition The derivative of the function y = f(x) with 


respect to the variable x is the function f'(x) is given by — g) 
yy 

Ay 
ies f(x +Ax)-f(x) (Y 
Ax>0 AX 


f(x +h)—-f(x) 
h 


may 


or, f'(x) rs 
provided the limit exists. 

Given any number x for which this limit exists, we assign to x 
the number f’(x). So we can regard f" as a new function, called 
the derivative of f and defined by above equation. We know 
that the value of f'(x), can be interpreted geometrically as the 
slope of the tangent line to the graph of f at the point (x, f(x)) 
or the instantaneous rate of change of f(x) with respect to x. 
The function f’ is called the derivative of f because it has been 
“derived” from f by the limiting operation. The domain of f’ is 
the set {x | f"(x) exists} and may be smaller than the domain of f. 
We have a variety of notations for the derivative: 


a) | ett 
dx dx 


The process of finding the derivative is called differentiation. 


1. Inthe study of motion, Newton’s dot notation is often used. 


If y is a function of time t, then y denotes the derivative 
dy/dt. 


2. The symbols D and d/dx are called differentiation operators 
because they indicate the operation of differentiation, 
which is the process of calculating a derivative. 


3. we is another notation which omits reference to y and 
g 


ether. For example, we can write 


= (x?) = 2x which is read “the derivative of 
x 


x’ with respect to x is 2x.” 


4. When we wish to denote the value of the derivative at c, in 
the Leibnitz notation, we shall 


_. dy ; dy 
write —| _. For instance, we would evaluate — = 2x 
dx dx 


xX=C 


at x = 3 by writing 2. 3 2x|,_, =2(13) = 6. 

dx |,-3 aS 
Although, by definition, a derivative is a limit, in practice 
the computation of derivatives does not directly involve the 
evaluation of limits, and instead involves the differentiation 
rules and tabulated derivatives. In this chapter we develop 
tules for finding derivatives without having to use the definition 
directly. These differentiation rules enable us to calculate with 
relative ease the derivatives of polynomials, rational functions, 
algebraic functions, exponential and logarithmic functions, and 
trigonometric and inverse trigonometric functions. 
Note that all the difficulties encountered in evaluating the limits 
were surmounted when the tabulated derivatives were found 
and when proving the differentiation rules. 


4.2 Derivative Using First Principles 
(AB Initio) Method 


Before investigating general rules for calculating the derivatives 
of given analytical functions, we may discuss a few examples 
independently from first principles. 
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If the derivative is found using the limit (1), we call this as 

finding the derivative using first principles. 

To differentiate one variable with respect to another we merely 

carry out the steps suggested by the definition. 

(i) Let y = f(x). Give x an increment Ax and by substituting 
x + Ax in the equation defining y, calculate y + Ay, the 
new value of y. 

(ii) Subtract y from y + Ay, thus obtaining Ay in terms of x 
and Ax. 

(iii) Divide Ay by Ax, thus obtaining the value of Ay/Ax 


(iv) Find lim ey. , this being the value of dy/dx. 
Ax>0 Ax 


This procedure is called differentiation using first principles. 
It should be clearly understood that during the process of 
differentiation x and y are regarded as fixed values of the 
variables x and y, and that Ax and Ay are variables. 


=) Eample 1 Using first principles, find ¢ —,if 
y=x>-2x+4, 


Y Solution: Substituting x + Ax for x, we have 


y + Ay = (x + Ax)’ -2(x + Ax) +4 

= x3 + 3x?Ax + 3x(Ax)? + (Ax)? — 2x — 2Ax + 4. 
Substracting y from y + Ay, 

Ay = 3x°Ax + 3x(Ax)? + (Ax)? — 2Ax 
Dividing by Ax, 

AY = 3x2 4 3xAx + (Ax)? 2 

Ax 
Let Ax 0. 


The second and third terms of + will evidently approach 
X 


dy 
0, therefore —— = 3x*-2. 
dx 


© Example 2: Find the derivative of ffx) = —— 
xample 2: Find the derivative o = 24° 
©Y Solution: f(x + Ax) = Se ae 


2x+2Ax-3 2x-3 
3x+3Ax+4 3x+4 


f(x + Ax) — f(x) = 


= + 4)[(2x —3) + 2Ax]—(2x —3)[(3x +4) +3+ Ax] 
(3x + 4)(3x + 3Ax +4) 


17Ax 


(6x +8—6x + 9)Ax 


~ (Bx +4) (3x +3Ax+4) (x +4)(3x + 3Ax +4) 
_, FX+Ax)-f@®) _ I7Ax 
AX = (x +4)(3x +3Ax +4) 
17 17 


f'(x)= 1 


Ax->0 (3K +4)(3X +3AK 44) ~ (3x +4)? 


©@ Example 3: Using the definition of the derivative, find 
the derivative of the function cos ax at x. 


©Y Solution: Let y = cosax, we have 
Ay =cos a(x + Ax)-—cos ax 
=—2sin ax + Sax jin 
2 2 


—2sin| ax +— 4 AX a 
= 2 2 


Ax Ax 
Hence 


a 
sin — Ax 


_ A ae : 
y'= lim SY ~_9 lim sin{ ax +S) lim 
Ax>0 Ax Ax>0 2, Ax>0 Ax 


=— asin ax. 
In particular, if a= 1, then y = cos x and y’=—sin x. 


© Example 4: Find the derivative of y = 
principles. 


tan x using first 


A), . tan(x +h)—tanx 
© Solution: — = lim 
Vv)’ h>0 h 


. sin(x +h)cosx —cos(x +h)sin x 
2 ie ( ) ( ) 
h->0 


hcos(x + h)cos x 


1 sinh 1 ; 
= lim : = sec’x. 
h>0 h_ cos(x+h)cosx 


©@ Example 5: Find the derivative of tan”! x with respect to 
x by using first principles. 


Y Solution: Let tan'x = 0, o<(-%. =) 
22 
=> x=tan@ andtan'(xt+h)= 90 + AO (1) 
=> xt+h=tan(@ + Ad) (2) 
=I _ = 
Let Jim tan” (x+h)—tan™ x _L 
h>0 h 
bei ee a om tiand 
h>0 
. A@ 
= him 
h—0 tan(®@+ A@) — tan® 
AO 


= lim 
As—0 tan(6 + A®) — tan8 


A8cos(8 +A8) cos 8 


= lim - =cos*6 
A0->0 sin AO 

ee | 
sec?Q 14x? 
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© Example 6: Using first principles, find the derivative of x .e* .e4* — e* (x + Ax) 
the function y =— cot x —x. = 
x (x + Ax) 
©Y Solution: Ay =— cot (x + Ax) —(x + Ax) + cot x +x aS 
= cot x — cot (x + Ax) — Ax ee (e =) ex AX 
sae) BY Ax "Ax 
sin (B-o 
Using the formula cot a — cot B= ——_—_,, , we get Ax x (x + Ax) 
sina sinB 
: . epee sl 7 
_ sin(x + Ax — x) sin Ax a ey oe 
~ sin x sin(x + Ax) ~ sinx sin(x + Ax) A : 
. re ay = hoa x (x + Ax) 
sin Ax Ax 

= We Ax 7 

Ax  sinxsin(x + Ax) d ( x e* —e* 

me ==(ke)=—\—_— 
and, consequently, dx x2 
sin Ax 
im Ay _ ii Ax 1 @ Example 8: Find derivative of f(x) = e% using first 
Ax>0Ax  Ax>0sin x sin(x + Ax) principles. 
sin(x+h) _ ,sinx 
1 ©Y Solution: f(x) =lim © e 
=" 12 = 1 . Cn h>0 h 
sin” X ~~ 
_ 2 one .< Len (x + h)-sin x -1| ; . 
Thus, we have y' = — —1l=cot* x, Main giox (= +h)-sin *) 
; ee — a eoyr sin(x +h) —sin x h 
©@ Example 7: Find by first principles the derivative of oy 
w.r.t. X. Ra KN =e Jim sin(x +h) —sin x 
; e* ex tax pan, * % h>0 h 
Y Solution: y = os y a Ay = ‘Ww ¥ sin X 
x X+Ax (( 7 = e™* cos x. 
x+Ax e* 
Ay=~< —— 
x+Ax Xx 

_ Concept Problems A 


3. Differentiate the following functions w.r.t. x using first 


3 
If F(x) = Ox41? compute F’(3) using first principles. principles: 


+1 : ; i 
2. Using first principles, compute f'(a) for each of the (i) x* cos x (ii) cos! x? 
following functions: (iii) Ysin x (iv) e* 
1 1 
i) f(x) = —— (ii) f(x) =x+ +,x#0 Inx 
(i) f(x) Jee (ii) f(x) “2 (v) a 


4.3 Derivative of Standard Functions (iii) — (a*)=a*. Ina, a>0 
X 
(i) a” (xt)=n.x"'; neER. d 1 
x (iv) ae (In x) = = 
(v) “ (log, x) = — = ! joge 
dx x.Ina x 


= 
(i) G, =e 
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a 
(vi) —— (sin x) =cos x 
dx 
., d : 
(vii) —— (cos x) =— sin x 
dx 
wv. d 
(viii) —— (tan x) = sec?x 
dx 
. d 
(ix) —— (sec x) = sec x. tan x 
dx 
d 
(x) — (cosec x) =—cosec x . cot x 
dx 


. d 
(xi) —— (cot x) = — cosec?x 
dx 


d 
For example, dz (x7 


=—Tx%, 
d 
es (x23) = =) /3)x23 2d (-2/3)x->3, 


d 
ax (2) = 2" In 2. 


S1 
© Example 1: If y= x"? + log.x + 


&Y Solution: Here y=x'*+log.x+ tanx+ 21( AY Y’ 

On mes w.r.t. x we get, 

d — 
a a <(x yw 


d d 
+—(log. x) +—t +—(2* 
dx + Bs x) rials = ) 


+sec” x + 2* In2 


J gt in 
2 xlog, 


— ——_ + sec” x +2* In2. 
2 xlog. 5 


e 


108,14 X _ glogy7(x7-+1)? _ 
@ Example 2: Let y = a aa aa and 
4log4g x 
dy i] -x-l 


az = ax + b, find the value of a and b. 
x 
4 2 
@ Solution: y= * —~& +2X+) ~ yay yy, 
x? =e 1 

dy 

dx 
Hence, a= 2 andb= 1. 
©@ Example 3: Find f’(x) when f(x) = |x|. 
Y Solution: For x <0, f(x) =—x and 


f(x) = lim ~(&+Ax)-(x) = Jim TAX 
Ax—>0 Ax Ax>0 Ax 


=2x+1l=axtb 


MX nx dy 
+2 fi — 


lim 
Sag t=, 


Similarly, for x > 0, f(x) = x and 


"(x)= tim, (x+Ax)—X = Jim AX = lim 1=1. 
Ax Ax>0 Ax Ax>0 
At x=0,f(x)=Oand lim 0)+(Ax)-f(0) 
Ax—0 Ax 
_ lim [Ax] 
~Ax>0 Ax ° 
| Ax | A 
As Ax > 0, Ax oe ae ae 
But, as Ax > 0*, [Ax a >1. 
Ax Ax 


Hence, the derivative does not exist at x = 0. 


Finally, we have <x p= iT 


) Example 4: Prove that the derivative of [x] is equal to 


sin 1X. 
1- 


: sin 1X 


2 @ Solution: Since [x] is constant between every two integral 
values of x, its derivative, whenever it exists, has the value zero. 


Thus, the derivative of [x], is a function equal to zero for 
all values of x except integers and undefined for integers. The 


sin 1X 


function 1— has exactly the same properties. 


sin 7X 


4.4 Rules of Differentiation 
(i) The Constant Rule 


d : 
Fie: (c) = 0, where c is a constant. 
x 


(ii) The Constant Multiple Rule 
If c is a constant and f is a differentiable function, then 


—[cu(x)]= eux) . 


x 
Proof Let v(x) = cu(x). Then 
v(x) tim vos ee) 7 lim cu(x ments) 
: seem ney 
= lim) —————+ 
h>0 h 
=cCc lim u(x +h)— ux) = cu’(x). 


h>0 h 


(iii) The Sum Rule 
If u and v are both differentiable, then 
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de — de = u(x +h)—u(x) 
= [u(x) + v(x)] = x u(x) + a v(x) = bev + a 
Proof Let F(x) = u(x) + v(x). Then pimuld: v(x + ~ — v(x) 
x>0 


F(x +h)-Fi 
Pe2ia 2 aoe 
h>0 h vu’ + uv’. 
[u(x +h) + v(x +h)]—[u(x) + v(x)] Dividing by uv the above result may be written as 
= lim ldy Idu tldv 
h>0 h = + 
_ Puce th)—u(x) v(x +h)—v(x) ydx udx vdx 
= me h P h The rule may be extended to product of more than two 
7 functions. 
jeg: BO i SO) For example, if y = uvw; let vu = z, then y = uz. 
— = : Ldy _1du 1 dz 
=u'(x) + v(x) q = q q 
The sum rule can be extended to the sum of any number of ee es ee 
functions. For instance, using this theorem twice, we get but ldz = idv + i dw 
(ut+v+w)'=[(ut+v)+w] zdx vdx w dx 
=(utv)t+w=u't+vi tw. by substitution we get 
When differentiating a sum of terms, we simply differentiate ldy iIdu ldv_ 1 dw 
each term and then add the result. y dx - ck ve oo 


By writing u— v as u+ (-1) v and applying the sum rule and Generally, if y = uvwt 
the constant multiple rule, we get the following formula. > sy, 


~1dy_1du 1dv, 1dw1dt , 


(iv) The Difference Rule a %, + + +o to. : 
If u and v are both differentiable, then > yee de we Wee 
d d d 7 and if we multiply by uvwt...... we obtain 
—Tlu(x)-v(x)]=—u <2 : e * aw ») dy du dv dw 
gg BEV FUE). ANS & = (wt. + (unt. & +ove.) & +. 
The Extended Linearity Rule ws ie. multiply the derivative of each separate function by the 


product of all the remaining functions and add up all the 
results. The sum will be the derivative of the product of all 
the functions. 


If uu, ..... , u, are differentiable functions and c,, C,, ....., ¢ 
are constants, then 


d 
ae [OU Pet Pack +o ui] In short, (uv)'= uv’ + vu' 
' du, du, du, (uvw)'= u'vw + uv’w + uvw' 
mcore eS ae T esaee or dx” (uvwt...)'= u'vwt... + uv’ wt... + uvw't... +... 
(v) The Product Rule (vi) The Quotient Rule 
If u and v are both differentiable, and If u and v are both differentiable, then 
y(x) = u(x).v(x) then d (u)_ v(st)-u ($2) 
d(uv) _ dv, du die lig ye 
dx x de u(x+h) u(x) 
i dy _ av, du Proof dfu lim v(x+h) v(x) 
dx dx dx dx \v h>0 h 
The derivative of the product of two functions is: 
(First Function) x (Derivative of Second) — lim u(x +h)v(x)— u(x)v(x + h) 
+ (Second Function) x (Derivative of First) h-0 hv(x)v(x + h) 
ee d a= te u(x + h)v(x + h) —u(x)v(x) _ lim v(x) {u(x + h) —u(x)}—u(x){v(x + h) — v(x)} 
dx x0 h h>0 hv(x)v(x +h) 
1 
_ 4 W(x th){u(x +h) —u(x)} + u(x) {v(x +h) — v(x) } _ — Jim u(x +h)—u(x) 
= h = (v(x)? } 290 fo tHe 


4.6 


wash via) vu'—uv’ 


u(x). i 


It is important to realize that the symmetry present in the 
product rule is missing in the quotient rule. For the former, 
order is immaterial. The prime appears once on one factor and 
once on the other, and that is all there is to remember. This is 
not so for the quotient rule, however, where the wrong order 
will result in the wrong sign in the answer. There is no help 
for it but to memorize the formula precisely. 


The derivative of a quotient of two functions is : 


(Derivative of Nr.)(Dr.) — (Derivative of Dr.) (Nr.) 
Square of Denominator 


& Note:) If u is differentiable, the Reciprocal Rule says that 
d i u’(x) 
dx u(x) — (u'(x)) 


@ Example 1: If f(x) = Vx 9(x), where att) = > Vr 


g'(4) =3, find f'(4). ) 
© Solution: Applying the product rule, we gee 


fees = d d 
f'(x)= ae [Vxg(x)] = Vx ae [200] + 800 — [Vx] 
1 
= Vx 8) +80) 5x? 


= fx gi(x)t 8. 
xg ue 


So f(4)= V4g'(4)4 


=2.34 29 6.5. 


©@ Example 2: If y = Vx sin xcos x, then find y’. 


Y Solution: y' =(Vx ) sin x cos x + Vx (sin x)'cos x 
+4/x sin x(cos x)’ 
= : sin X COS X + 


X COS X COS X +X sin x(-sin x) 


1 
vx 


sin 2x 7 
= + cos2x. 
4yx  ~ 


sin x cos x + Vx (cos?x — sin?x) 
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: a x? +x-2 
© Example 3: Find the derivative of y= —3—— ae 
x 


©Y Solution: 
3 d 2 2 d 2 
(x” +6) — (x* +x —2)—(x* +x —2)— (x* + 6) 
dx dx 


’ 


y= 


(x3 +6)" 
_@ +6) (2x +1)—(x* +x —2)(3x”) 


(x3 +6)" 
_ (2x4 +x? +12x +6) — (x4 +3x* — 6x’) 
. (x? +6)? 
=x = 9x? 6x7 412% 46 
= (x? +6)? 


5x -2 
@ Example 4: Find 4(3 
x7 41 


+1 


R d (5x-2 
Y Solution: mal ; 
~~, & X\ xX 


Ge eB e — ea 
= dx dx 


(<4) 
<1 +1)(5) — (5x — 2)(2x) 
(x? ai 
_ Gx? +5)—(10x? —4x) 7 —5x* 44x +5 
(x +17 (x? +1)? 


B Note:) We do not use the quotient rule every time we see a 
quotient. Sometimes it’s easier to rewrite a quotient in a form 
that is simpler for the purpose of differentiation. For instance, 
although it is possible to differentiate the function 


2 
F(x) = 3x +2Vx 
x 


using the quotient rule, it is much easier to perform the division 
first and write the function as 


F(x) = 3x + 2x!” before differentiating. 


a, find . 
1+x? x=0 


6014x4411 


©@ Example 5: If y= 


© Solution: y = 5 
(1+ x?) 
. 1 
Cae) 
a (1+ x7)-0-1- 2x 2x 
y T = T 


C+x2)? (1+x*)? 


d 
Hence, | =1. 
dx |,-6 


© Example 6: Find the derivative of 


y= GD ae . 
Xx 


Y Solution: Rather than using the quotient rule to find the 
(x=1) (x? =2x) 
4 


xX 
we expand the numerator and divide by x*: 


derivative of y = 


(x1) (x? 2x) x? 9x" 42x 
oe a = 4 
x Xx 
=x!—3x?+2x°, 
Then we use the sum and power rules: 


sa =—x?-3 (—2)x?3 + 2(-3)x*4 
dx 
1 in 6 6 

x a 3 


cos6x + 6cos4x +15cos2x+10 


©@ Example 7: Ify 


2 


cos 5x +5cos3x +10cos x 


then find oy . 
dx 


©Y Solution: am” 
N' = cos6x + (1+5) cos4x + (5+10) cos2x +10 
cos6x + cos4x + 5(cos4x + cos2x ) 
+10 (1 + cos2x) 
= 2 cos5x cosx + 10 cos3x cosx + 20 cos?x 
= 2cosx [cos5x + 5 cos 3x + 10 cosx ] 


&Y Solution: According to the rule for differentiating a sum, 


' f 
sin x sin x 
we have y=[s + = exe) : 
n 


Inx 


We then use the rule for differentiating a product and a quotient, 
respectively 


sin X ‘ 
y’ = (xe*)' + [ 


Inx 


=(ieraxeys (sin x)'In x —sin x(In x)’ 


In? x 
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. 1 
F cos x In x —sin x-— 
=> y=1-e4+xe*+ x 


In? x 
©@ Example 9: Find the rate at which the function y = x? 
sin x is changing with respect to x when x = 7. 


©Y Solution: For any x, the instantaneous rate of change is 
the derivative, 


dy : 5 
— =2x sin xX + xX’ COS x. 
dx 


Thus, the rate when x = 71 is 


dy 

dx X=T 

= 21(0) + 1? (-1) =-— 1’. 
The negative sign indicates that when x = 71, the function is 
decreasing at the rate of 1? units of y for each one unit increase 
in x. 


= 27 sin 1 + 1 cos T 


& Note:) Because of trigonometric identities, the derivative 
ofa trigonometric function can take many forms. This presents 
a challenge when we are trying to match the answers to those 
given in the book. 


C ; © Example 10: Differentiate both forms of 


l—cosx 
= —.— =cosec x—cot x 
sin X 
: . l—cosx 
@Y Solution: First form y= ——— 
sin X 


_ (sin x)(sin x) — (1—cos x)(cos x) 


sin? x 


’ 


+2 
_ sin x +cos” x —cosx l—cosx 


= , : F 
sin? Xx 


sin* x 
Second form y =cosec x — cotx 
y’ =—cosec x cot x + cosec?x 


To show that the two derivatives are equal, we write 


1—cosx 1 1 COS X 
sin? x sin? x sin x /\ sin x 


= cosec?x — cosec x cot x. 
© Example 11: A student made the mistake in writing 
quotient rule of differentiation and writes 
d (foxy) _ F@)8'@)-g00F'@) 
dx g(x) ) ~ (g(x))” 


f(n 
and still gets correct answer. Let F(n) = = ,n EN, then 


g(n) 
prove that 
(i) F(n)=F(+1) 
(ii) F(n)=F(n+ 2) 
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ste. 20 20 d ro) 
(iii) SF(n) = > F(2n-1) -0 
2 Fin) 2 ad = (2 
f(x) _ 


c where c = constant 


(iv) F(1), F(2), FQ) ....form a G.P. Se 


FaxX)=c VneNn. 
F(n) = F(n + 1) = F(n + 2) 


d (#2) _ £(x).g'(x) —2(x)E'(x) 


@ Solution: |, a) (e00)? 74 i 
F(n) = >) F(2n-1) = 20c and 
(f'(x).g(x) -f (x)g'(x)) a n=l 
~ (g(x))* F(1), F(2), F(3) ......are in G.P. with common ratio 1. 


Concept; Problems 


1. If f(x) =5x°+x*+3 tan x, find f’ (x). 7. Find the derivative of the following functions at the point 
2. Check to see that for the function f(x) = x’ the relation- x= 1. 

ship f'(a + b) = f'(a) + f(b) is valid. Will this identity be x? ia fx 

valid for the function f(x) = x*? (i h(x) as (li) (x)= ere 


3. If f(x) =4—-—5x + 2x —x°, show that f’(a) = f(a). 
4. At what points does the derivative of the function f(x) = x? an 7 


coincide numerically with the value of the function itself ? 


sec x + tanx—1 dy 
> nh aS 
tan x —secx +1 dx x=n/4 


5. Suppose that f(5) = 1, f'(5) = 6, g(5) = - 3, nd 9. Prove the correctness of the formula 
g'(5) = 2. Find the following values. S 


(i) (fay(5) NY A) =H) 
(i) (gy) © FO) Fox) 
(iii) (g/)'S) (for the function f differentiable at the point x where 
6. Differentiate the following expressions, and show that they f(x) # 0). 
a each positive for all positive values of x: 10. Criticize the following “proof” that 3 = 2. Begin by writing 
(i) (K-2)e&+x+2, =X. x? =x?4+x?+.... +x? (x summands) Differentiate 
is x a to obtain 3x?= 2x +2x+.....+ 2x (still x summands). Thus 
(ii) (K—e) e+ 2 + 2x + 3, 3x? = 2x’, and “therefore” 3 = 2. 
Practice Problems A 
11. Differentiate the functions: 4 d 
(i) f(x) = + 3x- 1)(%?-3x + 1). 13. If y= ———— and  =ax +b, find aandb. 
Gi) f(t) =(? + 1)(t* + 1) + 1) x" +x] dx 
X— in2 2 
nig = >= js cos” X dy _t 
. x? 2x42 . 14. Ify cere Lareeres then find ay at x 4° 
(iv) f(x)= (x" + 1)(x°"— x" + 1), (nan integer). 15. Find the derivative of 
12. Differentiate the following functions: 2 
ae x°+5x+4 for x<0O 
(i) ieeeeee (li) x e* sin x f(x)=4 5x+4  for0<x<6 
2 
uty X? +8ECX a for x26 
(11), ————— 


1+tan x 16. Iff(x)=1+x+x?+...+x!'™ then find f’ (1). 


17. Find the slope of the curve whose equation is y = (x— 1) 
(x — 2)(x + 1) at the points where it crosses the x—axis. 

18. Find the slope of the curve whose equation is 

(x —a)(x —b) 

Y= 9x (a+b) 
curve cuts the x-axis. Calculate for the case when a = 2 
and b = 8. 

19. When x = 2 the following equation is true: x’ = 2x. Does 
it follow from this that (x?)’ = (2x)’ when x = 2? 

20. When a professor asked the calculus class to 


find the derivative of y* with respect to x? for the 


d 
function y = x” — x, one student found ie ; 
dx x 


at each of the points where the 


Was this answer correct? 


7 . 
Suppose y = x?— 3x7 + me What is the derivative 


of y’ with respect to x? for this function? 


4.5 The Chain Rule 


The above examples were solved using the differentiation Whey deriving the chain rule above, we assumed that Au = 


rules and the tabulated formulas. Note that not any ea ,) nGe#h). <u) & © in: same nsighbourligod af x. Somenmes 


function can be differentiated in such a way. 

Let us consider, for instance, the function y = Vx? +1, suite is 
neither a sum nor a product nor a quotient are not applicable 
to it. Since y = ¥x?+1 is a composite function, namely, 
y= vu, u=x?+ 1, its derivative can be found using the rule 
for differentiating a composite function. This rule together with 
the earlier rules and the tabulated derivatives enable us to find 
the derivative of any elementary function. 


Derivative of Composite Function 


If y is a differentiable function of u and u is a differentiable 
function of x, then y is a differentiable function of x and 

dy dy du 

dx du dx’ 


In function notation, the chain rule is as follows: 
if y = f(u) and u = g(x), then y = f(g(x)) then 
d ' ' 
= = (f(g(x)))' = f"(g(x)).2'(x)). 
Proof We have 
dy _ jim YU +h} -ytu@o} 


dx h-0 h 

— tim YU +h)}-yluG)} uox +h) — ux) 
hoo) ou(x +h)—u(x) h 
dy du 

~ du ‘dx 
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21. Ify=y,y,...y,, then prove that 


I dy _ 
y dx 


1 dy, 
y, dx 


u BB acs eon 
Yo dx Yn dx 


22. If f and g are the function whose graphs are shown, let 
u(x) = f(x)g(x) and v(x) = f(x)/g(x). 
(i) Find u'(1) 


(ii) Find v'(5). 


Note that this proof is inapplicable if u(x+h) — u(x) turns into 
zero. 


this assumption is not true, for instance, for the function u = x” 
sin (1/x) at x = 0. Therefore our reasoning only satisfies a 
particular case of the theorem. It can nevertheless be shown 
that the theorem remains valid in this case as well. 


Alternative Proof 
Let y = (x) = f(g(x)), then we have to prove that 
6’) = f'(e@)2"(%). 
We write g(x) =u, g(x +h) =u +k, so that k > 0 whenh > 0 
and k/h — g’(x) .(1) 
We must now distinguish two cases. 
(a) Suppose that g’(x)# 0, and that h is small, but not zero. 
Then k 40, because of (1), and 
e(x+h)—@(x) _ f(ut+k)—f(u) k 


> f(ujg'(x). 


h 
(b) Suppose that g’(x) = 0, and that h is small, but not zero. 
There are now two possibilities. 


Oe) 
h 


If k = 0, then =0 


f(u+k)-f(u) k 

k ho 
The first factor is nearly f’(u), and the second is small, 
because k/h — 0. hence {¢(x + h) — O(x)}/h is small in 
any case and 


(x +h) ~ $x) 
h 


Ifk 4 0, then 


(x +h)—@(x) _ 
h 


>0=f'(u) g'(x). 
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©@ Example 1: If F(x) = (x? + 2), compute F’(x). 


Y Solution: One way to do this problem is to expand 
(x? + 2)? and use the differentiation formulae. 
F(x) = (x? + 2)? = x° + 6x4 + 12x? + 8, 
F'(x) = 6x° + 24x? + 24x. 
Another method uses the chain rule. Let g and fbe the functions 
defined, respectively, by g(x) = x? + 2 and f(y) = y*. Then 
f(g(x)) = (° + 2)’ = F(x), 
and, according to the chain rule, 
F'(x) = [f(a(x))]' = f"(g(x) 8’). 
Since g'(x) = 2x and f'(y) = 3y’, we get f’(g(x)) = 3(x? + 2) 
and F'(x) = 3(x? + 2)? (2x) 
= 6x (x*+ 4x’ + 4), 
which agrees with the alternative solution above. 


G Note: In using the chain rule we work from the outside 
to inside. 

d ' ' 

— f (gg) = f (@& g® 

d — 


derivative evaluated derivative 
of outer atinner of inner 
function function function 


outer — evaluated 
function at inner 
function 


In practical terms, this means “differentiate the ‘outside 


function,’ plug in the ‘inside function,’ and then multiply oF ; > 


the derivative of the inside function.” 
For example, Let us differentiate y = sin(x’) oN 
The outer function is the sine function and the inner function 
is the squaring function, so the chain rule gives 

dy _ 


dx dx he i ee 
outer evaluated 


function at inner 
function 


Se oe 


Ko KL Ee 
derivative evaluated derivative 
of outer atinner of inner 
function function function 


(x?) = cos 


dy _ dy du- AL) 
dx du dx 

The idea that one can simply cancel out du in (1) is very 
appealing and accounts for the popularity of the notation. It is 
important to realize that the cancellation is valid because the 
Chain Rule is true, and not vice versa. Note also that (1) is 
incomplete in the sense that it does not say explicitly at what 
points to evaluate the derivatives. We can add this information 
by writing 


Remark 


dy _ dy du 
dx x=a du u=u(a) dx x=a 
dw 
©@ Example 2: Ifw=z?+2z+3 andz , find rr (2) 
x 


d dw d 
Y Solution: By the chain rule, = = 
xX 


dz dx 
=(2z7+2) (-5) : 


1 
When x = 2, we have z = 3 


dw 1 1 3 
paid = |2.—+2 = 
Hence, ag (2) ( 5) I i) 4° 


Corollary. If y = f(x), u = g(v) and v = h(x), then 


dy _ dy du dv 


du du dv dx 
Le. (f(g(h)))’ = f'(g(h))g'(h)h’ - 


We apply the chain rule by working from the outside to the 
inside. At each step the derivative of the outside function is 
multiplied by the derivative of the inside function. We continue 
until no “inside function” remains undifferentiated. This 
process reminds of peeling an onion, one layer at a time, until 
its core is reached. 


For example, 


— d(insinx?)  d(nsinx?) dsinx? dx? 
? y dx d(sinx?) dx? dx 
1 9 
= ——} ‘cos x’: 2x = 2x cot x”. 
sin X~ 


The general chain rule may be expressed as: 


d(1" Func.) _ d (1* Func.) Ce Func.) 
dx d(2™! Func.) d(3"™ Func.) 
d(Last Func.) 

dx 


@ Example 3: Ify = In(tan! V1+x? ), find a 
xX 


©Y Solution: y = In(tan! V1+x? ) 


On differentiating we get, 


d{In(tan™! /1+x7)]  d(tan7! ¥14+x7) 


dy _ 
dx d(tan™! V1+x7) d(v1+x7) 
_d(+x’) 
dx 


1 


1 1 
an Vi4+x2 14+(Jl4x2)? 2vi4x? 


2X 


x 
~ (tana! 14x? {1+ (14 x? P14 x? 
xX 
= (tan! f1+x?)(24x7)V14+x? ° 


©@ Example 4: Differentiate g(x) = ee 3 
x 


x 4 
Y Solution: We write g(x) = ia. = ul4 


1/4 


Xx 
where u = 13x is the inner function and u'” is the outer 


function. 
1 


4u u *4u'(x) 


i « Ver 2 
and we have e()= 2{ 5) 4 
i{ = i. (1-3x)() ~ x(-3) 
= 4 19% (1-3x) 


( x )- i 1 
~ 4\1-3x (1-3x)? | 4x°**4(1-3x)"*° 


@ Example 5: Differentiate y = Vz, where z is a known 
function of x. 


Then g’(x) = (u!4)'u'(x) = 


I 
Y Solution: Here y= 2 
en | 
and ia erg ay 
dz 2 Jz 
dy dy dz 1 dz 
Now = . = : : 
dx dz dx 2JVz dx 


® Note:) This form occurs so often that it will be found 
convenient to commit it to memory. 


©@ Example 6: Find the derivative of y = sin x? —4 


©Y Solution: 
dy _ d(sinyx? ~4) dx? =4) d(x? -4) 


dx q(ax?-4 0 d(x*-4) dx 
=cos Vx" -4. 


2x. 


1 
op aaa 
., d(3 3 
@ Example 7: Find —| —cos x —cos” x | when 
dx \ 4 


x= 18°. 


; 3 3 
Y Solution: Consider y = los COs X 


‘ 1 
We write y = a 3x 


Q 


Y 


—_ 2 on 3x 
dx 4 
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dy 
dx 


27 Gee (ce) 
4 ~ 


x=18° 


3 
= —(vV5+)). 
- (V5 +1) 
@ Example 8: Find the derivative w.rt. x: 
cs 
3 6 
(ii) y=cos x*+5 [244] 
(iii) y = cos* (3x + 1) 


(iv) y = sin VCOS X 


log,,(2 + sin x). 


©Y Solution: 
(i) Using 7 we have 
d 
ae ~ 08, (2 + sin x) 
te, 
~ (2+sinx)In10° gx a (2 7 sin) 
i % — cOSX 
wa ~ (2+sinx)In10° 
4 dy = 2, d -l4 6 
(ii) an cos x* + 5 a (3x1 + 4) 


d 
=—sin x’ Gy @&) +5 Cos + ee = Gx" Po 4] 


= (— sin x) (2x) + 30 (3x! + 4) eS 
= —2x sin x? — 90x? (3x1+ 4). 


Gi) > =aHeotGer iy cox Ger) 
lil dx COS xX ee COS ».¢ 


=4cos (3x + 1). [-sin3x + 1)?]. — < (3x +1) 


=—4 cos’ (3x + 1) sin (3x +1). oe + 1)(@) 
= —24(3x + 1) cos? (3x + 1)? sin (3x + 1)”. 


 - dsin Vcos x 


dx 


7 dsin/cosx dvJcosx d(cosx) 
7 dvcos x 


1 
=cos Vcosx . 2.Jcos x 


_ sin X cos Veos x 
2 fcosx 
©@ Example 9: Find the derivative of 
Gj) y=In’sin(3x + 2) 


38-3 


(iv) 


“ dcosx = dx 


. (-sin x) 


(iil) y=e 


4.12 DIFFERENTIAL CALCULUS FoR JEE Main AND ADVANCED 


© Solution: @ Example 11: Differentiate w.rt. x: 
(i dy — d{In’sin(3x+2)} d{Insin(3x +2)} @ y=In (V2sinx +1+-2sinx—1). 
dx d{Insin(3x+2)} d{sin@x+2)} Gi) y=e*. tante*— In /; hee 
d{sin(3x + 2)} d(x +2) i sin x i 1+sinx 
d(3x +2) dx I en vane 
1 (iv) y = x’ cos (log x) 
= In sin(3x + 2). ra ee cos(3x + 2) .3 
mes 2) © Solution: 
ob" E 1 
a dy dfe®") >} d(x? -1)7'7} d(x? -D F 2 } 
(ii) Ax d{(x3 —1) 34 d(x? -1) ax @ y J2sinx +1+J2sinx—1 
+1 i (/2sin y+1+V2sinx -1)’ 
ae eres ad -<-1 
= go? Nes 33x?) 1 
3 ————— 
= V2sinx +1+J2sinx—1 : 
2 (x°-1)? 
=e, 20S X 2COS X 
(x3 -1)*2 + 
2V2sinx+1 2V2sinx—-1 
Derivative of In |x| we 1 
If f(x) = In xl, x 0, then f’(@) = 2. > Yasinx+1+V2sinx—1 
Proof: Using the definition of absolute value, >’ cos X (go sinx +1+J/2sinx—1 
fx) Inx ifx>0 “AK V4sin? x -1 
x)= o x 
In(—-x) ifx<0 . o. ve - cos xX 
1 ' ; y V4sin? x-1 
a ifx>0 — (ii) Writing the given function in the form 
X 1 
So, f(x)=) 1 1 y=e*tan' e*— = In(1 +e”). 
—(-)=— ifx<0 2 
<a We obtain 
Thus, f(x) = S for all x #0. 1 4 
x y =e*: —_ 5, e* + e* tan” e* 
1 l+e 
The derivative of the function In|x| is —. 1 1 — 
x ae x ‘ 
Also, if u is a differentiable function of x, then aire 
d 1 du e* : e?* ‘ 
—In|u|—>—-—. 7 +e” tan! ex — =e° tar! e*. 
dx u dx 14+e2* 1+e2* 
(iii) Let us transform the given function: 
eee! . _ sin X 
©@ Example 10: Differentiate g(x) = In = y=— 3. + In (1 + sin x) — In cos x. 
Sesidaned {a3 a Then we have 
olution: 2'(x) x 1—3x he cos” X COs X — Sin x - 2cos x (—sin x) 
cos* x 
[Ee oe | 1 1 
x (1—3x)? + Tasinx COS*- ce (— sin x), 


6 2 . . 
1 cos” x + 2sin? x ‘ cos x(1—sin x) é sin X 


= ———__, or y= 
x(1—3x) cos? x 1—sin’ x cos X 


_ cos” x +2sin* x Pp 1—sinx : sin X 
cos? x COS X cos x 
cos” x + 2sin” x 1 2 
= 3 + == = 2 Secrx, 
cos” X cosx COS” X 
.. d d 
(iv) == {x? cos (log x) } 
dx dx 
, d{cos(log x)} d(x”) 
i SS iT 
x a cos (log x) ara 
dcos(log x) d(log x) 
= =e 1 2. 
dlog x dx cos (log x) . 2x 


1 
=x? (—sin (log x)} . ai 2 x cos (log x) 
=—x sin(log x) + 2 x cos (log x). 

. 2x? 

@ Example 12: y = sin”! ge lel41 

1+x 


1 { 2x? } 
©Y Solution: y’ = 2x2 \ 1+x4 
j= 
14x" 


i 4x7) «4x —9x? Ax? 
es 4,2 
(+x) 


1 _4x(-x’*) Ay 


. V1—2x* 4x? 


©@ Example 13: Differentiate y = 


cS ee oe oe 


-1,/,2 
én sine™ oe 
2 


Si at lag? 1 
@ Solution: y = 2/7" 
dy tant yx? -1 1 — 
aoe In2. ey COE ) 
dx sin(e™” vx) 
1 1 . 
- gt VET 14 (x? 1) of? 1 
= gin sine™ 
én2. 1 cos( et") 


1 
. tan’ ¥x°-1 . = .. 

. xvx°-1 

© Example 14: Let g be a differentiable function of x. If 


g(x) 
f(x) = x for x > 0, g (2) =3 and g'(2) = — 2, find f (2). 
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2. ' _ if 
Y Solution: f'(x) = x's &) a 
x 


4(-2)-3-4 5 
Hence, f’(2) = |. 4g 9°? 


@ Example 15: Suppose that f is a differentiable function 
such that f(2) = 1 and f'(2) = 3 and let g(x) = f(xf(x)). 
Find g'(2). 


Y Solution: g (x) =f (x: f(x) 


d 
8'(x) = £(& £00)» (xfC0) 


= f'(xf(x)) (x f(x) + f @) 
g(x) = £2) (234 1)=3°7=21. 
@ Example 16: Find dy/dx if 


(a) y=f(x’ + 1) and f'(x) = sinx? 
(b) y= f(sinx?) and f!(x) =x? + 1. 


G Solution: 
_ (a) Differentiating w.r.t. x, we have 


dy d{f(x? +I} d(x? +1) 
dx d(x?+1) ss dx 


= f'(x* + 1).2x 
= sin(x’? + 1)? . 2x [ f'(x) = sinx?] 
(b) Differentiating w.r.t. x, we have 


dy _ d{f(sinx*)} d(sinx*) d(x’) 
dx d(sin x”) ; d(x’) "dx 


= f'(sinx’) . cosx? . 2x [ f(x) =x? + 1]. 


@ Example 17: If u = f(x), v = g(x), f(x) = sin x and 
du 

g(x) = cos x then find a 

© Solution: Differentiating u = f(x?) and v = g(x*) 


w.r.t X we get, a = f(x?) - 2x = sin (x’) - 2x. 
x 


{" £'(x) = sin x > f'(x?) = sin (x)} 


dv = ol (x3 2 3 2 
ae = g'(x*) : 3x* =cos (x°) - 3x’. 
{ +" g'(x) = cos x => g'(x) = cos (x5)} 
du 
du | dx _ sin(x?) - 2x _ 2 sin x? 
dy wv cos(x*)- 3x? 3x er 
dx 
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@ Example 18: If y= {2 ul 
find iu 
d 


© Solution: yne(3e a 4] and f(x) = tan x? 


© Example 19: Iff(1)=7, g(1) =3, f(1) =5 and g'(1) =0 


4 
' = 2. 
=< *) and f'(x) = tanx’ then 


f(t 
then find the value of h’(1) where h(t) = sin (i) : 


@ Solution: h(t) = sin (<2), 


xX + 
dy _ (3s + | 3 (5x + 6) —5 (3x + 4) h'(t)= cos{ SO.) gto" ets (t) 
dx 5x +6 (5x +6)? g(t) g(t) 
2 
dy _,| (3x+4) _ 2 h(l) = ( ). By5)-(m0) - 1.5 _ 5 
de = tan (+4) . (5x + 6) : ( )= cos 3 5 7 3 6 : 


GEoncept, Problems (e 


1. Find f'(x) if f(x) = Gx? + 6x + 5)”. f"(x) 
dz 8. If fis differentiable, then <x )= ie 
2. Ifz = Sy’ + 2y?+ Land y = 2x’—6, find =~ (2). isthe ue? x 
ates oe 
3. Lety=x?+3x+2andx=—__ te1" Compute ar 2 9 ix? + x| = |2x + 1|. Is this true? 
1 [3 
4. Letw=z- ar y +1 »and y= 2x°-x +1. Pind. Let f be a function for which f"(x) = 377 
dw A (i) If g(x) = f(3x — 1), what is g on 
= (1). OS 
5. Iffisa positive differentiable function and is any real (ii) If h(x) = (2) ; what is h'(x)? 
number, then prove that (f')! =rf"! f". x 
6. Ify=sec 4x and t = tan x, prove that 11. Given the functions f(x) = tan x and Q(x) = 
dy 16t(1-t*) 
= : a- 
dt l=6i* 4t*y 0) 
12. Let f(x) be a differentiable function with the property 
7. (i) Write |x] = Vx? and use the chain rule to : 1 . . . ; : 
d 7 that f(x) = = If g(x) is a differentiable function with 
show that Gy [x|= Ix]: the property that its composition with f is the identity 
(ii) If f(x) = |sinx|, find f’(x) and sketch the graphs of f murah @: NE) — x ErgveMabe = — 
and f". Where is f not differentiable? 13. If u=6 [w {F (f(x)], prove that 
(iii) If g(x) = sin |x|, find g’(x) and sketch the graphs of g 
and g’. Where is g not differentiable? = 6' [y {F(x)}] x w’ (FE)} * FE) = f°) 
Practice Problems 
14. Find the derivative of the following functions: 15. (i) If F(x) =In |cos x|, show that F '(x) =— tan x. 
(i) tana +x) (ii) cos (tan Je#i ) (ii) If F(x) = In |sec x + tan x|, show that F '(x) = sec x. 
5 16. Find the derivative of each of the following functions and 
ae Oe ES tate the domain of each derivati 
ee ae state the domain of each derivative. 
) Soe +1) i ala, () A=—e-4] Gil) {= (| —[t—? 


(v) £n (sin x — cos x) (iii) f(y) = yly? - 1| (iv) f(x) = 3/x+|x| 


17. Ineach of the functions evaluate the derivative at the given 
points: 


(i) f(x)= 
(ii) f(x) =x [x] +x, find f" (3) 


Ix — 1|+|x —3], find f’(2). 


(iii) f(x) = 7 In |x| + V2 | cos x\, find (==) 
(iv) f(x) = 2" 
2 


x 
18. Suppose fis a differentiable function such that f(g(x)) = x 
and f'(x) = 1 + [f(x)]*. Show that g(x) = 1/(1 + x’). 


find f’(4). 


d 
19. Find f'(x) if it is known that ae [f(2x)] = x’. 
20. Suppose that f(0) = 0 and that f'(0)=1. Calculate the 
derivative of f(f(f(x)) at x = 0. 
1 
1+1/f(x)° 


21. Let f(x) = if x # 0, and let g(x) = 


1+1/x 
Compute f"(x) and g’(x). 
22. Suppose that F(x) = f(g(x)) and g(3) = 6, g’(3) = 4, f'3) 
= 2, and f'(6) = 7. Find F’(3). 
gi? 


se 46x fae? 


23. If f(y) = y? and g(x) = 


compute the derivative of the composite function f(g) in 


two ways: (a) by finding f(g(x)) first and then FIRS its 
derivative, (b) by the chain rule. 


24. Suppose f is a differentiable function such that 
f(x) = x° + x. Find A eee +x). 
dx 


4.6 Logarithmic Differentiation 


Logarithmic differentiation is a procedure in which logarithms 
are used to trade the task of differentiating products and 
quotients for that of differentiating sums and differences. It 
is especially valuable as a means for handling complicated 
product or quotient functions and power functions where 
variables appear in both the base and the exponent. 
Logarithmic differentiation is used to find the derivative of: 


(1) a function which is the product or quotient of a number 
of functions, or 
(ii) a function of the form [f(x)]® where f and g are both 
derivable. 
Here, it will be found convenient to take the logarithm of the 
function first and then differentiate. 
Thus, if 
U,U5U3... 


= Si ha 
PO Pag 
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25. Find f'(x) if 
(i) f(x) = In |x| (x #0) 
1—x for x <0, 


(ii) m-| e* for x>0. 


26. If f and g are the functions whose graphs are shown, let 


u(x) = f(g(x)), vex) = g(f(x)), and w(x) = g(g(x)). Find each 
derivative, if exists. If it does not exist, explain why. 


(ii) v1) 


(i) w() 
(iii) w/(1) 


27. The geometric mean of x and x + nis 


7 g= /x(x+n) and the arithmetic mean is 
? a=|x + (x + n)]/2. Show that Cut . 
ol dx ¢g 
x-2Vx-l 


28. Find f'(x) if f(x) = x “#__" _.. 
v¥x-1-1 


29. If f'(x) =sin x + sin 4x - cos x, find 


; 1 
[*(2+2) atx=,/—. 
2 2 


Iny =Inu,+Inu,+Inu,+...—Inv,—Inv, 
—In Vj — wees 
and therefore, 
TOY og NOM 5, de ONG, ot AN, 
ydx u, dx u, dx uy, dx 
1dv, 1dv, 1 dv; 
vy, dx vy dx v3 dx 


Steps in Logarithmic Differentiation 
1. Take natural logarithms of both sides ofan equation y = f(x) 
and use the laws of logarithm to simplify. 

2. Differentiate both sides with teebert to x. 

3. Solve the resulting equation for y’. 

If f(x) < 0 for some values of x, then In(f(x)) is not defined. If 
f(x) is not positive-valued everywhere, 

then y should be replaced with |y| = |f(x)| and 

Inly| = In |f(x)]. 
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The differentiation then leads to the result 
dy/dx = f(x).(In|f(x)|)’, 

. d 1 

using — In |x|= —. 
dx X 

In practice we need not be overly concerned in advance with 
the sign of f(x), because the appearance of what seems to be the 
logarithm of a negative quantity will signal the fact that absolute 
values should be used. 
For example, 


d 1 d 2x-1 
qx Bk x= (x? x) dx & =a)= x(x—1)° 
x#0,x41. 

In contrast, a (In (x? — x) = cae 
dx x(x -1) 


but only if x (x — 1) > 0, that is, forx > 1 orx <0. 
©@ Example 1: Find the derivative of 
(x +1)°(x-1) 
eee oa 
©Y Solution: Taking modulus on both sides, we have 
(x +1)°(x-1) 
(x-2)° 
Now we apply logarithm on both sides, 
In [y| = 2 In [x + 1] + Infx - 1]-3 In |x-2| 
Differentiating w.r.t. x, we have 
ld 2 1 
os 3 


y= 


ydx x+l x-l x-2 

| 2,1 3 ) 
dx (g=3y x+l x-l x-2 
Axt+(x-l (xt)? 3x +D(K-D 


(x-2)° (= 2)? x=2 


Note that we cancelled factors like x + 1 and x — 1. But this 
does not prevent us from using this formula to evaluate the 
derivative at x = —1 or | because the same formula will be 
obtained when we use the product and quotient rules. 

Also the application of modulus before we take logarithm on 
both sides of the function is unneccesary in practice. 


(x1? 43x42 
(5x+4)z1-x — 

Y Solution: Before seeking the derivative, it is useful to 

take the logarithm of the given function: 


©@ Example 2: Differentiate y 


Injy|=3 In 2x1] + > In Bx +2 


1 
—2In |5x + 4|- 3 IL -xl 


a ee a a 1 


Oe = . ee 
2x-1 2 3x+2 5x+4 3(1-x) 


, (2x1 v3x+2 
~ (5x44)? {i-x 
6 3 10 1 
x | + ——-- + 
2x-1 2(3x+2) 5x+4 3(1-x) 


@® Example 3: Find the derivative wrt. x: 
ae x(x? +1) b 7 1-x sin?x 
ae a-x (6) y= V1l+x cosx 
1—cos3x 
= p mnee 
© y 1+sin3x 


© Solution: 
(a) Taking logarithm on both sides, 
: [x|(x?74) 
Jy} = In 
ae ees 
1 


WS = dinjx|+ tings? +1 -Lin} x-1) 
5 5 15 


Differentiating w.rt. x, we have 


y 1 2x 1 
=2+—5 
y Sx S(x°+l) IS(x-]) 


5[X(X0 +1) 8x°-9x? +2x-3 
oN eg BG +0) 
(b) Taking logarithm on both sides, 
In ly| n{ ee 
1+x |cosx| 


= sln|x 1| in |x +1] +31n | sin x |—In | cos x | 


Differentiating w.r.t. x, we have 


y lf 1 1 , 3008X | sinx 

y 2\x-l x4l sinxX cOSx 
1 

= +> t3cotx + tanx 

x*“-1 

j 1-x sin’x 1 

> y= 5 +3cotx+tanx |. 

1+x cosx | x*-1 


(c) Taking logarithm on both sides, 


1- 
In [y| = In 7 mia coe | 
1+sin 3x 


1 
= a [In| 1—cos3x|-In(1+sin3x)] 


| 


Differentiating w.r.t. x, we have 


yi | 3sin3x  3cos3x 
y 3 1+ sin 3x 


1—cos 3x 
__1+sin3x —cos3x 
(1—cos3x)(1+ sin 3x) 
|1-cos3x| 1+sin3x —cos3x 
> y=3 ; - : 
1+sin3x (1—cos3x)(1+sin 3x) 


@ Example 4: If f(x) =(x + 1)(x + 2)(x + 3)...(x + n) then 
find f'(0). 


©Y Solution: f(x) =(x + 1) (x +2) (K+3)....... (x + 100) 
In(f(x)) = In (k + 1) + In (kK +2) 4+... + In(x + 100) 
Differentiating w.r.t. x 
f(x) 1 1 1 


fix) x41 222 x +100 


f'(0) = 100!. A ace ! : 
2 3 


4 100 
100 
© Example 5: If f(x) = [](«-m"™ 
n=l 
£(101) 
then find fF (101) : 


©Y Solution: Applying log on both sides 


100 
énf (x)=) n(101—n) én(x—n) 


n=l 
Note that [] changes to ©. 
Differentiating w.r.t. x, we get, 
f'(x)_ @ndol-n) 


f(x) {4 (x-n) 
f'(101)_ “4 nd0l-n) 100 7 
£(101) 2 (0i-n) > zn a 
fol) 


f'(101) 5050 


Differentiation of Power-Exponential Function 
A function of the form y = [f(x)]*, f(x) > 0 
where the base and the exponent are both functions of the 


independent variable x is referred to as a composite exponential 
(or power-exponential) function. 
A simple example of such a function is y = x*, x > 0. 
To find a general formula for derivative of such functions, let 
us differentiate y = {u(x)}"™. 
Taking logarithm on both sides, we have 

In y = v(x) In u(x) 
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Differentiating w.r.t. x, we have 
ie. ay =v ao +Inu ku 

y dx u dx dx 
Multiplying throughout by y = u’ we get 


d 
ay =_ vu! du 
dx dx 


Le. if y = u’, we obtain y’ = vu’ + u'v’ Inu 


- dv 
+u Inu— 
dx 


Thus, the derivative of a composite exponential function 
consists of two terms: the first term is obtained by assuming, 
when differentiating, that u is a function of x and v is a constant 
(that is to say, if we regard u’ as a power function); the second 
term is obtained on the assumption that v is a function of x, and 
u=constant (i.e., if we regard u’ as an exponential function). 
For example, if y = x*, then 

y’ = xx*"!(x’) + x*(x’) In x 
ory’ =x*+x*Inx=x*(1+Inx). 
Further, if y = (sin x)® , then 

y= x(sin x)* (sin x)’ + (sin x)* (x2)! In x 

Pisin x)* cos x + (sin x)" 2x In sin x. 


eo Example 6: Find the derivative w.r.t. x: 


NOY a) ya x® (b) y=(x +1) 
(c) y= (Vsinx)* (d) y =(sin x)™*, 
Y Solution: 
(@) y=x" 


Taking logarithm on both sides, 
Iny=In x = Vx Inx 


aan 


1 ] 
- +t (mx) rule 


: (s+ ne =x (2223) 

VEY Ie ax avx 
Note that we can also differentiate y = xv by first 
vx Inx 


expressing y = e 
(b) y=(x+1)* 

In y = In[(x + 1)*] = 2x In(x + 1) 

Differentiate both sides of this equation: 


and then using chain rule. 


dy yf a 
12 9x42 andi} +| 20] In (x + 1) 
1 2x 
=) 0) + 2 In (x+ 1) P| 2 In(x + 1) 


Finally, multiply both sides by y = (x + 1)™: 


dy 2 
— =| ——+2ln(x+l + 1p, 
dx = ( | a 
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(c) y= (Jsin x )* ©Y Solution: Let g (x)= (sin a = en x: in(sin x) 
In(sin x) 

In y =In(Vsinx)* = + xIn(sin x) f(x) = g! (x) =(sin xy oot (I x)+ = 
Differentiating w.r.t. x, we have Th) of B) _ _ 

Hence (Z)=2($) -10+0-0 

y 1 . COS X 

YA insinx +5 - Ve og 

y 2 uae @ Example 9: If y= Vx" -e find y’ (1) 

ee ce ; dy Vey? 
> ye eS [In sin x + x cot x]. G Solution: — vx (e° -2x) 


d = 4 tan x 
(d) y=(sinx) er fy A) 


n 
In y =tan x: Insinx a 
y! ! 


=tanx: cnx °0S* + sec2x - In sin x y’ (1) = 2e + e(0 + (1/2) = 2e + (€/2) = 5e/2. 


at gale 9 ie cane @ Example 10: If y = 2%" +{ an 2) then 


y’ =y (1 +sec’x) - In sin x) 


= (sin x)*™ (1 + sec?x - In sin x). find *| 
dx |. , 7 
d ol 
© Example 7: If y = e* sin x3 + (tan x)’, find —. AA = 
dx . SG Solution: y= gies. x” +[ 1a aie 
©Y Solution: Let u = e* sin x? and v = (tan x)* ~) 4 
Now u = e* sin x? . ( > y, 4 
Differentiating w. r. t. x, we get KN = (x?)* +{ tan ai 
du d{sin(x)} d 
a e, q + sin x3, an (e*) (A) ” ae ( =) 
a x x a, _ ex in’ +e™ 4 
=e*. cos x?. 3x?+ sin x?. e* i 
dy X nae 
du 2 ax - —2 =(x*)* actin? |4 TA 
Hence ri 3x? e* cos x? + e* sin x? and dx x2 tan 4 
v = (tan x)* 
In v= x In (tan x) , geo? eX 4 tn! tan | — 4 
Differentiating w. r. t. x, we get TX tan EX 44 4 1x2 
1 d 
ge Me 1. log (tan x) + x. sec?x 
v dx tan x dy 4 2n 
a ag (2+0)+4 ar 0} =2+2=4 
—— =y(In (tan x) + x cot x.sec? x] 7 
dx " 
1\ 14+— ' 
= (tan x)* [In (tan x) + x cot x sec? x] @ Example 11: Let y= (1+) +x */ then find y'(1) 
=ut+ 
Now yrurv : xn( +2] [+4] Inx 
dy du dv Y Solution: y=e \ */+e\ * 
——— SS ee 2 ax S X oq 3 
dc de de = 3x’ e* cos(x*) + e* sin (x°) F _ ; ; (1+) 
‘=| 14 1 + +X 
+ (tan x)* [log (tan x) + xcot x sec? x]. y= ( +) x ( +1 =| 
@ Example 8: Let f (x) KHNL fo 
(sin(x+h))"°" ~(sin x)"* x )x x? 
= 
h>0 h 1 
y'(1) = 2|n2+(-2)| +12] 


then find (3). 
2 =2in2-1+2=2in2+1=M (4e). 


MetHops oF DIFFERENTIATION 4.19 


Concept, Problems D 


x2 2x23 A dy 
(2—3x)2/4(3—4x)"5 PO ax 


cs 


If y= 


If y = (sin x)"*, find id 
y > dx * 
Find the derivatives of the following functions: 


2 
Qo (ii)_(sinx)™ 
Differentiate the following functions: 


1 x 
(i) y= (142) 


(iii) y = (In x)* + (x)"™* 


- 


(ii) y= 


5. Let g(x) =f,(x).f,(x) ... f(x). Show that for those points x, 
where none of the function values f(x), ...., f, (x) are zero, 


we have 
ex) F100), fy) 
g(x) — f(x) f, (x) 


6. Suppose that y =uvw/paqr, where u, v, w, p, q and r are non- 
zero differentiable functions of x. Show by logarithmic 


differentiation that 
dy _ 1du ldv idw tldp 1dq Idr 
dx ~\(udx vdx wdx pdx qdx rdx) 


Practice Problems (e 


7. If f&)=U+x)B +x?’)!29 + x3)" then find fC). 
8. Ify=sinx - sin 2x: sin 3x.... sin nx, find y'(7). 
3 26 2 6) 
V2—x? $i-xV2-x? » S 
9. Find £"(x) if f(x) = Yat V2=x? Yi-xV2-x 2 ~ 


Siege 
10. Find the derivative of (sin x)"* + (tan x)*"*. 


11. A differentiable function f(x) is so defined that for 
all real x, {f(x)}"= f(nx). Prove that f(x) - f’(nx) = 
f(x): f(x). 


~ 


4.7 Derivative of Inverse Functions 


First of all, we consider the methods of differentiating inverse 
trigonometric functions. 


The function y = sin'x, x € [-1, 1], .(1) 
is the inverse of the function 


= 
5 (2) 


Let us find the derivative of function (1) on the interval (—1, 1). 


x=siny, ye - 


TE 
dy 
dy 1 
a Yn le 
ee dx cosy 


We express now cos y in terms of x. 


Since cos y = l—sin’ y, 


S 


eb erentiate (tan x)*"* + (In x). 
g) : 


Find the derivatives of the following functions: 
(i) y=(cos x)"* + (In x) * 


(ii) y= ee fet pb xe 
(iii) y = log, (tan7' V1—x”) 
14. If y=(sinx)"* cosec (e* (a + bx)) anda+ b= - then the 
e 


d 
value of ol atx=1. 
dx 


taking into account equality (2), we have 


cos y= 1-sin? y, 


The radical should be taken with the plus sign, since 
* ™ TT . i gi 
cos y on the interval (- > 4 is positive. 


1 


Thus, (sin-'x)’ = h-x2- 


We now find the derivative of y = sec’'x. 


Here x € R-(-l,1) andy € [fo 2) Za. 


2 
Wehave y=sec'!x @x=sec y. 
ited deny: 
us, ey sec y tan y 
dy 


ae = ‘sec ytany ,iftany#O0ie., y4#0,7. 
xX 
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1 


sec y (sec? y-l) x(x? -1) 
where the sign in the same as that of tan y. 


=+ 


Now, x € (1,0) >ye (0.2) => tany>0 


xe(--o0,-l)>ye (Z-*] => tany <0 


1 


Thus, x € (1 gs Se 2 gone 
: : dx xy" -l 
dy 1 


Ke(-0,-)>> aca 


d(sec ! X) 1 
for all admissible 
|x | f(x? -1) 


It follows that As 

Note that slope of the tangent drawn to the graph of y = 
sec 'x is always positive and hence the derivative should be 
positive for all x. 


values of x. 


We have the following standard results: 


d 
i) —(sin!x) = J em lee aa 
dx vl-x 
d = 
ii) —(cos x) = ; , -l<x<l 
(i) ; 
dx l-x 
sick. 1d _ 1 
(iii) —(tan'x) = = xeER 
dx 1+x 
d 1 1 
iv) — (sec! x) = ————, |x|>1 
O) ax ix] vx? —1 
d = 
Vv — (cosec”! xX) = d , |x}>1 
(v) 
dx |x| | 
. d - 
v1 —<(cot! x) = : »xeER 
2 
dx 1+x 


©@ Example 1: Find the derivative of the function 


y=sin'! yx. 
G Ss luti . . lx , Wx) 
olution: (sin! Vx )’ = figqee 
1 1 1 


= Gale slam ~ 2Ixd—x) 
@ Example 2: If f(x) = ¢n (sin! x?) find f'(x). 
1 1 


Ginx?) * fag 
2x 


~ (sin! x’)v1 ax 


©Y Solution: f(x) = 


@ Example 3: If f(x) =2x sec'x —cosec”!(x) then find f"(-2). 


& Solution: 
oe 7 2x 1 
f"(x) = 2 sec!(x) — Ix! a + cea 
f"(—2) = 2.sec"'(— 2) + —s + = 
V3 2N3 


; 4n 5 
oe eee WB 


@ Example 4: Find the derivative of the function 


e* 


1 


aa tan- 


x E 
©Y Solution: The function has the form y = f(x)g(x), where 


f(x) = e* and g(x) = tan 'x. Applying the rule for differentiating 
a quotient, we get 


f= f'(x) g(x) -f(x) g'(x) 
. g(x) 
~ \ (e*)' tan! x —e* (tan! x)’ 


(tan”!)?x 


Vx +1 
@ Example 5: If y = sec” at 


+ sin! Bt n> 1 fn dy 


Vx+1 dx 
—1 —1 
&Y Solution: For x> 1, y=cos! * +sin 
dy x+l x+l 
Tt 
> =. H ae 0 
y 3 ence, 7. 
tex tat 
©@ Example 6: Differentiate y = tan! 7 SS 
1-x+x 
; coe a 
We write y =tan''u where u= ———_,, 
1-x+x 


2(1+3x? +x) 
(=xtx*y * 
du __ 2(1-x’) 

dx (1-x+x’)?’ 


2 


Wefind l+we= 


dy 1-x 


= = 5 = 
dx 14+3x°4+x 


x? -x™* 
@ Example 7: If f(x) = cot” > | then the value 
of f’(1). 
Y Solution: Putting u=x* and using logarithmic differentia- 
tion, we get log u=x Inx. 
1 du 


u dx 


1 du 
=xX.—4Inx> = x’?(1+Inx) 
x dx 


Similarly, if v = x, we get 
dv = xx (1 + In x) 
dx 


f'(x) = 


1 o(eos") 
2 
a dx 2 
ae 


4 Vee test 
= |S +X iain] 


2 


=> fd)=- 
(1) 14142 


[2(1+1n1)]=-1. 


1 


‘ = 
© Example 8: If y = tan ee 


1 


+ tan! + tan™ 
x° 43x43 


1 
2 
x° +7x +13 
d 1 1 


y_ 
show that dx 14(x4n)? 


1 
x? 45K 47 


tan r.... ton terms, 


14x?’ 


1 1 
=) ————————_. 
tan” T4x(x+) 


©Y Solution: t,=tan! — 
x°+x4l] 


x+l-x 
1+(x4+])x 


= tan! = tan'(x + 1)—-tan'x 

1 (x+2)-(x+]) 
= ah, “S~ ys =e ae ie et — a aa 
= tan” 14(K4D(x+2)~ @™ 14 (x 41x +2) 


= tan! (x + 2)—tan! (x + 1) 
Thus, t, = tan"'(x + 1) — tan! x 
t, =tan'(x + 2)—tam'(x + 1) 
Similarly t, = tan"'(x + 3) — tan(x + 2) 


t, = tan"(x + n)— tan'(x + n— 1) 
Adding, we gety=t, +t, +... +t, 

= tan(x + n)— tan! x 

dy _ 1 1 

dx 14+(x+n)? 


14%" * 
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Formula for Differentiation of Inverse Function 
If fis any bijective differentiable function, it can be proved that 
its inverse function f"' is also differentiable, except where its 
tangents are vertical. This is plausible because the graph of 
a differentiable function has no corner or kink and so if we 
reflect it about y = x, the graph of its inverse function also has 
no corner or kink. 

Let y = f(x) be a function derivable in its domain [a, b]. We 
suppose that f has an inverse function g so that we have 


y = f(x) > x= gy). 
If y be acontinuous function of x, then in most of the functions, 
x will be a continuous function of y. 
We have to find a relation between f'(x) and g'(y) for the 
corresponding values of x and y. 
Let Ay be the change in y corresponding to the change Ax in x 
as determined from y = f(x). The change Ax in x corresponds 
to the change Ay in y as determined from x = g(y). We suppose 
that f'(x) # 0. We have 


1 Ay AK Ax -1(22) 


f y Y Ax Ay Ay Ax 
o Let Ax>0. 

dx 1 
dy ~ dy/dx (I) 
dy dx F 

Thus — and — are reciprocals of each other. 
dx dy 
a 24 
dx dy 

=> fg )=1. 

1 
=> giy= Pa (2) 


It is important to remember that dy/dx is to be evaluated at x, 

but dx/dy is to be evaluated at the corresponding value of y 

namely, y = f(x). 

As an example, take the function y = 3k. Here we 
dx dy 1 

have x = y’ and — = 3y*. Consequently, —- = —>. 
d dy dx 3y 

Now let us express the derivative rs in terms of the 


independent variable x. To this end, we substitute into 
the equality obtained the expression of y as function 


1 
dy —— 
of x to find a 3 af 2 . 


1 
One can differentiate the function y = x = x? with 
the aid of the general formula for differentiating a power 
function to check that the result is the same as above. 
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When we use the symbol f''for the inverse function and 
f(a) =b i.e. f'(b) =a then 
df'(x)} 1 
dx df (x) 

dx 


x=a 


1 
ie. (F'0))' = F@- 


Briefly, the derivatives of two mutually inverse functions are 
the reciprocals of each other. 

This is also expressed geometrically as: 

dy dx 

ax and dy are respectively the tangent and the cotangent of 


the angle a which the tangent to the curve y = f(x) makes 
with the x-axis. 


Let a and f denote the angles formed by the tangent and the 
positive x and y-axes. On the basis of the geometrical meaning 
of a derivative we have 


f'(x) = tan | 
g'(y) =tanB 


1 
From the figure it follows that if a < . , then B= a a, But 


. Tt 3m : 
if, a> >? then, B = a a. Hence, in any case tan B = cot a, 
=> tanatanf = tanacota = | 


1 
=> tana= ——. 
tanp 
Substituting the expressions for tana and tanB from above, 
we get 1 
f (x) = g'(y) 7 


© Example 9: If y= f(x) =x? + x°and g is the inverse of f 
then find g’ (2) (i.e. dx/dy when y=2). 


d 
Y Solution: = = 3x2 + 5x4 
xX 
(y) dx 1 
=> (y)=— = 
Pet ay 3 at 


when y =2 then 2 = x?+x° >x=l 


dx 1 1 
20a Ae > 
Ybot ~ 345 ~ 8 


Alternative: 
(gof)(x) = x 
g'[f)] f(x) =1, when f(x)=2 thenx=1 
g'(2) :-f'd)=1 (but f’ (1) = 8) 
g' (2)=18. 


©@ Example 10: Let f (x)= e* ** ** for any real number x, 
and let g be the inverse function for f. Find the value of g’ (e°). 


x°+X7+x 


Y Solution: y = ¢ 


d ee 

BO cE Be? Ogi 

dx 

(y= 

gy dy = eile (yaar es ea) 


saxty 
when y =e? then e?= e* **™*, 


=> x4+x?+x-3=0 
=> (x-1)%*+2x+3)=0 > x=1 


‘(e)= —. 
8) 6e° 


© Example 11: If g is an inverse function of f and 


_ f(x) = ——_ . prove that g'(x) = 1 + [g(x)]”. 
J 1+x 
©Y Solution: fand g are the inverse of each other. 
Hence (gof) (x) = (fog) (x) = x (1) 
feo]. g'(x)=1 
But f'(x)= rs 
1+x 


1 
8l- Giger 


1 
From (1) T+ g(x)=1 


g(x) =1 + [g(x)]”. 
@ Example 12: If the function 
x" Xx 


1-x 
f(x)=—4e 2 +1+x4 7 +3 


-7 
and g(x) = f~'(x), then find the value of g’ (= : 
1-x 


d 4 > 
@ Solution: —-=—e 2 +1+x+x? 
dx 2 


a) 
= 5a 2) ee be EI 


when y =— - we have x = | by trial. 


Alternative: 
We have (gof) (x) =x 


g' (£(x)) f'(x)=1 
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When f(x) =—- z, x=1. 


= u(- Zee <j 


Concept Problems E 


d 
1. Ify=sec' (2x) then find x 


x=-l 


2 
2. Prove that ify =cos! a then 
9+x 


»_ __ OX 
Y= (x2 +9) [x] 


3. Ify=sin' * find § ae 


4. Differentiate the ee functions: 


(= 2S 


(i) y=sec"! (x’) (ii) y=tan! 


5. Ift=sin' 2° find the expression for Mi in terms of s, in 


terms of t. 


&. 


. 8 oo a. SY JR 
6. Verify the validity of the relationship ax : ws =1 ifx and 


y are related in the following way: 
(i) y=x*?+ax+b (ii) y=x™ 
= In (x?- 1) 


(iii 
7. 0) x + 2x? + 3x + 4 and g(x) is the inverse of f(x) 
the find g'(4). 


Let f and g are the inverse of each other. If f (x) = e*- e* 
then find the value of g'(2). 


9 Find ita 1 to: 
. Find 7 ify is equal to: 


5x +12V1—x? 1 
cos"! a , where 0<x< > 


4 


COS X dy 
tant acl 
10. If y = tan ; ss -| , find qk 


Practice Problems D 


11. Find the derivative of the following functions: 


_; [cos3 
(i) y= cos : “* 
cos” xX 
x? -—1 1 
(ii) y=sin' (2,7 t sect se eld 
x _ 
(iii) y= e(tan' x)’ 
(iv) y= Vd —x’?) sin"! x —x 
2 
12. Find the derivative of tan”! a aad 
-x -1 
13. Let f(x) =e*+x. Then find the value of oo atx = 
fn (2e?). dx 


14. If f(x) = x° + 2x? + 2x and g is the inverse of f then find 
g'(-5). 


sin’ x 


d 
15. Ify=¢ and u = In x, then find ai 


16. If u=sin (m cos 'x) and v = cos (m sin"! x) then 
2 

prove that — du. is 

dv fay? 


17. L _icx’ . 
ee ieee 


- Express ay in terms of x, in terms of y. 


Show that the relation wy : as =1 is valid. 
dx dy 


sin! xcos x 


tan7! x 


18. Find the derivative of y = 


dy. y (1+tan3) 


19. Find — if x= tan In 
dx 2 


x 
tan 5) 
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4.8 Parametric Differentiation 


Derivative of a Parametric Function 
Let a function y of x be represented by the parametric equations 


x = O(t) 
y=w(t) 

Let us assume that these functions have derivatives and that 

the function x = ((t) has an inverse, t= 0(x), which also has 

a derivative. Then the function y = f(x) defined by the 

parametric equations may be regarded as a composite function: 
y = W(t), t= o(x) 

t being the intermediate argument (or parameter). 

By the rule for differentiating a composite function we get 


man 


dy dydt dydo <{2) 
dx dtdx dt dx 


From the theorem for the differentiation of an inverse function, 
it follows that 


do_ 1 

dx do 
dt 

Putting this expression into (2), we have 

dy 

Py adh 

dx do 
dt 


The derived formula permits finding the derivative dy/dx of a 
function represented parametrically without having to find y 
as a function of x. 


©@ Example 1: The function y of x is given by the parametric 


(O<t<n) 


xX =acost 


equations y =asint 


Ala 


dy 
Find as (i) for any value of t, (ii) for t = 


©Y Solution: 
dy 
dy dt _ (asint)’ acost _ 
dx dx ~ (acost)’ 
dt 


(i) 


—asint 


dy T 
ii =-cot—=-l 
(i1) dl ux 7 ‘ 
4 
©@ Example 2: Find the slope of the tangent to the cycloid 
x =a(t—sin t), y=a(1 —cost) 
at an arbitrary point (-m <t <7). 


Y Solution: The slope of the tangent at each point is equal 


ay. ‘ 2sin y cos = 
dy dt asint 2 
to = = 
dx dx a(1—cos t) asin? £ 
dt 2 


t nm tt 
cot tan . 
2 E 4 
Hence, the slope of the tangent to a cycloid at every 


nm t 
point is equal to tn{ =<) , where t is the value of the 


parameter corresponding to this point. But this means that 
the angle @ of inclination of the tangent to the x-axis is 


equal to ee (for values of t lying between —7 and 7). 
2 2 


Derivative of a Function w.r.t. another Function 
Let y = f(x) and z= g(x) 

dy dy/dx _ f'(x) 

dz dz/dx g(x)’ 


then 


For example, to differentiate sin x w.r.t. tan x, we write 


_ y =sin x and z= tanx. 


dsin x 
d dsin x COS X 3 
Now, _ = —dx__ 7 = COS” X. 
dz dtanx dtanx § gec”x 


dx 


: : . 2x . 
© Example 3: Differentiate sin’! [5] with respect to 
+X 
tan! x for-1<x <1. 


©Y Solution: 
d. = 2x d l 
— sin nea i. 
ds Lz} em x] 


(tan x} 


DP al 
— tan Xx 
ax (x) 


d +1 
2—(tan x 
ca ( ) 


- “(tan x] - 


© Example 4: Differentiate In tanx with respect to sin” (e*). 


d 
d(In tan x) : an tan x) 


© Solution: d(sin“(e*)) © sin(e*) xl 
dx 2x 


cot x sec? Xx 


l-e 


_ evi ag 


sin X.COS X 


©@ Example 5: Find the derivative of f(sin"'x) w.rt. 
g(x? +x) atx =Oif f'(0) =22'(0). 


Y Solution: We have 


d 1 
ae {f(sin-'x)} = f'(sin"! x). ia 


d © fo(x? +209} = g(x? +x) Ox + 1). 
xX 
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f'(sin™! x) 1 
g(x? +x) (2x +1v1—x? 


Hence, the value of the derivative at x = 0 is 


d{f (sin! x)} _ 
d{g(x* +x)} 


f'(0) 


= [- £1(0) = 2g'(0) ] 


GEoncept; Problems E 


4 MY 
1. Find — when 
dx 


(i) x=a(cost+tsint), y=a (sint—tcos t) 


: ay (5) 
(li) x=a 7|, y=b. 142 


1+t 
(iii) x = cos — cos 20, y = sinO — sin 20 


cg Os 
2. Find — if 
dx 
(i) x =3cos0 —cos*0, y = 3sin0 — sin*0 


(ii) x=a(cos t+ Intan), y=asint 


-e d 
3. Ifx=e" and y = tan! (2t + 1), find - 
3at - 
4. Ifx=—,y= 7 
1+t ies 
md & att= 5. 
2 


snd derivative of y = ¢n x with respect to z = e*. 
A rentiate sin? x + cos*x with respect to sin x + cos x 


Practice Problems 


= = dy 
7. Ifx= va" 't and y= va ' then show that de 
_¥ 
= 


8. Ifx=a-vJcos2t cost and y=a Vcos2t sintthen, find 
aly 
dx 


t=n/6 
9. Prove that the function represented parametrically by the 
equations x = 2t + 3t?, y = t? + 2t° satisfies the relation 


yay? + 2y”. 


4.9 Differentiation of Implicit Functions 


Implicit Relation of x and y 

So far we have been concerned with the case in which y is 
expressed explicitly, i.e., directly in terms of x. 

There are cases in which y is not expressed directly in terms 
of x, but its functionality is implied by an algebraic relation 
connecting x and y. 


10. Prove that the function represented by the equations 


1+Int 34+2Int 
= ao ios t satisfies yy’ = 2xy” + 1. 
1 1 
ll. Ifx?-y’?=t- 1 and xity?=t+ 2 then prove that x+y. 
ad +1=0 
dx a 
12. Find the derivative of ,/sin(1+ x°)? wart. 14+ x? 
13. Show that the differential coefficient of eo w.r.t. 
e © * ig independent of x. 
For example, the equation 
x? + y?-a’?=0 (1) 
defines implicitly the following elementary functions 
y= Va —x° (2) 
ya = * (3) 


But not every implicitly defined function may be represented 
explicitly, that is, in the form y = f(x), where f(x) is an 
elementary function. 
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For instance, functions defined by the equations 
y°-y-x°=0 
x xe 0 
—x——siny= 
y r y 
are not expressible in terms of elementary functions; that is 


these equations cannot be solved for y. 

Observe that the terms “explicit function” and “implicit 
function” do not characterize the nature of the function but 
merely the way it is defined. Every explicit function y = f(x) 
may also be represented as an implicit function y — f(x) = 0. 
Assume that the equation F(x, y) = 0 specifies y as an implicit 
function of x. In what follows, we shall consider this function 
to be differentiable. 

Differentiating both sides of the equation F(x, y) = 0 with 
respect to x, we obtain an equation in y’. This equation easily 
yields y’, that is, the derivative of the implicit function. 
Suppose we have an implicit relation: x7 + y? = 3axy. 


_ d : ‘ : : 
To obtain = , we differentiate both sides of the equation w.r.t x. 


d d 
3x? + 3y? 7 = 3a [y+], 


dx 
dy 
ie. 3 (x’-ay) +3 (y?— ax) — 0, (1) 
XxX Co, 
7 dy x? ~ay ae OA aad 
giving i WAS 


y’ —ax 


©@ Example 1: find SD ifxs t+iny- xe’ = 0. y 
dx 


Y Solution: Differentiating both sides of the equation with 
respect to x, we obtain 


3x? + ; — x’e’y’ — 2xe’ =0, 


3x" )y 


1-x’ye’ d 
: y 
© Example 2: Ifx?+ y?=sin (x + y), find ae 


y 
i.e. y’ = ee sey 


&Y Solution: Given, x3 + y’ = sin (x + y) differentiating 
w. r. t. X, we get 


Oe pee ee 
— Ot a Ws  (sinaty)} 


d(x°) f d(y*) dy _ dsin(x+y) d(x+y) 
dx dx ‘dx  d(x+y) dx 


dy dy 
= + aac 
ax 8 (x+y). (1+ >) 


or [3y?—cos(x + y)] 


or 


or 3x’? + 3y? 
y 
‘die = cos (x + y) — 3x? 


dy _cos(x+y)— 3x? 


dx 3y?—cos(x+y) 


Let us have a deeper understanding of the method. 


The set of all points (x,y) that satisfy the equation 5x? — 6xy 
+ 5y? = 8 lies on the ellipse shown in the figure. We now find 


2 
the slope of the line tangent to the ellipse at fo, 22 : 


It is clear from the figure that the set of all pairs (x, y) on the 
ellipse for which y > 0 and y > x (drawn with a heavy curve 
in the figure) is a differentiable function f(x). This function is 


: implicitly defined by 


5x? — 6xf(x) + 5(f(x))? - 8 =0 

for every x in the domain of f. Since this is an equality 

between two functions we obtain by differentiating both sides, 
10x — 6f(x) — 6xf"(x) + 10f(x)f"(x) = 0 

Solving for f’(x), we get 

3f (x)-5x 


f'(x) = . 
@) 5f (x) —3x 


This problem deals with an implicitly defined function whose 


7 [2 
graph passes through the point 0, 2 5 |- Hence f(0) = 2 . 
3 
and therefore f’(0) = 5° 


which is the slope of the desired tangent. 


The definition, which we have so far illustrated with equation, 
is the following : 

A function f(x) is defined implicitly by an equation F(x,y) = 0, 
if F(x, f(x)) = 0 for every x in the domain of f. 

We emphasize that, in general, an equation in x and y defines 
y as a function of x in many ways. The most we can hope for 
in the way of uniqueness is that, for a given point (a, b) such 
that F(a, b) = 0, we can choose an open interval containing a 
which is the domain of precisely one continuous function f(x) 
defined implicitly by F(x, y) = 0 with f (a) = b. 

Note that in the example the derivative f' of the implicitly 
defined function was computed without solving the original 
equation for f. The fact that this is always possible is almost too 
good to be true — especially for an equation where first solving 


for y in terms of x is either impractical or even impossible 
(except by numerical techniques). This method of finding the 
derivative of an implicitly defined function by differentiating 
both sides of the equation that defines the function is called 
implicit differentiation. 


Caution 


It is important to realize that implicit differentiation is 
a technique for finding dy/dx that is valid only if y is a 
differentiable function of x, and careless application of the 
technique can lead to errors. For example, there is clearly no 
real-valued function 


y = f(x) that satisfies the equation x? + y* = —1, yet formal 
application of implicit differentiation yields the derivative: 
dy/dx =-x/y. 

To be able to evaluate this “derivative,” we must find some 
values for which x? + y? =—1. Because no such values exist, 
the derivative does not exist. 


d = 
We now prove that ro x* =ax*, for any real number a. 
x 


Proof In this proof we are trying to remove the restriction that 
a be rational. Observe first that x* is certainly a differentiable 


function, since it is the composition of differentiable functions: 


xi= ealnx 


Knowing this, we use implicit differentiation to compute its 


derivative. ; 
Let y = x*. Then In y = In x*=a In x, and so 

d d 

—Iny =—alnx, 

dx dx 

1 dy _ . 1 dy _ ay 

y dx x dx x 
Since y = x’, it follows that BY = a ax? 

x 


Thus, we have proved that 


d ae 
ms = ax" !, for any number a. 
Xx 


d 
@ Example 3: Find = ifxy—x=1. 
x 
Y Solution: We differentiate both sides of xy —x = 1. 


d d 
a CYNE 


d d 

— (xy) — — (x)=0. (1 
a y) ra (x) (1) 
By the product rule, 

d _ dy dx dy , 

ax OY) Max ax a 
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Hence, substituting into (1) we obtain 


dy 
— +y-1 =0 
ae y 


dy _l-y. (2) 


dx x 


Remark We observe that the formula for the derivative 
involves both x and y. Although it is usually more desirable 
to have the formula for dy/dx expressed in terms of x alone, 
having the formula in terms of x and y is not an impediment 
to finding slopes and equations of tangent lines provided the x 
and y coordinates of the point of tangency are known. 


If we had explicitly solved for y (which is not always possible), 


we would have obtained y = 1 + * 


dy 
Then, —-=-—. 
en, de aa 


To see that this is exactly the result obtained by implicit method, 
note that if 1 + 1/x is substituted for y in (2), we get 


dy ley _1-f4+0/x]_ 1 
= >. 


dx X X x 
However, it may not always be possible to express the result 
only in terms of one variable which is either x or y. 

It is sometimes possible to simplify the expression of the 
derivative of an implicit function by using the original equation 
connecting y and x. 

For instance, let us take the implicit function specified by the 
equation xy’ = e**’, 

The differentiation with respect to x leads to 

y? + 2xyy’ = e**¥ (1+y’) which implies 


x+y 2 
y'= panes a Now, replacing e**” by xy? we simplify the 
2xy —e**¥ 
expression of the derivative as 
_ yYa-) 
Y= x(2-y)° 


In this case, it is difficult to express the derivative solely in 
terms of the independent variable x. It follows that to find the 
value of the derivative of an implicit function for a given value 
of the argument x, one also has to know the value of the function 
y for the given value of x. 

Thus, the derivative of any implicit function specified by an 
equation involving elementary functions can be determined 
according to the known differentiation rules irrespective of 
whether it is possible to represent the function explicitly. In 
the general case the derivative of such a function is expressed 
in terms of the independent variable and the function itself. 
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Steps for Implicit Differentiation 


(1) Differentiate both sides of the equation with respect to x. 

(ii) Collect all terms involving dy/dx on the left side of the 
equation and move all other terms to the right side of the 
equation. 

(iii) Factor dy/dx out of the left side of the equation. 

(iv) Solve for dy/dx by dividing both sides of the equation by 
the left hand factor that does not contain dy/dx. 


@ Example 4: Find dy/dx given that 


yity’—S5y—-x’=-44 
© Solution: 
(1) abla both sides of a. equation with respect to x. 
— (y?+ 5y— x’) = 4 
= Sy ae aa? alk ae ) 
d... dg. d d d 
*) 4 5 x)= 4 
Goo a ae a a 
qo SY yoy ag Wu ay 
dx dx dx 
(ii) Collect the dy/dx terms on the left side of the equation. 
ay? SY gop Sg DY 25, 
dx dx dx 


(iii) Factor dy/dx out of the left side of the equation. 
ne (3y? + 2y — 5) =2x 
x 
(iv) Solve for dy/dx by dividing by (3y” + 2y — EN 
dy 2x 
dx 3y’+2y-5 
The curve represented by the given equation is shown 


below. We have also tabulated the slope of the graph at 
several points on the curve. 


Undefined 


©@ Example 5: The point (2, 1) lies on the curve defined 
by the equation x*y + xy? = 10. Assuming that this equation 
implicitly defines a differentiable function f(x) whose graph 
passes through (2, 1), compute f’(2). 


&Y Solution: Letting y stand for f(x), we obtain by implicit 
differentiation 


3x*y +x? Dh eey Ms = 0 
dx dx 
2 3 
Hence Se vs y 
x 3xy” +x" 
At the point x = 2, y = 1, we therefore get 
dy) _ 18 
dx (2,1) 14 


Partial Differentiation 


It is perceived while differentiating x? + y? = 3axy that the 
expressions 3(x?— ay) and 3 (y*—ax) occurring are algebraically 
the same as would be given by differentiating the expression 
x? + y?— 3axy first with regard to x, keeping y a constant, and 
second with regard to y, keeping x a constant. 


When such processes are applied to a function f(x, y) of two 
or more variables the results are denoted by the 


of of 
bols — 
at oy 


. Thus in the above example 


? j <. = 3 (x’-—ay) and a = 3 (y’ — ax) 


>. This i is termed partial differentiation, and the results are called 
~ partial differential coefficients. 


It appears that 


of of | dy _ 

ox oy dx 
of 
dy _ ox 
or rae of 
oy 


This proposition is true for all implicit relations between 
two variables, such as f(x, y) = 0. 


A Direct Formula for Implicit Functions 


Take all the terms to left side and call left side equal to f(x,y). 
Let f(x,y) = 0. Then 


dy differentiate w.r.t.x treating y as constant 


dx differentiate w.r.t. x treating x as constant 


For example, if f(x,y) = x° + x*y + y>=0, 


we have * = 5x*+ 4x? 


Ys 
xX 
ob = x4 + 3y? 
oy 
dy _ 5x4 +4x3y 
dx x4 aye 


© Example 6: Find dy/dx if 2x? + xy — 3y? =x. 
Y Solution: We have 2x?+xy-3y?—x=0 _ ...(1) 


of 
Applying the formula “. = & , we get 

X —+ 
dy _ eyo oy 
dx x-—6y 
d 1-4x- 
OY eee i) 
dx x —6y 


A Caution 


When using the result (2), keep in mind that the only values 
of x and y that can be substituted into the right hand side of 
result (2) are those values that satisfy the original condition (1). 


For instance, we might substitute x = 1, y = 2 to obtain (dy/dx) 
=(1-4-2)/ -12)=S/11. 

However, (1, 2) is not a point on the curve 2x? + xy —3y”?=x, 
so the calculation of dy/dx at this point is totally meaningless. 


The equation (1) can be written as 
—3y?+xy + (2x’-x)=0 
which is a quadratic equation in y. 
Hence, we could use the quadratic formula to solve ny 
equation for y in terms of x, obtaining 


—x + V25x? -12x_ 

-6 aN 
Though we are able to find y explicitly in terms of x, the 
resulting expression is fairly complex, and it still might be best 
to find dy/dx implicitly as found above. 


y= 


©@ Example 7: The equation y? + yx? + ax? — 3ay? = 0 
represents the curve, called a trisectrix, as shown in the figure. 


Find dy when x = a. 
dx 


(a,(1-V2)a) 


Y Solution: So stated, the problem is typical. There are 
three distinct points on the curve with x-coordinate equal to 
a, which may be found by substituting a = x in equation and 
then solving for y. The points are (a, a,), (a, (1 + V2) a), and 


(a, (1 = V2) a). 
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As shown in the figure, we may select a small interval about 
a to serve as the domain of three different implicitly defined 
function. To find the derivative of each one at x = a, we proceed 
by implicit differentiation: 


dy dy dy 
3y + x? =. + 2xy + 2ax —6ay — =0. 
7 dx dx e if dx 
d 2xy + 2ax 
Hence, y= uf 5 7 
dx 6ay—x~ —3y 


Thus the derivatives of the three differentiable functions defined 
implicitly at a are: 


dy} _, 

dx (a,a) 

dy _ 12 
OX | acasv2)) 2 
dy = ge? 
OX | aci—v2)) 2 


Bg Note: In each of the examples of implicit differentiation 
the existence of an implicitly defined differentiable function 
has either been assumed outright or justified geometrically 


> “from the picture. 
rs Example 8: If x*y* = In (x + y) + sin (e*), find —~ dy . 


@ Solution: x3y?=In(x+y)+sin(e) — ...(1) 
Differentiating w.r.t. x, we get 


3x?y? + x2. 2y TS 1+ oy + cos (e*) . e* 
dx x+y dx ; 
d 1 1 od 
or, 3x’y* + 2x°y Y= + Y 4 eXcos (e*) 
dx x+y x+y dx 


_ 1+(x+y)e* cos(e*) - 3x7y7.(x+y) 


x+y 


a dy _ 1+(x+y)e* cos(e*) —3x”y? —3x7y” 


dx Ox ya Oxy? =1 


© Example 9: If ax? + 2hxy + by? = 0 then prove that 
dy _ axt hy _y 


dx hx + by x! 


@ Solution: 2ax + 2by y’ + 2h(xy’ + y)=0 
(ax + hy) + (by + hx)y’ = 0 


ax + hy 


= ( 
= by + hx (1) 


x? + hxy + hxy + by? =0 
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x (ax + hy) + y(by + hx) =0 


AY (2) 
hx+by x > 
d ax + hy y 
Now fi 1) and (2 — . 
ow from (1) and (2) , heey = 


@ Example 10: Find (2 » iesiny = log. cos x. 


'sinx 


log, cos x 
©Y Solution: We have sin y =log. cosx yee ate 


sin log, sin x © 
Differentiating both sides w.r.t. x, we have 


(—tan x).In sin x — (cot x).Incos x 


dy 
COS y). = 
OB, dx (In sin x)? 


dy _ (tan x)Insin x + (cot x)Incos x 


dx (cos y)(In sin x) 

©@ Example 11: If sin y =x sin (a+ y), prove that 
dy _ sin? (a+ y) 
dx sina 


Y Solution: Given, siny=xsin(a+y)_ ...(1) 
Differentiating w.r.t. x, we get 


d . dy) 
cos y= 7 =1.sin(at+y)+x.cos(x + y) Gea 
x DLN 


= sin (a= y)+xcos (a+ y) dy 

dy _.. 

or [cos y—xcos(a+y)] ms = sin (a+ y) 
x 


dy _ sin(a+ y) 


to) 


dx cosy—xcos(at+y) 


[Here we have to eliminate x] 
Putting the value of x from (1), in (2), we get 


dy _ sin(a+y) 
oe cos y — mY cos(a +y) 
sin(a+ y) 
= sin(a+ y) 
sin(a+ y)cos y —cos(a+ y)sin y 
sin(a+ y) 
sin? (at+y) _ sin? (a +y) 
~ sin(aty—y) sina 


© Example 12: If S, denotes the sum of n terms of a G.P. 


whose common ratio is r, prove that 
(r-1) . =(n—1)S8,—n8, 

a(r" —1) 
r—-1 


—r 


© Solution: i: = 


or, (r-1)S, = ar"—a 


Differentiating both sides w.r.t. x, we get, 


e452 a +S, =nar""! 


=> (r-l is, =nar"-'—S_ 
r 
=n.[nth term of G.P.]—S_ 
=n(S,—-S,_,)-S, 
=(n—1)S,—nS__.. 


© Example 13: If x’ = e*-», then find a : 
Xx 
Y Solution: Taking log on both sides 


y nx=(x-y) 
Differentiating w.r.t x, we get 
Y +inx a 1- dy 


x dx dx 
y 
1-2 
=_ dy x 
dx 1+énx 
x- 
= dy >, 


dx. x(1+énx)’ 


VA) d 
© Example 14: Ifx’+ y*=2 then find oA 
“ ) x 


Re aC) Solution: Here u+ v= 2, where u= x¥ and v=y* 


gee du dv 0 (1) 
ae on 
dx dx : 
Now u = x” 
=> nu=ylnx 
= 1 du du ay re = = oY 
u dx x dx 
di 
> Nex (2 + én x | ..(2) 
dx 
For v=y* 
fnv=xfny 
1 BY age. _ x dy 
v dx y dx 
dv xo) 
— =y* | My+—— ahs 
ac y( de (3) 


Putting (2 and (3) in (1), we get 


d 
> e (Lemx); + y* [iny+2 2) 0 
x x y 


dx 
[yin y +2) 
dy _ X 


x [ex yt) 
Ms 


=> 


Se Example 15: If xJ(x+y) +yJd+x) = 0, then show 
that 4¥ = _1 
dx (+x) 


©Y Solution: We have x/(+ y) +yJ(+x) =0 .(1) 


=> xy(It+y) =-y/jd+ty) 
On squaring both sides 
x (1 +y)=y? (1 +x) 
> xX-ytxy-xy?=0 
=> (x-y)(kxt+ytxy)=0 
x — y = 0 gives two points (0, 0) and (-1, —1) only. 
We cannot find derivative here. 


xty+xy=0 (1) 
x 
> y=- Rees ...(2) 


dy | {Cena 1 

dx (l+x)° (l+x)?- 
Alternatively, differentiating both sides of (1) w.r.t.x, we get, 

y.1+(1+x) ss =-—1 or, (1 +x) wa =-(y+1) 

dx dx 

dy y+l (+1) 

ee dx 7 ih 14x 
1 
4x 


Derivative of Functions Represented wh Infinite 
Series / 


[from (2)] 


Lety= fo(0)+f000+ 000+... then 


y = (x) +, since by taking out one term from an infinite 
series, it remains unchanged. 


=> (y-y)= (x) 
Differentiating both sides w.r.t x, we get 


Qy-1) & =~) 
dx 


gy. WO) 
dx 2y-l 


Now if (x) = sin x, y= sin x +/sin x +,/sin X +...00 


Hence, 


then (2y — 1) dy = cos x 
dx 
zy dy _ COS X 
dx 2y-l 
@ Example 16: Ify = x+ : ; 
X+ i 
X+ 
X +..,00 

then prove that aD , 

dx 2y-x 
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Y Solution: We have x + 
x+ 


Differentiating both sides w.r.t. x, we get 


d 
Vuy Way 
dx dx 
d . d y 
=> ys) Say Ye 
dx dx 2y-x 


(fOgpe™ 


© Example 17: Differentiate y = {f(x)}!!! 


©Y Solution: Since y = (£ (x) PO” y= ff(x)P 
> y = ey Inf) 


Differentiating both sides w.r.t. x, we get 


ONY uty yn tig dy 
= enn {y fx) f(x) +Inf (x) | 
=> =. = ffx) eat f'(x) +Inf(x)- a 


=> {1 tf} In fx} a =y {fp : £'@) 


dy yf{f) P FG) 
dx = 1—{f(x)}"-Inf(x) 


y’ f(x) 
f(x){I-yInf(x)} 


@ Example 18: if Jy —fy—fy— Jy dy—y-n00 Sa 


dy _ x-y-l 

dx x-y+l 
Y Solution: Given -I+Jl+4y _ l+yvl+4x 

2 2 
=> 14+4y =2+ Jis4x my 
We differentiate both sides, 
ic! nade dy _Ji+4y 
2/1+4y dx 21+ 4x > de AGae 
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— dy _2+vil+4x (2) ©Y Solution: y= a 
dx J1+4x fies cos x 
From(1), 1+4y=4+(1 +4x) + 4v144x i 
y=l+x+ V1+4x Picssesevs 
v1l+4x =y-x-l i sin x(1+ 
: > a (ty) , and y(0) =0 
dy _ 2+(y-x-l)__ I+y-x cosx 1+y+cosx 
From (2), 14-2 
d y-x-l y-x-l l+y 
= x=y=1_ => y(1+y+cos x)=sinx(1+y) 
rey => y'+2yy'+cosx y’—y sinx = cos x(1 + y) + sin xy’ 
© Example 19: Ify = 22% SOS* SINX COSK then => y'(0)[1+2y+cosx]-0=1+0 
F 1+ 1+ I+ I+ 
find y’ (0). > 22'0=1> y(0)=1/2. 
Concept, Problems G 
1. Find = if ei) Show that g(x) = — /10—x? satisfies the given 
P< 
; 7 7 Ke requirements. Then use the chain rule to verify (i). 
(i) y=cos(x+y) (ii) x88 + y= 0% YS - 
(iii) x=y (n (xy) aK) 9. (i) Ifx?+y?=6y-—10and ae exists, show that 
“2 Xx 
oKN dy x 
: dy (nx 7 Aw) = 
2. Ifx’=e*-Y, then prove that — = —— AY dx 3-y 
dx (1+ én x) A). ” 
Ww (ii) Show that there are no real numbers x,y that satisfy 
x a dy x i 24 y2a 
3. If = In ——., prove that — =2-——. the equation x’ + y? = 6y — 10 
x-y x-y dx y 


4. The equation x sin xy + 2x? = 0 defines y implicitly as a 
function of x. Assuming the derivative y’ exists, show that 
it satisfies the equation 


y’x’ cos xy + xy cos xy + sin xy + 4x = 0. 


5. For each of the following equations calculate oy at the 
point specified. dx 


2 = 
Gi) y= SS , at the point (a,b). 


x" + 
(ii) x3? + y>? =2, at the point (1, 1). 
6. If 1+ f(x) + x? [f(x)]}? = 0 and f(1) = 2, find f’(1). 
If g(x) + x sin g(x) = x’ and g(1) = 0, find g’(1). 
Let g be a differentiable function of x that satisfies g(x) <0 
and x* + g?(x) = 10 for all x. 


(i) Use implicit differentiation to show that 


dg = -x 


dx g(x) 


10. 


11. 


12. 


(iii) What can you conclude from the result found in part 
(i) in light of this observation in part (11)? 


+00 


If y= eo find y’. 
xX xX xX X 
Ti yp ciel find y’. 
f 1+ 2+ 1+ 2+ ne 
Given (i) xy*+ x*y =6 (ii) x3 + y’ = sin’y find both dy/ 


dx (treating y as a function of x) and dx/dy (treating x 

as a function of y). How do dy/dx and dx/dy seem to be 

related? Can you explain the relationship geometrically 
in terms of the graphs? 

(i) Factor the left-hand side of the equation 2x” — 5xy + 
2y? = 0 to show that its graph consists of two straight 
lines through the origin. Hence the derivative dy/dx 
has only two possible numerical values (the slopes of 
these two lines). 

(ii) Calculate dy/dx by implicit differentiation of the 
equation in part (1). Verify that the expression you 
obtain yields the proper slope for each of the straight 
lines of part (i). 


Practice Problems 
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F 


14, Find dy if 
dx 


@) my=(aryP™ 
(li) x cosy+y sin x= tan (x + y) 
(iii) x cos y + y cos x = tan '(x’) 


15. If cos y =x cos (b + y), prove that 
dy _ cos*(b + y) 
dx sin b d 
16. Ifx’ .y*=1, find & 
d dx 
17. Find & if xsny + yorx= 1, 
dx 
18. Differentiate x¥ + y’Inx—4=0. 


19. Find dy/dx if 2y*t + tty = 1 and ot ! 


=a cost 


Inx)* 
20. Differentiate y = (In xan a 


21. (i) The equation x* + y* — 6xy = 0 implicitly defines 
a differentiable function f(x) whose graph passes 
through (3, 3). Compute f’(3). 


(ii) How many differentiable functions f(x) having a small 
interval about the number 3 as a common domain are 
implicitly defined by the equation in (a)? 

(ii) Compute f'(3) for each them. 

22. Prove that the function 
2 


Y= Stevie tiny eve? #1 


satisfies the relationship 2y = xy’ + In y’. 


23. Let f(x) = os sa . Find f'(x) by using implicit 
eee 


differentiation to differentiate [f(x)]*. 


24. Suppose f is a one-one differentiable function and its 
inverse function f' is also differentiable. Use implicit 
differentiation to show that 


1 


SS fem) 
~ provided that the denominator is not 0. If f(4) = 5 and 
— £(4) = 2/3, find (f ")(5). 


4.10 Differentiation by saePX SD) : 


Substitution 


In some cases, a preliminary transformation of — to 
be differentiated facilitates the process of differentiation. The 
following substitutions are generally used to simplify expressions 
involving these terms. 


(fx? +a? 
(ii) gz 2 


Gil) Pag? 


x=atan@ oracot 9 
x=asin® oracos 9 


x =asec 9 oracosec 0 


(iv) |**8®  x=acos@ 
ies (+x) —./(—x) 
©@ Example 1: Differentiate tan! ae =G 


© Solution: Let x =cos 0,0<0<2 
We have Jd+x) = (1 +cos 8) 


0 
Fico | = 2 cos 5 but for 5 E (0), 


2 
Ja x) = Ja cos@) = [asin 3)- v2sin’. 


6 . 86 
cos — — sin — 
2 


y =tan! 6 
cos—+ sin — 
2 2 


1—tan— 
tan—1 tan! {in(=-2}} 
1+ tan — ee 
since— = < 2 8 a 
4. 4 2° 4 
mt O g 1 4 
1s 4°49 > 
dy 1 


dx ./q—x2)_ 


2x 

@ Example 2: Find the derivative of y= sin™ 2) 
; : ; ee 1+x 

and mention the points of non-differentiability. 


Also find (i) f"(2) (ii) f" (5) (iii) £'(1). 
© Solution: Let x = tan 0, ; <9< 2 
=> 0=tan'x 
=> y=sin' (sin 20) 
m—20 EZ 20<T1 
2 
y=. 20 -X<20<5 
2 2 
~(n+20) -n<20< a 
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nm—2tan !x x>1 - } Example 3: Find the derivative of 
=> f(x)= Sean x ee | y= tan x). 
—~(m+2tan™! x) x<-l 1-x 
2 &Y Solution: Here, the domain is x € R—{1,-1} 
= x>1 
Lex* T™ 1 Tm 1 
> Letx=tand, 0 ¢ [ 2) { a 
=> f'@®= q =l<x<l 
1+x 
_{ 2tan0 4 
2 => y=tan >~ | = tan''(tan20) 
5 x<-l 1—tan“ 0 
1+x 


+20, 20<-% 
(i) f(2)=- 2 


z 
5 
ss 1 8 
ii) f'}—} == 
Gy *(5)=$ 
(iii) Since f'(1*) =— 1 and f(1-) = + 1, f'(1) does not exist. 


fis continuous for all x but non-differentiable at x = 1,—1. 
The graph of the function is shown below: 


= «20 se o2ie 
2 2 
-n+20, 20>— 
2 


2 x T 

m+2tan x, tan} x <-— 
~MNY. - T A T 
= 22tan!x : ~—<tan!x<— 
> 4 4 

= E T 

—m+2tan a tan X>T 


{as tan 8 =x > 0 =tan'x} 
m+2tan! x, x<-l 


So, y = 2tan x, -l<x<l 


—n+2tan"! x, x>l 


Alternative: 2 
This problem can also be solved without any substitution, dy |—;> x €R-{-1,]} 
but in a little tedious way. = a | 
5 does not exist, x e€{l,—1} 
F x 
f(x) = sin [ ee: The graph of the function is shown below: 
x 


Y. 
2 2 
(x) = 1 = A(l+x = } 
4x (1+x") 
(i377 


(+x?) 2q—x?) 
Jie Gee? 


2 
f'(x) = i z ae —? @ Example 4: Find the derivative of y = cos'(4x? — 3x). 
a Nee &Y Solution: Here, the domain is [-1, 1]. 
2 Let x = cos0 , 0 € [0, z] 
zy IxI<l 
Thus f(x) = 4!+* 2n-30, m<30<2n 
= |x|>1 => y=cos'(cos30) = 430 , 0<30<n 


1+x —2n +30, 20 <30<3n 
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an © Example 6: Find the derivative of 


_ T 2 
2n—3cos Des —<cos!x <— 
3 3 Vix? <1 : 
tan"'| ————— | with respect to 
x 


_ = T 
= 3cos ! x , O<cos x <> 


= 20 
—27m+3co0s oe 3 ee Ix<n 


fon 8 
wn 2ce uae Jax 


(=ox- 
So, y = cos '(4x* — 3x) Y Solution: Put x = tan 0 in the first function. 
2n-3cos! x, -55x<5 b=tntk. bala" 2lLJ2 
i , a 2 4 
= 3cos! x, —<x<l 
2 


-1 
=> u =(first function) = tan Lee 


1 
~2n+3cos 'x, ae 


[ |secO |=sec8 V 0 & (-3. =) 


3 1 2 2 
- : —<|x|<l ee ee sec 0-1 
1-x? 2 tan 0 
1 ; 
=> £2 does notexist, |x|=— ene 2sin* (0/2) 
oe ; 7 —  2eos(0/2) . sin(0/2) 
; 4 es ony 
fi <2 Ix| 2 = tan tan : [tan (tan x) =x forx € [-3. =) 


The graph of the function is shown below: Oe Tea 
= — = — tan'x 
2 2 


Put x = sin @ in second function. 


pains oe (E549 


: 2sin cos o 
and v = (second function) = tan! a 
i ‘ 1-2sin“ o 
- i . us Lx = tan! tan 2 [ at x = ae , 20 = = ] 
: =v ~ 2 
© Example 5: Ify = v@—x)(x—P) =26+ 7, in the neighbourhood os 
=2sin'x+T, 
—(a—b) tan! a~* | then find ay 
x—b dx du du_ dv 1 1—x? 
. dv d Pas = 21+ x? 2 
© Solution: Let x =a cos? 0 +b sin? _ (+x) 


1 


x—b= acos?0+b sin? — b = (a—b) cos’0 fn 14 


a—x=a-—  acos?0+b sin?0 = (a— b)sin?0, and (2) 
> poaliie 
y = (a—b) sin 8 cos 0 — (a—b) tar tan 0 


dv 


©@ Example 7: If (i= 4-7) =a (x-—y), prove 


that dy qe) . 


dy dy/d9 _ (a—b)cos20-(a—b) — 1~cos20 dx \d—x?) 


= **sin29 (a—b)0 


~ dx/d0 b-a)sin20 gi ; 
as een sin @Y Solution: Putting x =sin 0 and y = sin 9, 


_ T 
=tan@ = {27% =— =0,05 
x—b 2 
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we have, ae . dy , f ) 
= oy 
J(—sin? 6) +./(—sin? 6) =a (sin 0 — sin ) vi-x l-y* dx dx 
=> cos @+cos =a (sin 0 —sin ) P 7 
1 1 —- [.- : 7 Bae 2 
=> 2¢cos 5 (0 +) cos 5 (8 — 6) 1-y* ) dx 1-x 
= 2a cos z (8+) sind (8-6) a+ 
d _ 
2 2 = 7 _ > 
1 1 x = 
t — (0-o)= —(0+7)=0 - 
co 5 d)=a or cos 5S ) ie 
1 
=> -—(0-6) =cot'a => 0-—o=2cotla 
2 VI=x? +yl=y* Xx 
Ba ce tT eye 1 
=> sin! x—sin'y=2cot'a dy X-y fox 
Differentiating, we get > WT 
. : dx V1-x? jaye y 
1 1 dy ; 
=0 X-y l-y 
Jd-x?) ya-y?) & C 


¥ d=x*)+/@—x")d-y*) 4x7 —xy 
dy y(l-y*) oe. 
dy _ x x dx (l—x*)(_—y”) +(-y”)-xyty? 
dx 1x?) 


eh 1—y? 
Now, considering cos ; (0+ 72)=0 : “SOS ; y 


> 0+0=(2n+ 1)x > O=gaend 
=> (x, y)=(1, 1), Cl, -1) _ 14 ¥—x2)d-y2)-xy fl-y? 


We cannot find the derivative here. 1 ri) (—x2)d—y2) —xy : vio 
Alternative: 
Using implicit differentiation on dy 


Jd-x”) +Jd-y?) =a(x-y) 7 Yicx? 
Concept Problems, H 


3. If f(x) = sin'[2x ,/1—x?] then find the value of 


( 


5 then prove that 


dy _ 2xa 
i& as’ 4. Find the derivative of tan"! 
2x oe 
2. Ify=tan' | —— | then prove that cos’ ——, forx<-l. 
1-x 1+x 
Se x#+] 5. Find the derivative of cos (2x? — 1) w.r.t. VI—x” when 


dx 1+x x=1/2. 


Practice Problems 


MeTHops OF DIFFERENTIATION 4.37 


G 


_1| 2 
6. If y= cos (24 for x € (0, 1) then prove that 
+X 


dy et 
dx Vx (+x) Ee 
7. Find the derivative of tan! w.r.t. sin”! x. 
1+x 
a 
8. Find dy/dx if y = sin a Is 
1+t 
x= tar! (- a ). where -1 <t<1. 
— t~ 
: : 1—x? 
9. Differentiate cos! > | wit. tan! x. 
1+x 


1-— 
cos” (2 | VxeR. 
1+x 
. ‘ | 3x- : 
12. Differentiate tan with respect to 
1=3x 
2x 
tan! 5 
1-x 


13. For what values of x is the derivative of 


is —l. 


x . aah 
; with respect to sin 


J-x 14x" 


14. If the differential coefficients of sin(2xV1—x?) at 


. 1 : 
10. Let f(x) = sin’! 2x V1l—x? + sec” . Find 
' ) . | x2 x - 8. -, 0, si are a, b, c respectively, then find the 
f' ——|. i ee ) 
*) ‘ Qe oreth-< 
11. Define the derivative of sin = 5 w.r.t. ~) y? 
1+x oe oa 
> 


4.11 Derivatives of Higher Order AY? 
5 EAN 


Because the derivative ofa function is a function, SSpentiation 
can be applied over and over, as long as the derivative itself is 
a differentiable function. 

The derivative y’ = dy/dx = f'(x) is the first (first order) 
derivative of y with respect to x. This derivative may itself be 
a differentiable function of x; if so, its derivative 

ne dy ad (ay) ; 
y= SaaS) iA 2 =F) 
dx dx\dx dx 


is called the second (second order) derivative of y with respect 
to x. 


For example, consider y = x sin x 
Then, y’ =f’ > x cos x + sin x, and 
”" _d y a ”" cote 
y= 52 f(x) 
=—xsinx + 2 cos x. 


xX sinx + cos x + cos x 


If y” is differentiable, its derivative, 
AP os. dy" io d d’y a dy ‘ee 
dx dx? dx? 


third (third order) derivative of y with respect to x. The names 
continue as you imagine, with 


y f '’(x) is the 


d 
y” = i ye) = f(x) 


denoting the nth (nth order) derivative of y with respect to x, 
for any positive integer n. 


Thus the several derivatives of y are written as 
dy d*’y d’y dy 
ag ag ae 


They are often further abbreviated as 
Yp Y>> Yy seeee y.. mec 


DB Note: 


1. a does not mean multiplication. It means 
dx \ dx 


“the derivative of the derivative.” 


2. The expression <(2)- 


: dx 
d 
si dx * 
3. Notice that for derivatives higher than the third, the 


parentheses distinguish a derivative from a power. For 
example, f* # f. 


dy 


dx? 


can be also abbreviated 


In general, we can interpret a second derivative as a rate of 
change of rate of change. The most familiar example of this is 
acceleration, which we define as follows. 
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If s = s(t) is the position function of an object that moves in 
a straight line, we know that its first derivative represents the 
velocity v(t) of the object as a function of time: 
_ y. _ ds 

v(t) = s'(t) 7 
The instantaneous rate of change of velocity with respect to 
time is called the acceleration a(t) of the object. Thus, the 
acceleration function is the derivative of the velocity function 
and is therefore the second derivative of the position function: 

a(t) = v'(t) = s” (t) 
We can interpret the third derivative physically in the case 
where the function is the position function s = s(t) of an object 
that moves along a straight line. Because s” = (s”)' = a’, the 
third derivative of the position function is the derivative of 
the acceleration function and is called the jerk; 


._ da _ ds 
dt dt° 
Thus, the jerk j is the rate of change of acceleration. it is 


aptly named because a large jerk means a sudden change in 
acceleration, which causes an abrupt movement in a vehicle. 


Rules of Higher Order Derivatives 


d2 d2 
(i) Ifcisa constant, then —; (cu(x)) = c—, u(x) 
dx X 


2 2 2 A 
(ii) a (u(x) + v(x)) = 10s) + a v(x) ( ( ) y’ 


(ii) d?(uv) _ : d’v du dv du 
dx? dx? dxdx = dx? 
(iv) d?(uv) _ d°v _. du d?v ; d7u dv ; d*u 
x 2 oa 2° 2 ; 3 
dx dx dx dx dx“ dx dx 


(v) Ify = f(u) and u = g(x), then 


d*y_ d’y du \” dy d*u 
dx” du (dx du dx? 


©@ Example 1: If y =x? /nx then find y"and y’”. 


Y Solution: y =x? (nx 


y’ = 3x? nx +x’. + 


y'=3x2?fnxt+x? * 
y” = 6x (n x + 3x’. A + 2x 
y"=6xénxt+5x * 


y" =6lnxt+11 
© Example 2: Ify = () then find y"(1) 
x 


©Y Solution: y= ( (1) 


Taking log on both sides of (1) 
fny=-x nx 


> y =—(1+ énx) 
y 


=> y=-y(1+x) (2) 
Again differentiating w.r.t. to x, 

y" =-y'(1+ énx)-y. - 

x 
=> y"=y(1t+Inxy- y (using (2)) 
x 

Now, y"(1) = 0. 
@ Example 3: If y =A sin mx + B cos mx, prove that 

y, +m y=0. 


©Y Solution: We have, y =A sin mx + B cos mx ...(1) 
Differentiating both sides w.r.t. *x’ we get 
y, =Am cos mx — Bm sin mx. 
Again y, =—Am” sin mx — Bm’ cos mx 
=— m? (A sin mx + B cos mx) 
_ =—m’y, from (1). 
1 y,+ my =0. 


- © Example 4: Evaluate < [vie]. 


dx* 


Y Solution: We have y= V1+x? 


Differentiating w.r.t. x, we have 


y'= 2x _ x 
Wl+x? Vl+x? 
2 
V1+x? - . 
y’ = V1+x? _ 1 
14x? (tex) 
oe 3/2 _ -3x 
dex yr? 7 (+x? y? 


25/2 5 23/2 
304x797 43x 504x797 2x) 19,2 


(l + x yee 


y™) = 
(l+x’*) 


© Example 5: Anon zero polynomial with real coefficients 
has the property that f (x) = f’ (x) - f(x). Find the leading 
coefficient of f(x) 


©Y Solution: Degree of f(x) =n; degree of f’ (x)=n-1 
degree of f”(x) = (n- 2) 
Hence n = (n—1)+(n—2)=2n—-3 


n=3 


Hence f (x) = ax? + bx? + cx +d, 


f' (x) = 3ax?+ 2bx +¢ 

f" (x) = 6ax + 2b 

ax? + bx? + cx + d = (3ax? + 2bx + c)(6ax + 2b) 
1 


18a7=a 


—> a= —. 
18 

© Example 6: Let P(x) be a polynomial of degree 4, with 
P(2) =—1, P’(2) = 0, P”(2) = 2, P’’"(2) = —12 and P*(2) = 24. 
Find the value of P’(1). 
&Y Solution: Let us assume 
P(x) = a(x — 2)*+ b (x— 2)? + c(x —2)° + d(x-2) +e 

-1=P(2)=e 

0=P'(2)=d 

2=P"2)=2e > c=. 

—12=P'(2) =6b > b=-2 

24= Pi(2)=24a>a=l. 
Thus, P”(x) = 12(x — 2)°- 12 (k—2) +2 
=> P"1)=12-12€¢1)+2=26. 
@ Example 7: Let f: R > R be a function such that 
f(x) = x3 +x? f(1) +x f” (2)+f' (3) V xeR. Then prove 
that f (x) = 0 has all roots real and distinct. 


©Y Solution: We have f(x) =x3+x?f'(1)+x f"(2) + £3) b 4 \ 
— Second Derivative of Inverse Functions 


f'(x) = 3x? + 2x f"(1) + f"(2) 
=> £(1)=3+2f(1)+f"(2) 
=> £(1)+f"(2)+3=0 

f"(x) = 6x +2 f"(1) 
=> £"(2)=12+2f"(1) 

f"(~j=6 > £°C)=6 


f'(1)=-5 

f"(2) =2. 
Hence, f (x) = x?—5x?+2x+6 
Now, f (-1)=-1-5-2+6=-2 


f(0)=6 = one root € (1, 0) 

f (2) =8-20+4+6=-2 => One root € (0, 2) 
=>  Tworoots are real > All three roots are real. 
Also f(5) = 125-— 125+ 10+6=16 
=> One root € (2,5) 

One root lies in each of the intervals 

(—1, 0), (0, 2), (2, 5) 

Hence all roots are real and distinct. 


©@ Example 8: Two functions f & g have first & second 
derivatives at x = 0 & satisfy the relations, 
2 
0) = San 


3(0) ’ f'(0) =2g'(0)=4g (0), 


g” (0) =5 f" (0) = 6 f(0) =3 then prove that 
at) then h’ (0) = = 
) 4 


glx 


(i) if h(x)= 
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(ii) if k(x) = f(x) . g(x) sinx then k'(0)=2 
g(x) _ 1 


re . 
ee f(x) 2 


© Solution: 


. _ f(x) 

(i) h(x) g(x) 

g(0) f’(0) — f (0) g’ (0) 
g’ (0) 


pr =ig 
g 


> h'(x)= 


h'(0)= 


1 
Since f(0) = zi we get g (0) =4 


Hence, f’(0) = 16 and g'(0) =8 
4x1l6—-4 15 
16 4 
(li) k(x) = f(x). g(x) sinx 
k'(0)=f'(x) g(x) sinx 
+ f(x) g’(x) sinx + cosx f(x) g(x) 
k'(0)=cos(0) f(0) g(0) = 2 


. im & (x) 8 1 
x30 f(x) 16 2 


Thus, h’ (0) 


Suppose y = f(x) and x =g(y) are inverse functions of each other. 
Let us express g”(y) in terms of derivatives of f(x). We have 


ox _ g'(y) 


a2 f(x) and 
dx dy 


; 1 
=> BO) FG 


Again differentiating w.r.t. to y 
m=< [2 
g y dy f'(x) 


_d 1 dx 
dx (f(x))° dy 


_ £"(x) : 
To -£(y) 
f'"(x) 
> "y)=- (1 
g"(y) Fx)! (1) 
which can also be remembered as 
"(00 = - 
oa 
a (F009) 
d’y 
2 
or, eer (2) 


dy? dy 3 
dx 
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Alternative: We have y = (sin! x)’. 


2 
3 2 
a _ {2 Therefore y, = 2 (sin xVV(1 x2), 
dx dx d aoe 
oe dx y Aisin’! x)? 4y 
sumilatly, dy> = (2 ) =) a 5,2 re ama [' (sin'x? = y] 
dx or y; (1- x’) —4y =0. 
7 f'(x).f'"(x) - 3(f"(x)) Differentiating again, 
one" O)-= (f(x) ; (4) we get 2y,y, (1 - x’) 2xy; 4y,=0 


or 2y, [y, (1 — x’) —xy, —-2] =0. 
© Example 9: If g is the inverse of f(x) = e* + x? -1, then Cancelling 2y,, since 2y, # 0, we get 


find g"(e). y, (l—x?)-y,x-2=0. 
Y Solution: f(x) =e*+x3-1 
When f(x)=e, x=1 © Example 12: y =tan~' [5] 
f'(x) = e+ 3x? and £"(x) =e" + 6x 1+ yl—x? 
f'"(x) e* +6x 
Now, g"(y) =- 173 % 23 +sin| 2 tan”! pee th that 
f (x) (e +3x ) sin Ta . en prove that, 
e* +6x e+6 > \2 
"(e) = ae d 
we (e* +3x7)> La (e+3)° 40 x’)3 (<3) t4x = x?+4 


© Example 10: Let f(x)=1+ x3. If g(x)=f~(x), then @ Solution: Let y=utv. 
find the value of g'"(2). du 1 


“Now £4 = 
©Y Solution: f(x) =1+x: 2s 


dx 2 — x? 
When f(x)=2, x=1 


f'(x) = 3x? , f(x) = 6x and f(x) =6 : mm > v = sin [2 tan! — :) 
f'(1)= 3, f"(1)=6and f"(1) =6. mY am 
2 8 
PDL" —-3(f"D) 10 l=s 
Now, 29) = ( ) =. 2 Vax 5 
(f') a “15 et 
1+ 
©@ Example 11: If y = (sin'x)?, prove that ips 
dv x 
d’y dy Hence —_— =- 
1-x? =X 2. 2 
( ) re ae dx 1k 
dy 1-2x 
©Y Solution: «.- y =(sin"x) 
ay - dx 2/1 — x? 
— =2sin' x. 2 
dx fox dvy _ x=2 
4 dx? 2x)" 
or, vVi-x? & =2sin'x ey 
dx => 40=2/) =x+y—4x 
2 
dy ee 
=e Ue) (=) = atom x) ay [hom (1) Second Derivative of Parametric Functions 
Again differentiating both sides w.rt to x, we get Let a function y of x be represented by the parametric equations 
2 9 xX = x(t) and y = y(t). 
a—x92, TY + Can () -4 dy 
” dx“ dx? dx dx To find the second derivative ae , we differentiate 
Xx 
Dividing both sides by 2 dy , we have, dy 
2 ‘ dy _ dt 
el x) OY =x. dy +2. dx dx 
dx dx dt 


with respect to x, bearing in mind that t is a function of x: 


dy dy 
d’y dat |_4| at {at 


dx? dx| dx | dt] dx |dx 


dt dt 
dt 1 
where — = a 
dt 
dy dx d (2) dy d (= 
Nas: d} dt |_ dt dt\ dt) dt dt\ dt 
dt} dx dx) 
i (=) 
2 


d’y dt dt? dt dt? 


dx? dx) 
dt 


Hence, 


This formula may be written in more compact form as 
follows: ify is a function of x given parametrically by x = 


y = W(t) then 
dy  o'(Hy"(t))—w'(Ho"(t) 
dx? CxO) 


© Example 13: A function y of x is ae PRI) 


metrically as x =acost, y=b sint 
d2y 


Hina * —. 
me 
2 


F dx ; x 
© Solution: =-asint, =-acost 
dt dt? 


d 2 
cy = bcost, ay =—bsint 
dt dt? 


dy _bcost __b 
pe —asint a 


sa” ae 
"G “ral tS 


2 1 
= canes t.|] -— 
cx a asint 


cott 


= 
dt 
= wt 
a> sin*t 
Alternative: 


dx d’y dy d*x 


Using the formula, dy _ dt dt? dt dt’ 


dx2 dx 3 
dt 
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d’y _ (asin t)(—b sin t) — (bcos t)(—a cos t) 
dx? (—asin t)° 
b 1 


a’ sin*t 


4.41 


@ Example 14: Find d’y/dx? (independent of t), of the 
function defined parametrically as x = sin(In t), y = cos(In t). 


@ Solution: We have x = sin(In t), y = cos(In t). 
Differentiating w.r.t. x, we have 
dx _cos(nt) dy —sindnt) 


> 


dt t dt t 
Thus, we have 

dy dy/dt _ 

a eke 
Differentiating again w.r.t. x, we have 

d’y 


—= © tana i ee 
dx? dt dx 


—sec’ (In t) t f- 1 


los t “cos(int) | dx dx/dt 
~ ==sec%(Int) 
~ 2 = 
Hence, ae <a 
dx? y 
@ Example 15: Ifx =a(cos 0 + Osin6), 


2, 


@ 
y = a(sin® — cos), then find cy at = =, 
dx 4 


© Solution: x = a(cos0 + Osin0) 


rn a(—sin® + 1.sin® + OcosO) = aOcosO 


and y=a(sin 0 — 0 cos 0) 
- = a[cos0 —{1.cos® + O0(-sin®)}] = aOsinO 


dy 
Now dy do 7 a0.sin 8 Bab 
dx dx  a@cos@ 
dé 


Differentiating w.r.t. x, we get 
d’y d(tan®) _ d(tan0) dO 
dx? dx d@ dx 


2 

= sec’0. ae sec?0. : ey cdl 
dx aO.cos 0 a0 
do [from (1)] 

When 0 = —, 

2 sec? = 3 
dy _ 4 _ W2y 82 
dx2 an na 


ly 


ee) 
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@ Example 16: Ifx =cos 9, y =sin*0, then find 


0=n/3 


© Solution: oe sin 0, coe 3 sin? 8 cos 8 
do do 


d 
So, that °Y =_3sin 0 cos 0 
dx 


a? d s2 
ay = 308290 “ = aes 8 
dx2 do sin 8 
2 2 
() + yo = 9 sinO cos?0 + sin*0 . eet = 
dx dx sin® 


= 9 sin20 cos?0 + 3 sin20 cos 20 


O=n/3 
©@ Example 17: Ifx=cosecO — sin0; 


y = cosec"9 — sin"9, then show that 
2 
d 
(x2 +4) (2) —n? (y?+4)=0. 
dx 


©Y Solution: x?+ 4 =(cosec @ — sin 0)? + 4 


=(cosec 8 + sin 8) alk «a | 


and y? + 4 = (cosec" 9 — sin" 8)? + 4 


= (cosec"@ + sin’0) moe ; 


(io) 
dy _ \do 


Now, — 


* (io) 
do 


n(cosec" ! @)(—cosec @ cot @) —nsin" | cos) 


—cosec Ocot 8 —cos8 
n(cosec” O@cot@+sin" | @cos 6) 


(cosec 9 cot@+cos@) 


ncot@ (cosec” @+ sin” @) 
~ — cot@ (cosec@+ sin®) 


_ n(cosec" 0+sin" 0) _ ny(y> +4) 
(cosec @+ sin 8) I(x? +4) 


[from (1) and (2)] 
Squaring both sides, we get 
(2) _m(y" +4) 
dx (x? +4) 


Second Derivative of Implicit Functions 


The second derivative of the function y specified by an implicit 
equation f(x, y) = 0 is found by differentiating the equation 
twice. 
For instance, let us find the second derivative of the function 
y given by the equation x? + y*= 1. 
Differentiating the equation twice w.r.t. x 
yields, in succession, x + yy’ =0 
and (x')+(yy’) =1+y"?+yy”=0 
isy? . a ey il 

y y3 y3 . 
In this example the function y can be expressed explicitly in 
terms of x, and therefore the differentiation can be performed 
directly also. 


oo 


> y= = and y 


For instance, taking the branch y = V1—x* we find 
Wi: 1 


Va-x?)? 
©@ Example 18: Find y” if x*+ y*= 16. 
G Solution: Differentiating the equation implicitly with 


which coincides with the previous result. 


respect to x, we get 4x3 + 4y%y’ =0 


7 ‘Solving for y' gives y’ =— ~_ ally 


3 


To find y” we differentiate this expression for y' using the 
quotient rule and remembering that y is a function of x: 


d | y°(d/dx)(x3) —x3(d/dx)(y?) 
ye dx oy? (yy? 

y’.3x” —x*By’y’) 

a 


If we now substitute equation (1) into this expression, we get 
B 
3x2y? ~3x3y? [-*) 
y 
y 
BG’ y" + x°) a 3x>(y* +x") 


y> y’ 


But the values of x and y must satisfy the original equation 
x‘ + y*= 16. So the answer simplifies to 


2 2 
1 
3x a = -4g 
y y 
© Example 19: Find the value of y” at the point x = 1 if 
x°—2x*y?+ 5x + y—5 =O and y(1) =1. 
Y Solution: Differentiating with respect to x, 
3x? — 4xy?— 4x*yy’+ 5+y’=0. 
Putting x = 1 and y = 1, we obtain y’ at x = 1 
3-4-4y'+5+y=0>y' =4/. 


no 


y 


iT —.. 


Differentiating once again with respect to x, 

6x — 4y* — 8xyy’ — 8xyy! — 4x2y” — 4x*yy” + y” = 0. 
Putting x = 1, y= 1 and y’ = 4/3, 

we find the value y” at x = 1. 


64 64 22 
4 ni a : 
6 a 9 3y"=0,> y 8 aa 
costa — sin4 ron 
© Example 20: If —-— + = then show 
p 
x y x+y 


that ay = tan’a. 
dx 


Y Solution: We rewrite the given equation as 


cos'a  sin* a : 
(x+y) = | 7 = 1 =(cos’a + sin’*a)* 


xX, . 
» cos4 a+—sin* a—2sin? acos* a =0 
x y 
2 
xX. 
or » cos? a *sin?7a| =0 
x ¥: 
‘ff d > 
tan’, = ~ or y = xtan’a oD = tana. 
x dx 


© Example 21: ery +f yk =e then find the value. - 


d*y aN 
&Y Solution: Differentiating, 
d +2) 1 u Ee 1] =o. 
2/x+y dx 2y—x Ldx 
dy _ [(/x+y) - Wy-x)G/xt+y + yy-*) 


dx c(/x+y +y—-x) 


dy _ 2x 
dx C2 
2 

2 
dx c 


@ Example 22: If y = e* sin bx, prove that 
y, — 2ay, + (a + b*) y=0 
©Y Solution: Here y = e* sin bx (1) 
y, =e™ b cos bx + a.e™ sin bx. 
Replacing e* sin bx by y, we get 
y, = be* cos bx + ay. ..(2) 
Differentiating both sides of (2) w.r.t. x, we get 
y, = abe™ cos bx — b’ e® sin bx + ay, 
=a(y,—ay)—b’y +ay,, 
[Since from (2), be* cos bx = y, — ay and from (1), e* sin bx =y] 
= ay, — (a? + b’)y. 
y, — 2ay, + (a +b’) y=0 
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© Example 23: If y =x sin x, prove that 


d? d 
x. cy ee +(x?+y)y=0 
dx dx 
@ Solution: -. y =x sinx (1) 
d 
as =x cos x + sin x ...(2) 
dx 
Again differentiating both sides w. r. t. x we get 
d*y . . 
Pe = x(-sinx) + cos x + cos x = 2 cos x — x sin x 
x 
2 
or, x? SI = 2x? cos x — x”. x sin x 
dx 
= 2x? cos x—x’y [from (1)] 
= 2x & sin x) x’y [from (2)] 
dx 
= 2x ay —2x sin x—x*y = 2x ay 2y — x’y 
dx dx 


C2 
ae gs —2x * +(2+x’)y=0. 


be x) Example 24: Ify is atwice differentiable function of x, 


d? d 

es xT + y=0 by means 
of the substitution, x = sin t, in terms of the independent 
variable t. 


transform the equation, (1 — x’) 


: d? d 
© Solution: (1— x?) —* -x— +y=0 AV) 
dx dx 
: x 
xX=sint ; Te =cos t 
d dy dt d 1 d 
pele =. = NV sect 


dx dt dx 


2 
dy _d ae dt 
dx? dt \ dt dx 


dt cost dt 


2 
= geeks YY scat tant sec t 
d dt 


v 
2 
= sec’t dy + dy sec’t - tan t 
dt2 dt 


(1) becomes 


2 
cos’t gee a oY 2 t-tant 
dt? } dt 


: d 
—sint- sect +y=0 
dt 
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2 
cy + tan t 2 —tant dy +y=0 
t 


=> — +y=0. 


@ Example 25: If y=(A+ Bx) e™+(m—1)~e* then show 


d’ d ; 
that cy —2m = +m/’y is equal to e*. 
dx x 


@Y Solution: y =(A+Bx) e™+(m- 1)? e 
dy = mx mx ee 
=> dx me (A+Bx)+Be + fm _—1P 


m’?e™ (A+ Bx)+Bme™ 


mx € 
+ Bm e™+ (m — IP 
dy 
dx? 


d 
=> - 2m 52 +m’y 


2 
= 2 amx + = We re 
2m?e™ (A+Bx)—2mBe ( =p © 
m7? ex 


+ m?e™ (A+ Bx) + (m=? 
( +m — 2m) 
= 5) e = ee, 
(m — 1) fa» 
© Example 26: Let f’ (x) = (x) and 6'(x) = f(x) for 
all x. Also, f(3) = 5 and f '(3) = 4. Then find the value of 
[f (10)? —[(10)P . 


© Solution: “ {[fO)P — [o@x) 7} 
xX 


= 2 [f(x) -f'(x) — 0%) -6'(x)] 
= 2 [£(x) - O(x) — O(&) « f(x)] = 0 
[ £" (x) = o(%) and 6 ' (x) = f(x)] 
=> [f®P —[0 (*)f = constant 
“. [£(L0)P—[ (10)P = [£3)P - [6)P 
= [f(3)?- [f')P = 25-16 =9. 
© Example 27: If o is a repeated root of a quadratic 
equation f(x) = 0 and A(x), B(x), C(x) be polynomials of 
degree > 2, then show that the determinant 
A(x) B(x) C(x) 
A(a) Ba) C(@)| is divisible by f(x). 
A'(a) Bia) C'(a) 


A(x) B(x) C(x) 


Y Solution: Let A(x) = |A@) Bi) C(@)! then 
A'(a) Bia) C(a) 


A'(x) B(x) C(x) 
A’ (x)= |A@) Bla) Ca) 
A'(a) Bia) C(a) 
So A (a) = 0 =A’ (aq), therefore & is a repeated root of A(x) 


and q@ is a repeated root of the quadratic equation f(x) = 0, so 
A is divisible by f(x). 


©@ Example 28: If y* = P(x), a polynomial of degree 


SA show ihe — 2 dy = P(x). P’” 

n> 3, show that 27 =| ¥ <> | = (x) . P’"(x) 

Y Solution: Given, y? = P(x) wal) 
OY. ag 

ae = P’(x) ..(2) 

x 

Differentiating again w.r.t. to x, we get 


2y 


2 
: Poy 3 oye P"(x) 
dx dx dx2 


2 
£Y = y2 px) 
dx 


O° 
5 
No 
eS 
io 
rr ain 
|S 
~~ 
No 
N 
t 
NO 
eK 
te 


or ay? SY = yep) —2y" *) 
y dx2 dx 


=" Px) > [POOP 


Differentiating again w.r.t. to x, we get 

d d’y 
2 | y= 

dx [ dx? 
jeooee dy ”" 2pm 1 , n” 
=2y = P"(x) + y’°P'"(x) — — 2(P’(x). P’(x) 

dx 2 
= P'(x)P"(x) + y? P'"(x) — P'(x)P'"(x) 
f 39 = Poo | 
dx 


= y’P mn (x) 


= P(x)P"(x) [. y? = P(x)]. 


@ Example 29: Let f be twice differentiable such that 
f"(x) =—f(x) and f(x) = g(x). If h(x) = {f()}? + {g(x)}? and 
h(5) = 11, find h(10). 


©Y Solution: Given h(x) = {f(x)}? + {g(x)}? 
On differentiating both sides w.r.t. x, we get 


h'(x) = 2f(x) . f(x) + 2g(x). g'(x) (1) 
Now f’(x) = g(x) implies f"(x) = g'(x) 
=> — f(x) = g'(x) (2) 


€2 "0 =f00} 
From (1) and (2) we get, 
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h'(x) = 2f(x).g(x) + 2g(x). {-f(x)} So, h(x) must be a constant function. 
[using f’(x) = g(x) and g'(x) = -f(x)] But h(5) = 11, so, h(x) = 11 
h'(x)=0 Hence, h(10) = 11. 


Goncept, Problems: I 


1. Find the derivatives of the second order of the following 6 Lety=e™. Then find the value of 


functions : “) fo 
| pce ae 
(a) y=xvitx? — () y= dx* J (dy* 
1-x 9 
(c) y= Oa 7. Ify=sinx +e’, then find the value of as : 
, ry 
2. Use implicit differentiation to find the first and second £'(w) -£"(2) 
derivative at the indicated point. 8. Let f(x) = x*— 2x + 3 find lim or ae 
(i) x°—y=1, at (V2.1 ee 
(ii) y?=1-xy. at (0, 1) 9. Iff"(x) = 10 and f’(1) = 6 and f (1) = 4 then find f (-1). 
(iii) Vx +Jy =3 at (1, 4) 10. Show that if x 4 0, then y = I/x satisfies the equation 
(iv) x3+ 3xy-—y?=5 at(l, 1) x CS x°y' — xy = 0. 
x2 11. For what values of r does the function y = e™ satisfy the 
3. Consider the function f (x) = = Q uation y" + 5y! — 6y = 0? 
e . . . 
Find the solutions set of the equations g) . Find the derivative of the indicated order (f(@(x)))®. 
Qa) f' (x)=0 Gi) f" (x) =0. : gy) 13. There is a polynomial P(x) = ax? + bx? + cx + d such that 
1 dy a. S P(0) = P(1) =— 2, P’(0) =— 1, and P’”(0) = 10. Compute a, 
4. Ify=—, then find Sy b,c, 4. 
. dx ‘5 14. (a) Show that y =x sin x is a solution to y” + y =2 cos x. 
5. Ifx =t}+t+5and y=sint then find dty ; (b) Show that y = x sin x is a solution of the equation 
2 


dx y+ y" =—2 cos x. 


Practice Problems: H 


15. Find the second order derivatives: 17. Ifthe line y =3x— | is tangent to the graph of the function 
= 3 + 2 + H 
e.¥= x [== ++ ee ee ax’ + bx? + c at the point (1, 2) and 
d°f 


—j (1) =0 compute a, b and c. 
(i) y=xIn (x+vx? +a?) - x? +a? dx? 


18. If z= f(y) and y = g(x), show that 


x =a(t—sint), 
(iii) d*z  d°z( dy > dz d*y 
y =a(l1-cost). a a aera 
dx” dy~ \ dx dy dx 
; x =cos! vt, ‘ 
(iv) 2 Further, if z= 2y’— 3y + 1 and y =x?— lcompute = (2). 
y=vt-t. dx 
16. Find the third order derivatives: 19. If y =2 cos t—cos 2t and x = 2 sin t — sin 2t then 
. x . 1 5 2 
= ——— =o d 3 
Wy 6(x +) ae ale prove that (<3) =—_. 
(iii) y = (2x + 3) J2x +3 x Vten/2 
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20. 


21, 


22. 


23. 


24. 


25. 


Find a third-degree polynomial Q such that Q(1) = 1, 
Q'(1) = 3, QO”) = 6, and Q’"(1) = 12. 

Find constants A, B and C such that the function y = Ax? + 
Bx + C satisfies the differential equation y” + y’ — 2y = x’. 
The function g is a twice differentiable function. Find f” 
in terms of g, g’, and g”. 

(i) f(x) = xg(x’) (ii) f(x) = g(Vx) 

The function g is a twice differentiable function. Find 
f” in terms of g, g’, and g”. 


(i) f(x) = xg(x’) (ii) f(x) = g( vx) 


: . d 1 
Starting with Ee prove that 
dy  dy/dx 
2 2 3 
iu . a8 y/ = and deduce that for the parabola 
dy (dy/dx) 
d’y d? 2 
y? = 4ax, y o* = ‘i 


dx* dy? y° 
Let g be the inverse of f(x) = x (¢nx — 1). Prove that 


1 
g" (x)= ,x>0 
g(x){ ng(x)}* 


4.12 Successive Differentiation _ cAND 


Since the rules and formulae for computing derivative of any 
elementary function are known, we can find derivatives of 
any order of a given elementary function by differentiating 
it, in succession, the required number of times. In some cases 
it is possible to derive the general formula for the derivative 
of the kth order of a given function for an arbitrary k. For 
brevity, such a derivative is also denoted by y™. 

For example, 


(i) 


If y =x" then y’ =nx"!, y” =n(n— 1) x", ..... 
y =n (n— 1) (n—-2)...(n-k +1) x"™ 
If n is a positive integer, we have 

y™ =n! and ye) = ye) =... = 0. 


(ii) Taking y =sin x we find y’=cos x=sin [x + =) : 


y” =sin (x + 7), ..... 3 


: kn 
() = gin | x +— ]. 
[ 7) 


© Example 1: Find y, if(i) y=e* (ii) y=a" 


1 
iii) y= —— (iv)y=In(1 +x). 
(ii) y= — vy y=n( +) 
© Solution: 
(i) For y =e* we obtain y™ = e*. 


(ii) If y =a* then y’ =a* Ina, y” =a* (In a)’, ..... 


y” =a* (Ina)". 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


Find values for the constants a, b and c that will make 
f(x) = cos x and g(x) =a + bx + cx’ satisfy the conditions 
f(0) = g(0), £00) = g'(0), and £”(0) = g”(0). 
Find a polynomial function f(x) such that f(2x) = f'(x) 
f"(x). 
If f(x) = g(x) and g’(x) =-f(x) V x € Rand f(3) =9 = 
f'(3), then find the value of £7(17) + g7(17). 
Prove that the function 
y =Asin (@t + @,) + B cos (@t + @,) 

2 


. d 
(A, B, @, @,) constants) satisfies cy + wy =0. 
dx 


Show that the function y = sin In x + cos In x satisfies the 
equation x*y” + xy’ + y=0. 


Prove that the function, represented parametrically by the 
equations x = sin t, y = sin kt, satisfies the 


+k’y=0. 


x 
d 


Show that the function y = e* + 2e* satisfies the equation 


2 
relation (1 — x) : y dy 


- y"" -6y" + Ily’ — 6y =0. 


(iii) Given y = = . Then = 


x+1 dx 


d"y _ 


dx” 


(-D"n! 
(x 4 pr 


(iv) Differentiating the function y = In (1 + x) 


1 
we get y’ = . seaees 
By Tan’ * (+x)? 


ee Ea) 
, (1+ x)" 


(n-1)! 
(l+x)?- 


= ( ly"! 


G Note: We have the following results: 


(a) (x™)™ =m(m- 1)... (m—n+ 1)x™"". (m2 n) 
(b) (a) =aX(In a)" 


(c) (Inx)®=(C1)""! : 


(n—1)! 


(d) (sinx)® = sin [x . m=) 


(e) (cosx)™ = cos (x # =) 


n-1l)! 
@ Example 2: Prove (In x) =(-1)""! = : 
Xx 


©Y Solution: y = In x. Then, we have 


y" = (-1)x? 
y" = (1-2) = C12) 
y™ =(-1)1 1.2. 3....n-— 1D)xt 


_ (-)"'-D! 


x? 
. nt 
© Example 3: Prove y” = sin(x + =) . 


Y Solution: y = sinx. Then, we have 


y’ =cosx = sin [x =) 
2 
ares) 
y” = cos} x +— |=sin| x +— 
2 2 


© Example 4: Find y, if y= ———_. 
x” —3x +2 
@ Solution: Now, y= —— Z KO 


Resolving y into its partial fractions, we get 
x 2 1 


G=nG—o) -=o° =a’ 


2) at Cy al 
aa : 
(x an gyn (x = ym! 


sothat, y= 


@ Example 5: If f(x) = e'*, where x > 0. Let for each 


positive integer n, P, be the polynomial such that 


dx" 


-x|P, (x)- : ae <»,09]. 


Y Solution: From the given condition of the problem 


Xx 


d ( d£(x) nme 
=> rae = nas x 
“| dx" ) Pyai( +e 


d™* f(x) 1) _ 
n+l = Past . . 


x? —3x+2 («—D(x—2)° 


1 
= P,(=] e'’* for all x > 0. Show that P™*!(x) 
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1 
a*(1) 
~I/x -1/x 
> ee ; x +pr(1)s =P,.i(=} -I/x 
x x dx x 
ap"{ 2) g(t 
I/x x x 
> e i x q 
dx . 
x 
pt a de7!’* j =x 
+ x a{=]* x) =P,,e% 
x 


Now replace (+ ) by x to get the required result. 


pe ot} =? P, (x) - <P, “00 | 


Leibnitz’s Theorem for the nth Derivative of the 
Product of two Functions of x 


Sometimes a function can be written as the product of two 
functions where it is easy to determine the nth derivative of the 
two functions separately. In such a case, the nth derivative of 
the product can be written by using Leibnitz’s theorem which 
is as follows: 


Theorem If y=uv, where u and v are functions of x having 
derivatives of nth order, then 


y, ~uv+ "Cu, jv, +°Cju ov, +... "Cu v, 
a aot "C uv, 
where suffixes denote derivatives with respect to x. 


Proof We shall prove the theorem by induction on n. 
We know that if y = uv, then y, =u,v + vu. 

Again, taking derivatives, we get 

y,=uvtuy, + vu, +v,u=u,v + 7C uy, + ?C,uv,. 
Thus, the theorem is true for n= 1, and for n= 2. 


Suppose the theorem is also true for n = m, 1.e. 
(uv) =u,v+™Cu iv, +™Cu ov, + 


m 1~m-1 m-2 2 


+™C_u v_.+ mC y vt. .+™C uv, ...(1) 


rl ~ m-t+l rom-+ r 
We now show that the theorem is also true fra n=m+ 1. Taking 
derivatives of both sides of (1), we get 
(UV) 4) = Umi + U,V, + ™Cuv, + ™Cu,_ Vv, 


+™C,u, ‘v,+ "Cu v,+ 


m2 3 
m 
+C, Vins hee \t "C, YY 
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+™Cu ovt™u v.,, +... ™C uv 
ro m-rtl r roms rtl m 
— m m m, 
=ujvtd +7C uv, +(7C, +™C,)_v, 


sg ON oO} | i ae 


mrt] r 


m+1 


Since "C_,+™C = "™IC, 
1+"C,=1+m=™'C, and™C_=™'!C 
1 1 m mt+1? 
_ m+] m 
therefore, (uv). =u,,vt™'Cu vy, +™C,u,_v, 
HF ™ Cu vt... tC uv 


ro m-rtl +r m+] mt+1 


Thus, if the theorem is true for n=m, itis also true forn=m+ 1. 
© Example 6: Find y if y = xe. 


&Y Solution: This function is a product of two functions x? 
and e**. Using Leibnitz’s formula, we obtain 

(x23) =x? (e) 4 ne (x2)! (e%) 

+ C(x?) (e%)8+ sak (x2) eX, 
Since (x?) =0 for n= 3, (ce) = e**3", it follows that (xe**)"” 
= x7e33!9 + 10.2xe3%3? + 45.2e%%38 
= 3°e** (3x? + 20x + 30). 

The example shows that it is most convenient to use Leibnitz’s 
formula in the case when one of the factors is a polynomial of a 


1. Evaluate the followings: WAS 


() G/x) 


(iii) =)" 
xt+l 


(6) o&w) 
ae x” ~~» » 7 
ii) | —— — > 
my x-l ( (Y, 


(iv) (xe) 


(v) (in 3x)? 
2. Ify=(xk+ 1x + 2)(x + 3)(x + 4), then d>y/dx*= 0. Is this 
true? 


4.13 Derivative of a Determinant 


Let F(x) = sas “a where f, g,u and v are 
u(x) v(x) 
differentiable functions of x then 
F(x) = f(x) g(x) ae ase ie _(l) 
u(x) v(x)} — ju'(x) v(x) 
f(x) g(x) f(x) g(x) 
~ fu'o) vOo] * uc vio) a?) 
Proof: 
ee = lim f(x+h) g(x+h) 2 f(x) g(x) 
In iGehy: een) iy GeO) 


not high degree of p. In that case, all term of Leibnitz’s formula, 
beginning with (p+ 2), are zero. 


@ Example 7: If y =x"~'. Ix then use induction to 


da" _p! 
prove that, 2 ou VY neNn. 
dx x 
: d" —1)! 
&Y Solution: Let P(n): — (x""!. inx) = (iene 
Assume that P(k) is true. 
; ak*! , _ k! 
P(k + 1): a (x*. dn x) = = 


k 
L.H.S. of P(k+1) = i (xk! 4+ Inx.k xk!) 
dx 


3. Let f(x) = cos x. Find all positive integers n for which 
f(x) = sin x. 

4. Use the Leibnitz formula for computing the following 
derivatives: [(x? + 1) sin x]° 


(n) i 


ex 
Sei), 
xntl 


5. Prove that | x2—1ex 


6. How many times has the function y = (x? + 1)°° should be 
differentiated to result in a polynomial of the 30th degree? 
u(x+h) v(x+h) 


i 

ho>0h 
f(x) g(x) | f(x) g(x) 
u(x+h) v(x+h)} fu(x) v(x) 


1 |/f(x+h)-f(x) g(x+h)-g(x) 
u(x +h) v(x +h) 


f(x+h) em 


f(x) g(x) 
u(x+h) v(x+h) 


— lim— 
h>0h 


n f(x) g(x) 
u(x+h)-—u(x) v(x+h)-v(x) 
f(x+h)-f(x) g(x+h)-g(x) 


lim h h 
u(x +h) v(x +h) 


f(x) g(x) 
+lu(x+h)-u(x) v(x+h)-v(x) 
h h 
— i) gy ff) g(x) 
~ Ju(x) v(x) ' u(x) v(x) 
In a similar manner we can prove (2). 
f(x) g(x) h(x) 
If F(x) = (x) m(x) n(x)! where f,g,h,l,m,n,u,v,w 
u(x) v(x) w(x) 


are differentiable functions of x then 


f(x) g(x) h(x)| [fG@) g(x) h(x) 
F’(x)=|1(x) m(x)_ n(x)| + |’) mx) n(x) 
u(x) v(x) w(x)) [ucx) v(x) w(x) 

f(x) g(x) h(x) 

+{/lqx) m(x) n(x) 


u(x) v(x) w'(x) 
Here, we differentiate one row at a time. 
As before, we can also differentiate one column at a time. 


f(x) g(x) h(x) 
F(x) =|) m(x)_s n(x) 
u(x) v(x) w(x) 
f(x) g(x) h&)] |f(k) g(x) h(x) 
+ [I(x) mx) n(x)} + Jl) mx) n(x) 
u(x) v(x) w(x) u(x) v(x) w(x) 
x> sinx cosx 
© Example 1: Let f(x) = |6 -—1 0 |, where p is 
Pp pp 


3 
constant, then find (60%) atx —0- 
x 


x? sinx cosx 
Y Solution: On differentiating f(x)=|6  -1 0 


2 3 
we get, ye P 
do ad. 
—(X — (sin xX — (COS X 
; ae (x”) ae ( ) = ( ) 
fo] 6 -| 0 
>< 
p p p 
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x? sinx cosx| |x? 


+0 0 0 j+/6 -l 0 
Pp p p° 0 0 0 


sinX COSX 


3x? cosx 


3 —sinx 

ra (f(x)) =| 6 -1 0 

x 
Pp op p 
Again differentiating it, we get 
5 6x -—sinx —cosx 
d 
ae (f(x)) =| 6 —1 0) 
dx 7 P 
p p p 


+ two determinants which are zero. 


Differentiating it again, 


6 -—cosx sinx 
a 
—z(f@)=\6 -l 0 
dx” 2 3 
AY pp Pp 
_ + two determinants which are zero. 
. ; 6-41 
; d 
Atx=0, —zlf(x)]=|6 -1 0/=0. 
dx S 3 
P Pp Pp 
at+x b+x c+x 
@ Example 2: Let f(x)= |/+X m+x n+x|, Show 
pt+x q+x r+x 


that f” (x) =0 and that f(x) = f(0) + kx where k denotes the 
sum of all the cofactors of the elements in f(0). 


1 1 1 
© Solution: f’ (x)= |¢+x m+x n+x 
ptx q+x r+x 
at+x b+x c+x at+x b+x c+x 
+] 1 1 1) 4/@+x m+x n+x 
ptx qt+tx r+x 1 1 1 


f" (x) =0 (obviously — two identical rows) 
f’(x)=k => f(x)=kx+x, f(0)=c 
=> f(x) =f(0)+kx. Note that f’ (x) =k 


1 1 1 a be a bc 
=> f’(0)=k= ém neil 1 ysrie mon 
pqe pqe 1 1 1 


(C C., C;,) (C,, C,, C,,) 
+ (C,, + Cy + C,,) 


= sum of cofactors of elements in f(0). 


I 
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© Example 3: If f, g, h are differentiable functions of x 


f g h 
and A(x) = | (xf)’ (xg)' (xh)! |, prove that 
(x*f)" (x7g)" (x*h)" 


d is : 
A(x) = £ g' h’ 
dx 4 
(x?f")' (x3g") (x?h")’ 
f g 
Y Solution: A(x) = f+xf’ g+xg’ 


Of +4xf’+x7f” 2p + Axe! 4x72" 


h 
h+ xh’ 


2h+4xh'+x7h" 


(C(x? f)" = 2xf + x7f" (x2) = 2(f + xf") + 2xf! + xf} 


f g h 
= xf’ xg’ xh’ 
2xf'+x°f" 2xg’+x7g" 2xh'+x7h" 


R, > R,-2R,,R, > R,-R, 7 


f g h 
= f’ g' h’ 
xf" cu xh" 
Sale gt ae iala oF Be 
om 3 3 3 3c” [300 3p 
x°f" x°g"” x°h" xf" xg" xh 
f g h 


+ f! g' h’ 
(<r (x3g") (x*h")' 
f gh f g h 
f! g! h’ 
(ry (x3g")' (x?h")' 


=0+x3 f" g" h’ + 
f" 3" h" 


f g h 
=O+xx0t+] fo 8 h 
(<7 er)’ (x3g")' (xth")' 
£ g h 
= f’ g' h’ 


(x?f ny (x3g")' (chy 


f(x) 
(x —a)(x — b)(x —c) 
a polynomial of degree < 3, then prove that 


@ Example 4: Ifg(x)= 


la f(a)(x—a)? a a i 
ee % f(b)(x—b) |b? b 1 
dx : 


lc f(c)x—-c)?| |e? ¢ 1 


Yw Solution: By partial fractions, we have 


yA) f(a) f(b) 
2 eo Gaba * O- oe -bie-8) 


f(c) 
* (c—a)(c —b\(x—c) 


1 
a—b)(b-—c)(c—a) 


=> (x)= ( 


F(ay(e—b) , f(bya-e) , F(b-a) 
(x—a) (x —b) (x —c) 


1 a_ f(a)/(x-a) la a 
=> (x)= |1 b f(b)/(x-b)|/|1 bb? 
1 c f(c)/(x-c)} 11 ¢ ¢? 


loa —f(a)(x—a)~? a 


—f(b)(x —b)? |/| b* 
le <f@OG@=—e7 | |e? 1 


B 
isje} 
— 
ps 
YH 
II 
— 
io” 
io” 


(eo) 


@ Example 5: If 


x" sin x —cos x 
f(x) =| 0! sin(nt/2)  cos(nt/ 2) 
a a” a? 


~ (f(x) at x = 0 forn=2m+ 1. 


d 
then find the value of —— 
dx 


, where f(x) is 
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Y Solution: n! sin(nn/2) 0 
1 si _ 
2 n! sin(x+n7/2) -—cos(x+nm/2) —|n! sinam/2) 0 | =0, 
— f(x))=]n! — sin(n7/2) cos(nt/2) 3 3 
dx" ‘ i a a a 
a a a 
a n! sin(nt/2) —cos(nt/2) 
a (f (x)) =|n! sin(nt/2)  cos(nt/2) 
dx" x=0 : a? o 
Practice Problems J 
x’=1 x=1 x=2 uv Wy Uv Wi 
1. Let A(x)=|2x?-1 3x Se 3) Pare that 4. Prove that Ge U2 Wa Wa |=) Me Va We where u,v,w 
x°44 Ox<1 2e=1 U3 V3 W3 U4 V4 W4 
2 
A(x) is a first degree polynomial. are functions of x and ~ =u, ale =U, etc. 
ie Bx YY - 
_ 2 3 ' 5. If K(x), g(x), h(x); r= 1, 2, 3 are polynomials in x such 
2. If O(x) : : * then find $'(1). medias £6) 6 (a) (pt 09, 4 and 
x 


cos(x+x”) sin(x+x?) —cos(x+x7)[\ 


3. If f(x) = |sin(x—x*)cos(x-x7)  sin(x-x’) 
sin 2x2 


sin 2x 0) 
then find f’ (x). 


4.14 Properties of Derivative 


Intermediate Value Property of Derivative 
(Darboux Property) 


Theorem Let I be an interval. Then the function f: 13 R 
is said to have the intermediate value (or Darboux property) if 
and only if for every a, b € I and for every k between f(a) and 
f(b) there exists c between a and b such that f(c) =k. 
In other words, if f is differentiable in [a, b] and f’(a) # 
f’(b), then f’(x) takes all values between f’(a) and f’(b) atleast 
once in (a, b). 
Proof Let k be any real number between f’(a) and 
f’(b). Define the function (x) = f(x) — kx, 
Then @ is differentiable in [a, b] and 

o'(a) = f’(a) —k and 6'(b) = f’(b) —k 
are of opposite signs. Hence by the Intermediate Value 
Theorem, there exists atleast one point c of (a, b) such that 
o'(c) = 0 or f’(c)—k = 0 or f’(c) =k. 


f(x) f,(x) f(x) 
F(x) = | 81(%) $5(X) g3(X)| then find F’(a) 
hy(x) hy(x) hy(x) 


Corollary. If f is differentiable in a closed interval 
[a, b] and f’(a), f’(b) have opposite signs, then there 
exists atleast one point c, of the interval (a, b) such that 
f’(c) =0. 

The fact that not every function can be some function’s 
derivative, can be seen from the theorem. 

This theorem says that a function cannot be a derivative 
on an interval unless it has the intermediate value property 
there. 

For example, the Heaviside step function does not have the 
intermediate value property and cannot be the derivative of a 
function on the real line. 
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Test of Constancy of a Function 


If the derivative f’(x) of a function exists and is identically 
equal to 0 for all x in a certain interval, then the function f(x) 
has a constant value within that interval. 

The value of the constant can be obtained by evaluating f(x) 
at any point in the interval. 


Consider the function f(x) = 2cos’x — cos2x. 


f’(x) =— 4cosx sinx + 2 sin2x = 0 for all x. 
Hence, the function f must be a constant function. 
Now f(0) = 1 


Thus, f(x) = 1 for all x. 

© Example 1: For what values of x is 
2x 

14x" 

a constant and find the constant. 


f(x) = 2 tan'x + sin! 


©Y Solution: f(x) = 2 tan'x + sin! aie 
ix 
2x jax" 
f’(x)= 
8 Text | | 
= 0 if 1-x? <0 


Le. ifx<—lorx>l. 


Since there are two separate intervals, we use one point in each 


of these intervals to get the constant(s). 
t (-V3)=-m, and (V3) =n. 


—n, ifx<-l 
Hence, f(x) = " 
Tt, ifx>l 


Here, we can cover the points x = —1 and | also. 
f(-1)=—m, f1) = 


-n, ifx<-l 
nm ifx>1- 


Thus, f(x) = 


Differentiation of Identity 


When we differentiate both sides of an identity, we get another 
identity. But nothing sensible is obtained when we differentiate 
both sides of an equation. 
For instance, when we differentiate the identity 

cos 2x = cos*x — sin’x 
we get — 2sin 2x =— 2cosx sinx — 2cosx sinx 
=>  sin2x = 2 sinx cosx 
which we all know that it is an identity. 
In the same way, we can differentiate several formulae 
(identity), to get another formulae. 
We can also find several uses of this idea which is explained 
below with the help of examples: 


(i) Summation of Series 


© Example 2: From the formula for the sum of the 
J—-x%?! 


geometric progression | + x + x? +... + x" 


1-x 
(x # 1), deduce the formula for the following sums: 
(a) 14+2x+3x?+..4nx™! 
(b) 174+ 2°x +3?x?+...+m?x™!, 


Y Solution: The formula for the sum of a geometric 

progression represents an identity with respect to x. Equating 

the derivatives of both sides of the identity, we get, 

nx"! _(n+1)x" 41 
d=sy 

Multiplying both sides of this equality by x and differentiating 


1+ 2x+ 3x?+...+nx"! 


again, we get 1°+ 2°x+....n°x™! 
— 1+x—(n4+1)?x" +(2n? + 2n-1)x™! — nx"? 
(l-x)° 


— ] Example 3: Prove the identity cos x + cos3x + . 


sin 2nx 
wot €0s(2n —1)x= = Aaa # kr) 


Hence, prove that 


sin x + 3sin3x + ......+cos(2n — 1)x sin(2n — 1)x 
(2n + 1)sin(2n —1)x — (2n —1)sin(2n +. 1)x 


Asin? x 
© Solution: We have 
L.H.S. = cos x + cos3x + cos5x + ..... + cos(2n—1)x 
=E2 [sin xcos x + sin xcos3x + sin xcos5x + 
sin X 
tisk +sin xcos(2n—1)x] 
1 sin2x | sin4x—sin2x | sin6x —sin4x | 
~ sinx| 2 — 2 2 nae 
sin 2nx — sin(2n — 2)x | 
+ 
2 
in 2 
= SHAM -RHS. 
2sin x 


Differentiating both sides w.r.t. x, we have 
(2n—1)sin(2n-1)x 


Z (2sin x)(2n cos 2nx) — (2.cos x)(sin 2nx) 


sinx — 3sin3x 


Asin? x 
=>  sinx+ 3sin3x+..... +(2n—1)sin(2n — 1)x 


_ (2sin 2x cos x)— 2n(2sin x cos 2nx) 


Asin? x 
_ [sin(2n + 1)x + sin(2n —1)x]—2n[sin(2n + 1)x —sin(2n —1)x] 
Asin’ x 


which is the desired result. 


© Example 4: Find the sum of the series: 
sin x + 3 sin3x + 5sin5x +....+(2k —1)sin(2k—1)x 


© Solution: Let, S 


cos x + cos 3x + cos 5x +..... 
hak + cos (2k —1)x. 


Here the angles are in AP whose first term is x and common 


difference is 2x. 


cos kx 


..{ k.2x 
ee 5 &-12x)_ sink 
*. S=—-—~..c0s4x 4 =— : 
of 2k 2 sin x 
sin} —— 
2 


=> {cos x + cos3x + cos5x + ....+ cos(2k —1)x} 


sin 2kx 
2sin x 
On differentiating (1) w.r.t. x, we get 
—{sin x + 3sin3x + 5sin5x + ... 
...+(2k — 1)sin(2k—1)x} 
1 {ee 2kx).sin x — (sin 2kx).cos x j 
2 


sin? x 


.. [sinx + 3sin3x + 5sin5x +.... +(2k — 1)sin(2k—1)x] 


1 
= -——,— [k{sin(2k + 1)x — sin(2k — 1)x} 
2sin* x 


(1) 


; {sin(2k + 1)x + sin(2k — 1)x}] / . yD 


= —+ _ jak + 1)sinQk -1)x -(2k — I)sin(2k + Dx]. 


Asin? x 
©@ Example 5: Find the sum of the series: 


I «ut oe 
7 2 


1+x 14x ‘14x4 


&Y Solution: We know, (1 — x)(1 +x) =(1 — x?) 
(1 —x)(1 +x)(1 +x?) = (1 — x4) =(1— x”) 
(1 —x)(1 +x)(1 +21 +x4) = (1—-x*) =(1- x”) 


(1—x)(1+ x)(1 + x2)(1 + x4)..0.(1 + x2") 


=(1-x"") 
Taking logarithm on both sides, we get 


Inf{(1 —x)(1 + x)(1 + x2)(1 + x4)... + x2")} 
= In(1 ary 
or In(1 —x)+In(1 +x) + In(1 + x’) + In(d : XK) vesceet 


at 


+ In(1 + x2") =In(1 — x2") 
On differentiating both sides, we get 


_ 3 
1( dD. 1.1 r 1(2x) rene Mi. 
1+x 


oe tea? ext 
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1.2% 22-1 —y.gntly2-l 
aa a 
o _! , 2x | 4x ye ge ai 
1+x 1+x? 14x‘ 14x" 


@ Example 6: If 0 <x <1, prove that 


132% . Qeods? Ata ey’ e 
l=445° Je ee? 1x 
_ 1-2x 
7 14x+x?_ 


©Y Solution: We have 
(+xt+x)(1-xt+x)=(14+xX)-x=14+x?4+x! 
Now, (1 +x +x’) (1—x +x’) (1-x?- x‘) 
=(1+x?+x‘4)(1-x?+x4)=1+xt+x8 
Continuing in this way, we have 
SAL x +x’) (1-—x +x’) (1 —x? +x‘) (1 —x*+ x8) 


oe Mae tx ya ex ex) aa 


Now, for0<x<1,x™>0asm—>o, 


Taking limit n > ©0 in (1), we get 

(1+x+x’) (1—x+x’) (1—x?+x*) (1 —x*+x§) = 1 
Taking logarithm on both sides, we get 

=> In(l+x+x’?)+In(l—-x+x’%+In(1—x*+x’ 
+ In (1 —x*+x®)+...=0 
Differentiating both sides w.r.t. x, we get 


142x | -142x | -2x+4x° 
(44622 Tage 1-374 e* 
4x7 48x? -0 
ie" 7 
Hence 
1-2x 2x —4x3 4x? —8x’ 
154%? Toe ax ag 
_ 1-2x 
Pex 
(ii) Determination of Coefficients of a Polynomial 
Let fi) 4,4 ae FOF BP ess + ax” ...(1) 


The constant term is obtained as a, = f(0). 

We differentiate both sides of (1) 

(x)= 2d ka Pon + nax™! ...(2) 
Since this is an identity, we can put x = 0, 

hence the coefficient of x = a,= f'(0). 

We differentiate both sides of (2) 

PU) R26, FP 32 A ccc + n(n— 1)a.x"" ...(3) 
The coefficient of x? = a,= ; f (0) and so on. 
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=] Example 7: Find the coefficient of x in the determinant 
(l+x)™ (+x) (+x)? 
= \1exye™ eye Cex 


(+x)®" Gd+x)®" (d+x)*" 
©Y Solution: Let 
(ies (ax Waeayt® 
(+x) +x)" (+x) 
(l+x)® +x)" +x) 


A+ Bx + Cx? + Dx? +... 
Differentiating both sides w.r.t. x and then putting 
x = 0, we get 
The coefficient of x = B 


a,b, a,b, a,b, 1 1 1 
=|] 1 1 1 |+]a,b, a,b, a,b, 
1 1 1 1 1 1 
1 1 1 
+} 1 1 1 | =0+0+0=0 
a3b, a3b, a3b; 


Hence, the coefficient of x = 0. 


(iii) Derivative of Even/Odd Function — 

If a function f(x) is even then its derivative f'(x) is an odd 
function in the domain of f'(x). 

We differentiate the identity f(—x) = f(x) w.rt. x : 

to get —f’(-x) = f'(x) 

=> _ f'Cx) =- f’(x). This shows that f' (x) is odd. 

For example, the derivative of an even function cos x + 1 is 
an odd function — sin x. 

Similarly, if a function f(x) is odd, then its derivative 
f'(x) is even in the domain of f(x). 

For example, the derivative of an odd function tan x is an 
even function sec’x. 


A Caution 


It should be noted that if f’(x) is odd then f(x) is even, but, if 
f(x) is even then f(x) need not be odd. Suppose we consider 
f' (x) = cos x corresponding to a function f(x) = 1 — sinx, we 
see that f'(x) is even, although f(x) is neither even nor odd. 


(iv) Derivative of Periodic Function 

If a function f(x) is a periodic function with period T then 
f"(x) is also a periodic function with period T. 

But, it should be noted that the fundamental period of f'(x) 
may be smaller than that of f(x). 

We differentiate the identity f(x + T) = f(x). 

=> f'(x+T)= f'(x) 

Hence, f’(x) is also periodic with period T. 


For example, if f(x) = tan x having period 7 then its derivative 
sec? x is also periodic with period 7. 


in 7X 
If f(x) = jsin xx] , then its fundamental period is 2. But 


si 
sin 7X 


its derivative, f'(x) = 0, x #n, has a fundamental period of 1, 
which less than the fundamental period of f(x). 


Determination of Multiple Roots 
of a Polynomial 


If a polynomial function f(x) contains a factor (x — a)’, 
then f'(x) contains a factor (x —a)"! Therefore if f(x) and f’(x) 
have no common factor, no factor in f(x) will be repeated; hence 
the equation f(x) = 0 has or has not equal roots, according as 
f(x) and f'(x) have or have not a common factor involving x. 


Proof If a be an r-multiple root of f(x) = 0, whose degree 
is n, then f(x) = (x — a)‘ b(x) where (x) is a polynomial in x 
of degree n —r and it is not divisible by x — a. 
Now, f'(x) =r (x-— a) '0(x) + (x — a)'6'(x) 
= (x= a)! {rb(x) + (K— a)H'O)} 
= (x—a)'! w(x), where (x) 
= rb(x) + (K- a) o'(). 


a W(x) is not divisible by (x — a). Therefore, @ is an (r — 1) 
~ multiple root of f(x) = 0. Consequently (x — a)'~! is the highest 


common divisor of f(x) and f'(x). 


If f(x) has no other multiple root, (x — a)'~' is the highest 
common divisors of f(x) and f'(x). So, to determine the 
multiple roots of f(x) = 0, we find out the H.C.F. of f(x) 
and f'(x) and if it is of the form (x — a)?-! (x — B)*"1...., then 
a, B,.... are the multiple roots of f(x) = 0 with multiplicities 
p, q,.-..-. respectively. 

For example, consider 

f(x) = 2x° + 5x4 + 4x3 + 2x?+ 2x + 1, 

f'(x) = 10x* + 20x* + 12x°+ 4x + 2, 

f"(x) = 4 (10x* + 15x? + 6x + 1) 

These all vanish for x = — 1, which is therefore a triple root 
of f(x) = 0. 

We find, in fact, that f(x) = (x + 1)°(2x?-x + 1) 


we have 


1 Note: 

1. If f(x) is divisible by (x — a)’, then f’(x) is divisible by 
x — @ and generally, if f(x) is divisible by (x — a)’, then 
f'(x) is divisible by (k— a)". 

2. Conversely, if f(x) and f'(x) both divisible by x — a, then 
f(x) is divisible by (x — a)’; and if f(x) is divisible by x —-a 
and f'(x) by (x — a)", then f(x) is divisible by (x — ay". 

3. Ifa is an r-multiple root of f(x) = 0, it is then an (r- 1) 
multiple root of f(x) = 0, an (r — 2) multiple root of 
f” (x) = 0, and so on. 

4. The necessary and sufficient conditions for an 

t-fold root of f(x) = 0 are that the functions f(x), 

f’(x), f(x), ..., f(x) should simultaneously vanish. 


© Example 8: Factorize x*— 3x3+ 4x + 12. 


©Y Solution: Let f(x) = x*—3x3+ 4x + 12. 
We have f’(x) = 4x3 — 18x + 4. 


The usual test leads to the conclusion that x — 2 is a common 
factor of f(x) and f'(x). 


From here we infer that (x — 2) is a factor of f(x). The remaining 
factors are then easily ascertained; thus we find f(x) = (x — 2)? 
(x+1) (x +3). 


© Example 9: Find the condition that the cubic equation x? 
+ qx +r=0 should have a double root. 
&Y Solution: Let (x) =x? + qx +r=0 
wehave '(x) =3x?+q 

3x°+q=0>x=+ =4 
If a double root exists, it must be one of the values 


# 54 and such a root must satisfy o(x). 


Substituting in (x), we find 


GConcept Problems 


> 


NY 


1. By differentiating the addition formula sin (x + a) =sin x | 
cos a + cos x sin a obtain the addition formula for Ne ,) 
cosine function. 

2. Find out whether the following statement is true: wis 
then f'(x) < g’(x). 
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2 1 *) 3 
rez —— , or r 
3 a 


which is the required condition 


og: Se 
Ti 


© Example 10: Find the condition that the equation ax? 


+ 3bx* + 3cx + d =0 may have two roots equal. 

In this case the equations f(x) = 0, and f’(x) = 0, that is 
ax? + 3bx? + 3cx +d=0 (1) 
ax? + 2bx +c=0 ..(2) 


must have a common root, and the condition required will be 
obtained by eliminating x between these two equations. 
By combining (1) and (2), we have 
bx? + 2cx +d=0 
From (2) and (3), we obtain 
x? = x 7 1 . 
2(bd—c?) be-—ad 2(ac —b?) * 


QB) 


thus the required conditions is 
(be ad)? = 4 (ac — b’) (bd — c’). 


Tt Tt 
y = cos’x + cos? (= + x] — COS X COS (= + x| 


is a constant (i.e. is independent of x). Find the value of 
this constant. 


3. Assume f'(c) = 3. Find f’Cc) given the rot Oe 9. If fis derivable on [a, b], f(a) = f(b) = 0, and f(x) # 0 for 
(i) fis an odd function any x in (a, b), then prove that f’(a) and f(b) must be of 
(ii) fis an even function. opposite signs. 
4. Use differentiation to prove the identity 10. If f(x) = (ax +b) sin x + (cx + d) cos x, determine values 
2sin'x = cos '(1 — 2x”),0<x <1. of the constants a, b, c, d such that f’(x) = x cos x. 
_ . 4% —1 ; ll. Ifg(x)=(ax’ + bx +c) sin x + (dx? + ex + f) cos x, determine 
5. Prove the identity sin” = on 2 tan’ VX —— values of the constants a, b, c, d, e, f such that g’ (x) = x? sin x. 
6. Make sure by differentiation that the derivatives of both 12+ Prove the formula cos2x = cos’x — sin’x by differentiating 
members of the equality the identity sin2x = 2sin xcos x termwise. 
2 : 13. Tell what is wrong with this alleged proof that 2 = 1; Observe 
2sin°x—1  cosx (2sinx +1) : : faa 
- = tan x that x? =x.x=x+xt....+ x(x times). Differentiation 
o = eae with respect to x yields the equation 2x =14+1+...+1 
are identically equal to each other. (x is). Thus 2x = x. Setting x = 1 shows that 2 = 1. 
7. Consider the cubic equation x? = 3x + 8. If we differentiate a oe 
each side with respect to x, we obtain 3x2=3, whichhas 14. Find the sum of Dax l< 
the two solutions x = | and x = —1. But neither of these ae 
is a solution of the origin cubic equation. What went 15. Find the roots of 4x° + 20x’ — 23x + 6 = 0 if two roots are 
wrong? Why does differentiation of both sides of the cubic equal. 
equation gives an invalid result? 16. Prove that the equation x°— 10x? + 15x —6=0 has a triple 
8. Show that the function root. 
_ Practice Problems| ———<C—SCS*C<‘<~;7273; 3 }OW”*”*~<CSsSst:SOS:S”:S”: KG 
17. For what values of x is x — x4 
2x x2] 18. Find the sum of series rid ae aes 
f(x) = sin! aH e08 i=s° ea” I== 
1+x x +1 


a constant function? Also find the constant (s). 


to infinite terms, if |x| <1. 
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19. Let f(x) = (1 + xp =a, + a,x + a,x’ + a,x’, where the 
constants a,, a,, a, and a, are to be deteamined 
(i) Compute f(0), f’(0), f’(0) and f’"(0) using the formula 
f(x) = (1 +x). 
(11) Compute the quantities in (a), using the formula 
f(x) =a, + a,x +a,x? + a,x’, 


(ii) Comparing the result in (a) and (b), show that 
1+xj=14+3x+3x?+x?, 


4.15 L’Hospital’s Rule 


In the chapter of limits, we have already discussed the L’ Hospital’s 
Rule. But its application was restricted because of our limitation 
in differentiating various functions. Now, having learnt the 
methods of differentiation we can go ahead to apply this rule in 
finding limits. 

Suppose f and g are differentiable on an open interval 
containing a, except possibly at a itself. Assume that g'(x) # 0 
for all x in the open interval containing a, except possibly at a. 
Suppose that 

lim f(x) = 0 and ae g(x) =0 


xa 


or that lim f(x) =+00 and lim g(x) =+0 
xa xa 


(In other words, we have an indeterminate form of type 
ee) 


0 
ee, 


Then lim £@&) = jim f pe.9) , provided the hom on the ett 
xa g(x) xa _ 


side exists or is © or — 


xsin x 


0 19x? 43/3 


&Y Solution: Wecan find the limit by applying L’Hospital’s rule: 


x sin x (2) 
— | form 
0 


0 px a3 


sin x + xcosx 


© Example 1: Find im ———— | 


lim 
x>0 


= 4x 
2.J2x* 43 


( D5” 4 3) (sinx + xcosx) 
m 


= li 
x0 2x 
sxe +3 |. sin xX 3 
- lim +cosx |=—-2 
x>0 2x x>0\ x 2 


att fe 3-4 
. im 
©@ Example 2: Evaluate oA (3x +4) + /5x+5- 9 


20. Solve the following equations each of which has equal 
roots: 
(i) 4x?-12x?-15x-4=0, 
(ii) x*— 6x? + 13x?— 24x + 36 =0. 

21. If x* + 3x*— 9x +c is the product of three factors, two 
of which are identical, show that c is either 5 or — 27 
and resolve the given expression into factors in each 


case. 
1 1 11 
a. Waxel Oix3 3° 3. 20 
l= 1 = 
ay a 5 3 1 24 
2J2x+3 2V5x+5 8 2 


@ Example 3: Evaluate jim n (1- sh (0°) 


@Y Solution: Let the limit be 1 We have a (0°) form. 
In(1—2* 
InJ= lim sinxIn(1-2*)= lim 7) 
lo” x>0 x0 cosecx 
using L’Hospital’s rule 
+2* In2 1 


im 
nie BE a) cosec x -cot x 


In2 sin x- tan x 


Hence, In /=— lim tanx =0 
7 x>0 


_ Indn(d+k*)) 
© Example 4: Evaluate oo In(in(1+k2)) ° 


Y Solution: Using L’Hospital’s rule to the (= form, 
In(In(1 + k*)) 


lim : 
k>0 In(n(. + k?)) 
; 4k3 (In(l+47))\(1+k7) 
= lim . : 
k>0 (In(1+4*))(1+k*) 2k 


ay2 
in ans = ] 
k>014k* 


4. k*In(.+k*)k? 
=—lim ms 
2k>0 In(l+k*)k 


4 2 
oe ae 
2k>0In(+k*) —k 

if 1 

bint pe av 
7 e li a a 
© Example 5: Find = Jim =e 
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2 2 
©Y Solution: Using L’Hospital’s rule to the (2) form, = lim . b ae 
0 x0] (a7 +x)x (b* +x) x | 3 
a 11 b 1 1 2 
14%) a Wx (1, x) b vx =i. 
“a ey 3a°b 
: a b 
= _ 3 on 
x ae 
2 x 
Practice Problems U 
1. Evaluate the following limits: gine 8 1 
ra (ii) lim ——_“"*— 
A? = Oe +1 x30 x2 
(i) =e 
x> = en 
oe (iv) lim — : :) 
Ei x>0 x 
sin 
(i) lim 5. Evaluate the following limits: 
dae eae 1+In x-x 
sin os fe 
_— 
2 on 1=254+x7 


2. Show that ifn be a positive integer - 6) (iii) lim Panes a ia aS) 
° x0 
(i) lim x"Inx =0 (ii) lim x(In x)" =0 SS en 
x0" x70" : : eXoOSX _y_ yx 
eX (iv) lim — 
Gii) lim — =o (iv) lim x"e * = x>0 — sin(x~) 


X00 X x70 ; 
x(1+acosx)—bsinx 


3. Evaluate the limits: 6. Finda and b if nee a =n 
1 i 1/inx WW ‘ cot X 
@) a orn) Gu) oe ena 7. Evaluate the following limits: 
: x* -x 
1/x* tanx (i) lim 
(iii) lim ( = *) (iv) lim (=) xl X—1—Inx 
x30 x x>0\ X 
Gi) tim 1—cos x-cos 2x-cos 3x 
4. Evaluate the following limits: 50 x2 
2 
@ ings i) tim £28 ax)!/™ — (cos bx)!/" 
xo x—-l (iii) = a 
x 3 
in qe, 6 =€ 2 
(ii) lim (iv) lim cot x = x 
x33 x-3 xonl2 (1 —2x) 


Target Problems for JEE Advanced 


© Problem 1: If f(x) = (in x)*, find f’(x) using first e(Xth) én [én (x+h)] _ 4x én (én x) 


ees 2. hie 
principles. h>0 h 


[én (x + ne — (én x)* = én (én (x+hy)—x én(énx) _ 


Y Solution: f'(x) = lim 
h>0 lim 


= ex n(x) 
h h>0 h 
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24 
=(Inx)* lim : 3] 
h>0 s h 


s7>0 
where s=(x +h) /n [In (x + h)] — x /n (/n x) 
Note that as h->0, s>0 


: . e-i 
since lim 
s70 Ss 


=1 


(x+h) @n [@n (x +h)] — x @n (€n x) 


= (/n x)* lim 
h 


>0 h 
én( én(x +h))— én(é 
= (in x} {in n(én(x +h))- ¢n( | 
h>0 h 
+ lim én(én (x+h)) 
h>0 (1) 
in(2 eet 
én x 
Let 7 = lim —-W—— 
h>0 h 
(* eel) 
fn aw re as 
nx 
= li 
con h 
énx+én (1+ by 
én (nx 
= lim 
h—>0 h 
en (1+ 2) 
(fn jit Tax 
= lim 
h->0 h ‘ 
x 
én(14+ 4 
lim (nx 
h>0 In 
3 4 én(1+Q| 
lim tnx 
= lim /ne 
h->0 
I/h 
én(1+4 
= lim ee) = l 
h>0 én x x énx 


Substituting the value of / in (1) 


=(/n x). {s(5 i) + €n(én »| 


= (/n x)* Lo + €n(én »). 
én x 


© Problem 2: Ify=1+ —!— + 2% 
X—Cy (x—¢,)(K-Cy) 


C3X 


+ 
(X —C, )(X —C )(X — C3) 


xX XxX Cy—-X C3 


Se ee: ec 
d Cc; —-X x 


@ Solution: y =| 1-—— | + 
X—-Cy ee 


2 
C3X 


+ 
(X —C, )(X —C )(K —€3) 


x CyX 
= + 
X—-Cy (X—C,)(x—-Cc,) 


2 
C3X 


+ 
(X —C, (X — Cy )(K — C3) 


ie Cx? 


ee + 

(X=, )(X—Cy)  (K =, )(K —Cy )(X —C€3) 
= xX 
~ (x—¢,)(x—c,)(x —c3) 


Xx Xx Xx 


— X-C; = X-Cy XC 


Xx 


+I1n +I1n 


In ly| = In| ~— 
X—C 


X—Co 
Differentiating w.r.t. x, we get 
ldy x-c, x-c,-x 


y dx x (x-¢,)* x (x=3)" 


_ il Cc | fp | 
x| X-c, "x Co “x Cy 
dy _y} ¢& +4 Cy ; C3 ; 
dx x|c;-xX C,—-x C¢,;—x 
© Problem 3: If y = tan" as =) 
12+x 


x x 
stan run {= )* ee up ton terms. 
3+x 44x 


Find = expressing the answer in two terms. 
Xx 


& Solution: 
fa 
T = tan! ws =tan t+" ti 
i n(n +1) +x? 14%. * 
n n+l 


x 

a T. =tan! x —tan7! —_ 
y p> . n+1 
dy 1 1 1 
dx i457 x / n+l 

1+ 
n+l 
1 n+l 


1+x? (n+1) +n? 


© Problem 4: Suppose f and g are two functions such that 


f,g: ROR, fay=in(L+ Vix? | and 


g(x)=In (x Salix? then find the value of 


t)) 
xee(#(2)] +2(X) atx=1. 


© Solution: in(x+V1+x? | = g (x) 


g(x) = (LD) 


1+x? 


ae(()) 0) 


Now, f' (x) = 


1 X 
l+Vl4+x? 9 Vl4+x? 
1 


1 x x 
' [ ~ , 
x l+Vl4+x7 X Vl4x? 


From (1) and (2) 


1 t 
g(x) +x es) ( (+) =0. 


d 
© Problem 5: Find = , if (tan! x)’ + yo" = 1, 
x 


© Solution: (tan"x)’ + y “* = 1 


MetHops oF DIFFERENTIATION 


é ve 
ey fn (tan x) he @cotx my _ 1 


Differentiating both sides, 


(tan”! x)¥ oi + én (tan! x) a 


t 
+ yo js -y, — 41 y cosec? | = 0 


(¢n (tan7' x). (tan™' x)” + yS*! -cotx) y, 
= y™ fny cosec’x — (an x)" y xy 
ies 


-1 
dy _ y°'* én ycosec” x —(tan™! x) -y(1+ -) 


dx én(tan! x).(tan™ x)¥ + y°"* cot x 


© Problem 6: If y= 


x 
va? -1 


4.59 


where a € (-0,-1)U(1,0), then find y (4): 


© Solution: Let Va” —1 =C, 


and a+ a?-1 =C, 
=> C,-C,=a 


x 2 -] sin X 
y= tan 
Ci ey C, + cos x 


dy 1 2 (Cs + cos x)cos x + sin* x| 


dx C, C, 2 
1+ See) (C, +cosx)” 


C, + cos x 
1.2 C,cosx +1 
C, C, (C, +cosx)* +sin* x 
dy . 2% 4 1 | C}+1-2 
X x=t ~ C, C, Ci+1 ~ C, Ch+l 
1 G-1 
C, C+ 
dy 2a” +2ava> -1-2 
dx |,_ 


> ” Va? =1 (2? —142aJa?=1+1) 
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9a? PDanla? = =9 


2(a? -1)+ 2avVa2-1 
a> =1( 2a(a+-Va? -1)) 


2 a? -1( Va? -1 +a) 


1 
(va? - 1)(2a)(a-+-va? -1) a 
1 
© Problem 7: If x = y+ 1 , prove that 
yt 1 
yr 
y +....f0 00 
d 
SY = 9x24 y? — 3xy. 
dx 
: 1 
©Y Solution: x = y+ ; 
y+ 1 
yr 
y +....t0 00 
1 : w 
x=yt — (1) 
x (a 
; ae d 1 
Differentiating w. r. t. x, we get, 1 = a ee 
dx x2 
dy 1 
or ae =1+ 2 
or uel 1+(x-y/) “* from(1) a 
dx Mi , ai y 
=1+x?+y?-2xy ...(2) 
From (1) x?=xy + 1 l=x?-—xy 


d 
Putting in (2), we get = =x?-xy+x?+y?-2xy 
x 


H 2 2x? + y?-3 
ence G- = 2x’ + y’— 3xy. 


2n 
| ; 
m4 then find y’(x). 


1 ae sere 

x29 4 2 dx x72 4] 
1- 2 

x74] 


Vo" $1)? =(x2" = 1) 


© Problem 8: If y = cos”! 


©Y Solution: y'(x) = 


ue | 


xX 
Putting xo =v, sin & 


2 
In f(55- =Inu=z. 


Sn ea ee =) 


ae 0 
7 1 4nx?"! 7 2nx??! 
[4x27 (x72 =I |x" | (x?" +1) 
_ 2n(| x es 2n|x|" 
x|x|" Ge 41) x(x7" +1) 


2nx : . 
= if nis even 
- x” +1 
ve n 
Serr if nis odd 


3 


2 
Y Solution: y = {In {so(5- 


2 
© Problem 9: If y= [In fsa(2 1} then find = 
x 


7 = sin V=u and 


2 
we get y= Vz, z=Inu, u=sin v and v= ao 


dy 1 dz 1 du dv 2x 


a ee da ey = cos v and ae 
dy _ dy dz du | dv 
dx dz du dv dx 


dy 1 v\_X _cosv 
dx aerate Jcos(2)=%. uVInu 


Now 


xt] 


, find whether f’(0) 
x 


© Problem 10: If f(x) = sin" zs 
1+4 


is existent or not. 


© Solution: Put 2*=tan 0,x ER 


fx) =sinr( Zr } 


————__ | = sin“ (sin 20) 
1+2tan0 


(xER, 0 << 1/2) 
Ifx <0, 0<0< 7/4, 
f(x) = sin“ (sin 20) 


2tan | 2* ifx<0 >0<0<n/4 


~ | n—2tan 2x if x>0 > 0>n/4 


f'(0-)=Mm2 and f' (0*)=-/n2. 
Hence, f’ (0) does not exist. 


2 
© Problem 11: Find = for the cycloid whose 
dx 


equation is x =a (0 —sin®), y = a(1 —cos 8). 
© Solution: We have x =a (0 — sin 8). 
(dx/d®) = a (1 — cos 8). 

Also y =a (1 —cos 8); 

(dx/d®) =a sin 8. 

dy dy/d0_— asin®O 

dx dx/d0@ = a(l—cos0@) 


Now 


2sin 0/2cos0/2 0 
= = cot 


2sin* 0/2 2 

a d(d 

ae ¥ |-* ot 6/2) 
dx? dx\dx/) dx 
= 4 (cot 0/2) = 

fale) dx 
=— — cosec?” _——— 
~ 2 a(—cos6) 
=— — cosec? —. = = cosec 

2 2asin~ 0/2 da 2 


2 
© Problem 12: Find the value of 


©Y Solution: y‘ =x?-6 


dy dy x 
4yi— =2 : = 
y ax es ee 


y 
d*y x? 1 
> y + 3y’ - 
Mae ay® 2 
> yoy Cae I 
dx? 4y* 2 
d’y 1. 3x? 
Se A ae 
dx 2 Ay 


©Y ifx—yt=6, 
dx 
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d’y — 2y*—3x? 


> y 


= d’y _ 2y* —3x? 
dx? Ay’ . 


© Problem 13: Change the independent variable to 0 in 
d’y _ 2x dy , y 
dx®  d4+x* dk (l4x%7/ 


the transformation x = tan 0. 


the equation = 0, by means of 


ye ay ts =gor 3 
dx d@ dé dé 


Y Solution: We have 


~~ = sec? #0 for any value of 0. 


dé 
d? d0@ d 
Again, =F = 29 cos 0'sin 0. — 
dx2 dx dé 
do 
+cos?0. _ — 
do dx 
a < : : dy 
—  =-—2cos 6 sin 0 cos? 0. — 
: dé 
2 
+cos?® . ea - cos?9 
de? 
2 
=—2 sin @cos* 0. i + cos* 8 ee 
dé de? 


Substituting the values of x, dy/dx and d’y/dx? in the given 
differential equation, we have 


4 2 
~2 sin @ cos? @ — +cos*@ oy 
dé do? 
2 tan 0 dy y 
pseeshconch eee 29 2 4? 
+ aaa . cos? 8 qa Given? oy? 0 
a2 
=> —2 sin 0 cos? 8 ay +cos* 6. <¥ 
dé dé 


d 
+ 2 sin 8. cos? 8 a +cos*0@.y=0 


d*y 0 
> — +y=0. 
de 
a ee 
© Problem 14: If 2x = y> +y > then express y as an 


explicit function of x and prove that 


1 1 
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| 
| 
oe 

al 
I 

N 

Pal 

a 


1 

=4x’-4 ( y 
1 14 1 1 
2y5 =| ys ty 5 |4} y5-y 5 


=2x+2¥x?-1 


y=(xriail 


(1) 
Differentiating w.r.t. x, 
4 
LW 5(x+Vx?-1} ee as 
dx 2 aged 
5 
[x+ve?=1] 5 
=5 ~ 27 _ {using (1)} 
oe | ef 
2 
dy 
24) |= = 25y2 
(x (2) Sy 


Differentiating w.r.t. x, 


2 2 
2x () eae 2 55 
dx dx dx 


d 
e ae O then yisa constant| 
dx 


©@ Problem 15: Given F(x) = f(x) . (x) 
and f'(x).f'(x). f'(x) =c then prove that 


a = te + a , where c € constant, when 
F f @ 
f(x), (x), F(x) are differentiable 
© Solution: Given F(x) = f(x). o(x) (1) 
and f’(x) = f(x) . 6'(x) + £"(%) . (x) (2) 


On differentiating (1) w.r.t. x, we get, 

F(x) = f(x). 0'(x) + f'(%) . O(%) 
Again differentiating; 

P'(x) = {f(x) 6"(x) + £(X) 6} 

+ {£(x) . o'(@~) + £"(%) 6} 

F'(x) = f(x) O"(x) + 2f'(x) O"(x)} + (2%) . O'(*) 
or F"(x) = f(x) 6"(x) + f(x) (x) + 2c 
Now again differentiating w.r.t. x, we get 

F(x) = f(x). 6'"(x) + f'(x) . 0" (x) 

+ f(x). O'(x) + f'"(X) . O(%) .-() 

On differentiating (2) w.r.t. x, we get 


[using (2)] 


f(x). 0"(x) + O'(x) . £"(x) = 0 (4) 
From (3) and (4), we get, 
F(x) = f(x) 0""(x) + O(X) . f'"(x) + 0 
FI") _ FO0.0N™) | POOL) 
F(x) F(x) F(x) 

F’''(x) = g(x) 4 f""(x) 
F(x) p(x) f(x) 
FY” = Q”" ‘ fo 

F 0) f 


[-.- F(x) = f(x) 6@)] 


or 


© Problem 16: Let f(x) = e" sin (1/x) when x ¥ 0 
and f(0) = 0. Show that at every point f has a differential 
coefficient and this is continuous at x = 0. The differential 
coefficient vanishes at x = 0 and at an infinite number of 
points in the neighbourhood of x = 0. Show that the function 


f' like f makes an infinite number of oscillations. 

© Solution: At x = 0, we have 

e!™ sind/h)-0 = im SBD) 
h h>0 hel/h 


f'(0*) = lim 
\ ab h-0 
yy in sin(1/h) 


h->0 
{ieee teh 
h2 2! nt 


= lim sin(1/h) 
h>0 1 1 1 


=0. 


Similarly f'(0-) = 0, Hence f’(0) = 0. 

At any point other than zero, 

f(x) = (2/x3) ec sin (1/x) — (1/x2) e-*" cos (1/x) 
= {(2/x).sin (1/x) — cos (1/x)} (1/x?) (1/e"™), (1) 


Then f’(0*) = lim ee ges : 
ee oath oh bh) Rte 


h-30 h3el/n” heh? 


[sean wen 
= lim 


2sin(1/h) cos (1/h) 


= lim 
= (14545 +] Mrs a 


somefinite quantity some finite quantity é 


co co 


Similarly f(0-) = 0. Hence f’ is continuous at x = 0. 
I Dee | 
Now, if x = San then f (-} 


=(0-1)- fn /4nen? 


=—e<0 and similarly at 


+..| 


x= 


1 1 
(an+bn’ f [=| en 


Hence between and f'(x) changes from 


1 1 
2nm (2n+1)r’ 
negative to positive values and since f" is 


continuous in | ——, ee ; 
E (2n+1) -| 


it follows that f’ must take all values between 


‘() and "(ot ) 
2nn (2n+)l) a 


Giving successively large values to n, we see that f’ changes 
from negative to positive, taking all intermediate values in the 
neighbourhood of zero an infinite number of times. It follows 
that f’ makes an infinite number of oscillations like f (which 
can be easily proved) in the neighbourhood of the origin. 


© Problem 17: A function f(x) is so defined that for all x, 
[f(x)]" = f(nx). Prove that f(x) . f’(nx) = f'(x) . f(nx), where 
f'(x) denotes derivative of f(x) w.r.t.x. 

@ Solution: Given [f(x)]" = f(nx) 

Differentiating both sides w. rt. x, we get 

n[f(x)]"-! . f(x) = f'(nx) . Cn. 1) 

[f(x)" . f'(x) = f'(nx) ° 
Multiplying both sides by f'(x), we get _, 
[f0x)" . f(x) = f(x) . £00) (OY, 
f(nx) . f’(x) = f(nx) . f(x) [from (1)] 


@ Problem 18: Using the series 

22 42 
42: 
6! 


(1) 


or, 


or, 


2 2x4 


4! 


2? 47.67 
8! 


(sin7! x)? _x 
a 


K+ 


prove tha ain 20 =1it 3 sin-U + 35 sin 


“S est P(x) = 
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@Y Solution: On differentiating both sides, we get a new 
sin! x oe 
=x+—x’ 


V1—x? 3! 


series 


92 4? 2? 42 62 
Msg 2: 
3! 7! 
If we put x = sin 9 we may write this as 


4.6 
no 
7 sin 6 +4... 


@ Problem 19: TE Rig Meg as , be n zero’s of 
the polynomial P(x) = x" " ax + B, where xX, #X, V i and 
j= 1, 2, 3, (n — 1). Show that the value of Q(x) = 
(x, —X,) (X, —x,) (x, -x,) Go =%,).18 "Ca 
Yw ; Solution: Let P(x) = x"+ax+B 
AS Xp Xp X5y Xap x_, be zeroes of P(x) 
(f=2,) G=2,) Gx) @=2) 
)y sities (x-x,,)=x"+ax+B 
~ Let Q(x) = (K —x,) (K — X,) (x- X,) (x-x_,) 
P(x) 

~ (x=x,) 
Then Q(x,) = (x, — X,) (K, — X,) (K, — X,)...(K, —X_)) 
As Q(x) is a polynomial function hence it is continuous and 
differentiable at x = x, 


lim 
XX, 


Q(x,) = lim 


2; = 
XX, (x-X,) 


Applying L’Hospital’s rule twice or otherwise 
n(n-1) 
2 


Q(X,) = x = ="C, x, n— 2 


Things to Remember. 


1. The Product rule 
(uv)'= uv’ + vu’ 
(uvw)'= u'vw + uv’w + uvw’ 


2. The Quotient rule 
u 4 _ vu'—uv’ 
Vv v2 

3. The Chain rule 


(i) Ify = f(u) and u = g(x), then y = f(g(x)) then 


oY (f(g(x)))’ = f'(g(x)).g'(«)) 
dx 


» dy du 
dx du dx 
(ii) If y = f(x), u = g(v) and v = h(x), then 
(f(g(h)))’ = f'(g(h))g"(h)h’ 
dy dy du dv 
du du dv dx 


Logarithmic differentiation 
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(iii) If y = f(u) and u = g(x), then 


(i) If y= uaa aay d?y d?y(du) dy du 
VV5V3..- dx? du? \ dx du dx? 
ldy 1 du, 1 du, 1 du, 
= + # 8. Leibnitz rule 
ydx u, dx u, dx u, dx 
3 F F If y = uv, then 
I dv, 1 dv, 1 dv; y, =u,vt+"Cu,jv,+"Cu,v,+...+ "Cu _v, 
v, dx ov, dx v3 dx : + ...+ "C uv 


di) Ify=u', y’ = vu’ + uv’ Inu 
Differentiation of inverse function 


9. Differentiation of determinant 


f(x) g(x) h(x) 


2 
; 2 a If F(x)= I(x) m(x)_ n(x)|, then 
. dx x 
Os ar? ga - 7 u(x) v(x) w(x) 
() f(x) g(x) h'(x) 
eee. ee F(x) =| 1G) m(x)_ n(x) 
yo SY) u(x) v(x) w(x) 
ag dx dx d*y 
—=- 3 f(x) g(x) h(x) f(x) g(x) h(x) 
(2) #1) m'Qx)_ n'0] + 1G) m(x)_ 00 
= Sa COMACOMn IC) MEE KCOMEACOMELKCS) 
(ii) Ifg is inverse of f then g'(y) = Fw’ 10. ‘Darboux Theorem 
£"(x) Let I be an interval. Then the function f : I > R is said to 
eys= f(x)” have the intermediate value (or Darboux property) if and 
; od ae only if for every a, b € I and for every k between fA and 
2"y) = f(x) £""(x) -3(£"@)) fB there exists c between a and b such that fD = k. 
(f(x)! 11. Derivative of even/odd funtion 
Differentiation of parametric function If a function f(x) is even then its derivative f(x) is an odd 
d dx a2 ded function in the domain of f(x). 
ji ae ; bie a _&y <* Similarly, if a function f(x) is odd, then its derivative f’(x) 
¥ _ dt d y _ dt dt a dt is even in the domain of f'(x). 
dx dx dx dx | 12. Derivative of periodic funtion 
dt dt If a function f(x) is a periodic function with period T 
: Beas hen f'(x) is also a periodic function with period T. But 
Rules of higher order derivat : 
— : eel “ ada aea ha P it should be noted that the fundamental period of f’ (x) 
(i) d*(uv) _ a d'v__, du dv ios d‘u may be smaller than that of f(x). 
2 2 2 
dx dx dx dx dx 13. Determination of multiple roots of a polynomial 
(ii) Puy) _ a‘: d°v 43d dv ,dudv du If a polynomial function f(x) contains a factor (x—ay’, 
dx? dx? dx dx* dx? dx_— dx? then f'(x) contians a factor (x — a)"~!. 


Objective Exercises 


SINGLE CORRECT ANSWER TYPE 


; dy Qn. 2. Let f(x)=x[x], x ¢ Lwhere [.] denotes the greatest integer 
1. Ify=|cosx| + |sinx|, then ae atx = 33 function, then f(x) is equal to 
1 (A) 2x (B) [x] 
(A) 503+) (B) 23-1) (C) 21x] (D) none of these 


(D) none of these 


© 5 -1) 


10. 


Let f(x) = x*/n(g(x)) where g(x) is a differentiable positive 
function on (0, 00) satisfying g(2) = 3, g'(2) = — 4, then 
f'(2) equals. 


16 


(A) - 248in(3) (B) - ee 


(C) 4 In(3) (D) - + 41n(6) 


a 


Ifx=tcost, y=t+sint, then 5 


T 
att= a is equal to 


If f (x?) = x*+ x3 + 1, then f’(x*) 


Ax? 43x 4x+3 
A) ——— B 
(A) 5 (B) = 
2 
(C) x? a (D) None of these 


: d 
If y = In |sec (e* ) |, then = is equal to 
Xx 


(B) 2xe* (sec e* ) 


(D) e* tane™ (tan eX) . v 


(A) 2xe* (tan e* ) 


(C) x?e* tan e* 


Iff(0) = = = 


,x #0, then 
el/x 


(A) x° f'(x) — x? f(x) —e!* (f(x) =0 

(B) x? f'(x) + x’f(x) —e!* (f(x) = 0 

(C) x f'(x) — f(x) + e!* (f(x)? =0 

(D) x f(x) — f(x) -e'* f(x)’ = 0 

If g is the inverse of f and f’(x) = cos 2x then g’(x) equals 


(A) 2sec [2{a(x)}] — B) ew 

(C) sec 2 (g(x)) (D) None of these 
2 

The function y = = + : eel 


+In ¥x+vVx7?+1 satisfies 


(A) y=xy’+Iny (B) 2y=x+lIny’ 
(C) 2y=xy'+lIny’ (D) y+y'+Iny=0 


If f(x) = 7m (In sinx) then f’ [z) has the value 


1 v3 

oe V3 ¢n2 ®) 2 
V3 

(C) - iad (D) none 


11. 


12. 


13. 


14, 


15. 


16. 


17. 


MetTHops OF DIFFERENTIATION 4.65 


Let f(x) = e* — e* — 2sinx — : x?, then the least value of n 


da? 
dx" 


f(x) is non-zero is 
x=0 


(A) 4 (B) 5 
(C) 7 (D) 3 


A function f : R > R satifies sin xcos y(f(2x + 2y) — 
f(2x — 2y)) = cos x siny . f(2x + 2y) + f(2x - 2y)) 

If (0) = 1/2, then 
(A) £"(x) - f(x) =0 
(C) f"(x) + f(x) =0 


for which | 


(B) 4f"(x) + f(x) =0 
(D) 4f"(x) - f(x) =0 


ifyeent|— 2 — | thew © ee mss 
142%" dx 
(A) 1 (B) 2 
(O-- 12 oy 22 
5 10 
Cree Dt] n 
lim a Ue eee, where n = 100 is equal to 
xd (e* —e)sin 1x 
5050 100 
me ®) Te 
5050 4950 
(Cc) -—— (D) - 
Te Tle 
If y = log x(x — 2)’ for x # 0, 2 then y'(3) is equal to 
A : B A 
(A) 5 (B) 5 
4 
(C) 5 (D) None 
Let f : [0, ©) — [0, ©) be a function defined by 


d? d 
y = f(x) = x’ then falas is equal to 


1 
(A) 1 (B) ~z 
2x 
1 1 
(C) (D) — 
2x? 2x3 
Let f: R > R be a differentiable function satisfying 


f(y) . f(x — y) = f(x) V x, y € R and f'(5) = q and 


f(O 1 
(0) = — then f(5) is 
p 


£'(0) 
2 

in. (B) 2 
q q 

(Cc) 4 (D) q 
p 
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18. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


2 3 n 


d 
Ifyslt+x+- Mle ee ee , then ai 
2! 3! n! dx 


is equal to 


x? 
(B) y+ at 


n n 


Oy (ea 


n! n! 


(A) y 


Suppose f(x) = e* + e, where a # b, and that f”(x) - 
2f '(x) — 15f(x) = 0 for all x. Then the product ab is 


(A) 25 (B) 9 
(C) - 15 (D) -9 
If f(x) = x + tan x and f is inverse of g, then g’(x) equals 
————— —— 
I+[g(x)— x] 2—-[g(x)—x] 
(C) ae (D) None of these 
If f(x) = x* tan (x3) — x In (1 + x’), then the value of 


d*(f(x)) 


atx =O is 
dx* 

(A) 0 (B) 6 
(C) 12 (D) 24 N 
If f(x) = sin (sin x) + cos" (sin x) and (x) = f(f(£()),- 
then '(x) KN . 
(A) 1 (B) sinx Fh Ml 
(C) 0 (D None 

z a°*x—x° dy . 
If y = tan eras then x 


Masts) ® Ast) 
© ( Sa 
Ao =x" 


C a 
© (5451 
” 


d 
If ax? + 2hxy + by” = 1, then a equals 
x 


h? +ab h? —ab 
(A) a (B) —— 
(hx + by) (hx + by) 
2 
(©) 1 h ae 
(hx + by) 


src b : 
Ifa curve is given by x =acost+ 7 00s 2t and y=asint+ 


2 
: sin 2t, then the points for which os = 0 are given by 
dx 


2 2 2 2b2 
(Gi serte = ~* (B) cost= -" 
a 
(C) tan t= a/b (D) None of these 


26. 


27. 


28. 


29. 


& 


30. 


31. 


32. 


33. 


If f(x), g(x), h(x) be such that f’(x) = g(x), g’(x) = h(x) & 
h’(x) = f(x), f(0) = 1, g(0) = h(0) = 0, then ff + g? + h? - 
3fgh, equals 


(A) 1 (B) 2 

(C) 0 (D) 8 

Let u(x) and v(x) are differentiable functions such that 
ue 7. If ue) = p and (22) = q, then P¥4a 
v(x) v'(x) v(x) p-q 
has the value equal to 

(A) 1 (B) 0 

(C) 7 (D) -7 


Suppose f is a differentiable function such that for every 
real number x, f (x) + 2 f (-x) = sin x, then 


i 7 has the value equal to 


1 1 
A) — B — 
op ae) 

1 

Og&—= (D) 2 
If f(1) = 3, f'(1) = 2, £"(1) =4, then(f")"(3) = 
1 
(A) 1 (B) -> 
(C) -2 (D) none 


f(x), g(x), h(x) are functions having non-zero derivatives, 
the derivative of f(x) with respect to g(x) is a(x) and 
derivative of g(x) with respect to h(x) is B(x). Then 
derivative of h(x) with respect to f(x) equal 


a(x) 

(A) a(x) B (x) (B) B(x) 
1 B(x) 
eee D a ee 
c} (x) B(x) ©) a(x) 


If 3f(cos x ) + 2f(sin x) = 5x, then f'(cos x) = (where 
f’ denotes derivative with respect to cos x) 


5 
(A) -— (B) 
COS X COS X 
5 5 
Ox (D) — 
sin xX sin xX 


a 
If y =at? + 2bt +c and t = ax’ + 2bx +c, then = equals 
dx 


(A) 24a? (at + b) 
(C) 24a (at +b)? 


(B) 24a (ax +b)? 
(D) 24a? (ax + b) 


Let f(x) = (x*)* and g(x) = X? then 
(A) f'(1) = 1 and g'(1) =2 
(B) g'(1)=2andg'(1)=1 
(C) f/(1) = Land g'(1) =0 
(D) (1) =1and g'(1)=1 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


Let f(x), f’(x) and f"(x) are all positive V x € [0, 7]. If 
f(x) exists, then f1(5) + 4f"! (2) . 


(A) always positive 
(C) non-negative 


(B) always negative 

(D) non-positive 

If f(x) = sinx + ¢n x, then f’(x?) is equal to 

(A) ae eee” (B) cos x? + eae 
2x x x? 


2 
(C) 2x sin x? + — (D) None of these 
x 


oe d 
If y = (tan x)", then at x = ieee is equal to 
4 dx 
(A) 0 (B) 1 
(C) 2 (D) None 
atyVa?—x? +x 


If f(x) = =} _ where a> 0 and x <a, then 
Va? —x? +a—x 


Ff’ () has the value equal to 


(A) Va (B) a 
1 1 
(C) — (D) — 
Ja a 
2 3 2 Ca 
d ° { \ 
If Z . [ dy + . = K then the value of K is equal to 
(A) 1 (B) -l 
(C) 2 (D) 0 
Ify=(-x)%e™ x#1 then 


(A) (-x) y” + (-ax)y’ - ay =0 
(B) (-x) y”- (+ax)y’ - ay =0 
(C) (-x) y”+ (+ax)y’- ay =0 
(D) (-x) y”+ (1+ ax)y’ + ay =0 


' ‘ dy dy : 
If y isa function of x then a? ae O.If x isa 
function of y then the equation becomes 
(A) d*x dx 0 

— PX = 

dy’ dy 

3 

(B) d*x dx 0 

Sea ae era [pousioad a 

dy’ 2 dy 

ad? dx : 

Xx 

OS =¥|_ | <0 

dy dy 

d*x dx ‘ 
(D) —> -x|—=| =0 

dy dy 
A function f, defined for all positive real numbers, satisfies 


the equation f(x’) =x* for every x > 0. Then the value 
of f'(4= 


42. 


43. 


44, 


45, 


46. 
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(A) 12 (B) 3 
(C) 3/2 (D) cannot be determined 
Let f(x) = x", n € W. The number of values of n for which 


f' (p+ q) =f'(p) + f'(q) is valid for all positive p and q is 
(A) 0 (B) 1 
(C) 2 (D) none 


4 
If f(x) = (2x — 3m) + 4 x + cos x and g is the inverse 


function of f, then g’ (270) is equal to 


ye 3 
A) = B) = 
(A) 3 (B) = 
307+ +4 3 
Cc) —.—_ D) —— 
ve 3 va 30n* +4 
Let f(x) =x +sin x. Suppose g denotes the inverse function 


of f. The value of g' sd + 2 has the value equal to 
4 2 


pel 
ay 2-2 (D) ¥2+1 
cosx  sinx COS X 
Let f(x) = |cos2x sin2x 2cos2x| then f' (=) is 
cos3x sin3x 2cos3x 
equal to 
(A) 0 (B) -12 
(C) 4 (D) 1 
let f(x) = sin“ (cos 2x) be the equation of a curve then f(5) 
+ f'(5) is equal to 
(A) 10—7n/2 (B) 12 —52/2 
(C) 12—7n/2 (D) 10- 52/2 


47. 


48. 


49. 


1 
The differentiation of sec"! c 7 , with respect to 
Xx 


V1—x? atx=-—1/2is 


(A) 1 (B) -1 
(C) 4 (D) none 
If (f(x))" = f(nx), then which of the following is correct 


(A) n(f(x))"" f(x) = f"(ax) 
(B) (f(x))"* f(x) = nf (nx) 
(C) f(nx) f'(x) = f"(nx) f(x) 
(D) f(nx) f(x) = f'(nx) f’(x) 


If x* + y? = a’ and k = 1/a, then k is equal to 
(eee ‘ee 
Vit+y Vd+y”?) 
2 fe mr 
© = (D) — 


2 diy)? 
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50. 


xt (— x) 
n! 

the k-th derivatives f® (0) and f® (1) 

(A) are both 0 


Let f(x) = . Then for any integer k 2 0, 


(B) are both rational numbers but not necessarily 
integers 

(C) are both integers 

(D) do not satisfy any of the foregoing properties 


MULTIPLE CORRECT ANSWER TYPE FOR JEE ADVANCED 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


dy 


Ify= oF te , then — is equal to 
dx 
eS ee 
fas 2x 
(C) 4 (D) —=vy +4 
ax ara ie Wyir4 


Choose the correct statement: 
d 

(A) If u(x) is differentiable then — |ul = Tal? 
xX 

(B) If u(x) = sin bx then u(x) + b’u(x) = 


(C) If g(x) = Jx(x+n) and a= A then = s 
x g 


(D) none of these 

If 1 is a double root of the equation ax? + bx? + bx + d= 0, 
then 

(A) a=b=d 
(C) b+d=0 (D) a=d 

f(x) = |x? — 3]x| + 2], then which of the following is/are true 
(A) f'(x) = 2x —3 for x € (0, 1) U(, ©) 

(B) f'(x) =2x +3 for x € (-0,-2) UC 1,0) 

(C) f'(x) =- 2x -3 forx € (-2,- 1) 

(D) None of these 


2 
If y=tan! [ “.) and z = tan"! [F2*), then wy for 
1-x dz 


1-x 


(B) a+b=0 


different x may be equal to 


(A) - (B) 1 
1 
C) 2 D) — 
(C) (D) ‘ 
4x24] d 
If y= 2 Fai and * = ax + b, then the value of 
a—bis 
T 
(A) cot . (B) cot — 
Sa 5a 
C) tan — D) — 
(C) eB (D) : 
— x-2Vx-l ' 
et f(x) = = x, then 
(A) f'10) =1 


58. 


59. 


60. 


61. 


(B) f'(3/2) =- 

(C) Domain of f(x) is x 2 1 

(D) Range of f(x) is (-2, — 1] U Q, o) 

Write the following statements are true: 

(A) If x =secO — cos@ and y = sec"@ — cos"O, then (x? + 4) 


(B) If x =cos? d ,y=sin then © 
it + 1) Te 
is independent of t. 
d° y 
(C) If e’ + xy =e, then the value of ae for x = 0 is 1/e? 
X 


(D) If o (x) = f(x) g(x), where f'(x) g’ (x) =c, then 
0) = f eine 2c 
o f g fg 


The differential coefficient of sin! w.r.t. 
1+t? 
t 
cos! can be 
V1l+t? 
(A) 1,ift>0 (B) — 1, ift>0 
(C) (D) - 1, ift <0 


t 
v1+t? 
d 
If /y+x +Vy—x =c(wherec #0), then 7 has the 
X 


value equal to 


2x x 
(A) = (B) 
c ytyy? -x? 
[ee 2 2 
Qo 2. = 
x 2y 


Which of the following statements are true? 

(A) If xe’ = y + sin °*x, then at y’ (0) = 1. 

(B) If f(x) = a, x*™*! +a, x ™+a, xml st 
a44120 (a, # O)isa palghonial equation with 


rational coefficients then the equation f'(x) = 0 must 
have a real root. (m € N). 


62. 


63. 


64. 


65. 


66. 


(C) If (x —r) is a factor of the polynomial f(x) = a, x" + 
a,x" '+a__,x"?+.....4a, repeated m times where 
1 < m < n thenr isa root of the equation f’(x) =0 
repeated (m — 1) times 
d 
(D) If y =sin“(cos sin"! x) + cos"!(sin cos"'x) then a is 
independent on x. 


Let & be a repeated root of p(x) = x? + 3ax? + 3bx +c =0, 
then 
(A) Gis aroot of x* + 2ax + b=0 


B _ c—ab 
ae 2(a* —b) 
(©) a= ab—c 

~ ab 


(D) o is aroot of ax?+ 2bx+c=0 


(sin x +sin 2x +sin 3x)” 
Let y= 
+(cos x + cos 2x +cos 3x) 


then which of the following is correct? 


Tl 
(i phen ete 
dx 2 


34/5 


(B) value of y when x = a is 


2 a 
+2 +48), ” 
(C) value of y when x = . is vi v2 vB 
12 2 
(D) y simplifies to (1 + 2 cos x) in [0, 7] 
Let f(x) = —- . x then 
(A) f’10) = 1 (B) f'(3/2) =-1 


(C) domain of f(x) is2 1 (D) none of these. 
If f(x) = Vi-sin 2x, then f’(x) is equal to 

(A) — (cos x + sin x), for x € (7/4, 71/2) 

(B) cos x + sin x, for x € (0, 77/4) 

(C) —(cos x + sin x), for x € (0, 70/4) 

(D) cos x + sin x, for x € (7/4, 71/2) 


, then < ig equal to 
dx 
énx'™ 4.2¢nx en(én x)) 


a 
= (in x) (2 n(n x) + 1) 
x 


y. 2 
a (an x)° +2Indn x) 


67. 


e) 


69. 


70. 
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(D) YOY (2Indn x) +1) 
xénx 


n+l 


= 2 
Let f(x) = and g(x) =1+— + a 
x x 

n+1 ta} 
ae +(-1)" a Then the constant term in f’(x) x g(x) 
is equal to 

2 

-1 
(A) ae ) when n is even 

1 
(B) _ ) when n is odd 


(C) = (n + 1) when n is even 


when n is odd 


n(n—-1) 
D 
(D) 5 


. If f(x) = |InJx||, then f(x) equals 


—sgnx 
|x| 


, for |x| < 1, where x #0 


(B) 2 for |x| > 1 and — Z for |x|<1,x #0 
x x 


(C) - Z for |x| > 1 and = for |x| < 1 
x x 


(D) é for |x| > 0 and — t for x <0 
x x 


If (x — c)? + (y — a)? = b’, then ey is 
dx? 

independent of 

(A) b (B) a 

(C) catx =0 (D) None of these 


2 
If y= x* then ne is equal to 
x 


2, 
(A) 2inx. x* 
(B) (2inx +1). x® 
2 
(C) (2inx+1). x* *! 


2 
(D) x* *! . Inex? 


Assertion (A) and Reason (R) 
(A) Both A and R are true and R is the correct explanation 


of A. 
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(B) Both A and R are true but R is not the correct explanation 
of A. 

(C) Ais true, R is false. 

(D) Ais false, R is true. 


71. Assertion (A) : Let f(x) =cos (cos (cos (cos (cos (cos (cos 
(cos x) ))))))) and suppose that the number a satisfies 
the equation a = cos a. Then fA cannot be expressed as a 
polyomial in a. 
Reason (R) : f’A=sin*a = (1 —a’)* = a® 


72. Assertion (A) : If y = tan"! (cot x) + cot’ (tan x), 7/2 <x 
<7 then dy/dx equals —2. 
Reason (R): If 7/2 <x <7, then y = 27 — 2x. 


—4a°+ 6a*—4a?+ 1. 


73. Assertion (A) : Let g(x) = f(x) sin x, where f(x) is a twice 
differentiable function on (— ©, 00) such that f '(—7) = 1. 
The value of g”(— 7) equals — 2. 

Reason (R) : We have g"(x) = f(x) (-sin x) + f'(x) cos x + 
f'(x) cos x + f(x) sin x. Hence g” (-1) = -2. 
74. Assertion (A) : Let f: R > R be a smooth function such 


that f’(x) = f(1 — x) for all x and f(0) = 1. Then f(x) = cos 
x + (sec 1 + tan 1) sin x. 


79. If for some differentiable function f , f(a) = 0 and f’(@) = 0. 
Assertion (A) : The sign of f(x) does not change in the 
neighbourhood of x = a 
Reason (R) : & is repeated root of f(x) = 0 

80. Let the function f satisfy the relation, f(x+y*) = f(x) + f(y), 
V x, y € Rand be differentiable for all x. 

Assertion (A) : If f'(2) =a, then f'(—2) =a. 
Reason (R) : f(x) is an odd function 


Comprehension — 1 


A curve is represented parametrically by the equations 
x = f(t) = al) and y = g(t) =b iM) | a, b > 0 and 
a#1,b#1wheret eR. 


81. Which of the following is not a correct expression 


Reason (R) : Differentiating the given equation gives ; 


f" (x) =-f(x). This has solution of the form f(x) = A cos x + 


B sin x, when A & B are determined by the bout ie 


conditions. 
75. Assertion (A) : Iftwo differentiable functions f(xand 
f'(x) 


g(x) satisfy FTP = e!)-2© for all x, then ent —e 8 is 
g(x 


constant. 

‘ . d 
Reason (R): The given equation can be rearranged as ae 
(et + e 28) =0 


76. Assertion (A): If the function f(x) — f(2x) has derivative 
5 at x = | and derivative 7 at x = 2, then the derivative of 
f(x) — f(4x) atx =1is 19. 
Reason (R) : Let g(x) = f(x) — f(2x). 


Then “ (f(x) — f(4x)) = g(x) + g’(2x) 
>< 
77. Assertion (A): Iff(x)=2 sin! V1—x +sin" (2 x(1—x) )s 
then f'(x) =0, ifx € (0.5) ; 


Reason (R) : f(x) is a constant function. 


78. Assertion (A) : If a differentiable function f(x) 
satisfies the relation f(x) + f(x —- 2) =0 V x € R, and if 


(2400) = b, then [Zr00 =b 
dx x=a dx a+4000 


Reason (R) : f(x) is a periodic function with period 4. 


for dy 
dx 
(A) o> (B) = (20)? 
F(t? — 
Gs g(t) — f(t) 
© (D) 
Ft) g(t) 
2 
_ $2. The value of wy at the point where f (t) = g(t) is 
dx“ 
(A) 0 (B) 2 
2 
(C) 1 (D) 2 
fi) ft), f(t) ft’ 
: + ‘ 
83. The value of Pa) Pat) PC) Ff 
Vt eR, is equal to 
(A) -2 (B) 2 
(C) -4 (D) 4 
Comprehension — 2 
Let 
max. {t?—t?+t+1,0<t<x} O<x<l 
la ae eee l<x<2 
and g(x) 
max. (grt+de-30 +1,0<t<x} O<x<l 
7 min. {2 t+4sin m+, 1<t<x} Is<x<2 


Define f(x) and g(x) explicitly and then answer the following 
questions. 


84. The function f(x), V x € [0, 2] is- 
(A) continuous and differentiable 
(B) continuous but not differentiable 
(C) discontinuous and not differentiable 


(D) none of these 


85. Which of the following is true? 
(A) lim fog(x)> lim gof(x) 
xo xol 


(B) lim fog(x)< lim gof(x) 
x31 xol 
(C) lim fog(x)= lim gof(x) 
x31 xol 
(D) none of these 
d d ; 
86. Let Z(x) = — f(x)®® and Y(x) = — g(x) then Z(x) 
dx dx 
and Y(x) vanish simultaneously at 
1 
A) X=- = 
(A) 3 
(C) x=1 
Comprehension — 3 


While finding the sine of a certain angle x, an absent minded 
professor failed to notice that his calculator was not in the 
correct angular mode. However he was lucky to get the right 
answer. The two least positive values of x for which the sine 


of x degrees is the same as the sine of x radians were found 
m7 TT 

and E 
n-T qt+n 


(B) x=0 


(D) No real value of x 


by him as 


integers. Suppose —— be denoted by the quantity ‘L’. Now 
Pq rm Y’ 
answer the following questions. 
87. The value of (m+n+ p+ q) is equal to 
(A) 720 (B) 900 
(C) 1080 (D) 1260 


88. If x is measured in radians and lim ( Ax? +Bx -Cx| 


x—>00 


= L, then the value of “ equals (A, B, CER) 
(A) 4 (B) 2 


(C) : (D) none 


89. Assume that fis differentiable for all x. The sign of f’ is 
as follows: 


f’ (x) >0 on (0, —4) 


of x (£9 


where m, n, p and q are positive 
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f' (x) <0 on (—4, 6) 

f' (x) >0 on (6, 0) 

Let g (x) =f (10 — 2x). The value of g’ (L) is 

(A) positive 

(B) negative 

(C) zero 

(D) the function g is not differentiable at x = 5 


Comprehension — 4 


Let f(x) be a differentiable function, we define a mathematical 
operation 
f™(x+h)-f™(x) 

h 


G * (f(x)) = Hs , where m is a fixed 
natural number. 
90. G * (f(x) . g(x)) is equal to 
(A) (G * f(x)) . g(x)" — (G * g(x). f(x)™ 
(B) (G* f(x)) . g(x)" + (G * g(x). f)™ 
(C) (G* i). g(xyn"! + (G * g(x). fx)! 
7 (D) none of these 


—— | is equal to 
se) . 


(G* g(x)).f(x)™ +(G*f(x)) g(x)™ 
2(x)°™ 
(G * 9(x)).f(x)™ | +(G*f(x)) g(x)" 
g(x)?™ 


(G* g(x)).f(x)™ —(G*f(x)) g(x)” 
g(x)™ 


(A) 


(B) 


(C) 


(D) none of these 

92. G * f(g(x)) is equal to 
(A) mf’(g(x)).g'@) £™ (g(x) 
(B) mf’(g(x)).g'(x) £™ (g(x) 


(Cc) mf’(g(x)).g(x) £™" (g(x) 
(D) none of these 
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MATCH THE COLUMNS FOR JEE ADVANCED 


93. Column-I Column-II 
4 2 
(A) If yx? +y? = ae™ a> 0, assuming (P) = 
y > 0, then, y” (0) =— Kw where K is 
a 
(eh tye hee (Q) 2 
1+x? dx 
(C) If ee (R) 5 
x0 xX 
exist then A— B 
(D) If f(x) = [2 + 3sinx] 0<x <7 where [ ] denotes (S) -4 
GIF then number of points at which function is non 
differentiable 
94. Column-I Column-II 
(A) Suppose that the functions F (x) and G (x) satisfy the (P) -1 


following properties F (3) = 2, G(3) = 4, G(0) = 3, 
F' (3) =- 1, G’ (3)=0 ; G’ (0) =2 


If T(x) = F(G(x)) and U(x) = In(F()), \ (Q) 3/2 
then T’(0) + 6U’(3) has the value equal to 

(B) lim (K+ Vx? 42x ) (R) 2 
xXx>-00 : 

1 d’y 
(C) Ify=tatx=t+t’, then — —~att=-l is (S) 3 
2 dx? 

(D) If f(x) =x +x", a value of n for (T) -5 

which f(x) is invertible for all x € R, is 
95. Column-I Column-II 
d’y dy TT 

A) Ify =3e% + 2e* and —> +a. — +by=0. P) — 

(A) Page ae ag ae EY SY eS 
where a and b are real numbers, then a + b = 

(B) lim ((x cos x)* + (x sin x)!*) = (Q) -1 
x>0° 

(C) If f(x) = x*"* + (sin x)**, then f* (=) (R) 0 

(D) Number of positive integer values of x > 4 and (S) 1 
satisfying the inequality sin” (sin 5) < 4x — x? +2 is 

96. Column-I Column-II 
(A) If| g(x)-g(y)|<|x-y|”, @ € N) then g’(x) equals (P) —2 


2. 
(B) Differential coefficient of sin"! : z 7 with respect to (Q) -1 
+X 
2 


if ~ 


x 1 
cos in the domain of f(x) = ———— is 
14x? 1 — x” 


(C) If y=cot' (tan x) + tan"! (cot x), 1/2 <x <7, then dy/dx equals (R) 0 
(D) Ify=y (x) and it follows the relation 4xe*” = y + 5 sin’x, (S) 1 
then y‘ (0) is equal to (T) 4 


97. 


Find wy 

dx 

Column-I 
(A) sin! (2x J1—x? ), [x < -5) 
V2 
(B) 2sin'(Vl-—x +sin'! (2./x(—x) ), (o <x< ;| 
1 
(C) sin! (3x — 4x3), 0<x< 2 
_, 2x 
(D) cos" for|x|>1 
ix 
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Column-IlI 


(P) 0 


Review Exercises for JEE Advanced 


1. 


Find the derivative of f(tanx) w.r.t. g(sec x) at 


x= i if (1) =2, g(V2)=4 
Find Aa where y =(vx)’ 
dx 


If f(x) = cos |Z txt-x'I, 1<x<2 and 


( 


afl d & 
[x] = the greatest integer < X, then find f =). 


» 


Let f be defined in (— 17/2, 1/2) by f(x) = x + tan x. 
Show that f has an inverse function g, and that 


f'(y=> OT 
= 240-aCy 
Solve the inequality f'(x) < g’(x), if 
A f(x) =x+3 In(x-2), g(x) =x +5 In(x- 1) 
B_ f(x) =e*— 3x, g(x) =5 (e&\-—x + 3). 


2x +2Vx?-1 
Find f’(x) if f(x) 1 1 “ 
ind f'(x) if f(x) = x-1 vxtl 
Vx+1 x-l 
d 
If x*+ 7x*y’?+ 9y*= 24 xy’, show that = =>. 
Xx 


If f(x) = | x |", then find the value of ({-2) ; 


x d’y 
= — 3 1 
If y=x n( >] then show that x re is equal to 


2 
dy 
E dx y] : 


=>” 


14. 


15. 


16. 


sin X 
10. If y= rs , prove that 
1+ : 
ie sin x 
ro 1+ Os X......00 
dy (1+ y)cos x + ysinx 
dx ~ 14+2y+cosx—sinx * 
~ % 
of u(x) uv O 
Nd 1. Ey) then show that v*y” equals Ju’ v’ sv 
2 u" vy" 2v' 
12. Ify=tan! —_*____ + sin}2tan™! =) then find 
I+Jl—x? 1+x 
dy. 
dx 
2 5 
d° dy d d? d 
13. Prove =s y a8 y =| 
dy dx” dx dx dx 


If g(x) is inverse function of f(x) = x3 +3x + 4 then find 
g” (x) atx =0. 
If f(x) = (sin x) (sin 2x) ........ (sin nx), then show that f’(x) 


is equal to Vik cot kx)f (x). 
k=l 


1 
Let f(x) = sin 2x J1— x? +sec? Findf’(—1). 
41x" 2 
x x i 
If cos 3 008 52 © COS  veeeeeeeeeeee go then show 
1 1 1 x . 
at sec? erg sec? ar sec’ 53 +. is equal to 


(x? +2)sin x —2xcosx 


xo 
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17. 


18. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


If g(x) is a polynomial of degree 2 and if g(1) = g(—-1) and 
X,, X,, X, are is G.P. then show that g’(x,), g'(x,), g'(x,), 
g'(x,) are in GP. 

Let f, g and h are differentiable functions. If f(0) = 1; g(0) 
= 2;h(0)=3 and the derivatives of their pair wise products 
at x = 0 are 

(fg)'(O) = 6; (gh)’(0) = 4 and (hf)'(0) = 5 

then compute the value of (fgh)'(0). 


Find the derivative with respect to x of the function: 
(log... , sin x) (log. cos x)! + arcsin = 5 aX a: 
: 1+x 
2 
dy < 
/ 6 6 ee 
IfVl—x°? +,/l-—y° =a' (x*—y°), prove that x 
1- y° 
=x 


-1 
X—-X d 
If y=cos" 5 then find = . 
X+X dx 


Xx 
If the substitution z = in tan *| changes the differential 


equation D’y + cot x - Dy + 4y cosec’x =0 {where D denotes 


dx 


If./x*>+y? = 
value of y’(0) Sa\ > 
If y = (tan'x)? then find the value of (x? + 1)? D’y + 
2x(x? + 1) Dy 


2 
£ yo S =ky then find ‘k’. 
dz 


d 
Suppose a =a of x4 y?= 4 at (2, V2), b=& 
x x 


dy 
ee of 


2ey + e* e¥ —e*— e¥ = e”*! at (1, 1), then find the value 
of (a+b+c). 


of sin y + sin x = sin x - sin y at (1, @) andc = 


x dy 
If y= find —. 
Xt 
Vx 
X+ 3 
X+¥VX +...... oe) 
Find f'(x) if f(x) is 


re -) 
(i) 2x 


1 
Co 
x2 


(i) Vx +2JV2x—4 +x —2V2x—4 


ae VX a> 0, y(0) # 0 then find the 


28. 


29. 


30. 


31. 


32. 


33. 


35. 


Given functions F, G and H satisfying 
F’ =G, G’ =H, and H’ = F Prove that 
(i) (F+G+H)'=F+G+H 

(ii) (+ G3 + H8— 3FGH)' =0 


Prove that if a and b are positive then 


[= apn 


5 —>vJab asn— oo. 


tan'x 


Ify=e , Show that 


d?y dy 
2 ——s oe ae, 
(x? + 1)—> +@x-1) =0. 


ax +b 
If y= 7, show that 
X°+C 


(2xy’ + yy” = 3(xy" +y’)y", 
where a, b, c are constants. 


Evaluate the following limits: 


@) lim x™(nxy',m,neN 
x30" 


1 
(ii) lim(@—x?)"¢™ 
xl 


(iii) lim (2x? —9x +8) °2x-7) 
x27/2 


iv) lim zal cosecx— Lees 
(iv) x30 x3 x 6 
Evaluate the following limits: 


/2a?x aK avla2x 


i) lim 
? ane a—*Vax> 
be 1 a 
(i) lim — 4S . 
x0] xsin” x x 
li 1+sin x —cos x + In(1—x) 
(ii) 2 
x0 x.tan* x 


. If y=x"~' In x, prove that 


xy, + (3 — 2n)xy, + (n- 1)*°y =0. 


x 
Differentiate tan” [a w.r.t. sect —~—.. 
1-x 2x*-1 
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Target Exercises for JEE Advanced 


1. Ifxe [0.2] , then show that 


8. Show that R= a can be reduced to the form 
ongea iE (1+ cos 2x)+ (sin? x —48 cos” x) sin x| axe 
dx 2 1 1 
7sin x R= ay \2/3 - ce 
= | + 5 (2) () 
Vsin? x —48cos? x 
56 Also show that, if x =a sin 20 (1 + cos 20) & y =acos 20 
2, If =a tan! (a (ny), a> 0 prove that (1 — cos 20) then the value of R equals to 4a cos 30 . 
yy"-yy’ fny=(y'?. 9. If < {x"—a,x™! + a,x"... + (— 1)" a} e* = x" e* then 
n" 2 see 
3. Prove that the expression S = bd - 3 [27] remains find the value of a, 0<r<n. 
y 2\y 
a ' wm w ' ”" 
unchanged if y is replaced ye. i.e. if we put y = ae 10. If y= ie show that (2xy'+ y) y” = 3(xy” + y*)y”, 
y Y1 
m 3 (yn 2 where an overhead dash indicates differentiation w.r.t. x 
then eal -= (28) =S. & : a, b, c are constants. 
yy 2\y1 aA, 
2 3 
£2(x +h)—f2(x) “a tye = COs ea * | Show that 
4. If D* f(x) = lim —~—————— _ where os ¥ cos xX 
h30 h pa »” 
f(x) = {f(x)}? then prove that NG dy o. a ee ; 
(i) D* (f(x) - g ()} = £%Ox) . D¥ g(x) + g(x). D* con > om © Noosa cost: 
f(x) ( ®, 12. Find f'(x) if 
(ii) D* a ad, 
g es Vievi-x? (Jara? -Ja-x)° | 
D*f(x)—f?(x)-D* ate 
= Op: (x)—f"(x)- B(x) jaa 
{g(x)}4 
1 1 
2 Pane eh 
5. Differentiate Aa Lae w.r.t.V1—x*. 1S: I) sinx—sina (x—a)cosa 
Lee” =a =e" ‘ 
( n+l then find the value of “(im F0o| —limf'(x). 
s cos| — ie sin 2nx da (xa xa 
6. If y = " "3 cos*nx | show that 
. X 2sin> cos ¥ 
y (1 + tan > 
14. Ifx =tan In : , show that 
oi ncot ~~ (n+1)tan 257% cg re 2 ane 
dx 2 : i) 
hae sin y (1 + sin y +cos y) 
bt 2 dz 2 : 
7. Ifu= in( Sma and oe 2 
a—btan(x/2) 15. If y = (C, + C,x) sinx + (C, + C,x) cosx. Show that 
1 d*y ey 
v=ln ——+2——+y=0 
Geceomecen) dx* dx? 
du ab(a* —b”) 16. Find the sum : 
then prove that Ale soaehe cos 8 + 2? cos 20 + 3? cos 30 +... +n? cos nO. 
ee 
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17. 


18. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


Show that the subtitution x = 


; d*y | 2x dy | y 
qURO dx? lax? dx Tee 


tan 0 changes the 


=0 


d 
to <* +y =(). 
dé 
Prove that if x is positive then 
(1+x!"")] 


ning t > Linx asn—> 0. 
2 2: 


Given z = cos’x; y = sin x then, prove that 
dz _ 105 
dy° 


Show that the function 


y =cos? 2008X+b _ 5 tan"! eek tan~ 
a+bcosx a+b oily 


where 0 <b <a, is a constant for x = 0. Find the value of 
this constant. 


u 
Vil—u? 
1 1 dy 
0, U sl that 2 — 
u e( +] [= ) prove tha a 


If y =tan™ & x =sec! 


ree he 


+1=0. 


If o be a repeated root ofa quadratic equation f(x) = Oand 


A(x), B(x), C(x) be the polynomials of ae 3, i and ‘) 
respectively, then show 


A(x) B(x) C(x) 

that} A(a) B(a) C(a)} is divisible by 
A'(a) Ba) C'(a) 

f(x), where dash denotes the derivative. 

Show that 


lo sin x x? x4 x° 
ee 6 180 2835." 


and hence, or otherwise, find the value of 


sinx x? 
x 6 
lim ss 

x0 x(2sin x —sin 2x) 


log 


If 0 <x <1, prove that 
1-2x Qx=Ax" 4x3 —8x’ 
lege? I-x? ox? ~ fag? ax? 
__14+2x 
eres « 


Evaluate the following limits: 


sin x —(sinx)"* 


(i) lim 


x98 1—sin x + In(sin x) 


26. 


27. 


28. 


sxin( 8) +x? 
(ii) lim a 


x0 (x —sin X)(1—cos x) 


6000 6000 


Waise He —(sin x) 
li 

ue) x0 x? (sin Pe hae 

In a triangle ABC, the side a is expressed in terms of the 


other two sides b, c and the angle A between them by the 


formula a= Vb? +c? —2becos A. For b and c constant, 


side a is a function of the angle A. Show that a =h, 


where h, is the altitude of the triangle corresponding to 
the base a. Interpret this result geometrically. 

Let f(x) = a, sin x + a, sin 2x + ..... + a, sin nx where 
, a, € R and n is a positive integer. If 
it is given that |f(x)| < |sin x] V x © R; show that 
[i Se Oe soe +na|<1. 


If Te +r) 


r=1 


= Alt Ay XH cece + Ax", prove that 


A A, +2A,4+..+0A, 


29. 


30. 


31. 


32. 


33. 


=(n+ 1)! ee 
2 3 n+l 
BA, -2A, +. (-1)"'n. A= (n- 1)! 


b 
If f(x) =——+ = oe 


x+a x+b 


a , and f(x) is 
x+d 


X+C 
divisible by x* then find the value of 
1 ra 1 1 it 


x x x 
Let f(x) =a, tan — +a, —+... +a, tan — 
1 2 ° n 


where a,, a 


pr Gop rereeee 


a, ER andn EN. If |f(x)|< [tan x| for 


ye 


i=l 1 


Vxe aoe — |. Prove that <1. 
2°2 


Let fbe a differentiable function on [a, b], fA =0 and there 
exist a real constant c, such that | f’ (x) | <c | f(x) | on [a, 
b]. Prove that f(x) =0 for all x € [a, b]. 


If b(x) = A(x).f(x) and w(x) = p(x).f(x) then prove that 
f ' ' 
ae oe ie hee M(x) w(x) 
x x x)| = : : 
i zo a A(x) u"(x) 
E(x) p"(x) y"(x) 
. 1l—cosx-cos2x-cos 3x....... cos nx 
If lim has the value 


x30 x2 


equal to 253, find the value of n (where n € N). 


34. 
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Let R denotes the value of f’ (2) where ‘ 
tan (x + 1) + tan(x — 1) = tan"! (=) : 
f(x)= li . -1 x 17 
co seer Zan n(n+1)+x2 T denotes the value of the expression 2 sin x + cos x + 4 
1 
S denotes the sum of all the values of x satisfying the tan x where x = 2 tan! (5) 
equation 


Find the value of 5R + 6S + 7T. 


Previous Years Questions (JEE Advanced) —isi 


A. Fill in the blanks: (A) P'" (x) + P'(x) (B) P(x) P"(x) 
(C) P(x) P”"(x) (D) a constant 
_ d : : ae se 
1. Ity=f a 1 and’ lenis? then ee 10. Let f(x) be a quadratic expression which is positive for all 
x2 41 dx the real values of x. 
[IIT - 1982] If g(x) = f(x) + f(x) + f(x), then for any real x, 
_ ee [IIT - 1990] 
2. If f(x), g(x), h(x) r= 1, 2, 3 are polynomials in x such 
that fA=gA=hA,r=1,2,3 - a * : . ae = : 
x)= x)> 
f(x) f(x) f(x) 2 & 
and F(x)=|2:(%) (x) 3(X)| then F(x) at |x? sinx cos x 
hi(x) hy,(x) h3(x) > Let f(x) =|6 -l O |, where P is a constant. Then 
Si Ricci ecnche [IIT-1985) Pp pp 
a 
3. © [f(x)] at x = 0 is [IIT - 1997] 
! 8S. dx? 
(a) © (A) p (B) pt+p* 
4. The derivative ofsec™| — ar with respect to V1— x (C) p+ p? (D) independent of p 
Is 
at xX = 5 Wess HIT-1986] 45 Ify = (sin x )™*, then is equal to (IIT - 1994] 
Xx 
5. If f(x) =|x —2| and g(x) = f[f(x)], then g'(x) = oe (A) (sin x)®* (1 + sec? x log sin x) 
for x > 20 [IT - 1990] (B) tan x (sin x)*"*-! cos x 
6. Ifxe’=y+sin’x, then at x =0, uae (C) (sin x)"*"* sec’ x log sin x 
dx tan x (sin x)|tan x = 1 
Co, : : 2 1 7 IIT - 2000 
7. Let F(x) = f(x) g(x) h(x) for all real x, where f(x), g(x) and ° ie p ; 2 : 7 : 1=0 a 
h(x), are differentiable functions. At some point x, (A) ae 7 Y) ier 
F'(x,) = 21 F(x,), f(%,) = 4£0%,), ek 
'(x,) =—7g(X,), h'(x,) = kh(x,) . (©) yy" G1 =0 
THD Siecisecrasincees [IIT - 1997] (D) yy" + 2G’ + 1=0 
B. True / False: 14. Let f: (0,00) > Rand F(x) = ff (t)dt. If F(x?) = x°(1 +x), 
8. The derivative of an even function is always an odd 0 
function. [IIT - 1993] then f(4) equals [IIT - 2001] 
F A . : (A) 5/4 (B) 7 
C. Multiple Choice Questions with ONE correct 
answer: on Or 
° : 15. If y is a function of x and log (x + y) — 2xy = 0, then the 
_ : d/ 3d°y value of y’(0) is equal to [IIT - 2004] 
9. Ify?=P(x), a polynomial of degree 3, then 2 aa [> r= (A) 1 (B) -1 


equals [IIT - 1988] (C) 2 (D) 0 
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16, “* 


17. 


18. 


19, 


20. 


2 


* equals [IIT - 2007] 


ay) ay) fay)” 
“| a) om (3) ax 
o(§)\(2) o({3\(2y 

dx? } \dx dx? } \ dx 
Let g(x) = log f(x) where f(x) is a twice differentiable 


positive function on (0, 0) such that f(x + 1) = x f(x). 
Then for N = 1, 2, 3, ...... : 


" nel (S)= 


(A) -4 (lear ie bees + : 
9 25 (2N-1)? 


[IIT - 2008] 


i. -% 1 
B) 4 41+—4 bee 
8) { 9 25 anor 
1 1 1 

1 Pesce 
(C) -4 tate. ‘a 
D 4 14 1 4 1 1 4 1 
me ©9250" N41)? 


. Multiple Choice Question with ONE or 


MORE THAN ONE correct answer: | 


Xx 
Let f : (0, 1) > R be defined by f(x) = T_ bx? where b 


is a constant such that 0 < b < 1. Then: 


(A) fis not invertible on (0, 1) [IIT - 2011] 
1 
—] oo es 
(B) f#f! on (0, 1) and f'B = (0) 
C) f=f"! 0, 1 ne 
(C) f=f" on (0, 1) an = FO 


(D) f-! is differentiable on (0, 1) 


Subjective Problems 


Find the derivative of sin (x? + 1) with respect to x from 
first principle. [IIT - 1978] 


Find the derivative of 
at when x#l 
f(x) = 2x i ae eee 


[IIT - 1979] 


21. 


22. 


24. 


5 _ , dy 
Given y = + cos*(2x + 1) ; Find a 
x 


5x 
[IIT - 1980] 


Let y = e*"* 4+ (tan x)* find <. [IIT - 1981] 
X 


. Let fbe a twice differentiable function such that 


£"(x) =—f(x), and f"(x) = g(x), h(x) = [f(x + [g@)]’. Find 
h(10) if h(5) = 11. [IIT - 1982] 
If o& be arepeated root of a quadratic equation f(x) = 0 and 
A(x), B(x) and C(x) be polynomials of degree 3, 4 and 5 
respectively, then show that 

A(x) B(x) C(x) 

A(a) B(a) C(a)| is divisible by f(x), 

A'(a) Ba) C'(a) 


where prime denotes the derivatives. [IIT - 1984] 


. Find the derivative with respect to x of the function 


, a 2x Tl 
(dog — sinx) (log. cosx)!+sin'! ( } atx= — 
= .' Bcosx ) ( Sein x ) 14+ x? 4 


27. 


F. 


[IIT-1984] 


. If x= sec 0 —cos 0 and y = sec" 9 — cos" 9, then show that 


2 
(+4) ( “ = Hy? +4) [IIT - 1989] 
X 


Find dy/dx at x =— 1, when (sin y)*"°™ + (V3 /2) sect 


(2x) + 2* tan {In(xk + 2)} =0 [IIT - 1991] 
2 
b 
Ify= = + * + +1 
(x—a)(x—b)(x-c) (x-b)(x-c) (x-c) 
[IIT - 1998] 
y 1 a b ¢G | 
Prove that — = t t 
y x |a-x b-x c-x 
Assertion A and Reason R 


(A) Both A and R are true and R is the correct explanation 


of A. 


(B) Both A and R are true but R is not the correct explanation 


of A. 


(C) Ais true, R is false. 
(D) Ais false, R is true. 


29. 


Let f(x) = 2 + cos x for all real x 
Assertion (A): For each real t, there exists a point c in [t, 
t +7] such that f’D = 0 because. 
Reasons (R): f(t) = f(t + 270) for each real t. 
[IIT - 2007] 


30. Let f and g be real valued functions defined on interval 
(—1, 1) such that g"(x) is continuous, g(0) # 0, g(0) = 0, 
g”(0) #0, and f(x) = g(x) sin x. 


Assertion (A): lim. [g(x) cot x — g(0) cosec x] = f"(0). 
x2 


[LIT - 2008] 


Reasons (R): f (0) = g(0). 


G. 


31. 
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Integer answer type 


Vcos 20 4 
® (£(0)) is. 


Let £(0)=sin{ ta ne )}: where open 


Then the value of ¢ 
on [IIT - 2011] 


Previous Years Questions (JEE.Main Papers) i, 


1. Ifthe surface area of a sphere of radius r is increasing 
uniformly at the rate of 8 cm7/s then the rate of change of 
its volume is 


(b) proportional to vr 
(d) proportional to r 
[2013, online] 
2. The real number k for which the equation 2x7 + 3x +k=0 
has two distinct real roots in [0, 1] 
(a) lies between 2 and 3 
(b) lies between —1 and 0 
(c) does not exist 
(d) lies between 1 and 2 


(a) constant 
(c) proportional to r? 


(0) =2 = g(1), g(0) = 0 and f(1) = 6 then for some c € (( i 1) 
(a) 2f(c)=g'(c) (b) 2f()=3 gc) 
(c) f(c)=g'(c) (d) f(c)=2 gc) 

4. Ifthe volume of a spherical ball is increasing at the 
rate of 4m cc/sec, then the rate of increase of its radius 
(in cm/sec), when the volume is 2887 cc is 


1 1 
(a) . (b) a 

1 1 ; 
(c) ae (d) Fi [2014, online] 


5. If Rolle’s theorem holds for the function f(x) = 2x3 
1 
+ ax? + bx in the interval [—1, 1] for the point c = >? then 


the value of 2a + b is 
(a) 1 
(c) 2 


(b) -1 


(d) -2 [2014, 2015 online] 


6. The equation ofa normal to the curve siny= x sin ( + y] 


atx =Ois 
(a) 2x+ V3y =0 (b) 2y — V3x =0 
() 2y+V3x =0 =) 2x - V3Y =0 


[2015, online] 
7. From the top of a 64 m high tower, a stone is thrown 
upwards vertically with the velocity of 48 m/s. The greatest 


[2013] 
3. Iffand g are differentiable function in [0, 1] satisfying : 


10. 


11. 


height (in metres) attained by stone, assuming the value 
of the gravitational acceleration g = 32 m/s’, is 

(a) 100 (b) 88 

(c) 128 (d) 112 [2015, online] 
The distance, from the origin, of the normal to the curve, 


i : Tw . 
x=2cost+ 2tsint, y=2 sint—2tcostatt= ra 


(b) 2V2 
(a) V2 


1+sin x ( T 
,xe!10,—]. 
1—sin x 2 
= f(x) atx = z also passes through the point 


(a) (0,0) (b) (=) 


(c) (Z.0} (d) (<.0} 
6 4 


If the tangent at a point P, with parameter t, on the curve 
x =4t?+ 3, y = 8t? — 1, t e R meets the curve again at a 
point Q, then the coordinates of Q are 

(a) (16t? + 3, -64t3 - 1) 

(b) (4t? + 3, -8t? - 1) 

(c) (?+3, 0-1) 

(d) (?+3,-t?- 1) [2016, online] 


Let C be a curve given by y(x) = 1+ V4x-3, xs a 
4 


[2015, online] 


f(x) = tan! 


Anormal to y 


[2016] 


If P is a point on C, such that the tangent at P has slope 
Z , then a point through which the normal at P passes, is 
3 

(a) (1,7) (b) 3,4) 


(c) (4, -3) (d) (2,3) [2016, online] 


. The tangent at the point (—2, 2) to the curve, x*y* — 2x = 


4(1 — y) does not pass through the point: 
(a) (4, 1/3) (b) (8, 5) 


(c) (4,-9) (d) (2,-7) [2017, online] 
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13. 


14. 


15. 


A tangent to the curve y = f(x) at P(x, y) meets x-axis at 
A and y-axis at B. If AP:BP = 1:3 and f(1) = 1, then the 
curve also passes through the point 


1 1 
(a) (. 24] (b) (5-4] 
(c) (2 ;] (d) (3 x [2017, online] 
9 8 ’ 28 9 


The normal to the curve y(x — 2)(x —3) =x + 6 at the point 
where the curve intersects the y-axis passes through the 
point 


[2017] 


If the curves y* = 6x, 9x? + by’ = 16 intersect each other 
at right angles, then the value of b is 
(a) 6 (b) 7/2 


(c) 4 (d) 9/2 [2018, online] 


Concept PRoBLEMS—A >) 
= 6 (A, 
49 WY 
; —a .. 2 
2. (i) @ab? +p? Gi) 1+ a) 
3. (i) x(2cosx-—xsinx), 
(ii) —2x 
ii 
v1— xt 
Gii) gee xs 
2vVtanx - ¥1—e7¥"* 
(iv) COs xX 
iv) ———_.,, 
3- ¥Ysin? x 
(VY) 2xe* 


Concept PRoBLEMS—B 


veh 


ma 


15x? + 8x7 + 3sec? x. 


For f(x) = x3 it is not valid. 


x= 0, 3. 

(i) -—16 (ii) — 20/9 

(iii) 20 

G) (x-le+l1 Gi) (x-e+1)e%+x+2 
(i) -3 qi) 1/4 


16. 


17. 


18. 


19. 


8. 


11. 


12. 


13. 


15. 


16. 


18. 
20. 


If 6 denotes the acute angle between the curves y = 10—x? 
and y = 2 + x’ at a point of their intersection then |tan 0| 
is equal to 

(a) 4/9 (b) 7/17 

(c) 8/17 (d) 8/15 [2019] 
The tangent to the curve y = xe” passing through the point 
(1, e) also passes through the point 

(a) (4/3, 2e) (b) (2, 3e) 

(c) (5/3, 2e) (d) (, 6e) [2019] 
The tangent to the curve y = x? — 5x + 5, parallel to the 
line 2y = 4x + 1, also passes through the point 

(a) (1/4, 7/2) (b) (7/2, 1/4) 

(c) (1/8, 7) (d) (1/8, -7) [2019] 
The equation of a tangent to the parabola, x? = 8y, which 
makes an angle 8 with the positive direction of x-axis, is 
(a) x=ycot@+2tan0O 
(b) x=ycot 9-2 tan @ 
(c) y=xtan@-2 cot 6 
(d) y=xtan@+2cot0 [2019] 


» Y 


, 


~~ 


22 43: 


PRACTICE PROBLEMS—A 


(i) (x? + 3x —1)(2x — 3) + (2x + 3)(x2- 3x + 1) 
ii) 16 =e 2 it 
(t? -1)? 
2x —x? 
(x? —2x +2)° 


3n-1 


(iii) 
(iv) 3nx 


1 x 
i) — sec? — 
@ 2 2 


(ii) e* ((sin x + COs X) X + Sin x) 


(iii) 


(1+ tan x)(2x + sec x tan x) —sec” x(x? +sec x) 


(1+ tan x) 


14. 0 


a=2; b=-1 


x <0 


for0<x <6 


2x+5_ for 
f’(x)= 5 


2x for x>6 


5050 17. —2, 3,6 
1 19. No. 


7 
Yes, 27x* — 15x? + 2x? + —- 7-42 
xX x 


22, A 0 B -2/3 
Concept PRoBLEMS—C 


1. 
2. 


4. 


8. 


10. 
11. 


21(x + 1) Gx? + 6x + 5)? 


17, 984 3, 22 
27 
100 
9 


os. COS X 
(ii) sinx 77; x=n7,nel 
|sin x 


a8 X COS X 
(iii) Tx 3x =0. 


False 9. False 
. 3 re -1 
O Gp a ae eer 

-1 


PRACTICE PROBLEMS—B 


14. 


16. 


17. 


19, 
21. 
22. 
24. 


25. 


26. 


xsec?(1 + x’) 


i 
®) a{tan(1+ x7) 


ij sec” Vx +1.sin(tan Vx +1) 
2vVx +1 
(iii) In (x2 Vx? +1) 
. cosx +sinx 
(iv) 21(x + 1) (3x? + 6x + 5)? (v).~ ——————__. 
sin X — COS X 
2x, |x|>2 . |0, t<0, t>1 
(i) (ii 
—2x, |x|<2 8t-4, 0<t<l 
4y?4+1, ye<l Ge 20 
(iii) i. (iv) 2 
4y?-1, y>l mg? *70 
Xx 
(i) 0 Gi) 1+ Ve 
(iii) — (iv) — 
1/8 x?. 20. 1 
f'(x) =(x + 1)? g(x) = (2x + 1)? 
28 23. 10x +6. 
(x + 1) (x* + 2x3 + 2x? + x) 
Gi) f'(x)= 


z 

x 
. : —l when x<0O, 
eral te when x>0O. 
(i) 3/4 
(iii) -2 


(ii) does not exist 


28. 


29. 
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-1, 1,2), 
re x €[1,2) 


1, x € (2,0) 
—2V2n 


Concept PRopLEMS—D 


1. 


(; 4 9 16 
y + + 
2x 3(1-2x) 4(2-3x) 5(3—4x) 


én(sin x) 


(sin x)/"* x 


+cotx fn ; 


2 
@ @inx+1).x* t! 


a (sin x)°°S* (cos* x —sin” x log sin x) 


sin X 
; 1\* 1) 1 
(i) (+4) fn (i+4) +] 


(ii) x.e* (nx +1) 


(iii) [ (énx) (4)} 
énx 


‘ sin x 
en xy + xsi [2% +008 tnx 
x 


PRACTICE PROBLEMS—C 


7. 
9. 


10. 


12. 


13. 


14, 


4 8. 0 
f'(x) =0 


d 
af 2 (sin x)"* [sec? x In sin x + 1] 
dx 


+ (tan x)*"* [cos x. In tan x + sec x] 


(tanx)*-!-{sec x - tan x + sin x - In tan x} 


1 
+ (In x)*-e {iovinns| 
Inx 


(i) (cosx)!"™* 


[eo — tanx in | 
x 


+(in x)* Lo + In(ins 
Inx 
(ii) e* ox moe bs +e® xl x* t+elnx] 
x 


e “| x 
+x” e |—+e° Inx 


x 
(iii) 
(x? —2)v1- x? tan! ¥1—x? 


In (sin 1) 
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Concept PROBLEMS—E l 
ee 5, z 6. 3 sin X COS X 
1 x 1 xe 
1 -— a 5 
af |x | 1-x 
‘ ; PRACTICE PROBLEMS—E 
4. QQ (ii) (1+ x7)cos(1+ x7)? 
4 1+x2 : 12. 
= 1 . +X 8. 0 fines? 
5 ae cott 
25 In2 
; 1 Concept PROBLEMS—G 
To oS 8. —_ : 1/3 
3 55 1 @ —sin(x + y) Gi) — (2) 
-] 1 1+sin(x + y) x 
9, 10. -—— 
1—x? 2 ii) y(x—y) 
x(x+y) 
PRACTICE PROBLEMS—D Ses 


5. G) ——~, li) —1 
= , (i) aie (ii) 
° cos2x+cos4x 6. —16/13 7 1 


(ii) O 9. (ii) It is meaningless to find dy/dx. 
3e(tan” x) (tan! x) 


ai -l 1 
(iii) ; 19, 1. —. 
1+x ~ 1=x¥ Inx yal 
i _ : 3 3 2 
(iv) j= sin! x Vv. Gj dy y +2xy dx __ x°+3xy 
1—-x2 ° (i) dx x? + 3xy? dy y + 2xy > 
1 1 1 
12; > 13. 1 dx _ 
2,x(+x) 14+x 3 ) dy dy / dx 
4, 1 (ee Practice PROBLEMS—F 
13 lex" 
as 4. »% 
"7 —0++x") 1 a 
8x? a) Va-yd+yy ai sec? (x + y)—cos y— ycos x 
1 pe pee ee sin x —x sin y—sec?(x + y) 
cos} x —sin! x tan | x —7—_>~—>_* 
18 uA 1-x? =) 1+x° Gai 2x + (ysin x —cos y)(1+x*) 
(tan™')?x (1+ x*)(cos x — xsin y) 
d 1 
19. “Y _ = siny (1 +siny +cos y) dy _ (y+xIny) y 
x 2 16. dx (x+ylnx) x 
Concept ProsLEMS—F 7, Y_sinx ny —x"7l sin y 
(t2 —b x"7Y.cos y -Inx + y°°*!-cos x 
Ae) eet (it) Oat 18. y! =—y/(2x In x) 
cos 8 —2cos 20 3 2 
ii) ——— >. 2y° +3t 
(iii) 2sin 20—sin@ 19. y : y 
2. (i) —cot’O (ii) tant (6ty~ +t”) cost 
F 
——— 4, > 20, oY _ y" 


2t(2t? +2t +1) “4 dx xinx(l—ylnInx) 
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21. (i) 1 (ii) Three ties oe 
Qa © (cos x+e*)" _ 
ae SANs 9. 12 11. r=1,-6 
23. y= mol 12. —"(x) f'(@(X))+3Q" (x) O" (x) F” (P(—K)) + P(X) F'"(O(X)) 


(x* _ 2)3 (x4 as 1722 


13. a 4,b=5,c l,d 2 


24. 3/2 
PRACTICE PROBLEMS—H 
Concept PRoBLEMS—H 
* mo _ 2 
a ‘ 4 15. (i) y”= 2VI-x 
3 1 
5. 4 (ii) y"= Jone 


PRACTICE PROBLEMS—G 


2 
ah ee 
a a 


Fee 8 1 dx a 
2 _. @ 
(iv) —— Agi = 
as ioe: dx 
|x| V3 1 
16. i) y"=—aaSCG).s "= (2 Nx 3)? 
1g 1 0<x<lor x<-l Py, — 
11. nie. non existent if x =0,1,-1 ii) y"= 105 [2x +3 
AR lel “i<x<Oorx>l 47, a=-1,b=3,c=0. 18. 678 
20. 2x3 — 3x? + 3x -1 
12, 32ifxe + +41 1x <-1,x>1 .° aia ema 
B | 21, A=—1/2=B,C=- 3/4, 
14, 2 ) 22. (i) 6xg’(x’) + 4x3¢"(x’) 
Concept PropleMs—E Gi) V8" VK) - 8° VX a VX) 
1 A 2x? +3x 23. (i) £"(x) = 6xg'(x’) + 4x72"(x?) 
2 2 
Recep avin Gi) £0) =E Vx g"(Vx )- g(x 4x Vx) 
(1+2x*)sin'x | 3x 26. a=1,b=0,c=-1/2 
3 _x?)? 3 
ee 7, 28. 162 
9 


D -x? . 2 = 
i ole PRACTICE PROBLEMS—I 


11 
a. a) 40, =1 es i, Ay: te ey 
2° 4 (i) 710.9 Ia | ) 
ty 3 6 42 ‘3 720 
255 IV ge (x 4-1 
Gi) 2,5 Gv) -2.-s Gi) Ged 
3. @) x=0, x=1; (iii) — a2) 21) 
(x +) 
(ii) x= 2+V2- x= 2-2 (iv) 5! (5x + 11)e* 
2 9! 
4, —24x3 =o ee) 
(3t” +1)sint+6tcost ae 2. Yes Be By Ty Megsisng (A= 1) 
cS 6.—2e 4. (x?-379)sinx —40x.cosx 6. 70. 


Gt +17 
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PRACTICE PROBLEMS—J P 5 b 3 

——— - a=— 7, b=-— 

2. -6 2 2 

3. 2(1 + 2x). cos 2(x + x?) 5. 0 q. Gy 2 (ii) 7 

2: 2 

Concept PRoBLEMS—J . b’m-a'n wa 

RAE EL od OE —E_————— (iii) (iv) 
2mn 16 


1. cos (x + a) =cos x cos a— sin x sin a. 


2. False 

3. @) =3 Gi) =-3 OBJECTIVE EXERCISES 
A 

8. 


Not an identify 1 


Cc 2. B 3. B 
3/4. Since the function is a constant (y’ = 0), the value of 4.C a & 6. A 
this constant is equal to that of the given function for any 7A 8. C 9. C 
value of x, say x = 0. 10. C 11. D 12. B 
10. a=d=1,b=c=0 13. D 14. C 15. B 
Il. a=c=e=0;b=f=2;d=-1 16. D 17. C 18. C 
13. Not an identify for all xeR 19. C 20. C 21. A 
‘ieee | . Cc 23. A 24. D 
14. — 15. a . B 26. A 27. A 
oo) _B 29. B 30. C 
16. x=1 _C_ 32. D 33. D 
a AY 35. B 36. C 
Practice PRoBLEMS—K -D 38. D 39. B 
0. C 41. B 42. C 
<x<l 
17. f(x) = ‘0 me .B 44. C 45. D 
De =? 47. C 48. C 
18 x . B 50. C 51. AC 
* ae ; JA 53. BCD 54. ABC 
19. (i) 1,3,6,6 (ii) a, a,, 2a,, 6a,\ a & 56. AC 57. ABD 
- 58. ABCD 59. BD 60. ABC 
ity Sd (i) 3,3,42V-1 61. ACD 62. ABD 63. AB 
2 2 64. AB 65. CD 66. BD 
21. (x — 1)? (x +5); (x +3)°(x — 2) 67. BC 68. AB 69. BC 
70. CD 71. D 72. A 
Practice PRoBLEMS—L 73. A 74. A 75. C 
76. C 77. C 78. A 
1. (i) t (ii) 0 79. D 80. A 81. D 
9 82. D 83. B 84. B 
a 85. A 86. D 87. B 
(iii) 5 88. A 89. C 90. B 
91. C 92. A 
2 @ a ey 93. (A)-(Q); (BP); (C}H{Q); (D)H{(R) 
e 94. (A)(T); (B)4P); (C)-(P); (D)HS) 
ae | 95. (A)-(S); (B)-(S); (CS); (D)}-(R) 
(iii) € (iv) 1 96. (A)-(R); (B)-(Q); (C)}-(P); (D)HT) 
4. (i) 2 (ii) 3 97. (A)HS); (B)-(P); (C)(R); (D)-(Q) 
1 1 
(iii) > (iv) = 
120 g REVIEW EXERCISES for JEE ADVANCED 
: 1 . 1 
5. @ --z (ii) — 3 
2 2 — . = 
1 1 J2 2x(1—y~ log x) 
(iii) - > (iv) 5 3. 0 


MetHops OF DIFFERENTIATION 4.85 


5. A (3.5,0) B- (€In2, In 2). 18. We have 
1 
6: GNe a(x? 12x nin (1 +x!")] =n Inf ~ 5 (1 -x"*)] 
1 1 
8. Bg v2.4 2/2 = Sn —x!*) Ind—¥) where u= rac —x!"), 
4 2 Tt T o 
1 
2. — 1B. -2/27 en 23. 730 
mie 25. (i) 2 (ii) —2/5 (iii) 1000 
fee a 46 29. 0 33. n=11 
B 34. 38 
32 8 
19, — 
16+? In2 PREVIOUS YEAR'S QUESTIONS 
2 
ix?” 0) (JEE ADVANCED) 
21. does not exist, x =0 22. —4 242 2x2 2 1 2 
+ 2X —2XxX x 
. 2+2x-2x° . 
ere en : (x? +1)? aS) 
“pent 2. ZERO 
23. 24, 2 3. Ile 4, -4 
. a2 5 1-6. 6. 1 
gy) 7. li 8. T 
25.35 26. 75 y 9. C 10. B 
= ty 
[s +23] 1D 12. A 
1B. 14. C 
gry J 1/2 x €(-®,0) *) 15. A 16. D 
ee r=] 1/2, x €(0,00) eM) ILA 18. CD 
ae dias 0 , x €[2,4) ay ~2 
ee 1/Vx—-2, xe(4, 0) (& a0. 9O 
32. (i) 0 (ii) . 21. a ~2 sin(4x + 2) 
(iii) e” Gv) ate 
360 » F si % 4 9x3 3] + ( ) ox Hogtan | 
» exinx” [sin x° + 3x° cos x°] + (tan x)* | — 
33.) 1 (i) 2 iin 
32 
Gii) i 23. 11 24. 4-8log,e + 6-2 
4 27. 0 29. B 
1 1 
ae << -l<x <0, ae 3 30. B 31. 1 
1 1 
gy (O<X<L x# 5 QUESTIONS FROM PREVIOUS 


YEAR’S (AIEEE/JEE MAIN PAPERS) 


TARGET EXERCISES for JEE ADVANCED 


1. D 25 C 
3. D 4. C 
LeVi=xt ose 5. B 6. A 
x° ee at) 7 A 8. . 
12. f'(x)= V2 13. BD oillges eae 9 B 10 D 
4 12 ll. A 12. D 
2 
16. sin{ n+ }0- cosees + Zcosn0 cosee® > 13. C 14. C 
. 2 2 2 15. D 16. D 
ae 29 8 17. A 18. D 
—sin nO - cosec* — - cot — 
. 2 2 19. A 


HINTS & SOLUTIONS 


Objective Exercise Solution 


SINGLE CORRECT ANSWER TYPE 


y =|cos x |+]sinx | 
: : ‘ 2m 
y = sin x —cosx is the neighbourhood of x = ca 


, : 
y =cosx+sin x 6 


Hence, C is correct. 
f(x) = x[x] 
f’(x)=[x], x €1 


Hence, B is correct. 


f(x)=x7In g(x) 


27 
Perea = 
g(x) 


f’(2) =4In3 — = 


Hence, B is correct. 


x =tcost,y=t+sint 
dx . dy 
—=cost—tsint, —=1l1+cost 
dt dt 


dy __— 1+ cost 


dx cost—tsint 


dx _ cost —tsint 


dy 1+cost 
9. 
d°x _ ([+cost)(—sin t —sint—tcos t)+ (cost —tsin t)sint 
dy” (1+ cost)° 
=—2-n/2 
(1+4) 


2 


Hence, C is correct. 


f(x?)=x*+x?+1 


~ %& 
A\ * 

LL, 

VY 8. 


3 
a ake oe ee 
2 
Hence C is correct. 
y =In|sece* | 


, 


1 ae 
= = xsece* tane* xe* x2x 
sece 


=2xe* tane* 


Hence A is correct. 


F(x) = 1/x 
f(x) +el!*)—x =0 
YY Ux 
nd f(x)e 
‘£(x)(1+e"” -1=0 
(I+e")-—— 
x(x) _ F¢x)el* -x?=0 
f(x) 
Hence, A is correct. 
; 1 
x) =—— 
g (x) x) 
ol 
cos 2x 
= sec 2g(x) 


Hence, C is correct. 
2 


1 1 
y= a a +14 SIn(x+vx? +1] 
Qy’ =2x+Vx7 +1+ 
y =xtvx? 41 


XX; > 
ae ier a 


x 1 
+ 
ale 1 ix? +1 


1 
—Iny’ 
) y 
Hence C is correct. 


10. £(x)=Insinx 


Put x =x? 


f(x*)=x'+x°+1 


Ax3 


1 


f’(x)= 
(x) Insin x 


x 


——X COs x 
sin x 


Hence, C is correct. 


11. 


12. 


13. 


14. 


f(x) =e* —e * —2sinx =x 


*_%cosx—2x? 


f'(x)=e*+e° 
f’(x) =e* —e * +2sinx —4x 

f”(x) =e* +e * +2cosx—4 
f’(x)=e* —e * —2sinx 

f(x) =e* +e * —2cosx 

f’ (x) =e* —e* + 2sinx 

f(x) =e* +e +2c0sx 

Hence C is correct. 
f(2x+2y)—-f(2x—2y) _ cosxsiny 


f(2x+2y)+f(2x-2y) sin xcosy 
Applying C & D, 

f(2x+2y)  sin(x+y) 

f(2x-—2y) sin(x—y) 


f{(2x+2 
EEE, constant 


sin(x + y) 


=> f(x) =Csin~ 
2 
: J 1 
C=1 using f'(0) =— 
2 
x 
=> f(x) =sin— 
(x) 5 
; 1 x 
f (x) =—cos— 
(x) 55 
% -l.x 
f° (x) =—sin — 
(x) 4 2 


= 4f’(x)+f(x) =0 


Hence, B is correct. 


x 
y =tan! 2 
1+2*-2 


(142**!}2* In2—2* 


: 1 
y= x 2 
x xt] 
eS (1+2 ) 
14+2** 
, 9 In2 _ In2 
729° 9 (10 


Hence, D is correct. 


ne (ae x 41 


xl (e* —e) sin mx 


_. HOE nP" =@4 04 Wy 41 
lim 


h0 -e(e" —1)sinmth 


15. 


16. 


18. 
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. nd+hye" -@4n0+hy +1 
lim 


h—0 —neh? 

~ nt+ld+h)" —n(n+)(+h)"! 
lim 
h>0 —2meh 


n-l n-2 
fm DDT DO + hy"! — n(n + HU +h)" (=) 


h>0 —2Te 
2 a! i 
_a (n+1)—n(n Peay 
—2Te —2Te 
Put n=100 
_ —5050 
Tle 


Hence C is correct. 


Hence D is correct. 


. Putx=y=0, f(0)=1 


=>f(0)=p, f’S6)=q 
f(y) f’(x-y)=f(x) 


Put y=5=x 
£(5) f(0)=f"(5) 
£(5) = q/p 
Hence C is correct. 
2 n-l 

dy =14% 4% 4...% 
dx Zl 22 Zn-1 
=—, md x? 

: Zn 


Hence C is correct . 


y = log.. (x27 
_ 2log(x — 2) 
log x 
c. 1 1 
_ 2(log x)x —2log(x —2)x— 
vy'= x-2 x 
7) (log x)? 
y= zi at x =3 
log3 
Hence D is correct. 
y=x° 
d 
S5 S22: 
dx dy 2x 
d*y d’x -1x2 dx -1_ 1 
Pee 2 a ie Ea 
dx dy“ (2x)” dy 2x* 2x 
fy @x_-1 
dx? dy” 2x3 
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19. f(x) =e* +e™ 


20. 


21. 


22. 


23. 


f’(x) =ae™ +be™ 

f’(x)=a°e™ +b7e™ 

Now 

f(x) — 2f’(x) -15f(x) =0 

=> (a? -2a-15)}e™ +(b? —2b-15)e™ =0 
=>a*—2a-15=0 & b*-—2b-15=0 
a, bare two roots of x? -2x-15=0 

ab =—-15 

Hence C is correct. 


f(x)=x+tanx 


, x)=—_ 
g (x) Px) 
_ 1 
1+sec? x 
_ 1 
2+tan? x 
- 1 
2+ (g(x)-x)” 
Hence C is correct. 
f(x)= x? tanx?— xIn(I+ a 
Differentiating it four times, using service expansion of 
tan x? &In(i+ x’) 
cr @j=0 
Hence, A is correct. 


f(x) =sin7!(sin x) + cos” !(sin x) 


a 
2 
O(x) =f ef of(x) = 
(x) =0 
Hence, C is correct. 


-] (3a>x - x?) 


a> —3x7a 


y = tan 


-1 Gx/a-(x/ay _ 


= tan 
z 1—3(x/a)? 


3tan! (=) 
a 


> (hx + by)? 


y =3x x= 


Hence, A is correct. 


24. ax? + by? + 2hxy =1 


2ax + 2byy’ + 2hy + 2hxy’ = 0 (I) 
, —(ax+h 
yoo (I) 
hx + by 


Differentiating again eq (1) 
at b(y’) + byy” +hy’+hxy”+hy’ =0 


»_ —(at+b(y’)? + 2hy’) 


>y 
(hx + by) 


al a(hx + by)” +b(ax + hy)” 
(hx +by)* | -2h(ax + hy)(hx + by) 
rae i a +ab?y” + 2abhxy + ba?x? + bh7y? | 


+2abhxy —2ah?x? — 2abhxy — 2h?xy—2h*by” 


-1 
= ici [ aby? + ba?x? —ah?x? h>by” 2h3xy + 2abhxy | 

X+ ry 

-] 
= Gx aby? [ab(by? + ax? + 2hxy) —h? (ax? + by” + 2hxy)] 
x + by 
_ h?-ab 
(hx + by)? 


Hence, D is correct. 


b b 
25. A teos ir COSTh yam ae 


dy 


X ‘ ‘ 
—=-asint—bsin 2t, —-=acost+bcos2t 
dt dt 


dy _—(acost+bcos2t) 
dx asint+bsin 2t 


(asint+bsin 2t)(+asint + 2bsin 2t) 
a (asint+bsin 2t)? 
+(acost+bcos 2t)(acost + 2bcos 2t) 


1 
__ ooo 
—(asin t + bsin 2t) 


d2 
For =0 
dx 


(asint +bsin 2t)(asint + 2bsin 2t)+(acost+bcos 2t) 
(acost + 2bcos 2t) =0 


26. 


27. 


28. 


29. 


30. 


=> a? +2b? +abcost +2abcost =0 


=> cost = ace) 
3ab 


Hence, B is correct. 


fi+g°+h>—3fgh=y 
qY _ 9626 4.302o +3h2h, -3f, ph—-3fe, h—-3feh 
jo" ptog gy + 1721, gh-Sstg, h—-sl gh, 


as 3[f°g+e°h +h’ —g*h-fh? -f7e| =0 
dx 

So, y is a constant function 

So, y=l 

Hence A is correct. 

u(x) =7 v(x) 


u(x) =7v (x) > p=7. 


ag BWay =(5] =0 
v(x) v(x) 


=>q=0 
=> Bra =] 

P-q 
Hence, A is correct. (Q 
£(X) + 2f (HX) = SIN X eccceesceesteeeeeees (I) 
Put x =-x 
f (—x) + 2f (x) =—sinx (II) 


Solve, (1) & (ID, we get 
f(x) =-sinx 


f’(x) =—cosx 


p{ =). 
4) Wo 

Hence, B is correct. 

y=f'(x) 

f’(x) 4 ~~ 1 
(f(x) 8 2 
Hence, B is correct. 
df (x) 7 Ee mes 
dg(x) g(x) 


g’(x) 
h(x) 


As g"(y)= 


Similarly, = B(x) 


31. 


32. 
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hx) _ WO) g’@) _ 1 . 1 
f(x) g(x) f(x) BK) ax) 


Hence, C is correct. 


3f (cos x) + 2f (sin x) =5x ---(I) 
Put x= ae x 
2 
; Sn 
3f (sin x) + 2f (cos x) gas ---(II) 


Solving (I) & dD 
5f (cos x) = 25x —5n 


f(cosx) =5x-1 


f’(cos x) = — 
sinx 


y =at? +2bt+c, t=ax?+2bx+c 


y =a(ax? +2bx +c), + 2b(ax? +2bx +c}+c 


NYS 2a (ax? +2bx +c] (2ax + 2b) + 2b(2ax + 2b) 


33. 


y” = 4a? (ax? +2bx +c]+ 2a(2ax + 2b)? + dab 


y= 4a? (2ax + 2b) + 4a(2ax + 2b)(2a) 
= (2ax + 2b)(12a7) 
= 24a" (ax +b) 

Hence, D is correct. 

y =f(x) =(x*] = x* 

Iny= x’ Inx 


Pega tie 
y 


y = ie ‘i (x + 2x Inx) 
fl) =1 

Now, y=g(x)= x") 
In y=x* Inx 


ipa + (Inx)(x*)(1+Inx) 
y 


y =2'(x)=x) (x* 1 +x* Inx(+Inx)) 
g(@)=1 


Hence, D is correct 
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34. As f(x), f(x), f’(x) are all +ve Vx € [0,7] 2 3 42 
ag, [4/8 | Fy Wy, 
=> f(x) is increasing function and concave up. dy~ \ dx dx 
and so is f-'(x). dx 1 
s —_= 
2 d dy / dx 
=> f1(5)+4f7! (=) is always +ve i 4 4 4 
5 Ls d*x  —d°y/dx 
2 3 
Hence, A is correct. dy (dy / dx) 
35. f(x) =sinx+Inx = F(2) Sho 
d 2 dx d 2 
f(x?) =sin x? +Inx? y 7 
> Hence, D is correct. 
(02) _ 2,4 
2xf (x j2 2X COS X* + x 39. y=(1-xy%e™ 
ie ca =cosx? + = Taking log on both sides, 
In y =—olnd— x)-ax 
Hence, B is correct. 1 3 
(tan x)""* he) —o 
36. y =(tanx) 2 1-x 
In y = (tan x)™"* In tan x " = (I-x)y = ay —ay(1—x) 
4D = (tan xy** xX + im tam x[ sec? x(1+In tan x) | = (l-x)y =axy. 
y dx tan x ~%) 
T => (l-x)y -y =axy +ay 
at x =—, i. ) 
4 =>(-x)y -—(+ax)y -ay=0 
dy : >. 
ae =2 (A) ” Hence, B is correct. 
x ®. 
3 
Hence, C is correct. 40. d°x = [2] d’y 


dy” dy} dx? 
ata’ —x° +x | 2x 


37. f(x) = 1+ dx) od 
Haale? 4? x Absa’ =x" S& -() aes 
: dy dx 

Put x = asin®@ : 

dx dx 
=> —=acos0 = ae 

do dy 
ee eae 2sin8 Hence, C is correct. 

1+cos8-—sin® 
41. fi?) =<" 
dy (1+cos@-sin@)2cos 0 : : 
i (ei cos 0) ep A 
do (1+cos @—sin@) 2xf (x )=3x 
2cos0+2 : 
aw) f (x?)=3x 

(1+ cos 9@—sin 0) 

dy —- (1+ cos ®) . 1 Put x =2, 
D 2 r 

dx (l1+cos0—sin®)“ acos@ fac 
Atx=0, 8=0 Hence, B is correct. 
dy 1 
ana 42. f (x)=nx"! 


Hence, D is correct. f (p+q)= f (p)+ f (q) 


43. 


44, 


45. 


46. 
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n-l _ _n-l n-l 
= (ptq)" =p"! +g") (n #0) i y=see"| : 
So, two values of n=0 & n=2 are possible. ae 
Hence, C is correct. Put x = cos 
f(x) = Ox-3n)' +4008 y =2n—-20 
d 
1 072 () 
aly , q 
5(2x — 3m) fom eee fadtax? =ead 
dt 1 
Put x= for y=2n oo (II) 
? 3 Using (D) & (I) 
g (2m) oa d 
SY =-2x-2=4 
Hence, B is correct. dt 
f(x) =x+sinx Hence, C is correct. 
1+cos x Differentiating it 
Put x =1/4 Cm ie ; 
' ; — F(x)" (x) =f (nx) 
7{ - %% 
+ = = /2(J2-1)=2-V2 Multi 
g 5 7 1+ 2 V2(/2-1) V2 Multiply by f(x) 
Hence, C is correct. F(nx)f (x) =f (nx)f (x) 
cosxX sinx cosx Hence, C is correct. 
f(x)=|cos2x sin2x 2cos2x 49. x24 y? a? () 
cos3x sin3x 2cos3x 
, xX , 
2x+2yy’=0 => —=-y (II) 
1 -1 1 0 y 
{3} 0 oO -2 : n2 
: +3 -1 O 1+(y’) +yy’=0> v= d+y) ) (III) 
a, a, Using, (I), dD) & CID 
+/-1 -2 -2/+/-1 0 O a? ny , ( " 
0 0 0 0 -l 6 (y’) +1= — 7 ss n2 
' (l+(y)") aw (I +(y)") d+ (y)) 
f(x) =y =sin | cos2x =>Ke= 1 = 
n\2\ 
(5) =sin! cos 10 = = — cos"! cos10 f(i+(o1 
1 Hence, B is correct. 
=—-—(4n-10) , 1 
2 ; 50. £(x)= x (l-x) 
=10-—n Zn 
2 oe qe? d—xy ax dx 
fe a én 
1—cos? 2x nia-—Dx" =x) =n’ x” “G=xy” 
=f (5)=2 Peis —n2x"7(— x)" +n —D)x®d—x)? 


£(5)+£/(5) =12-75 


Hence, C is correct. 


Zn 
By observing, f*(0) & f*(1) are always integer. 


Hence, C is correct. 
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MULTIPLE CORRECT ANSWER TYPE 


51. 


52. 


53. 


54. 


y= et + ev 
dy _ ex ee 
dx aVx Wx 


55. 


Fae) a heme 
Wx ~ Ble 


Hence, A, C are correct. 
(A) Conceptual 
(B) U(x) = sin bx 


U(x) = bcos bx 


56. 


U’(x) =—b’ sin bx = —b’U(x) 


dg 


© dx = 2./x(x+n) 
a8 
dx g 


x (2x +n) 


Hence, A, B, C are correct. 


ax? + bx? +bx+d=0 
3ax? +2bx +b=0 


= 3a+3b=0 (as | is repeated root) 


=>at+b=0 
Now, a+b+b+d=0 
=>b+d=0 


Hence, B, C, D is correct. 


f(x) = x? -3 | x] + 


4° =—3% 4-9, 
x7 43x42, 


i) -(x? -3x+2), 


-(x? +3x +2), 


Hence, A, B, C is correct. 


0,2) 


58. 
A) 
O0<x<lorx>2 
-l<x<0Oorx<-—2 
1<x<2 
B) 
—-2<x<-l 
C) 


57. 


1 


1 T 2 
Z=—-+tan x 
4 


y=2tan™ x, 


=> y=22-5 


d 

4 

dz 

Hence, C is correct. 


f= 2x = 3a=2,0=-V3 
x 


a—b=2+ V3 


Hence, A, C is correct. 


Hence, A, B, D is correct. 


y’+4=(sec"@+cos"@)>  & 


x44 (sec +cos 0)” 
Oh _sebanbeand 
dé 


“ =nsec" | @sec O@tan6@+ncos" | Osin® 


dy 
dx 


n?(y? +4) 


2 n n 2 
} n (sec O tan 8+cos Otan 6] 


tan? 8(secO+cos @) 


x7 44 
Put t = tan0 
x =0, 


d 
oy =] 


e’ +xy=e 
e’y’+xy’+y=0 


evy” +e% (y’) t+y’+xy”+y’=0 


D) 


59. 


60. 


61. 


A) 


Forx =0, y=1 


y’ = ew’)? +29 


O(x) = F(x) g(x) 
(x) = f’(x)g(x) +f (g(x) 


"(x) = f(x) g(x) + 2f (x)g"(x) + f(x) g(x) 


o7™) _ £70) , &@) , f° #’® 
0) FO) gO) © FO) g(x) 


Hence, A, B, C, D is correct. 
Put t = tan® 


oe = Oe 
y=sin sin®@, x=cos sin@ 


=0, x=—-8 
2 2, 
dy_, ok __ 
dé” dé 

dy 

dx 


Hence, B, D is correct. 


yt+x+./y-x =c 


Squaring both sides. 


2y +2 /y* x? =¢? 


Differentiating 
2(yy -x) 


ly? agg ~ 


2y + 0 


x _ 2x 


y — 
ytyy?-x? 
Rationilising, we get 
Ee fe Bt 
x 
Hence, A, B, C is correct. 


xe” Fyt+ sin? x 
Atx=0, y=0 
Differentiating wrt x, 


eY +xe" (y+xy’)= y’+sin 2x 


B) 
C) 


D) 


62. 


63. 


= 0° +2a07 +ba+aa” + 2ba+c=0 


>a07+2ba+c=0 


MetHops OF DIFFERENTIATION 4.93 
Atx=0 
>l=y’ 
Conceptual 
Conceptual 


+ =I + =I -lo: -1 
y=sin cossin x+cos sincos x 


= sin! vl- x? +cos) ¥1—x? 


Hence, A,C,D is correct. 


p(x) = x? +3ax? +3bx+c=0 


p(x) = 3x2 + 6ax + 3b = 3(x? +2ax +b) 


=> 0° +3a07+3ba+c=0 & a? +2aa+b=0 
Using above eqn (I) 


from (I) & (ID) 


Oo +2ant+b=0 xa 


ao +2batc=0 x1 


2(a°-b)a+ab-c=0 


S c—ab 
2(a? —b) 


Hence, A, B, D, are correct. 


y= 3 + 2[sin x sin 2x + sin x sin 3x + sin 2x sin3x 


+cos x cos 2x +cos x cos 3x +cos 2x cos 3x] 


a 3+ 2[cos x + cos 2x + cos x] 


- is dcosxe4vos x—9 


= V4cos? x+4cosx+1 
y =|2cosx +1| 
Atx=—= 
2 


y=2cosx+l 
y =—2sinx 


y=-2 
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64. 


65. 


66. 


67. 


Atx=m/5 
y=2cosx+l 

y =—2sinx 
y’=-2sinn/5=P*3 


Hence A, B,is correct. 


Similar to Q. 57 
Hence A, B is correct. 


f(x) = ¥l-sin 2x =|sin x —cosx 
For xe (0, 1/4) 
f(x) =cosx —sinx 


f’(x) =—(sin x + cos x) 


For x € (1/4, 1/2) 


f(x) =sin x —cosx 
f’(x) =cosx+sinx 


Hence C, D is correct. 


Ining 


In, 


yrs 


Iny =(Inx)"™”: Inx 


x Jak 


1 , 1 nin xX nin x 21 i 
= y/=—(inx)!"* + JarX (In x)! ee 
y x 


y’ =~ dnx)"* (142InIn x) 
x 


Hence, B, D is correct. 


n+l 
faa" x 
1-x 
fH Te 4e" Hou +x" 


f’(x) =142x+3x74...+nx"! 


f (x)g(x) 


Constant term = 
1? —27 437-4? +...(-1)" "nn? 


If n is even 


68. 


69. 


If nis odd 


n(a-l) 2 7 ne an —_ n(n+l) 


2 2 2 
Hence, B, C is correct. 
f(x) =|In|x]| 
Inx, x21 
—Inx, O0<x<l 
f(x) = 
—In(-x), -l<x<0O 
+In(—x), x<-l 
Ix, x21 
, -l/x, O0<x<l 
f (x)= 
of -I/x, -1<x<0 
Ix, x <-l 


Hence A, B is correct. 


(-1,0) (1,0) 


(x-c)? +(y—a)* =b? 


2(x-—c)+2(y—a)y’ =0 (D 
, c-x 
y= = (I) 


differentiating eq (1) again 
” 4 2 

1+(y-a)g”+(y’) =0 

3/2 


(1+(y) 


As = 


70. 


71. 


72. 


73. 


74. 


= J(c-x)? +(y-ay’ 
=b 


Hence, B, C is correct. 


y=x* 


Iny= x’ Inx 

1, 

—y =x+2xInx 

y 

y’ =x* (x) +2Inx) 
Hence, C, D is correct. 


A: f(x) = cos(cos(cos(cos(---cos X))) 


f’(x) = (sin cos---cos x)(sin cos COs-:-)- - ----- 


f(a) =(sina)® = (vi-a? ) 


-(1-«) 
Hence, D is correct. 
y= tan”! cotx+cot! tan x 
=n—tan™! tanx —cot! cotx 
=1+(m—-x)—-x 


=2n-2x 
sha 


Hence, A is correct. 


g(x) =f (x)sinx 
g(x) =f’(x)sinx +f (x) cosx 
2’(x) =f"(x) sin x + 2f (x) cos x —f (x) sin x 


g’(-x) =-2 
Hence, A is correct. 


f(x) =f0—x) 

f(x) =-f’(1-x) 

Mian we —fl=x) 
f"(x) =f (x) 


=> f(x) =Acosx+Bsinx 
As f{0O)=1>A=1 


As f (1) =1>1=-sinl1+Bcos1 


(sin x) 


75. 


76. 
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B= pen =secl+tanl 


cos | 
Hence, A is correct. 
f(x) ee 
ga) &® 
=> f’'(xjet™ =9’(x)e 8 


=> f’(xje!™ —g’(x)e®™ =0 


=> <(-21 + pe =0 
x 


Hence, C is correct. 

g(x) =f(x)—-f(2x) 

g(x) = f(x) —2’(2x) 

g (2x) =f’(2x) — 2f’(4x) 

Put x =1&2 

5= f’()-2f'(2),  7=f'(2)-2f’(4) 


% Double the second equation and add to the first 
We get f'(1) — 4f(4) =7x2+5=19 


78. 


79. 


80. 


~ Hence, C is correct. 


O77. 


f(x) =2sin | Jl-x +sin!2,/x(1—x) 
f(x) =n-sin! 2,/x(1—x) +sin ' 2,/x(1— x) 
VY xe(0,1/2) 
= 

f (x) =0 
Hence, C is correct. 
f(x)+f(x-2)=0 
Put X =x-2 
f(x —2)+f(x-4) =0 

f(x) =f(x-4) 


f(x) is periodic with period “u' 


d d 
a (X))a+4000 = ras (x)), =b 


Hence, A is correct. 
Conceptual 

Hence, D is correct . 
t(x+y*)= f(x)+f(y°) 
putx=y=0 

f(0) =0 


F(x) _ lim f oars 
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= fin SP 
ho-0 h 


f(x) =f'(0)x 


Hence, A is correct. 


Comphrehension-1: 
x= f(t) = qinb : y = bo 


X= qtinb ,y= potina 


3-x, 1<x 


8 32 


81. OF a hipain = inbing ee eee a | 
dt dt 8 2 2 
dy —b“™ g(t) as Gay 
a gin’ s(t) dt 2 2 
Sear: 
Hence, D is correct. ==1(t +t-2) 


$2. f(t) =g(t) 
qtinb = potina 


tInblna =-tlInalnb 


= Set+2\(t=1 


3. sin? mt 5 
+ 


As y==t+ 
=>t=-0 ry? 8 32 8 
dy 3 sin 27t 
d =—4+T >0 
As = =-(a(0)” dt 8 32 
_ 1, O<x<l 
d’y BOX) = 1 I<x<2 


> dt 
—= =-2g(t)g’(t)x — 
sr ete OxS 


+26" p 4 Inbina _ 5 
at™> In bina 

Hence D is correct. 

fof Ct), FHF () 

f (tf (-t) f (Hf ( 


83. 


Hence, B is correct. 
85. Hence, A is correct. 
86. Hence, D is correct. 


Comprehension-3: 
: . 1X 
sin X = sin 760 


For least +ve value of x, 


Hk +x+l, O<x<l 


<2 


a4. 34 
max 4—t oe a +10<t<x}, O<x<l 


9 
nin] Se HaStstex] 1<x<2 


_ qtinb a> (in alnb)* 
a> inalinb) «6a? Inalnb x+ Sean or x-2n = 
: qvtin . at dnalnby? 80 80 
a '!inaind at tnalab ae 7180) ae (27)180 
+180 —™+180 


=2 
; m=360, n=180, p=180, q =180 
Hence, B is correct. 


Comphrehension-2: 87. m+n+p+q=900 


Hence, B is correct. 


f(x) =max{t?-0? +t+1, o<t<x}, O<x<l 
88. lim VAx’+Bx —Cx 
min{3-t, 1<t<x}, l<x<2 Xoo 
2 2.2 
84. y=t?-t? +t41 = lim AE _tBR=C* Ge 


y’=3t?-2t+1>0 x" VAX? + Bx +Cx 


_ B _ 
‘Ae 
=> Pay 
C 
ot Oe i 
A 


Hence A is correct. 
89. g(x) =fd0-2x) 
g(x) =—2f’(10-2x) 
g’(2) =-2f'(6) =0 
Hence, C is correct. 


Comprehension-4: 
£"(x+h)g™(x+h)—f"(x)g™" (x) 


90. G'f(x)-g(x) = lim - 


f™(xt+h)g™(x +h)—-g™(x +h)f™(x) 
+g" (xth)f™(x)—-f£™"(x)g™ (x) 


lim 

h>0 h 
para +nf Gat ") 
h>0 h 


sme SEH) 
h 

= (G'f(x))g™(x) +(G*g(x))f™ (x) 
Hence B is correct. 


fh. 76 
re o[t } fim 2th) s™@) 
g(x) } hoo h 
1 mi xt Ws" CO -FE COs (x +h) 


; li 
g(x) ho h 


- aS lim £™(x-+h)g™(x) —£™ (x) (3) 
+£™(x)e™(x)+£™(x)g™(xth) 
(G"g(x)) f(x)" -(G*F(%)) g(x)” 
eo a 
Hence, C is correct. 


£™(g(x+h))-f£"(g(x)) 
h 


92. G'f(g(x)) = lim 
h-0 


~ lim mf ™|g(x +h)xf g(x +h)xg’(x +h) 
h-0 


93. 
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= mf" 'g(x)fa(x)g"(x) 
Hence, A is correct. 


A) 


B) 


C) 


D 


Ve 


x+y? = gelan'y/x 
xX+ yy’ tan! y/x 1 xy’ = 
== x 7X 7) 
Nan 1+| ~ ‘ 
x 
x tyy’ =xy’-y 
x+y=xy—yy’ 


” 


l+y’=y/+xy”-(y’) yy 
” nw nw 
1=xy’-(y’) -yy 


Now at x=0, y=ae™” 


: ae 
» I+l —2 etl 
~ —ae™2 og 
k=2 
y=sin! ai 
1+x? 


Put x = tan 0, as = sec? 0 
dé 


y= sin | sin 20 

=1— 20 

Y ~ 20s? 6 = ee 
x 144 5 
. 4+sin2x+Asinx+Bcosx 
lim 

x70 x2 
=>B=-4 

. 2cos2x+Acosx—Bsinx 
lim 

x30 Ox 
>A=-2 

=>A-B=2 


f(x) =2+[3sin x] , O<x<t 


f(x) is non differentiable at points 


where 3sinx is an integer 


; 1 2 
> sinx =—,—,1 
3 3 


So, x have 5 such values 


4.98 


94. A) 


C) 


D 


VS 
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A> (Q), B-(P), C> (Q), D>(R)_ 


T(x) = F (G(x)xG(x)) 


T’(0) = F(G(0))xG’(0) = -2 


U(x) = In F(x) 


tos OH) 

6 E00 
U’() = FG) = aX 
F(3) 2 


T’(0)+6U (3) =-5 


-1 1-2 
pata | _ wee 
y > yoo] y 

: —2y 
= lim = 
y>0 y(jl—-2y +1) 
y=t 
2 
dy = 2t, ay — 
dt dt? 


d 
x=tet? =  =142t, 
dt 


dy 8 gd 

dx 142t 1+2t 
xy _ay de 

d’y dt dt? dt dt? 


dx? dx : 
[i] 

_ 21+ 2t) —2t(2) 

+2073 


=e 
(i+2t)° 


f(x)=x+x" =x(1+x""] 


d 
For invertible, 7 >Oor <0 
x 


95. 


96. 


f(x) =14+nx" 
>n-l=2 

n=3 
A>(T),B>(@),c>, D3). 


A) y=3e* +2e% 


B 


Ya 


D 


wa 


ma 


x7y 


y’ = 6e7* +6e°* 
y’= 6(2e”* + 3e™"] 
y” tay’ +by = (12+ 6a+ 3b)e>* + 
(18+ 6a +2b)e* =0 
=>4+2a+b=0 & 9+3a+b=0 
a=—5, b=6 

a+b=1 
Ux 4] 


— lim (xcosx)* + (xsin x) 
x>,0° 


é ij sin x 
f’(x)=x*"* [ASS seosxm :| 
x 


2 
. ; : COs” X 
+(sin x)°°** | —sin x Insin x + 
sin x 


sin”! sin5 <4x—x7+2 
5-2n<4x-x*+2 
x? —4x +(3—2n) <0 


(Ss ee | 
fy , 2 


xe (2—V1+2n, 2+ V1+2n) 
There is + Integral x > 4 that lies in the interval 


A->(S), B> (S), C> (GS), D- (R). 


pore < | x-y ia 


xy 


g(x)—g(y) 


: 98 
< lim|x-y 
(x-y) | 


x7y 


lim 


=> le’(x)| <0 


= g'(x)=0 


B) Derivative of sin”! 


- with respect to 
1+x 


lee yi. 
cost Lo) ig 1 
1+x 
C) y=cot! tanx +tan | cot x 


y=n- tan! tan x —cot! cot x 


D) 4xe*Y =y+5sin’ x 
4e*Y +4xe” (y + xy’) = y’+Ssin 2x 
Put x =y =0 
y =4 


A(R), B->(Q), C>(P), D-(T). 


97. A) y =sin™! 2xV1—x? =-n-2sin'x 


A 
8 
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bd = 
1-x 


B) y=2sin! V1-x +sin | 2,/x(—x) =1 
y =0 


C) y= sin! (3x -4x?) =3sin' x 


y= 
12x 
_; 2x T . 1 2x 
D) y=cos! = sin 
l+x? 2 1+x? 
y=—-2tan!x 
y=— 
14x 


— (S), B > (P),C > (R),D > (Q). 


dt g’(secx)secx tanx 


_ f’(tan x) si 


g’(sec x) 
_2xv2_ 1 
4 V2 
2 yan 
y=x* 
2Iny =y7Inx 
Be iG : 
—y = 2yy’Inx +2— 
4 x 
y3 


2y’ =2y’y’Inx + 
x 


“~S 


1. y=f(tanx) wrt  g(secx) © 


as f’(tanx)sec” x, t=g(secx) 

dx 
dt , 
— = g (sec x)sec x tan x 
dx 

dy f’(tanx)sec” x 


ry y° 
(2-2y’ Inx)x 


f(x) = 005 px)-x' fa <x<2 


f(x) =sin x? 


f’(x) =3x’ cos x? 


(T} 


f(x) = ——.— 
1+sec* x 


1 
7 2+ tan? xX 
7 1 
2+(g(x)-x) 


a) f(x) =x+3In(x -2) 


3 xtl 


f’(x)=1+ 
(x) x-2 x-2 
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g(x) =x+5In(x—-1) 


(4x? +14xy? -24y*) 


= x2 
e’(x)=14+—_= 274 14x°y +36y°—72xy” xy 
-1 x-l 
3 4 29 
Now f(x) <2’(x) _y (24xy*-4x4-14x"y’) 
x+1 J x+y x (14x7y? +36y4 -72xy° ) 
x-2 x-l 
3 3 2.2 4 2.2 
(x +1)(x-1)—-(x + 4)(x -2) 25 _ y (24xy —4(24xy —7x y -—9y )-14x y 
(x-D(x-2) x (14xy? + 36y* -72xy’) 
—2x+7 2 ie 
(x-D(x -2) x 
x<(F-| 8. foo xf" 
f’(x) atx =-1/4 
+ = - _ 
rs rs a a = =— x7 sinx 
; ae y=f(x%)=-x 
2 In y =—sin x In—x 
b) £(x) =e -3x 1 - sin x 
(x) = 202" 3 “, — —cos x In(—x) 
a(x) =5(e -x+3) yecarn (= -cosxn- | 
g(x) =5(e* -1) 
, , , 12 4 1 yy 
Now, f(x) <g’(x) y =(n/4)! a $ [ } 
20 ad Tt 
2e* —5e* +2 <0 
(e* -2)(2e* -1} <0 9. y=xin[ x 
a+bx 
lox 
—<e <2 y/x xX 
5) eee 
a+bx 
-In2<x<In2 
+ 7 n ek TY _ (atbx)—x(b) _ a 
— ....—_ x (a+bx)? (a+bx)? 
2 
xy’-y=— 
1/3 = 
(x1 + Vx=1)°" (Vx? -1] a+ bx 
6. ie ee (at+bx) 1 -1_-(y’+xy’-y’) 
13 sa xy'-yY x (xy’-y)’ 
Fox) =( x*=1] 
2 2 
oy (dy 
f(x) ==(x?=1) °x2x ae (dx 
6 . 
sin x 
7. x4 47x?y* +9y* —24xy? =0 10. a Spee 
dy _ _ OF/8x ia sin X 
ade SF / dy 1+cos X +-+-00 


11. 


12. 


COS X 
l+y 


_ U+y)sinx 
1+y+cos x 


y+y>+ycosx =sinx+ysinx 
y + 2yy’+y’cosx —ysinx =cosx+ycosx+y’sin x 


,_ ysinx +cosx+ysinx 


1+2y+cosx—sin x 


vy’ = wu’ -uv’ 

vey" +2w’y’ = vu’ + wu" —u'v’—-uv’ 
v?y” = wu’ —uv’—2w’y’ 

2 *u’y’ 


vey” = vu" —uvv’ —2v(u’)v’ + 2uvv’ 


3 
vy’ =vu’—uvv’—2v 


2 
= 2uvv’ —uvv’— (2vv'u’— Vv u’) 


y= tan! a +sin| 2tan”! 
1+V1-x? | 

Put x =cos@ 

dx 


—=-—sin@ 
dé 


-| cos’ @/2-sin? 6/2 
an 


(cos @/2+sin@/2)” 


: a2 G 
y=t +sin 2 tan ale 


a cane 
i 4 2 


OY 2d seca 
d6 2 


dy _—1/2+cos® 
dx —sin@ 


_-1/24x 
~ 2 


—-vl-x 


13. 


414, 


1-x 
1+x 15. 


16. 
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Now, g (y) aty=0 & x=-l 
If f(x) =x? +3x+4 


OY a a6 4 
dx 


2 
= OK = 6 atx == 
X 
ay _ 
dx? 
(©? -3") 4 


. g (0) _ = 


f(x) =sin x sin 2x...sinnx 


Inf (x) = Insin x + Insin 2x +---+Insinn x 
f (x) 
f(x) 


=cotx+2cot 2x +---+ncotnx 


=>f (x)= ¥ (kcot kx) (x) 
k=1 


f(x) =sin 7! 2xVJ1—x* +sec™! 


2 


1-x 

1 
at x > -— 

2 
f(x) =2sin !x+n-sin! x 
f'(x)=—= 

1-x 
£(-4)=21N5 

x x x sin X 

cos —- Cos cos—- = 

> Pag x 


Taking log on both sides & differentiating, 


1 x 1 x 
ta tan 


n oe 
2 2 92 92 


1 
* co =cotx-—— 
x 


Xcos X —SiINX 
x2 
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17. 


18. 


19, 


Again differentiating, 


-l 2X 1 2 xX 

2 sec 2 sec 2 

2 2 2 2 
(2’) 


_ X(~X sin x) —(x cos x —sin x) 


=(1-x?] 


x 
If gd) & g(—l) are equal => coeff of x =0 


g(x) = ax’ +b 

g(x) = 2ax 

Now, X,, X2, X3 are in GP. 

= 2ax,, 2ax,, 2ax3 are in GP 


= g’(x,),2’(X2).8” (x3 )arein GP 


fg’(0) = f (0)g’(0) + f (0) g(0) 

= 9'(0) +2f (0) =6 

(gh)’(0) = g(0)h’(0) + g’(0)h(O) = 4 . 
2h’(0) +3¢’(0) =4 an 
hf’(0) = h(0)f’(0) +h’(0)£ (0) = 5 

= 3f’(0)+h’(0) =5 ay 


Solving (1), (I) & (IID) 
f’(0)=2 
h’(0) =—1, (0) =2 


Now fgh’(0) = f’(0)g(0)h(0) +f (O)g’(O)h(O) + £(0)g(0)h’(O) 


=12+6-2 
=16 
: 1 eel 2x 
y = log,,., Sin xX +sin 
log nx COS X 1+x? 


2 
y-( mes ] +sin7! =. 
log cos x 1+x 


2 

log si = 

y(n | +2tan7!x 
log cos x 


a> 


2 


1+x 


,_ 2logsinx . (log cos x) tan x + (log sin x (cot x) a 2 
log cos x 


(log cos x)? 


fies —4 % 2x16 
4 (log V2) 16+n° 

_ 22. 38 

16+n’ log2 


20. vI-x° +,/l-y° =a3(x*-y’] 
Let x? =cosp,y* =cosq 
> {1—cos” p +,/1—cos’ q =a*(cosp—cosq) 
> sin p + sing = a° (cos p—cosq) 


=> jan "Gog 9 =e ane eta a7P 
2 2 2 2 


- tn{ P41) —— 
2 3 


_ =>p-q= 2tan (-3}] 
) a 


=> cos! x?-cos” y? = 2tan™! (=) 
a 
Differentiate wrt x 


2 
= d 
as 3y Y_9 


ql=y" dx 
dy x? fi-y® 

=>. SS y Hence proved. 
dx y~ \1l-x 


_ 2 
21. yore EE] , x>0,x4#0 


1+x 


Similarly, if x <0,x #0 


y= wae —l+ x? 
14x? 


m+2tan! Xx, 
m—2tan |x 


2 
dy _ i aa 


dx —2 
14a?" 


x <0 


x>0 


d : 
a does not exist at x = 0. 
dx 


22. 


23. 


24. 


z=Intanx/2 


d(z) _ 1 
dx 2sinx/2cosx/2 


=COSEC X 


dz 
ae =—cosec x cot x 
xX 
Nee dy _ dy/dx 
"dz dz/dx 
2 2_d az 
dy (dz /dx)d*y/dx dx dx? , dx 


dz” (dz/ dx)? dz 


(cosec x (a°y) +cosec x cot x(dy)) 
= — SSS 
cosec’ x 
= (d°y +cotx dy)xsin x 
=-4 y 


=>k=-4 


tan’, 
x° +y* =ae ‘sx 


taking log on both sides 


-1Y 


Sin(x?+y?) = tan ere 


Differentiate wrt x . 


2 oo 
yor y) 


xtyy x 


<ay sey x 


» -l_ 
y"=—e T/2 
a 
x+ yy’=xy’-y 
Differentiate again wrt x 
r\2 ” x ww ¥ 
= 1+(y’) +yy”’=y’+xy’-y 
r\2 wv wv 
= 1+(y’) +yy =xy 
At x=0,y=ae™’,y’=-1 


ye 2 
y ae™/2 
2 
y= (tan x] 
r 7 2tan7! x 
fx" 


1+x?)’ y"+2x(1+x?)y’=2 


25. 


26. 
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x+y? =4 

2x + 2yy’=0 

fo ees 
y 


sin y +sin X =sin x sin y 

y’ cos y+cos x = y’sinx cos y +sin y cos x 
-y’-1=0 

y =-l=b 


2e*Y +e* -eY —e* —e¥ =e"! 
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2e (xy’+y)+e*"¥ (1+ y’)-e* -e’y’= (e°*1) (xy’+ y) 


2e(y’+1)+e (1+y’)-e-ey’=e (i+ y’) 
=>y'=-l=c 


at+tb+c=-3 
x 
y= 
X+ Vx 
> 3 
X 
X+ Vx 
X ++++00 
= x 
y= 
yx 
Xx +— 
x 
y 
_ x3 
aa. as 
Bay 


=> y- + xy = x93 


Differentiate wrt x 
5 iy cu 2 ays x53y, = 3 2/3 
3 3 
2 23 (y 41) 
=Yy= 


x 1 2 qm 
£7) 2|x| 2 
= x <0 
oa * 
—, x>0 
2 
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28. 


29. 


30. 


31. 


ii) y= Jx+2Y2K-D + x-22x-D 


= y4vx—2+ 2 |+|vx—-2-v2 | 


_|2J2, = xe [2,4) 
: 2Vx-2, xe (4,0) 


0, xe [2,4) 
ed, ies 
x-2 
i) (F+G+Hy’ 
=F'+G’+H’ 
=G+H+F 
=RHS 


ii) (F° Ge +H -3FGH) 


= 3F°F’ +3G’G’ + 3H?’ —-3F'GH — 3FG'H — 3FGH’ 


= 3F°G +3G°H + 3H’°F-3G°H — 3FH? —3F°G 


=0 


n 

: alin fe pla 
lim | —————— 
n—-co 2 


= tit tb"=2 
oe 
e n 


1. (al pl 4 
= ri I/n . I/n 
e€ 


Differentiate wrt x. 


y’ _ 1 je tan" Xs 
1+x? 


(1 4x? ) y =y 
Differentiate wrt to x. 
(1+ x? ) y’+(2x)y’=y’ 


= (1+x?)y"+ (2x -Dy’=0 


(2xy’ + y)y” = 3(xy” + y | y 
soo 


> y(x? +c)=ax+b 


= yu (x? +c) + y,2x + 2xy, +2y =0 
=> y’ (x? +c}+2(2xy,)+2y =0 
=> y” (x? +c)+5(xy, +y))=0 
Now, (eq 2) X ¥y11 —(€q 3)¥1, 

=> 2(2xy, + y)¥i11 = 6y11 (XY +1) 
= (2xy,+y)¥i1 =3(8¥n tu 


32. i) lim x™(nx)" 


x30" 


(In x)" 
mm = 


li 


x>0° X 
Applying L-Hospital repeatedly 
lim 28%) _,9 
x30" x7™ 
— ae 
ii) lim (1 =X? Jind 
> xl 
tim In(1— x”) 
=e SO 
In(di— x) 
_ lim, , Ind+x) 
In(di— x) 


=e 
cot(2x-7) 
iii) lim (2x? —9x+ 8) 
x37/2 
(2x? -9x +7) 
lim ———____— 
ee” tan(2x —7) 
ick (2x -~T)(x=1) _ Pe 
ee"? tan(2x —7) 
: . 1 1 x 
iv) lim —| cosec x -—-— 
x x 


XO 6 


; [ox=eatscesns) 
lim 


x0 6x" sin x 


Hence proved. 


3 5 
6x -(6+x") pci al 
43 £5 1f-6 1 

=—lim — 

6 x30 x 6| 25 6 
; 2a°x —x* —a/a?x 

33. (i) ae V 

xa 4 3 


a—-vax 


_—s 5/3 
sie e 2x a = ail4 3 x4 
xal J2a3x—x4 3x 4 


8x2a_ loa 
+ = 


age 
(ii) lim } ————— a 
x30] x sin’! x 


)sin ay 
lim 
x0 x’ sin) x 


Put x =sin® 


sin 0—Ocos? 6 
Qsin? 0 


eee 

sin @—Ocos* 0 Beer 0 
ru; 
im 


cos @—cos cg 


lim = Ao 6) (se - os 22 


6 
3 
6 
. lim 1* Sin — cos x + In(l— x) 
oy x0 x tan? x 
. 1+sinx—cosx+In(l—x) 
lim qi 
x70 x 
( | 
cos x +sin x — 
. 1-x 
lim 5 
x0 3x 
SCONE ae 
lim ct! 
x30 6x 
. 1 . 2, 
lim cos X —sin x ‘i 
x06 (1—-x) 
I 
2 
34. y=x"™'Inx 
n-2 


y,=( —1)x" 7 Inx +x 


35. 
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Multiply by x ao 


x’y, =(n—l)yxtx" 
Differentiating wrt x 


x? yi, +2xy, =(n—Dy+(n—Dxy, tnx"! 

= xy, +3xy, =(n—-Dy+nxy, +nx"! 

=> x Vig +(3-—2n)xy, =(n—l)y—nxy, + nx"! 
=(n—-1)y—n(n—1)x"! Inx 
=~(n-l)’y 

=> xy +(3-2n)xy, +(n-1)*y= 0 


y= tan 


x 
v1—x? 


Put x =cos@ 


Sa one 
we | sin 8 | 
- For 0<x<1 
T 
=e 
a = OF os ae 
dy 1 1 
dx sin@ 1-x2 
-1 
t =sec Baa 
t=sec !sec20 
t=n-20 
dt > dt +42 
dé * dx  sin@ 


dy _ dy/dx _ 1 
dt dt/dx 2 
When —-1<x<0O 
y =O0-n/2 

dy _, dy -l 


&t=+20 

dt | dt 2 
dé dx sin@ 
dy -l 
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ee ollanget Exercises;Solution 


2 
1. cos! [5 rcos25) + in? x—aBeos X) snx 3 2 ( dt ‘ 1 dt 
Pa) ot dee 
=cos! (7 cos” x+,/(1-7cos x)(1+7cos x) sin x) j 
e dete - _73(d°t ) | 2 dt a’t 
= cos (cosx:7eosx+ 1—cos* x ¥1—49cos x] tl a2 t* dx dx? 
-1 -1 
=cos medias (7 cos x) Soak 4( at rdx? p  aesax? 
=X —cos (7.cos x) 2| dt/dx dt / dx 
Now differentiate 
Hence proved. 
xt+b =| eet . : 
2. =atan’ (alny) 4. Similar to q.30 (Review exercise) 
Differentiating wrt x. ChperS: 
Ls . ae 1 dy ‘ ya Nite’ tie? 
2 I+a*In’y y dx tex? -Vi-x? 
2Qa*y’=y+a’yln’?y (1 Rationatize 
. . . “<4 
pa ween Ube ; _Qdy2+2 1-x? i+ _ 
2a-y”=y't+a‘y In“ y+2a‘y'Iny Pe y 2x2 — 
, ed 2.8 
=> a2 SS (II) bd NE put x“ =sin® 
2y”—y'In* y—2y’Iny oANY y =cot0/2 
From (1) & (II ra) ¥ = 
pn eet) F (O Oye eae 619 
y _ Mi — dé 2 
, 2 ” 71..2 , 
2y—-yln’y 2y—-yln’ y—2ylIny t= Vl-x* =cos0 
= 2yy”— yy/In® y—2yy’In y = Cy’) —yy’In* y Ob. ee 
M” r 2 , dé 
>yy’= (y’) +yy’Iny : 
dy dy_ dé 1/2cosec* 0/2 
3. Put y=— dt dO dt sin 8 
l+yl-x4 1 _ 1 
dy _-l dt x? [1- f\-x*) x2 (1—cos 9) sin® 
dx {7 dx 
d’y 2(dtY 1 dt 1). 
ae aa ee cos x sin 2nx 
dx t t" dx 6. He —cos” nx 
. xX nx 
Py 6(dt) 4dtdt 2d’%tdt 1 dt 2sin~cos— 
dx? t | dx ti dx dx? t) dx? dx t? dx? 
2y'y”—3(y’) reos{ 2 x Jes nx sin nx / 2 : 
Nows: 3 =———— S cos” nx 
2(y ) sin ~ 
3 2 3 : 
Nra2{-1 st) Of st), 6 at dit id't (sin(n+1/2)x+sin(x/2))cosnx 5 
pdx A tlds) tdxd® tax? = sinx/2 cos” nx 


= cos nx[2(cos x + cos 2x +---+cosnx)—cos nx) 


sin nx /2 cos(x + 1)x 
=cos nx} 2 cos nx 
sin x /2 2, 
at+btanx/2 
=In 
a—btanx/y 
u=In(acosx/2+bsin x/2) in acos® bsin 
o) 2 
pene: (1) 
v=ln u 
a? cos? ~—b? sin? x /2 
2 
=-( cos +bsin3) in acos* bsin 
: . 2 a ee (11) 


Differentiating eq (1) 
du | anno 1 (asinx /2+bcosx/2) 


dx 2] acosx/2+bsinx/2 2 x : 
acos——bsinx/2 
2 
™ 
at x =— 
2 
du 1/b-a a+b 2ab 
7 is 7 
dx 2/|a+b a-b a-—b 
Differentiating eq(2) 7 AW 
dv ci —asinx /2+bcosx/2 1 asinx /2+bcosx/2 
dx 2| acosx/2+bsinx/2 2| acosx/2—bsinx/2 
T 
atx =— 
2 
dv _1fa—b a+b] a+b? 
dx 2{a+b a-b| a2—b? 
dy ___2ab 
dx a?+b? 
dx _ 1 
dy dy/dx 
>= 
dy d dy 
dx 
1 dx 
= ae ae 
dx | y 
dx 
_ ol dy dx 
( 2 dx? dy 
dx 
de. <1. ay 
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(#) _ @y/dx? 


dx d*x /dy? 
dy _(_ d°y/dx? 
dx d*x/dy” 
2 
(2) 
2/3 _ dx 
Now, R= eI) 
ay. 
dx? 
3 
i (a?y/dx") 
= 73 | 223 223 
dx? dy” dx? 


‘ Hence proved. 
_ Now, if x = asin 20(1+ cos 20) 


x= asin 20 +=sin40 


* = 2acos 20+ 2acos 40 = 2a(cos 20 + cos 40) 
And, y =a cos 20—a cos” 20 


~acos20-~—»cos40 
2 2 


ey = —2asin 20+ 2asin 40 
dé 


= 2a(sin 40 — sin 20) 
dy _ 2cos30sin® _ 
dx 2cos30cos0 


d’y _ sec” @ 
dx? 2a(cos 20+ cos 40) 


(1 +tan? 8) 


an @ 


Now, R= : (2a)(cos 20 + cos 40) 
ec” 0 

=> (sec 9)(2a)(2cos 38 cos 8) 

=> 4acos30 
Hence proved. 

d n n-l Hi-2 9 a Fe x 
pa ayX +ayx" + +(-D*a, Je } 
= e* (x ax”) +a,x" 7 +--4(-D"a, +nx7” 


~(n—I)a, x" 7 +-—-) 
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10. y= 


11. 


12. 


Asitis equal to x"e* 


> a; =n 
a, =n-l 
a,=n—-2 &  so.on. 


=>a,=n-(r-l=nt+l-r. 


_ ax+b 
x*+¢ 
= (x? +c)y=ax+b 
= (x? +c)y, +2xy=a (1) 
= (x? +c)y,,+4xy,+2x=0 (1) 


= (x? +0)y1, +6xy, +4y,+2=0 (11D) 

Multiply eq(11) by y,,;, & eq(111) by y,, & subtract, 
We get, 

(2xy’ + y) y= 3(xy" + y') y” 


Hence proved. 


_; [cos3x 


cos* Xx 


y =cos 


=> cos” y =4-3sec” x 


=> 2cos ysin y = 46sec” x tanx 
x 


dy + 6sec” x tan x 
22.5. 
dx sin 2y 


+6 sin X 


cos? x[2V4—3sec2 xV3sec" x-3] 


+6 sin X 


23 sin xvV4cos” x —3cosx 
___+v3 


cos 3X COS X 
dy _ v6 
dx /cos4x +cos2x 
Hence proved. 
V1+Vi-x? (fd+x)3 -/d-x)*) 
Qeaytaa 
_ (Vl4+V1-x? (+x —VI-x)(24 V1-x’) 
(Q441=%7) 


f(x)= 


13. 


14. 


— & FQ) = 


=x +J1—xy (Jl+x -V1-x) 


f(x)=> 2x 
=> f (x)= 2. 
1 1 


sin X —sina 


f(x) = 


(x —a)cosa 
_ (X—a)cos x —sin x +sina 


f(x) 


(x —a)cosa(sin x —sina) 


lim f(x) = lim sen 


xa xa (X —a) COS a(COS X) + cos a(sin xX —sina) 


; —sinx 
= lim 


xa sin X —sina 
cosacos x +cos a} ———_ 


Xx-a 
—sina 1 
cos’ a+cos* a 2 


secatana 


1 cos X 


(x- a) cosa (sinx—sin a)? 


_ (sin x —sin a) —cosacos x(x — a) 


(x- a) cos a(sin x — sin a)? 

2(sin xX — sina) cos x — 2(x —a)cosacos x 
: 2 

. +cos asin x(x—a 

lim f’(x) = ( ) 


xa 


2(x —a)cosa(sin x —sin a) 


> (sin x —sin y) 


+2cosa(x —a) 


COS X 
x = tan» —2In| 1+tan~ |+Intan~ 

2 2 2 
dx 1 y_ sec” y/2 1 sec? y/2 
dy 2 2 I+tany/2 2 tany/2 
_ sec” y/2 1+tany/2 sec” y/2 

2 tany/2 1+tany/2 

Luge (1+ tan y/ 2) 1 

2| 2tany/2 1+ tan y/2 


2_ 
am, ee ya Zant 


2| 2tany/2(1+tan y/2) 


dx ax sec” y/2 
dy  2siny/2(sin y/2+cos y/2) 


d 
y = 2sin Y cos? y sin y +CoOs y 
dx 2 2, 2 2. 


15. 


16. 


17. 


=> 


s y [sin y+1+cos y] 


Hence proved. 
y =C, SiNX +X SiN X +C3 COS X +C4X COS X 


Y, =C) COS X +CyXCOSX +C, SIN X —C3 SINX + Cy COS K 
— Cy xsin xX 

Yj) = —C, SINX +C, COS K —CyXSINX +C, COS X —C3 COS X 
— Cy Sin X —C4X COS K 

> Yj, =-yt2c,cosx—2cysinx (1) 

=> Yq) =—Y) — 2c Sin x — 2c,4 cos x 

> Viv =—Y11 —2cy cos x + 2c, sin x 

Using eq (1) in (11) 

Yiv=Yu7¥7 Yn 

Yiv +2yy, + y =0 

Hence proved. 


Let y = cos0+cos 20+---+cosn@ 
2 


eB) 


Now ~ TS = £08042? ¢0820+~-+n? cosnd 
Sg OS Gane 
sin0/2 2 
0) ./( 6)] 
sin| nO+— |+sin} —— 
_ 2 2 
i 2 sin0/2 


_ 1sin@+0/2) 1 
2  sin@/2 2 


sin@/2 cox(n0 +0/){ 45] 


dy ot 
d®@  2sin?@/2 
on + sin(n0+0/2)c0s0/2 
oy _( BEE ese 1 sinn8+8/2) 97> 
dé 2 sin 0/2 4 a. 
2 
2 2 
Lz eee ace Oéossa 4 wane neonene = 
doz. 2 2 2 2 2 
1 
——sin nO cosec” oa ud 
4 2 
As x = tan® 
OF ee 
dé 


dy _ dy dO _ dy 6520 
dx dO dx dé 


Now, 


18. 


19. 
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d dd d d? 
— = 2cos 0(—-sin gy 28. oy cos” @— > cos? 0 
dx dx d@ dé 

2 2 
ay. = —2sin cos? pana go 
dx? do do” 

2 

Se ae oes Wy y =0 


dx? 14x? dx (1+x?) 


d a’ d 
=> —2sin@cos* 0 +. cos! 9~ » + 2sin@cos? gly 
de de” de 


i =0 


(1+ tan? 6) 
d’y 


>—t+y=0 
dx? 


Hence proved. 


in \? 
Now i 0) =n 


no no 


=——Inx 
2 


Hence proved. 


7 : 
Z=cCOsS X,y=sinx 


: d 
=~T7cos° x sin X, = wagex 
dx 


dz _9/7 AZ 
dy dy 


2 
oy = -7(2)5!7 +35y2(3)2” 
dy 
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20. 


21. 


22. 


3 
is = 5 (2) 217 4 gay(2y? +15y2-2 
dy dy 


4/7 dz 
dy 
= 35y(z)"” + 70y(z)"” —105y°z”7 


= 35sinx cos® x + 70sin x cos’ x —105sin® x cos x 


= 105sin x cos x[cos2x] 
= 108 sin 4x 

A 
Hence proved. 


y=cos! eno 2tan! Bag, (1) 
a+bcosx a+b 2 


1+ 


a 2 
al =0 ¥ 5 eT a x/2 
Now as 2 tan — tan—]=cos | ————_ 
atb 2 a—b 
+ 


tan? x/2 
b 


1{ (a+b)—(a—b) tan? x/2 
(a+b)+(a—b) tan? x/2 


= 2 a. 2 
_ a(1-tan® x/2)+b(1+tan” x/2) 


a(1+tan” x /2)+b(1-tan” x /2) 


~ cos7! acosx+b (11) 
a+bcosx 


Using eq (11) in (1) 
so, y =O= constant function. 


y = tan”! . & x=seo"(—] 
v1—u2 2u~ —1 

put u=sin®@ 

y=0 & x =sec |(—sec 20) 

y=0 & x=7-20 


dy _1 dx _ 


= —=-2 
dé dé 
dy -l 
dx 2 
>2 dy +1=0 
dx 
Hence proved. 
A(x) Bix) C(x) 
Let g(x) =|A(a) Ba) C(a) 
A’(a) B’(a) C’(a) 


Now, g(a)=0 & g'(a)=0 
= a(x) = (x- a)” O(x) 
=> g(x) is +by f(x) 


Hence proved. 


23. 


24. 


lim —— 
_ x30 x(2sin x)(1—cos x) 


\y ” x4 x® 
‘ E 2835 | 


2 3 
»< 


x 
As log+x) =x-——+—-::: 
g(1+ x) ae 


sinx xX 
+ 


6 


im 
x0 x(2sin x)(1—cos x] 


-1 1 1 
=> x—x2=- 
180 2 180 


Let y = In(I—x +x?) +In(I-x? +x?)+---+---n terms 


—dy 1-2x 2x —4x? 


+4x3 8x’ 
Now, lim = ies + 


l-x+x? 1l-x?74xt) 1-x*t4x8 


So, y=In(I-x+x?)(I-x? +x‘). 


noo dx 


In (14 x-+x?)(1-x-+x?)(1-x? + x*).--n terms} 


(4x+x7) 


In (1+ x? +x4)(l-x? +x*)...)m terms 


1l4+x+x? 


y=in(1-(x2)" +(<¢)' )-in(t4x +2?) 
Asxeé(0,1l) & no 
y=—In(I+x+x?} 


_dy __ 2x+t 
dx 1+x+x? 


Hence proved. 


25. 
‘tin ane —(sin ay 
x38 1—sin x + Insin x 
Applying L-Hospital Rule, 
lim cos x —(sinx)” ~[cos x Insin x +cos x] 
anaes [co X+ ss *) 
sin X 
(1 — (sin x)""* (In sin x + ») 
lim. -————————————“ sin x 
Parc (1—sin x) 
2 
COS X (1 —(sin x)""* (Insin x + ) 
—sinx (sin x)sinx (=) + (In sin x + 1/ COS X (sin s)| 
. sin x 
lim 
pers —COS xX 
2 
=>2 
: 2 4 
i) Agia) |S) ay 
x 6 180 
oxin( 2) 
: x 
lim : 
x0 (x —sin x)(1—cos x) 
5 
=—li = 
x0 30(x —sin x)(1—cos x) 
3 2 wy z= 
= ia ae ar 
30 x>0| x—sinx }| (1—cosx) 30 5 
6000 + 6000 
ai). dita x (sin x) 
x90 x? (sin x)? 
sin x \ 
aes 
ie 
x90 4 (sinx \? 
x 
x 
sin x 
ace 
x 
lim +——+__. 
x0 x? 
6000 
[1-(1-x" /[3+x4/|5 +) 
tio x PS 
x0 x? 
2 
=| 16000 —te93 
[3 
lim ; 
x>0 xX 
=> 1000 


26. 


27. 


MetHops oF DIFFERENTIATION 


Asa= vb? +c? —2becos A 
=a? =b* +c? —2becosA 
ag Zarek 

dA 


da __besinA _ Area ofA 

dA a —— a2 
=height of the A corredponding to base ‘a’. 
Hence proved. 


f(x) =a, sinx +a, sin2x+---+a, sinnx 
As f'(0) =a, + 2a, +3a3 +-+-+na, 


So, f'(x) =a, cos x + 2a, cos2x +-+-+na, cosnx 


Now, As |f (x) [S| sin x | 


=>|f(0) |< 0 
=>|f(0)|-0 
Now f'(0) = lim ED ig 
~ n>0 h h>0 hh 
? =P] fim Sit ey 
: h>0| h h>0]} h 


28. 


29. 


=|f'(0)|S1 


=> |a, + 2a, + 3a; +---+na,|<1. 


a) As (x+1)(x+2)--(k+n) =Ag +Ayx te + A,x" 


Differentiating, 


4.111 


(x +2)(x +3)---(x +n) +(k +1)(x +3)---(K +n)4+-- 


=A,+2A,x+---+nA,x" © 


Put x =1 
n+l Lae + : =A,+2A,+4+---+nA 
=a. y n+l ala 


Hence proved. 
b) In eq 1, Put x =-1 


1-2 --- n-1l)=A,-2A,+(CD"nA, 
=> A,-2A,+4+---+(-1"nA, =|n-1 
Hence proved. 
a b Coy d 


f(x) = + 
Xt+a x+b x+c x¢4d 


_ ax +bx + 2ab dx - cx 
(x+a)(x+b) (x+c)(x+d) 


((at+b)x+ 2ab)(x? +(c+d)x +d) 


+(d -c)x(x? +(atb)x+ ab) 
(x balx+ bx tox +d) 


dq) 
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if f (x)is divisible by x”,then R,>7R,-R, 
(a+b)cd+(2ab)(c+d)+ab(d—c)) =0 & _ £2(x) [2d COE (x) 2p (XE (x) 
2abed = 0 2f (x)] d’(x)F(x) u(x) F(x) 
=> acd + bed + 2abc + 2abd + abd — abc = 0 ; ; 
= abc + acd + bed + abd = —3abd =(f(x))° cox) "| 
1 1 1 1 3 d (x) wu (x) 
+ + 
d bac c Hence proved. 
30. As |f(x)|<| tanx |>|f()| <0 s/f) 0 ._ 1—cos xX cos 2x....cosn x 
; 33. lim 5 
, ._|f (h)|]_ |. tanh sca x 
Now iF (0) = in h Ss ne h | =i Apply L-Hospital rule 
fim nseos 2 ~-cosm + 2eoensin Ze evemmt) 
so, f(x) =a, tanx+a, tan +a, tan ~ x30 2x 2x 
2 2 2 p 
f(x) =a, sec? x + 2 S8o" ne sec? * aang) rac) Pal 4 AD 
2 2 n n 2 2 2 2: 2. 
taking Modulus and n(n+1)(2n +1) 
Put x =0 = : 12 = 253 
ajt2+-+2/=|f'))<1 RPT 
2 n 
Hence proved. a 
= xX =i 1/x 
31. As|f'(x)| <clf(x)| 34, As tan 5 |= tan 
‘ n(n+1)+x n( n+l 
Put x =0 xl x +1 
>|f(a)|s0 > f(a) =0 ; 
( CY n+lon 
32 As (x) = d(x)F(x) — 7 anaes 
, , =tan | ————-*_ 
6’(x) = dQof (x) +d’ (x)F(x) a meg 
(x) = 2d (x)f (x)+d(x)f (x) +d" (x)f(x) xl x 
similarly 
=| n+l _j{ 1 
W(x) = W(x) f(x) = tan tan ( 
; ; x x 
W CEHOOE Ot (x)F (x) 
W(X) = 2H OOF (+ UOX)E OD+ 1 OOF OD NowtGi tin $ an( . 7 
f(x) (x) w(x) nent] n(n+l)+x 
Now |f (x) (x) w(x) ( (224) (4) 
7 ” it = lim} tan” | —— ]-tan | — 
f(x) 6(@® w(x) n—ee x x 
Cy ard Cy —d(x)cy & C3 => C3 —U(x)c, xX ( 1 
=—-tan | — 
f(x) 0 0 x 
f’(x) d’(x)f (x) L(x) (x) 1 1 
f(x) 2d’(x)f’(x)+d’(x)f (x) 2u’(x)F’(x) + W(X) E(x) f (x)= mal 5) 
x” \14+1/x 
d (x)f (x ‘(x)£(x ; 
= f(x) GO) ; ae ; R=f(o=2 a) 
2d (x)f (x)+d (x)f(k) 2u(x)f (x)+u (x)f (x) 5 
= £°(x) [2d (x)f (x) 2p (x) (x) As tan7'(x+1)+ tan /(x-1) = wn'( 5) 
2f (x) |2d'(x)f' (x) +d" (x)E(x) 2n' (x) (x) +p" (x) (x) 17 


Taking tan on both sides 
X+1+x-1_ 6 
1-(x? -1) iy 

=> 2.17x =-6x? +12 

=> 6x? +2.17x -12=0 

>S=-— 11 

F (11) 


As 2sinx +cosx +4 tan x 


+1 
i _ 2(x? +1)-@x—12x) 
dx (x? 41) 

_ 242x—23* 
(x? +1) 
24+25—2%" , (2x-1) 
ca ( Bot 

x +1 


xf(y) 


x al 


Differentiating F(x) & put x =a. 
F(x) atx =a=0 
InInx 
Inx 


_1/x—(nInx)/x 
(In x)? 


f(x)= 


f(x) 


1 
=— (at x=e) 
e 


Put x =cos@ 


_ -1 
y =sec (sen }e 


f(y) 
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8tan x /2 
1=tan? «/2 


2(2tanx/2) 1—tan?x/2 
> 5) + °) + 
l+tan°x/2 1+tan~x/2 
4/3 8/9 8/3 
+ + 
1+1/9 141/9 1-1/9 


36+ 24+90 
> = 


5=T 111 
30 (111) 


>5R+6S+7T =1+(-17)2+35 =2 


—=cos9 
_2_2 
CS) Gt cos@ x 
i 
2 dt 


g(x) =f of(x) 
g(x) =f’ f(x) xf’(x) 


For x>20 
g(x) =1 


xe) =y+sin’ x 
Differentiating wrt x 


ev + xe (xy’+y) = y’+sin 2x 


Put x =0,y =0 
l=y’ 
F(x) =f (x)g(x)h(x) 
P(x) =f(x)g(h(x) +f (x)g(x)h(x) +f (X)g(xh(x) 
F(Xq) = (K—3)f (Xo) 8(Xo)h(Xo) 
=>k-3=21 
k=24 
Conceptual problem 


y” =P(x) 
2yy’ = p(x) 
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10. 


11. 


12. 


13. 


14. 


2(y’)’ +2yy” = p(x) 
(P’(x))’ +4y*y” = 2y*p’(x) 


, 2 
= 2y8y"=p(xp"(x) + PO 


Differentiate wrt x 


d d’y 
a0 ih p(x)p (x) 


Hence, C is correct. 
f(x)= ax’ +bx+c 
f (x) =2ax+b 
f(x) =2a 
g(x) = ax? +(b+2a)x+2a+b+c 
D=(b+2a)? —4a(2a+b+c) 
= b* + 4a’ + 4ab—8a* — 4ab—4ac 
=b* —4ac —4a* 
<0 
Hence, B is correct. 


f(x)= —p’x? - 6p° sin Xx + (6p? +p)cos X 


f (x) = ~3p>x? -6p° cos x —(6p” +p)sin x es 


f (x) = —6p°x + 6p° sin X — (6p? +p}cos x 
f (x)= —6p° + 6p° cos X + (6p? +p)sin x 


at x =0 
f(x) =0 
Hence, D is correct. 
y =(sinx)""* 
In y = tan x Insinx 
dy pee tan x 2 : 
ai (sin x) (1+sec x Insin x] 
Hence, A is correct. 
x74 y- =1 
2x+2yy’ =0 
, 2 ” 
1+(y’) +yy’=0 


Hence, B is correct. 


F(x) =f (x) 


15. 


16. 


F(x?)= x2(14+x) 
F(x”)x 2x =2x(1+x)+x? 


F(x 7) = leat 
f(4)=F(4)=4 


Hence, C is correct. 
For x =0, y=1 
log(x + y)—2xy =0 


ue) —2y—2xy’=0 
x+y 


Putx =0,y=l>y’=1 


Hence, A is correct. 


d°x _ d’y dy . 
dy? dx? dx 


Hence, D is correct. 


oad ” ” -l 
= "(x +1)-9"(x)=— 
xX 


18. 


sb} 


g(x +1) =log f(x +1) =log x +(x) 


e[2+p pee) =-4/9 


” ww 4 
g (N4+1/2)-g°(N-1/2)= ; 
(2N-1) 
Adding all terms, 
g” n+ 2" Al ee ea : 7 
2 2 9 (2N-1) 
Hence, A is correct. 
b-x 
f(x)= 
(x)= ee 
; -~(l—bx)+(b-x)b bb? -1 
f(x) = 5 a : 
(1—bx) (1—bx) 


So, f(x) is one to one function 
_ b-x 

1—bx 
y—bxy =b-x 


As 


x-b 
bx -1 


So ,f1(x)= 


=f =f! on (0,1) 


1 


aq Ona) 


f’(b) = 


Zs 
£0) 


Hence, C, D is correct. 


> f(b) = 


19. f (x) _ tim SAAT 


sin((x +h)? +1)=sin(x? +1) 


= lim 
h>0 h 
xt+h)* +x7+2 
2cOs ( ) 
; 2 
= lim 
h>0 h 


2 


2 2 
neo OH 28? Jal 
= lim 


30 (x+h/2)h 
= 2x cos(x? +1) 


1 


20. f(x) =4 2%) 


dy __. —2 
=lm = 
dx x31(2x-5)> 9 


5x 


oe a 1) 


21. y= 


y’=5(1—-x) 249 
3(1- 
_ 5(5—3x) 


— 2sin(4x + 2) 
3(1-x)°3 


22. y= exsinx’ + (tan x)* 


Let v=e*™™*  t =(tanx)* 


oe 4cos(2x + 1)sin(2x +1) 
x)" 


23. 


24. 


MetHops oF DIFFERENTIATION 


=e 


dy xsinx’ 
= | 


sin x? +3x> cos x*) 


+(tan x)*| In tan x + 
sin X COs X 


h(x) =f7(x)+g7(x) 
h’(x) = 2f (x)f/(x) + 22(x)g’(x) 
=2 f(x) g(x) +2 g(x) (f(x) =0 


So, h(x) is a constant function 
Hence, h(10) = 11. 


A(x) B(x) ¢(x) 
Let g(x)=|A(a) B(a) c(Q@) 

A(a) Ba) c(a) 
Now ,g(a)=0, g(a) =0 


=> x 1s arepeated root of g(x) 


=> g(x) =(x-@)° Q(x) 


fe, Hence, g(x) is divisible by f(x) 


25, 
26. 


Similar to Q.19 (Review exercise) 


x =sec8—cos 0 

dx : 
—=secO0tan60+sin0 

dé 

= tan 0(sec8+cos@) 

y =sec" 8—cos" 8 

“ =nsec" @tan0+ncos"! @sin@ 


= ntan 6[ sec” 0+cos” 6| 


1,43, 28 


sny Z v3 


sin y =-V3/ 1 


dy _ n| sec" @+cos" 6| 


dx sec8+cos0 
2 n n 2 
Now, y +4= (sec 08+cos 6) 
idi#i = 06+ 0) 
Squaring (I) & using (I) & CID 


(xy " (y> +4) 


dx x? 4 


Hence Proved. 
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() 


(I) 
(ID) 
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27 a 48 f’(c) = 0 as every interval of 7, 
Sy ad 2x +2" tan (In(x +2) =0 f’(x) will be zero atleast one. 
Differentiate wrt x Hence, B is correct. 
. TX 
(siny) 2 2 oe In sin y+sin TF ig 30. lim g(x)cot x — g(0) cosec x 
2 dx x30 
1 = 
+3 x + 2 In2 tan In(x + 2) lim 2020908 = 8) 


2xV4x? -1 x30 sin x 


rf 2* sec? In(x+2) _ g(x) cos x — g(x) sin x 


0) lim 
x+2 x30 cos X 


Putx=-1, = siny =—— 
T 
= y'=0 Now f(x) = g(x) sin x 
f’(x) = g’(x)sin x + g(x) cos x 
ax? bx c 
= + + 
(x—a)(x—b)(x-—c) (x—b)(x-c) x-c 


upon solving 


28. y +1 f"(x) = g’(x)sinx +9'(x)cosx + g’(x) cos x 


is —g(x)sin x 


_ XX , x 7 
y oie ey eae ww Hence, B is correct. 
Taking log on both sides. WY 

*m/ ; _1{ sin® 
= x x x KN 31. £(6) =sin tan = tan 

Iny ord a er eed AS) cos 20 
Differentiate wrt x . &, Now 
dy_y] a i: b ao = df (6) 4 
dx x{a-x b-x c-x d(tan 8) 


Hence proved. 


29. f(x) =2+cosx \{ Cos2 6 + Sin2 6 


Sin 0 = Cos 0 


f’(x) =—sinx 


So, there exist at in [t,t+7] where | Cos2 0 


Previous Years Questions (AIEEE/JEE MAINS) 


2 
1. Area of sphere ‘A’ = 47 Now, Volume V = 4a? 
a Tr = d : 
dt dt VY = Anr? ar Ar 
de 4 dt dt 


dt 7 Hence, D is correct. 


f(x) =2x°+3x+k 

f (x) =6x?+3>0 

= f(x) can’t have distinct real roots. 
Hence, C is correct. 

Let h(x) = f(x) —2g(x) 

Now h(0) = f (0) — 2g(0) =2 

hd) = fd) —2g() =2 

Using Rolle’s Theorem, there exist some C ¢€ (0,1) 
Where, h’(c) = 0 

=> f’(c)—22’(c)=0 

Hence, D is correct. 


Volume (v) = =m 


dt dt 


1/3 
when v = 2887,r = (=e *) 


dr 41 ae 1 
— x 


dt 4m (288x3)*7 6 


Using (1), 


Hence, B is correct. 

f(x) = 2x? +ax*+bx in[-1]] 
f(-l) =a-b-2,f() =a+b+2 
Now, f (1) = f(-l) 

=>b=-2 


f’(x) = 6x? +2ax+b 
Mo)=F+atb=0 


1 
pi 
=> 2a+b=-l 


> a= 


Hence, B is correct. 
‘ ‘ TU 
As siny = xsin( Es ’] 


Forx =O0>y=0 


diffrentiate wrt x , 


cos OY By 4, +xXcCos cae oy 
ie a2 a 


dx 
Put x =0,y=0 
d 
_, y _N3 
dx yp 


slope of normal = — 


fa) 
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2 
eqn > y=-—=x 


3 

Hence, A is correct. 
At max height v = 0 

Now, v=u- 2gh 

0 = (48)? -2x32xh 

=>h=36 
So Max height = 36 + 64 = 100 m. 
Hence, A is correct. 

As x = 2cost+ 2tsint 

dx ; : 

a —2sint+2sint+2tcost = 2tcost 


As y = 2sint—2tcost 


d : : 
°Y — 2cost—2cost-+2tsint = 2tsint 


d 
= <tant 
dx 


eqn of normal => y—2sint+2tcost = 


cot t(x —2cost — 2tsin t) 


10. 


cos” t 


y+(cott)x =2sint+2 = 2cosect 


sint 
Distance from (0,0) = 2 


Hence, C is correct. 


. x x 

: sin — + cos — 

_, /l+sinx -1 2 2 
y=tan ,/———— =tan. | —————> 
1—sinx x x 


cos — — sin — 
2 2 


(ee) ho 
= tan =—+ 


1—tanx/2 4 2 
dy 1 
dx 2 
lt Tt 
eqn of normal > y + =-2| x 
4 12 6 
2n Tm ON 20 
=> yt2x=—+—+—= 
6 4 12 3 
Hence, B is correct. 
As x = 4t? +3 
d 
o* = 8t 
dt 
&y =8t?-1 
GY = 94y? 
dt 
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11. 


12. 


13. 


d 
= 
dx 


eqn of tangent > y—8t?+1= 3t(x — 4? -3) 
=> y =3tx —4t? -9t-1 

As it again meets curve at Q(t,) 

= 8t) -1=3t(4t; +3)—4t* -9t-1 

= 8t? —(12t)t? +4? =0 


t 
OE 


= Q=(t?+3,-t} -1) 
Hence, D is correct. 
y=14+V4x-3 
dy 2 
dx 4x-3 
>9=4x-3 
>x=3 


2 
3 


=>y=4 


eqn of normal = y-4= Fx-3) 
=> 2y—-8=-3x+9 

= 2y+3x=17 

Hence, A is correct. 

As x7y” —2x=4-4y 


Se ee eel 
dx dx 
For pt(—2, 2) 
dy 18 9 
dx 20 10 


eqn of tangent >10(y — 2) =9 (x + 2) 
10y = 9x + 38 
Eqn of tangent 


: y—y, =m(x-x,) 


PtA a -2.0] 


m 


A 


PtB=(0,y,—mx,) 


As AP:PB = 1:3 
=> yy — mx, = 3y, 
dy 
=> -—x=3 

dx - 


14. 


15. 


16. 


17. 


jo as f(l)=1 
Ze 


Hence,C is correct. 
y(x —2)(x -3)=x+6 
Putx=0> y=1 


=> y(x?-5x+6)=x+6 


= y(2x—5)+2(x?-5x+6)=1 
dx 


O40 a4 
dx 6 


eqn of normal > y-1=—x 
=>xt+y=l 


Hence, C is correct. 


y’ =6x & 9x” + by” =16 
d d 
dy =6 & 18x+2by— =0 
dx dx 
. Oey 7 6 % dy 2 9x 
dx 2y dx by 
as mym, =—1 
6 —9x 
=> —x|—]=-l 
2y \ by 

=> -27x = —by” 
=> -—27x =-—b(6x) 
=> b= 2 

2 
Hence, D is correct. 
y=10- x? 
dy 
SEZ, Uagakasncatcpactsiestintaseusei sete eoees te vacacstspeaks 1 
ae (1) 
&y =2+ x? 
dy 
Se—tDK aa gasieceadusanacgesatiertqsevieesiavesetess aseenisae 11 
aa (11) 
Point of intersection is 10—x* =2+x? 
x= 22 
y=6 

4-(-4 
Angle between curves = ssa) = = = = 
1-16 15; 15 

Hence, D is correct. 
y=xe™ 
d 2 
ae (1+ 2x?) 
dx 


18. 


d 
al atx =1=3e 
dx 


eqn of tangent > y —e=3e(x — 1) 
=> y=3ex—2e 
Hence, A is correct. 


y=x?—5x+5 


Dg e2ho5 
dx 


7 
=>x=— 
2 


49 35 49-—70+20 -l 


4 2 4 4 
eqn of tangent 


1 7 
=>yt—=2) x- = 
4 [ 4 
= 4y+1=8x—28 
= dy =8x—29 


Hence, D is correct. 


MetHops oF DIFFERENTIATION 


19. x” =8y 
a ere 
dx 
> Oo Fl. eG 
dx 4 


=> y—y, = tan@(x—x,) 
1 2 _ 2 
y,(I6tan 6) = x tan 0—4tan 6 


y = xtan@—2tan* 0 
cot @y = x —2tan® 


Hence, A is correct. 


4.119 


TANGENT AND NORMAL 


5.1 Introduction 


In the previous chapter, we have seen how to find derivatives 
of various functions. We now attempt to apply the concept of 
derivative to problems involving rate of change and slope of 
tangent. 


Instantaneous Rate of Change 
If y = f(x), then the average rate of change of y (per unit chan 


in x) on the interval [x, x + Ax] is 
© 


Ay _ f(x+Ax)-f(x) 
Ax Ax 

The instantaneous rate of change of y with respect to x is 

the limit of the average rate of change, as Ax — 0. Thus the 

instantaneous rate of change of y with respect to x is 


Suppose f(x) is differentiable at x = x,. Then the instantaneous 
rate of change of y = f(x) with respect to x at x, is the value of 
the derivative of fat x,. 
That is, 

dy 


Instantaneous rate of change =f’(x,) = a 


X=X, 

For example, if f(x) = x? + 2, then f’(2) = 4. We interpret the 
number 4 as the rate of change of f(x) with respect to x there. 
It is apparent that at (2, 6) a small change in x produces a 
corresponding change four times as great in f(x). 

In particular, if s = f(t) is the position function of a particle 
that moves along a straight line, then f’(a) is the rate of change 
of the displacement s with respect to time at t = a. In other 
words, f’(a) is the velocity of the particle at time t = a. The 
speed of the particle is the absolute value of the velocity, 
that is, |f’(a) |. 


ans example, 


5.2 Rate Measurement 
If the quantity y varies with respect to another quantity x 
satisfying some relation y = f(x), then f’(x) 
or re rate of change of y with respect to x. 
dx 
dV dS 
ae and ap represent the rate of change of 
t 


volume V and surface area S w.r.t. time. 


©@ Example 1: The displacement ‘s’ of a particle at time ‘t’ 
: 1 ; 
is expressed as s = 7 —6t. Find the 


acceleration at the time when the velocity vanishes. 


. 1 
© Solution: s= a ~6t 


2 
Thus velocity, v= 7 (= _ | 
t 


2 
2 
and acceleration, a= aad = = =3t. 
dt dt? 


2 
The velocity vanishes when - -6 =0 


> t=4> t=2. 
Thus, the acceleration when velocity vanishes is 
a=3t =6. 


@ Example 2: On the curve x? = 12y, find the interval of 
values of x for which the abscissa changes at a faster rate than 
the ordinate? 

&Y Solution: Given x} = 12y, differentiating with respect 
to y, we get 
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dx 12 

dy 3x? 
To find the interval in which the abscissa changes at a faster 
rate than the ordinate, we must have 


KS ae 
y 
2 
> a ssh 
x x 


=> xe 2, 2)- {0}. 
Thus x € (-2, 2) — {0} is the required interval in which 
abscissa changes at a faster rate than the ordinate. 


© Example 3: A point P(x, y) moves along the line whose 
equation is x — 2y + 4 = 0 in such a way that y increases at 
the rate of 3 units/sec. The point A(0, 6) is joined to P and the 
segment AP is prolonged to meet the x-axis in a point Q. Find 
how fast the distance from the origin to Q is changing when P 
reaches the point (4, 4). 


Qx 


©Y Solution: The rate of change of y is given and it is 


desired to find the rate of change of OQ, which we denote by z. 
If MP is perpendicular to the x-axis, MP = y and OM = x. 
The triangles OAQ and MPQ are similar, hence 

Zz 6x 

6 y 6-y 
Substituting the value of x from the equation of the given line, 
we have 


Z Z—-xX 


=> yz=6z-6x> z= 


z= Lty-2) 
6-y 

dz __48_ dy 

dt (6-y)* dt 


Setting y = 4 and oy 3 , we obtain a 36 
dt dt 
that is, z is increasing at the rate of 36 units/sec. 
© Example 4: Find out at which points x, the rate of 
change of the function f(x) = 3x° — 15x* + 5x —7 is minimum. 


©Y Solution: The rate of change of a function at a certain 

point is equal to the derivative of the function at this point 
f’(x) = 15x*— 45x? + 6 = 15[(x? — 1/2)? + 1/12]. 

The minimum value of f’(x) is attained at x = 1/./2 . Hence 

the minimum rate of change of the function f(x) is at the point 

x= 1/2 and equals 5/4. 


© Example 5: The ends A and B of a rod of length V5 
are sliding along the curve y = 2x’. Let x, and x, be the 
x-coordinate of the ends. At the moment when A is at (0, 0) 


and B is at (1, 2), find the value of the derivative dkp : 
dx 4 
©Y Solution: We have y = 2x? 
2 2\2 
(AB) =(%, =x) + (2x, -25,)" =9 
or (x,—x,)+ 4 (xp =x) =5 
XY 
BGiy2e,*) 


A 
eae | 
X 


d 
Differentiating w.r.t. x, and denoting OE D 
dx 4 
2(x, — x,)(D— 1) + 8 (xg —X4) (2x,D — 2x,) = 0 
Put x, = 0, X,=1 
- 21 0D = 1) + 81 0)2D~ 0) = 0 


 -2D-2+16D=0 > D=1/. 


- © Example 6: x and y are the sides of two squares such 


that y = x — x’. Find the rate of change of the area of the 
second square with respect to the first square. 


@Y Solution: Given x and y are sides of two squares thus 
the area of two squares are x” and y” 


2y dy 
4 oy 
We have to obtain SY) __“_dx _¥_ dy (1) 
d(x?) 2x x dx 
where the given curves is, y = x — x” 
= WY ~1_2 2) 
dx 


2 
Thus, 49 = ¥ (12x) [from (1) and (2)] 
xX 


* d(x?) 


d(y?) _ (x-x*)(I- 2x) 


= d(x”) Xx 
d(y*) 
= (2x?-3x+1 
=> atx?) (2x x +1) 


The rate of change of the area of second square with respect 
to first square is (2x? — 3x + 1). 


© Example 7: A spherical balloon is being inflated. The 
radius r of the balloon is increasing at the rate of 0.2 cm/s 
when r = S5cm. At what rate is the volume V of the balloon 
increasing at that instant ? 


©& Solution: Given dr/dt = 0.2 cm/s when r = 5 cm, we 
want to find dV/dt at that instant. Because the volume 


of the balloon is V = om , we see that dV/dr = 4m’. 


So, the chain rule gives 

dV _ dV dr tei? dr 

dt dr dt dt 

= 4m (5)*(0.2)? = 62.83 (cm?/s) 
at the instant when r is 5cm. 
©@ Example 8: A ladder 10 ft long rests against a vertical 
wall. If the bottom of the ladder slides away from the wall at 
a rate of | ft/s. How fast is the top of the ladder sliding down 
the wall when the bottom of the ladder is 6 ft from the wall ? 
©Y Solution: We first draw a diagram and label it as in 
Figure 1. Let x feet be the distance from the bottom of the 


ladder to the wall and y feet the distance from the top of the 
ladder to the ground. 


».¢ XA 
wall dy =? 
dt 
y 
10 
x ground Y — é oe 2 
(Figure - 1) (Figure-2) aD, y 


Note that x and y are both functions of t (time). We are given 
that dx/dt = | ft/s and we are asked to find dy/dt when x = 6 
ft (see Figure 2). 

In this problem, the relationship between x and y is given by 
the Pythagoras Theorem : 


x’ + y?= 100 
Differentiating each side with respect to t, we have 
dy 8% agg &Y = 
dt dt 
and solving this equation for the desired rate, we obtain 
dy xdx 
dt ydt 


When x = 6, the Pythagoras theorem gives y = 8 and so, 
substituting these values and dx/dt = 1, we have 


d 
yal qy == as 
dt 8 4 

The fact that dy/dt is negative means that the distance from 
the top of the ladder to the ground is decreasing at a rate of - 
ft/s. In other words, the top of the ladder is sliding down the 


wall at a rate of - ft/s. 
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G& Note: In solving this problem, we obtained the equation 
x’?+ y?=100 and differentiated implicitly with respect to t. We 
then inserted values for x and y into the resulting equation to 
solve for dy/dt. This is correct. 

It is a mistake to insert the value for x or y before differentiation. 
For example, if we first insert the value for x , we obtain 
6° + y? = 1007. 


: : d 
When we differentiate now we get 0 + 2y = = 0 because the 


derivative of a constant is zero. This yields dy/dt = 0 which 
is, of course, wrong. 


Another common error is to assign a letter to the length of the 
ladder. If we assign the letter /, say, we obtain x? + y* = 0”. 
Then, differentiating with respect to t yields 


Gy ge 
dt dt dt 


This is technically correct as long as you recognize that 
dé/dt = 0 because / = 100 which is a constant. However, if 
you fail to set dé/dt = 0, it is not possible to solve for dy/dt. 
In short, we should 


vid remember to differentiate before inserting specific values 


into the equation, and 


Y (ii) and not turn constants into variables. 


©@ Example 9: A man walks along a straight path at the 
speed of 4 ft/s. A searchlight is located on the ground 20 ft 
from the path and is kept focused on the man. At what rate is 
the searchlight rotating when the man is 15 ft from the point 
on the path closest to the searchlight ? 


@ Solution: We draw the figure and let x be the distance 
from the man to the point on the path closest to the search- 
light. We let @ be the distance from the man to the point on 
the path closest to the searchlight and the perpendicular to 
the path. 


Weare given that dx/dt = 4 ft/s and are asked to find d8/dt when 
x = 15. The equation that relates x and @ can be written from 
the figure. 


x 
50 =tan6 => x=20tan0 
Differentiating each side with respect to t, we get 
d 
= 20 sec?9@ — 
dt 
so oo! cos” 0 ieee cos” 6(4) = 1 ae 8 
dt 20 dt 20 5 


when x = 15, the length of the beam is 25, 


so cos 8 = = and 
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The searchlight is rotating at a rate of 0.128 rad/s. 


©@ Example 10: Two men A and B start with velocities v at 
the same time from the junction of two roads inclined at 45° 
to each other. If they travel by different roads, find the rate at 
which they are being separated. 


©Y Solution: Let L and M be the positions of men A and 
B at any time t. 


Since velocities are same OL = OM = x(say) 
Let LM = y. 


Then OM = x. It is given that = v and we need to find 


d 
a, from A LOM. 
dt 


odes OL? + OM? — LM? 
2.O0L.0M 
ie 1 K° +%7 Hy" Ie =? 
Sa 2.2.8 2x? 
or, on? = 2x?-y? or, (2- V2 )x=y 
d 
y= ae 7 N2-¥2 * 


Differentiating w. r. t. we get 

dy dx dx 

= 2V2 — =y2-v2V = 

dr V2V2 a \2-V2 dt | 

The two men are being separated from each other at the 
rate of /2— Re Vv. 


©@ Example 11: A water tank has the shape of an inverted 
circular cone with base radius 2 m and height 4 m. If water is 
being pumped into the tank at a rate of 2 m?/min, find the rate 
at which the water level is rising when the water is 3 m deep. 


©Y Solution: We first sketch the cone and label it as in the 
figure. Let V, r, and h be the volume of the water, the radius 
of the surface, and the height at time t, where t is measured 


in minutes. 


h 


l 


We are given that dV/dt = 2m?/min and we are asked to find 
dh/dt when h is 3 m. The quantities V and h are related by the 
equation 


1 
V= 3 Ter? h 


But it is the very useful to express V as a function of h alone. 
In order to eliminate r, we use the similar triangles in the figure 


. to write : 
~ r 2 
h 4 2 


and the expression for V becomes 


2 
-lyh ho Re 
3 \2 12 


Now we differentiate each side with respect to t : 


dV _ m2 dh 
dt 4° dt 
ae oo 

sO Gt. somh? dt 

Substituting h = 3 m and dV/dt = 2m?/min, we have 
dh 4 8 


dt (3)? 9n 
The water level is rising at a rate of 8/(970) = 0.28 m/min. 
© Example 12: Sand is pouring from pipe at the rate of 
12 cm?/s. The falling sand forms a cone on the ground in such a 
way that the height of the cone is always one - sixth of radius of 


base. How fast is the height of the sand cone increasing when 
height is 4 cm? 


Y Solution: v = ; rh 


but h=~ 
6 
> y= 5 (6h) h = 12h 
dv dh 
dt = 361 a 


when, ~ = 12 cm?/s andh=4cm 


dh 12 1 
dt 36n.(4)? 48x 


cm/sec. 


© Example 13: A rectangular tank has a sliding panel S 
that divides it into two adjustable tanks of width 3 ft. See 
figure. Water is poured into the left compartment at the rate 
of 5 ft?/min. At the same time S is moved to the right at the 
rate of 3 ft/min. When the left compartment is 10 ft long it 
contains 70 ft? of water. Is the water level rising or falling and 
how fast? 


©Y Solution: Let x be the length of the left compartment; _ 
let y and V be the depth and the volume of the water in thee a 


left compartment. Then x, we and V are all functions of wn) 


Given : kao 3 ft/min, & — =5 ft}/min. 
dt dt 


We need to compute dy/dt when x = 10 and V= 10. / 
At any instant V = 3xy. 
dv 
dt 


Substitute the data at the instant in question : 


5=3-10-% 43-3-y, 
dt 


=3x Wi3c& 
dt d 
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At the given instant, V = 70 and x = 10, hence y = 7/3. Therefore, 
dy _ 5-97/3) _ 16 
dt 30 30— 


The water level is falling at the rate of = ft./min. 


Alternative: Instead of differentiating the equation V = 3xy, 
we solve for y first, and then differentiate : 


_1v 
3x 

dv dx 
dy 1° dt dt 
dt 3 x 


dy 110-5-70-3 16 
3 107 30° 


At the given instant, 


@ Example 14: The radius of the base of a right circular 
cone is decreasing at the rate of 4 inch/min. and the height is 
increasing at the rate of 6 inch/min. At what rate is the volume 
changing when the height is 12 inch and the radius is 6 inch ? 


Y Solution: Let V, r and h denote the volume, radius and 
height, tespectively, of the cone. 
We are given dr/dt = —4 and dh/dt = 
_when h= 12 andr=6 


6; we have to find dV/dt 


2 

; mh 
~The formula for the volume of a cone is V = =a 
Differentiating this with respect to time t, we have 


dv _ 1 ,dh 2 dr 
— nmr —+—nrh — 
“dt. 3 dt 3 dt 


Substituting the given values of the variables, we obtain 


dV «t 2 
ae (36)(6) + 5 7©(6)(12)(—4) 
= 721 


192m =—1200 =-377 


dy _ 5-9y indicating that the volume is decreasing at the rate of about 
dt 30 377 cu. inch/min. 
_ Concept Problems A 


1. Ifthe side of an equilateral triangle increases uniformly at 
the rate of 3ft/s, at what rate is the area increasing, when 
the side is 10ft ? 

2. Radius ofa circle is increasing at rate of 3 cm/sec. Find the 
rate at which the area of circle is increasing at the instant 
when radius is 10 cm. 

3. yis related with x as follows : y? = 12 x. The argument x 
increases uniformly at a rate of two units per second. What 
is the rate of increase in y for x = 3? 

4. Atwhat point of the ellipse 16x? + 9y? = 400 does the ordinate 
decrease at the same rate at which the abscissa increases? 


5. Aladder of length 5 m is leaning against a wall. The bottom 
of ladder is being pulled along the ground away from wall 
at rate of 2cm/sec. How fast is the top part of ladder sliding 
on the wall when foot of ladder is 4 m away from wall. 

6. Ifaball is thrown into the air with a velocity of 40 ft/s, its 
height (in feet) after t seconds is given by y = 40t — 16t’. 
Find the velocity when t = 2. 

7. The position function of a particle is given by s=t?— 4.5? 
—7t, t20. When does the particle reach a velocity of 5 m/s? 

8. Water is dripping out of a conical funnel of semi-vertical 
angle 45° at rate of 2cm?/s. Find the rate at which slant 
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height of water is decreasing when the height of water is 


J/2 cm. 

9. A hot air balloon rising straight up from a level field is 
tracked by a range finder 500 ft from the lift-off point. At 
the moment the range finder's elevation angle is 7/4, the 
angle is increasing at the rate of 0.14 rad/min. How fast 
is the balloon rising at that moment. 

10. A point moves in a straight line, s = Jt. Prove that 
the motion is decelerated and that the acceleration a is 
proportional to the cube of the velocity v. 

11. Ifthe velocity v of a point moving on the x-axis is given 
by v(x) = F(x), show that the acceleration a is given by 
a(x) = F(x)F’(x). 

12. Prove that if a body moves according to the law 
s(t) =ae'+ be, then its acceleration is equal to the distance 
covered. 


13. A particle is moving along the parabola y” = 12x at the 
uniform rate of 10 cm/s. Find the components of velocity 
parallel to each of the axes when the particle is at the 
point (3, 6). 

14. A triangle has two of its vertices at (a, 0), (0, b) and the 
third (x, y) is movable along the line y — x = 0. IfA be the 
area of the triangle, prove that 
dA a+b 

dx 2 

15. A boat sails parallel to a straight beach at a constant speed 
of 12 miles per hour, staying 4 miles offshore. How fast is 
it approaching a lighthouse on the shoreline at the instant 
it is exactly 5 miles from the lighthouse? 


16. The quantity of charge q in coulombs that has passed 
through a point in a wire up to time t (measured in seconds) 
is given by Q(t) = t — 2t? + 6t + 2. Find the current when 
(a)t=0.5 sand (b)t=1s. 


Practice Problems A 


17. A circle is drawn with its centre on a given parabola _ 


and touching its axis. Prove that if the point of contact 


recedes with a constant velocity from the vertex, the rate 


of increase of the area of the circle is also constant. 


18. An air force plane is ascending vertically at th rate OF 
100 km/h. If the radius of the earth is R km, how, fast is 
the area of the earth, visible from the plane i increasing at 


3 min. after it started 
2 


ascending. Take visible area A= where 


R+h 
his the height of the plane in kms. above the earth. 


19. Water is dripping out from a conical funnel of semi-vertical 
angle 70/4, at the uniform rate of 2cm*/s. through a tiny hole 
at the vertex at the bottom. When the slant height of the 
water is 4 cm, find the rate of decrease of the slant height 


of the water. 
1 1 1 
—-4+—=— 
S f 
where s is the object distance from the lens, S is the image 
distance from the lens, and fis the focal length of the lens. 
Suppose that a certain lens has a focal length of 6 cm and 
that an object is moving toward the lens at the rate of 2 cm/s. 
How fast is the image distance changing at the instant when 
the object is 10 cm from the lens ? Is the image moving 
away from the lens or toward the lens ? 


20. The thin lens equation in physics is 


21. A car is traveling on a straight road that is 120 km long. 
For the first 100 km the car travels at an average velocity 
of 50 km/h. Show that no matter how fast the car travels 
for the final 20 km it cannot bring the average velocity up 
to 60 km/h for the entire trip. 


slow-moving truck. The average velocity of the car from 
t=l1tot=1+his 
_ 3(h +1)°° +580h—3 
mica 10h 
Estimate the instantaneous velocity of the car at t=1, where 
time is in seconds and distance is in feet. 


23. It is projected that x months from now, the population of 
a certain town will be 
P(x) = 2x + 4x3? + 5,000 
(a) At what rate will the population be changing with 
respect to time, 9 months from now ? 
(b) At what percentage rate will the population be 
changing with respect to time, 9 months from now. 
24. Suppose a person carrying a 20-candlepower light walks 
towards a wall in such a way that at time t(seconds) the 
distance to the wall is s(t) = 28 — t? meters. 
(a) How fast is the illuminance on the wall increasing when 
the person is 19 m from the wall? 
(b) How far is the person from the wall when the 
illuminance is changing at the rate of I lux/s ? 


25. The diameter of a hemispherical bowl is 18 inch. If the 
depth of the water in it is increasing at the rate 


of . inch/sec. When it is 8 inch deep, how fast is 


the water flowing in ? 

26. Water flows into a hemispherical tank of radius 10 feet (flat 
side up). At any instant, let h denote the depth of the water, 
measured from the bottom, r the radius of the surface of the 
water, and V the volume of the water is the tank. Compute 


dV/dh at the instant when h = 5 feet. If the water flows in 


at a constant rate of 5V3 cubic feet per second, compute 
dr/dt, the rate at which r is changing, at the instant t when 
h=5 feet. 

27. The radius of a right circular cylinder increases at a 
constant rate. Its altitude is a linear function of the radius 
and increases three times as fast as the radius. When the 
radius is 1 of the altitude is 6 feet. When the radius is 
6 feet, the volume is increasing at a rate of | cubic feet 
per second. When the radius is 36 feet, the volume is 
increasing at a rate of n cubic feet per second, where n is 
an integer. Compute n. 

28. A particle moves according to a law of motion 
s = f(t) = 0 — 12t? + 36t, t = 0, where t is measured in 
seconds and s in meters. 

(a) Find the acceleration at time t and after 3s. 

(b) Graph the position, velocity and acceleration 
functions for0 <t<8 

(c) Whenis the particle speeding up ? When is it slowing 
down ? 


29. The altitude of a triangle is increasing at a rate of 1 cm/ 
min while the area of the triangle is increasing at a rate of 


2 cm*/min. At what rate is the base of the trianglechanging 


when the altitude is 10 cm and the area is 100 cm? ? 


30. A water trough is 10 m long and a cross-section has the shape +}, 
of an isosceles trapezoid that is 30 cm wide at the bottom, 


80 cm wide at the top, and has height 50 cm. If the trough 
is being filled with water at the rate of 0.2 m’/min, how fast 
is the water level rising when the water is 30 cm deep? 


31. Two sides of a triangle are 4 m and 5 m in length and the 
angle between them is increasing at a rate of 0.06 rad/s. 
Find the rate at which the area of the triangle is increasing 
when the angle between the sides of fixed length is 71/3. 


5.3 Approximation 


Differential of a Function 


If the value of the function y(x) changes to y(x + Ax) as x 

changes to x + Ax, the increment of the function is defined as 
Ay = y(x + Ax) -y(x) 

and its differential is defined as 


dy= lim Ay= lim y(x +Ax)-y(x) 
Ax>0 Ax>0 


_ lim y(x +Ax)~y(X) 4 
Ax>0 AX 


X = y (x)dx 
. 4.3 
For example if y = a mtx” then 


dy = (Sas = 2 n3x?)dx = 4mx°dx. 
dx 3 
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32. A plane flying with a constant speed of 300 km/h passes over 
a ground radar station at an altitude of 1 km and climbs 
at an angle of 30°. At what rate is the distance from the 
plane to the radar station increasing a minute later ? 


33. A particle moves along the elliptical path given by 
4x? + y* = 4 in such a way that when it is at the point 


(3 /2,1) , its x-coordinate is increasing at the rate of 5 
units per second. How fast is the y-coordinate changing 
at that instant ? 


34. A pebble dropped into a pond causes a circular ripple. Find 
the rate at which the radius of the ripple is changing at a 
time when the radius is one foot and the area enclosed by 
the ripple is increasing at the rate of 4 ft’/s. 


35. It is estimated that the annual advertising revenue received 
by a certain news paper will be R(x) = 0.4x* + 3x + 160 
thousand dollars when its circulation is x thousand. The 
circulation of the paper is currently 10,000 and the 
increasing at a rate of 2,000 per year. At what rate will the 
annual advertising revenue be increasing with respect to 
time, 2 years from now ? 


36. Arod OA 2m long is rotating counter-clockwise in a plane 


about O at the rate of 3 rev/s, as shown in the figure. 


° 


The rod AB is attached to OA at A and the end B slides 
along the x-axis. Suppose AB is 5 meters long. What are 
the velocity and the acceleration of the motion of the point 
B along the x-axis ? 


This gives meaning to dx and dy as separate quantities. Let x 
be fixed, we define dx to be an independent variable equal to 
Ax, the change in x. Thus, dx, called the differential of x, is 
an independent variable equal to the change in x. That is, we 
define dx to be Ax. Then, if f is differentiable at x, we define 
dy, called the differential of y, by the formula 

dy = f’(x)dx or, equivalently, df= f’(x)dx 


Geometrical Meaning of Differential 


The figure shows the graph of a differentiable function f(x) in 
the neighbourhood of a point x,. 
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Geometrically, the expressions Ax, f(x,), f(x, + Ax), and 
Af= f(x, + Ax) — f(x,) are the lengths of the line segments AC, 
AB, DC and DF respectively. 

The triangle BEF is bounded by the horizontal line BF, the 
vertical line EF, and the tangent to the curve BE. 

From the geometrical meaning of the derivative, f’(x,) 
is the tangent of the angle EBF, while f’(x,) Ax = df is the 
length of the line segment EF. 

Thus geometrically, the differential is equal to the increment in 
the ordinate of the tangent from the point x, to the point x, + Ax. 
We see that dx = Ax, whereas dy is the rise of a tangent relative 
to the same change in x (Ay and dy are not the same thing). 


Note that the separation of the increment of the function Af into 
two parts Af = f’(x,) Ax + o(Ax) corresponds to the partition 
of the line segment DF, DF = FE + ED. The length of the line 
segment EF is equal to the differential, and the length of the 
line segment ED is an infinitesimal of higher order than Ax. 
Indeed, as can be seen from the figure, the segment ED in DE 
tends to zero as Ax > 0. 


© Example 1: Compare the increment and the differential 


of the function y = 2x? + 5x’. 


©Y Solution: We find 
Ay = 2 (x + Ax)? + 5 (x + Ax)? — 2x3 — 5x? 

= (6x? + 10x) Ax + (6x + 5)Ax? + 2Ax3, 
dy = (6x? + 10x)dx. qa 
The difference between the increment Ay and the differential 
dy is an infinitesimal of the higher order of smallness relative 
to Ax, and it is equal to (6x + 5)Ax? + 2Ax°. 


Linearizing a Function 


In a small neighbourhood of the point Xos the graph of the 
function y = f(x) and its tangent at X, are close together. The 
tangent is the simpler of the two curves under consideration. 
We can often replace the function f(x) by the function whose 
graph is the tangent to the given function at the point x,. The 
function f(x) is then said to be linearized in the neighbourhood 
of x,. The term "linearization" arises because the function 
whose graph is a tangent line is linear in x, that is, has the 
form y = ax + b. 
The equation of the tangent line is readily found as that of 
the straight line passing through the point (x,, f(x,)) in a 
given direction. The slope of the tangent is f’(x,) and hence 
y — f(x,) = f’(x,) (k—x,) is the equation of the tangent, and 

y = f’(x,) (k —x,) + f(x,) is the function whose graph is 
the tangent line. Clearly, 

f(x) = f(x,) + £’(x,) (K-x,) 
(here the sign ~ means an approximate equality in the small 
neighbourhood of the point x,). 


Thus, the approximate value of a function f at x in the small 
neighbourhood of the point x, is given by 

f(x) = f(x,) + £(x,) (k-x,). 
©@ Example 2: Find the linearization (i.e. tangent line 
approximation) of the function f(x) = /x+3 ata=1 and use 


it to approximate the numbers 3.98 and V4.05 . Are these 
approximations overestimates or underestimates ? 


©Y Solution: The derivative of f(x) = (x + 3)!” is 
1 


2VxX+3 
i 
oe 


f(x) = 5x 43) M2 = 


and so we have f(1) = 2 and f’(1) = 


We see that the linearization is 
1 7 x 
L(x) = f01) + f(x — 1) =24+ —(x-1)= —+ 
(x) =f) + PU) - 1) 7 ) aa 


The corresponding linear approximation is 


i) 
VX+3 = eva (when x is near 1) 
4 4 


In particular, we have 


and 4.05 = 7H = 2.0125 


We see that our approximations are overestimates because the 
tangent line lies above the curve. 


© Example 3: Compute the approximate value of 3/1.06. 


©Y Solution: Consider the function y = f(x) = fx, 
We have x, = 1, Ax = 0.06 , x = x, + Ax = 1.06, 


¥1.06 = f(x, + Ax) = f(x). 
We have f(x) = f(x,) + f’(x,) Ax, 


31.06 = 4/1 +£%(x,) Ax. 
We find that f’(x,) = (1/3) x97, 
that is, f’(x,) = (1/3) « 128 = 1/3. 
Thus, 3/1.06 ~ 1 + (1/3) - 0.06 = 1.02. 


© Example 4: Find the approximate value of (1.999)°. 
©Y Solution: Let f(x) = x° 
Now, f(x + Ax) — f(x) = f’(x) . Ax = 6x° Ax 
We may write, 1.999 = 2 —0.001 

Taking x = 2 and Ax =-0.001, we have 

f(1.999) — f(2) = 6(2)° x — 0.001 
= (1.999) = f(2) — 6 x 32 x 0.001 

= 64 — 64 x 0.003 = 64 x 0.997 
= 63.808 (approx). 


© Example 5: Calculate the approximate value of the area 
of a circle whose radius is equal to 3.02 m. 


©Y Solution: We make use of the formula S = 7R?. 
Putting R = 3, AR = 0.02, we obtain 

AS = dS = 2mR - AR=2n +3 - 0.02 =1.12 7. 
Consequently, the approximate value of the area of the circle 
is equal to 9% + 0.12% =9.127 = 28.66 (sq.m). 
In a different form, the approximate value of a function f at 
x + his given by 

f(x + h)— f(x) » f'(x).h 
ie. f(x+h) ~ f(x)+f'(x).h 


© Example 6: Find the approximate value of (0.007)!. 
Y Solution: Let f(x) = (x)"" 

h 
Now, f(x + h)— f(x) ~ f’(x).h= aga 

X 


we may write, 0.007 = 0.008 — 0.001 
Taking x = 0.008 and h =—0.001, we have 


f(0 007) _ (0 008)" mh ___ 9.001 
~~ 3(0.008)2/3 
3 0-001 
or (0.007) ~ (0.008) 3(0.2)2 
001 1 2 
or (0.007) ~ 0.2 ON 2a = = 
3(0.04) 120 120 
Hence, (0.007)"3 ~ 22. 
120 


5.4 Error 


The derivative is also used to estimate the maximum error in 
a calculation that is based on figures obtained by imperfect 
measurement. Here, the approximation formula discussed 
earlier, is used to study propagation of error, which is the term 
used to describe an error that accumulates from other errors in 
an approximation. Let us first consider propagation of error in 
a volume measurement. 
Suppose we measure the side of a cube and find it to be 10 
cm long. From this we conclude that the volume of the cube 
is 10° = 1,000 cm*. If the original measurement of the side 
is accurate to within 2%, approximately how accurate is the 
calculation of volume ? 
The volume of the cube is V(x) = x3, where x is the length of 
a side. If we take the length of a side to be 10 when it is really 
10 + Ax, the error is Ax; and the corresponding error when 
computing the volume will be AV, given by 

AV = V(10 + Ax) — V(10) = V'(10)Ax 
Now, V'(x) = 3x’, so V'(10) = 300. Also, the measurement of 
the side can be off by as much as 2% — that is, by as much as 
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0.02(10) = 0.2 cm is either direction. Substituting Ax = +0.2 in 
the incremental approximation formula for AV, we get 

AV = 3(10)?(40.2) = +60 
Thus, the propagated error in computing the volume is 
approximately +60 cm’. Hence the maximum error in the 
measurement of the side is |Ax| = 0.2 and the corresponding 
maximum error in your calculation for the volume is 

|AV| = V'(10)|Ax| = 300(0.2) = 60 
This says that, at worst, the calculation of the volume as 1,000 
cm} is off by 60 cm’, or 6% of the calculated volume. 


Absolute, Relative and Percentage Errors 


The absolute (propagated) error in a measured or approximated 
value is defined to be the remainder when the approximate 
value is subtracted from the true value. Hence 

actual value = approximate value + error. 

If x, represents the measured value of a variable and 
x, + Ax represents the exact value, then Ax is the error in 
measurement. 

The difference between f(x + Ax) and f(x) is called the absolute 
error and is defined by 


 Af= f(x + Ax) - f(x) 
The relative error is the ratio of the (absolute) error to the true 
~ value. 


error 


relative error = 
value 


and may be given as either a numerical fraction or as a 
percentage of the value. 
Af _ df 


The relative error is a ae 


The percentage error is 100( 


In the above example, the approximate propagated error in 
measuring volume is +60, and the approximate relative error 
is AV/V =+60/103 = +0.06. 


©@ Example 1: The radius of a sphere was measured and 
found to be 21 cm with a possible error in measurement of 
atmost 0.05 cm. What is the maximum error in using this 
value of the radius to compute the volume of the sphere ? 


© Solution: If the radius of the sphere is r, then its 
4 
volume is V = 3 nr® . If the error in the measured value 


of r is denoted by dr = Ar, then the corresponding error in the 
calculated value of V is AV, which can be approximated by 
the differential 

dV = 4mr’dr 
When r= 21 and dr = 0.05, this becomes 

dV = 4n(21)° 0.05 = 277 
The maximum error in the calculated volume is about 277 cm’. 
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Note:) Although the possible error in the above example 
may appear to be rather large, a better picture of the error is 
given by the relative error, which is computed by dividing the 
error by the total volume: 


AV dV 4nr°dr_ 3a 
YY Fe r 
3 

Thus, the relative error in the volume is about three times the 
relative error in the radius. In the example the relative error 
in the radius is approximately dr/r = 0.05/21 = 0.0024 and it 
produces a relative error of about 0.007 in the volume. The 
errors could also be expressed as percentage error of 0.24% 
in the radius and 0.7% in the volume. 


© Example 2: A hemispherical bowl of radius 10 in. is 
filled with water to a depth of x inches. The volume V of 
water in the bowl is given by the formula 


V= $G0x?-x’). 
Suppose that you measure the depth of water in the bowl to 


be 5 in. with a maximum possible measured error of = in. 
1 


Estimate the maximum error in the calculated volume of water When x = 5, this gives 


in the bowl. 


©Y Solution: The error in the calculated volume V(5) is th : 


difference AV = V(x) — V(5) between the actual volume V(x) 
and the calculated volume. (® 


We do not know the depth x of water in the bowl. We are given 
only that the difference Ax = x —5 
between the actual and the measured depth is numerically at 


most a in. : |Ax| < a. 
16 16 
TU 
Now, V'(x) = 3 (60x — 3x’) = 1(20x — x’), 
The linear approximation 
AV =~ dv=V'(5) Ax at x =5 gives 


: ae : oe 1 
With the common practice in science of writing Ax = + a6 to 


signify that -= <Ax< 7 , this gives 
1 
AV ~ (75m) (t75) ~ £14.73 (in.?). 


The formula gives the calculated volume V(5) ~ 654.50 in.’, 
but we now see that this may be in error by almost 15 in. in 
either direction. 


In the above example a relative error in the measured depth x of 
1 


AX 16 ‘ 
= = 0.0125 = 1.25% 
x 5 
leads to a relative error in the estimated volume of 
WY ig A220 705 =9. 55%, 
V 654.50 


The relationship between these two relative errors is of some 
interest. The formulas for dV and V in the above example give 


dV — (20x — x7)Ax _ 3(20-x) Ax 
aa 30—-x x ° 


] 


v) 3 7030%" - x?) 


al = 1.80) 4% : 

Vv x 

Hence, to approximate the volume of water in the bowl with a 
relative error of at most 0.5%, for instance, we would need to 
measure the depth with a relative error of at most (0.5%)/1.8, 


thus with a relative error of less than 0.3%. 


© Example 3: Two sides a, b of a triangle are given and the 
included angle C is measured. Find the error in the computed 
length of the third side c due to a small error in the angle C. 


©Y Solution: We have 
c? =a? + b?— 2ab cos C, 

and therefore, supposing C and c alone to vary, 
cdc = ab sin CdC, 


AV ~ (20.5 —5?) Ax = 75m Ax. whence dc= a sin C.dC =a sin B dC. 
_ €oncept Problems B 


1. Compute the approximate value of (1.06)*. 
2. Find the approximate value of ¥/127 . 


3. A person measures the radius of a sphere to be 6 in and 
4 
use the formula V = a to calculate the volume. If 


his measurement of the radius is accurate to within 1%, 


approximately how accurate (to the nearest percent) is his 
calculation of the volume? 

The edge of a cube was found to be 30 cm with a possible 
error in measurement of 0.1 cm. Use differentials to 
estimate the maximum possible error, relative error and 
percentage error in computing (a) the volume of the cube 
and (b) the surface area of the cube. 


5. The circumference of a sphere was measured to be 84 cm 
with a possible error of 0.5 cm. 


(a) Use differentials to estimate the maximum error in the 
calculated surface area. What is the relative error ? 


5.5 Tangent and Normal 
Tangent 


Earlier we have understood that the derivative of f at the point 
(x, y) on the curve y = f(x) i.e. f’(x) represents the slope 
(gradient) of the tangent to that curve. We defined the slope of 
the tangent to a curve at a point as the limit of secant slopes 
passing through that point. This limit is called the derivative 
of the curve. The slope of the tangent to a curve at a point is 
called the slope of the curve at that point. The basic property ofa 
tangent line is that it indicates the direction of a curve at a point. 
If y = f(x) is differentiable for x = a and P(a, f(a)) lies on the 
graph of y = f(x), the line through P which has its slope equal 
to f’(a) is tangent to the graph at P. If the function has an 
infinite derivative at the point x =a Le. lim | f'(x)| = ce then, 


the line tangent to the graph of the function y = f(x) atthe point \ d 
P(a, f(a)) is perpendicular to the x-axis and we call suchaline 


as a vertical tangent. 


Definition The tangent line to the graph of f at the point 
P(a, f(a)) is 
(i) the line on P with slope f’(a) if f’(a) exists , 
f(x)—f(a) 
xX—a 
If neither (i) nor (ii) holds, then the graph of f does not have 
a tangent line at the point P(a, f(a)). 


(i) the line x =a, if lim 


xa 


= co, 


In case f’(a) exists, then 
y — f(a) = f(a) (xa) 

is an equation of the tangent line to the graph of f at the point 

P(a, f(a)). 

© Note: 

1. The above definition based on single-valued functions 
causes no trouble in practice. If we desire to study the 
tangents to the graph of y? = x + 2, we merely consider 
the curve to be made up of two branches, one given by 
y = Vx+2 and the other by 

= —Jx+2.To each of these branches the above 
definition is applicable. 
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(b) Use differentials to estimate the maximum error in 
the calculated volume. What is the relative error ? 


2. The tangent line to the curve y = x? at the origin is the 
x- axis, which crosses the curve itself. 
It may seem strange that a tangent line can cross the curve, 
as this tangent line does. In high school geometry, where 
only tangent lines to circles were considered, the tangent line 
never crossed the curve. 

3. Atangent line to a graph may intersect the graph at points 
other than the point of tangency. For example, the line 
y = | isa tangent to the graph ofy = sinx, even through it 
intersects this graph infinitely often. 


Normal 


The normal to the graph of f at the point P is the line that is 
perpendicular to the tangent to the graph at P. 


The normal line N to the graph of a function f at the point P(a, 
f(a)) is defined to be the line through P perpendicular to the 
tangent line. 


It follows that if f(a) # 0 the slope of N is —1/f’(a) and 


1 
y — f(a) =- Fa (x — a) is an equation of N. 


If f’(a) = 0, then N is the vertical line x = a; and if the tangent 
line is vertical, then N is the horizontal line y = f(a). 
© Note: 


1. The point P(x,,y,) satisfies the equation of the curve and 
the equations of tangent and normal. For the tangent, P is 
called the point of contact and for the normal it is called 
foot of normal. 


2. Tangent to a curve at the point P(x,, y,) can be drawn, 
even though the derivative at P does not exist. e.g., 
x = 0 is a vertical tangent to y = x”? at (0, 0), where 
|dy/dx| = 9. 

Intercepts Made by the Tangent on 

the Coordinate Axes 

The equation of tangent at P(x, y) is 


Y-y= 2 (x—x) .(1) 
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Putting Y = 0 in (1), we get 


Hence the intercept OT that the tangent cuts off from the x-axis 


is ay 
dy j 
By putting X = 0 in (1), we get 


Hence the intercept OL that the tangent cuts off from 


the y—axis is y—x ay : 
dx 


Note that OL is called initial ordinate of the tangent to 
the curve. 


D Note: 


1. Ifthe tangent at any point on the curve is equally inclined / 


to both the axes, then dy/dx = +1. 


2. Ifthe tangent at any point on the curve cuts both the axes 
at equal distances from origin, then dy/dx = +1 or it passes 
through the origin. 


3. If the tangent at any point makes equal intercepts on 
the coordinate axes, then dy/dx =—1 or it passes through 


the origin. 
Y, 


P (x1Y1) 


Xx 


©@ Example 1: Find the equation of tangent to y = e* at x = 0. 
Y Solution: Atx=0,y=e°=1 
Hence, the point of tangent is (0, 1) 

oy = “e => fy} = 1 

dx dx |, 9 


Hence equation of tangency is (y— 1)= 1 (x—0) 


=> y=xtl 


©@ Example 2: Find the equation of all straight lines 


1 
which are tangent to curve y = i and which are parallel 
x- 
to the line x + y =0. 


©Y Solution: Suppose the tangent is at (x,, y,) and it has 
slope — |. 


d 1 
dK lay) (x,-1) 
=> x,=O0or 2 => y,=-1 or 1. 


Hence tangent at (0, — 1) and (2, 1) are the required lines with 
equations 

(y + 1) =- 1(x—0) and 
-xty+1=0 and 


(y-T)==-1({x-2) 
y+x=3. 


¥ 


© Example 3: Find the equation of the normal to 
y = x? — 3x, which is parallel to 2x + 18y = 9. 

©Y Solution: The curve is y = x3 — 3x. .(1) 
= dy/dx = 3x’-3 

The normal is parallel to the line 2x + 18y = 9, then the slope 
of the normal = slope of the given line 

| 

9 (dy/dx) © 


=> dy/dx=9 => 3x*-3=9 > x =42. 
From (1), when x = 2, y = 2 and when x =-2, y =-2. 
Hence, the required normals are 
y—2 = -(1/9)(x — 2) and y + 2 =-(1/9)(x+2) 
=> x+9y=20andx+ 9y + 20=0. 


@ Example 4: Find equation of normal to the curve 
y=|x’?-|x||atx=—-2. 


&Y Solution: In the neighbourhood of 
xX=-2,y=x’+x. 
Hence the point of contact is (— 2, 2). 


dy 


dx |,__» 


dy 


— =2x+1> == 3: 
dx 


So the slope of normal at (— 2, 2) is ; ; 
Hence the equation of normal is 


1 
yer) = 3y=xt8. 


©@ Example 5: Find the equation of normal to the curve 
x + y = x’, where it cuts the x—axis. 
Y Solution: The given curve is x + y =x’. 
At the x-axis, y = 0, => x+0=x? =>x=1. 
The point is A(1, 0) 
Now we differentiate x + y = x’ taking log on both sides 
=> In(kt+y)=ylnx 


: {+34} =y. : H(nx) &¥ 
x+y dx x dx 


Putting x= 1, y=0 


d 
eo 
dx (1,0) 


.. Slope of normal = 1 
Equation of normal is, 
=> y=x-l. 


y-0=1(x-1) 


©@ Example 6: Find the initial ordinate of the tangent to the 
curve y= ¥x+3 atthe point (1, 2). 


dy = 1 _l 
dx (1,2) 2VxX+3 4 


The equation of the tangent at (1, 2) is 


© Solution: 


For y intercept, put x =0 in this equation to get 
1 7 


Soe, 
: 4 4 


.. The initial ordinate of the tangent = - ; 


© Example 7: For the curve xy = c’, prove that the portion 
of the tangent intercepted between the coordinate axes is 
bisected at the point of contact. 


Y Solution: Let the point at which tangent is drawn be 
(a, B) on the curve xy = c?. 


d 
aa ee 
dx (at,B) on 


Thus, the equation of tangent is, 
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y-B=- 2(x-a) 
Q 
=> yo-op=-xpB+oap => xB + yo = 208 
cee ae 
2a 26 


It is clear that the tangent line cuts x and y-axis at A(2Q, 0) 
and B(0, 2) and the point (a, 8) bisects AB. 

@ Example 8: Prove that sum of intercepts of the 

tangent at any point to the curve Vx + Jy = Ja on 

the coordinate axes is constant. 


© Solution: Let P(x,, y,) be a variable point on the curve 


Ve + fy = va 


(0,Jay,) 8 


P(X,y) 


0) x 


Jax, ,0) 


Y ) 


A 
( 


The equation of tangent at point P is 


i 
= 
y 2 Rs ace 
a ae ae 


x Y= Se 4 
ad Vx ° Vy vn vy 
(since x, +./y, = Va ) 


=> += Ja 

Vx Vy 
Hence point A is (Jax; 0) and coordinates of point B is 
(0, Jay, ). Thus, the sum of intercepts 

= Ja Gia + VY )= Va.Ja =a, is a constant. 


(y-y,) = (x—x,) 


=> 


©@ Example 9: At what points on the curve 

2 1 : 
y= ae + a , the tangents make equal angles with 
the coordinate axes ? 


©@ Solution: The given curve is y = Sx +50? (1) 


; ou : d 
Differentiating both sides w.r.t. x, = =2x*+x 
x 


The tangent makes equal angles with coordinate axes 
we have 
dy 
dx 


=+] or 2xX°+x=+1 
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or 2x?+x+1#40and 2x?+x-1=0 
or 2x*?+2x—-x-1=0 

(If 2x* +x + 1 = 0 then x is imaginary) 
or (2x-1)(x+1) 


From (1), forx = —, 


and for x =-l, y= 


y= 
25 
37 
1 
1 
Hence, the points are & an and [ 2). 


©@ Example 10: Find the point on the curve ay? = x? in the 
fourth quadrant where normal to the curve makes equal non- 
zero intercepts with the axes. 


&Y Solution: Let the point at which normal is drawn be 
(x,, y,). Then it must satisfy ay? = x’, 


x3 
Le. ay” =x? ory,=+ = (1) 


Now, differentiating both sides of the given curve with respect © 


to x we get, 


dy 2 
2ay —=3x 
: dx 


3 2 
a (2) _ 3x7 3xi_ 3H 
(x,,y,) 


3 
dx 2ay, fog |B 2Va 
a 
a 
Thus, the slope of normal = +—,/— . 
3\ x, 


We know that the slope of the line making equal intercepts 
with the axes = — 1. 


2 /a 
= = 2 —= 1 [using + sign which means that 
| Xy 


y, is negative from (1)] 
—8a 
27 


a 
> X= and y,= 


: su geden | Ae 
Hence, the required point is (S. =) ‘ 


7 
© Example 11: The tangent to y = ax? + bx 5 at (1, 2) is 


parallel to the normal at the point (—2, 2) on the curve 
y =x’? + 6x + 10. Find the value of a and b. 


dy 


sad er 


© Solution: 


=2ax+b=2at+b 


2 _axx, + h(xy, 4 
k Also, the equation of normal at (x,, y,) is 


dy 

—— =2x+6 for y=x?+6x+10 

dx 
Slope of normal at (-2,-2)=~ = 
ope of normal at (—2, —2) 2x + 6/9) 2° 
=> 2a+b=-1/2 (1) 


Point (1 , 2) satisfies y = ax? + bx + 7/2 

=> 2=at+b+7/2 

=> at+b=-3/2 (2) 
On solving (1) and (2), we get a= 1 and b = —5/2. 


Tangents to Second Degree Curves 


There is a direct method for finding equation of tangent to the 
curve ax’ + 2hxy + by”? + 2gx + 2fy +c =0 
at the point (x,, y,). 


We need to replace the following in the above equation: 

x? by xx,. 

y’ by yy,. 

2x by x +X,. 

2y byyty,. 

RY by xy + xy,. 
The pabiion of tangent is, 
yx,) + byy, + 


g(xtx,) + flyty,) +c =0. 


XX y-y 


ax, thy, +g e hx, + by, +f 


© Example 12: Find the equation of tangent at point 
2 2 


x 
P(x,, y,) to the curve — + - =1. 
a’ b 
xy? 
Y Solution: Here the equation of curve ae a =lisa 
a 


second degree equation in x and y. 
The equation of tangent is obtained by replacing x’ to xx, and 
y’ to yy, 
AA YI 
ae 
© Example 13: Find the equation of tangents to the ellipse 
3x? + y? + x + 2y = 0 which are perpendicular to the line 
4x —2y=1. 
©Y Solution: Since, the tangent is the perpendicular to the 
line 4x — 2y = 1, 

(slope of tangent) < (slope of given line) =—1 


1.€., =. 


dy _ dy 1 
eee hee (1) 
The given equation 3x? + y°+x+2y=0 ..(2) 


=> 6 aoy 2149 2 2G 
dx dx 


_, dy __ (xt) 3) 
dx Ay +1) 


Let (x,, y,) be the point of contact of the tangent and the curve. 


Note that if we use the above method, the equation of tangent 
can be easily obtained : 


3xx, tyy,+ (x +x /2+(y+y,) =0. 
: 6x, +1 
Its slope is 2a , same as found above. 
2(y, +1) 
From (1) and (3), we get 


(4) (6x;+1) 1 

dx 30) 2(y, +) 2 

Substituting this in (2) [since the points lie on the curve] we get, 
3x; +36x; +x, +12x,=0 

ie. 13x, 3x,+1)=0 => 

Using (4), x, =0 andy, =0 

and x, =—1/3 andy, =-2. 


Hence, the points where the tangents have slope —1/2 are 
P(0, 0) and Q--1/3, —2). 


ie, y, = 6x, — ...(4) 


x, = 0, -1/3 


Equation of tangents at P, Q are y = -5 xX ie, x + 2y=0 and | A )y y 


y+t2=- [x + +] 1e., 3x + 6y + 13 =O respectively. : ~ 


Horizontal Tangent 


Ifthe tangent at any point P on the curve is paras }} the axis 
of x then dy/dx =0 at the point P. Such a tangent is called 
horizontal tangent. 
Y (x11) 
P 


O x 


© Example 14: Let y = (x —2)(x?+ 4x — 7). Find all points 
on this curve where the tangent is horizontal. 


Y Solution: The tangent will be horizontal when 
dy/dx = 0, because a horizontal line has slope 0. 
dy 
= = (x — 2)(2x + 4) + (1)(x? + 4x —7) 
=2x?-8+x?+4x-7 
= 3x? + 4x — 15 = (3x —5)(x + 3) 
Thus, ae, when x = 2 or x =-3. 
dx 3 


The points on the curve at which the tangent is horizontal are 


(2. = and (-3, 50). 


@ Example 15: 
(a) Find y’ if x? + y? = 6xy. 
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(b) Find the tangent to the folium of Descartes x* + y* = 6xy 
at the point (3, 3). 

(c) At what points on the curve is the tangent line horizontal? 

© Solution: 

(a) Differentiating both sides x? + y* = 6xy with respect to x, 
regarding y as a function of x, we get 


3x? + 3y’y’ = by + Oxy’ 
or x?+ yy’ =2y + 2xy’ 
We now solve for y’ : 
yy’ — 2xy’ = 2y -x’ 

(y? — 2x)y’ = 2y — x’, 


Pos 2y-x? 
y’ =2x 
2:3—3* 
b) When x 3,y 
(b) aa? aoe me 
Y 
(3, 3) 
) : x 


So the equation of tangent to the folium at (3, 3) is 
y-3=-l(x-3) or xty=6. 

(c) The tangent line is horizontal if y’ = 0. Using the expression 

for y’ from part (a), we see that y’ = 0 when 2y — x?=0. 


1 
Substituting y= — x? in the equation of the curve, we get 


. 
1 : 1 > 
e+ (5x°] =o (te) 


which simplifies to x° = 16x>. so either x = 0 or x? = 16. 
1 
If x = 1613 = 243, then y = . (283) = 25%, 
Thus, the tangent is horizontal at (0, 0) and at (2*°, 2>°). 


© Example 16: Find the points where the tangents to the 
curve whose equation is y” = x(2 — x’) are parallel to the 
x-axis, and sketch the curve. 


©Y Solution: Solving for y, we obtain y = +xJ2-x?. 

Thus y is a two-valued function of x which is defined for 
Ix| S$ V2. 

Let us take first the case when the sign is positive. Writing the 

equation in the form y = an x’)! and Sienna, we have 

dy _ 

dx 

a = 


502 x2) 2 (2x) 4 (2 x 
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The tangents are parallel to the x-axis if the derivative is 
equal to 0. We obtain x =—1 and 1. The corresponding values 
of y are —1 and 1, and so the required points are (—1, —1) 
and (1, 1). 


It is unnecessary to repeat the work for y =—x /2—x? , since 
only the sign of dy/dx is changed and so we have the same 
values of x as before. But now the corresponding values of y 
are | and—1, and we have two more points, (—1,1) and (1, -1), 
where the tangents are parallel to the x-axis. 

From the given equation, we find that the x-intercepts 
are 0 and+J2 . For x = +2 , dy/dx becomes infinite. 
Hence at the corresponding points the slope becomes infinite 
and the tangents are perpendicular to the x-axis. 


In the figure, the heavy line is the graph of y= xV¥2-x? and 
the dotted line is the graph of y= —x/2-x? . 


Vertical Tangent 


If the tangent at any point P (x,, y,) on the curve y = f(x) is 


perpendicular to the x-axis (parallel to y-axis), then ysipbe of 
the tangent is infinite 


d 
() =00 or, [S =0. 
dx (x,,y,) dy (x.y) 


A vertical tangent line occurs at a place on a continuous curve 

where the slopes of secant line approach ©? or approach — ©», 

Since an infinite limit is a special way of saying that a limit 

does not exist, a function f is not differentiable at a point of 

vertical tangency. 

Definition If fis continuous at x =c and 

f(c+Ax)—f(c) 
Ax 7 


1.e. 


lim 


Ax>0 


then the vertical line, x = c, passing through (c, f(c)) is a vertical 
tangent line to the graph of f. 


For example, the function shown in the figure below has a 
vertical tangent line at (c, f(c)). 
Y 


(c, f(©)) 


The graph of f has a vertical tangent line at (c, f(c)). 


For example, the y-axis is the vertical tangent to the curve 


f(x) = iq at the point (0, 0) because the function has an 
infinite derivative at x = 0. 


nl 1 
£0") = li li 
(0) nO h aa 
ee 1 
£’(0-) = lim = lim 5 
Y 
oO x 


In other words, a curve has a vertical tangent at x = c, when 
lim |f’(x)| = 
xc 


If the domain of fis a closed interval [a, b], then we can extend 

the definition of vertical tangent to include the endpoints, by 

considering continuity and one-sided derivatives from the right 

(for x = a) and from the left (for x = b). 

f(a+Ax)-f (a)}_ 
Ax 


f(b + Ax)—f (b) 
Ax 


lim: 


Ax 30 


an 


: Graphs with Vertical Tangents 


Note the following four important cases : 


(i) £(x)= tim 2220 (Fig. 1) 
Ax>0 Ax 


(i) £(%)= tim 22-0 (Fig. 2) 
Ax>0 Ax 


Fig. 1 
(iii) f'(«)= J ee 
>0 Ax 
ee 
PAS tm Sai 
Ax>0 Ax 
Ax>0 


The left tangent is perpendicular to the x-axis and is directed 

downward, while the right tangent is perpendicular to the x—axis 

and is directed upward (Fig.3) 
Y 


ie PSS in oe: 
Ax>0 Ax 
Ax<0 


A 
f(x')= lim 5% =-co 
Ax>0 Ax 
Ax>0 
Here, the left tangent is perpendicular to the x-axis and is 
directed upward, while the right tangent is perpendicular to 
the x—axis and is directed downward (Fig. 4). 


Consider the following functions : 


1 if x>0 
(1) ra) =senx=| O if x=0 
—-lif x<0O 
f’(0*) = lim a0 = 
h-0 


f’ (0) = lim — =o 


The function f (x) =sgn x has no vertical tangent at x = 0, even 
if it has infinite derivatives, because of discontinuity at x = 0, 


- Oif x<O : 
(i) f(x%)= lif x>0 has no vertical tangent at x= 0. 


f’ (0°) = lim = =0 ( 
ho>0 h \ 
f’ (0-) = lim ee 
h>0 oh CA 
(iii) f(x) = x”? has a vertical tangent atx=0. 
= y2/3 
f (x) =x Yy 
. x 
2/3 
f’ (0°) = lim —— = 
7 nd h 
ee a 
£0) fim SE = Jinn 


© Example 17: Show that the curve y—e’+x=0 hasa 
vertical tangent at (1, 0). 


‘ d 
@ Solution: — — e» [y+x 2] +1=0 
dx dx 


d 
= 2 (1-xe*)=ye*—1 
dx 


For a vertical tangent , 
d e*y —] dx 
Y — ¥ = 


= co 
dx 1-xe’ 


—=0 
dy 


=> 1-xe’=0. 
This equation is satisfied by the point (1, 0). Hence, the curve 
has a vertical tangent at this point. 
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Condition for a Given Line to be Tangent to a Curve 
Q(x,y,) 


ax + by +c=0 


y= f(x) 

Let us find the condition for the line ax + by + c = 0 bea tangent 
to the curve y = f(x). 
Let P(x,, y,) be the point on the curve where the line touches 
the curve. 
Then P lies on the curve > y, = f(x,) 
Also P lies on the line = ax, + by, +c =0 
Further, slope of the line 

= slope of tangent to the curve at P 


af -(2 6) 
b dx —s 


On eliminating x, and y, from the above three equations, we 
get the required condition. 


(1) 
(2) 


@ Example 18: Show that the straight line x cos + y 


~ sinOt = p touches the curve xy = a’, if p* = 4a” cos sin. 


- @ Solution: Let the line touch the curve at the point 


P(x,, y,) on the curve. 


=> x,cos&+ y sin =p (1) 
and x,y,=a .(2) 
Differentiating xy = a* w.r.t. x, we get eee 

> dx x 


Now, slope of the line = slope of the tangent to the curve at 
P(X, y,) 


yi COS Ol 
=> =—— ...(3) 
Xy sina 


From (1) and (3), x, cos + x cos = p 

= 2cosa%x,=p and 2sin& y, =p 

From (2) 

=  (2cos) (a)(2sina)(a) = p? 

=> p’=4a’cososina. 

©@ Example 19: Find value of c such that line joining 


the points (0, 3) and (5, — 2) becomes tangent to curve 
Cc 


ye x+1- 


Xx 


Y Solution: B(0.3) 


Equation of the line joining A and Bisx + y =3. 
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Solving this line with the curve we get 


4 c 
= 

x+1 
=> x’?—2x+(c—3)=0 .(1) 


For tangency, roots of this quadratic equation must be 
coincident. Hence D = 0. 
=> 4=4(c-3) > 


| Study Tip 


c=4. 


If a line touches an algebraic curve then on solving the 

equation of line and tangent we get atleast two repeated roots 

corresponding to the point of contact. 

Putting c = 4, equation (1) becomes 
x?-2x+1=0 => 

Hence the point of contact becomes (1, 2). 


x=1 


© Example 20: Tangent at P(2, 8) on the curve y = x? meets 
the curve again at Q. Find coordinates of Q. 


©Y Solution: The equation of tangent at (2, 8) is 
y = 12x- 16 

Solving this with y = x3, we get 
x*— 12x+ 16=0 


This cubic must give all points of intersection of line and curve 
y =x’ Le., points P and Q. 
But, since the line is tangent at P, so x = 2 will be a repeated 
root of the equation x?- 12x +16=0and another root will 
be x = h(say). 
Using relation between roots and coefficients, 

sum of roots =2+2+h=0 
> =-4 
Hence, the coordinates of Q are (— 4, — 64). 


Tangents from an External Point 


Given a point P(a, b) which does not lie on the curve 
y = f(x), then the equation of the possible tangents to the curve 
y = f(x), passing through (a, b) can be found by first finding the 
point of contact Q of the tangent with the curve. 


Q(x,,Y,) 


P(a, b) 


y = f(x) 
Let point Q be (x,, y,). 


Since Q lies on the curve we have y, = f(x,) (1) 
d 

Also, the slope of PQ = — 
dx (x,.y,) 


-b d 
3 Si ee 
X,;-a dx 


(2) 


(x,,¥,) 

Solving (1) and (2), we get the point of contact (x,, y,). 

& Note: For aconic, acubic, a quartic, the maximum number 
of tangents which can be drawn from a given point is 2, 6, 12 
respectively. 


© Example 21: At what point of the curve y = x? — 5x + 6 
should a tangent to that curve be drawn for the tangent to pass 
through the point M(1, 1)? 

&Y Solution: Let the point of tangency be (x,, y,) 

The equation of tangent at (x,, y,) is satisfied by (1, 1). 
Hence, 1—y, = (2x,-5) (0 —x,), 

Also, y= xa — 5x, +6. 

Substituting y, from the second equation into the first, we get 


a quadratic equation x4 —2x,=0. 
Hence the required points have the coordinates (2, 0) and (0, 6). 


. o Example 22: Find the coordinates of the points on the 
curve y =x’ + 3x + 3 the tangent at which passes through the 


origin. 
Y Solution: From the equation of the curve, we have 
dy/dx = 2x + 3. 

The equation of the tangent to the given curve at the 
point (x,, y,) is y—y, = (2x,+ 3) (x-x,). If this tangent passes 
through the origin (0,0), we have 0 — y, = (2x,+3) (0-x,) 


ie, y= 2x7 43x,. ett) 
Since the point (x,,y,) lies on the given curve, therefore 
y,= x? +3x, +4. (2) 


From (1) and (2), we have 2x? +3x, = x? +3x,+4 or 


x; =4 or x, = + 2. Putting x, = 2 and — 2 in (1), we get 
y, = 14 and 2 respectively. Hence the required points are 
(2, 14) and (-2, 2). 

@ Example 23: Suppose that three points on the parabola 
y =x’ have the property that their normal lines intersect at 
a common point (a, b). Find the sum of their x-coordinates. 
dy 


= 2x, 
dx Jix..y,) 


L 


&Y Solution: y =x’, 


m (slope of normal) = Poa 
Equation of normal at (x, x,’) is 


—l 
y-Xp =——(x-X,) sl) 
2x, 


(x,y) 
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As equation (1) passes through (a, b), so 


-1 
b-x} =——(a-x 
' ox, ‘ 0 


=> 2x,(b-x7)=x,-a 

= 2x} +x,(1-2b)-a=0 (2) 
Sum of all the x-coordinates = 0 
(as the coefficient of x; in equation (2) is 0) 


Concept Problems € 


1. At what point is the tangent to the curve y = In x inclined 
T 
to the x-axis at an angle of a ? 
2. Inthecurve y= ce° , if w be the angle which the tangent at 
any point makes with the axis of x, prove that y =c tan y. 
3. Find the equations of the tangent and the normal to the 
curve y = 3/x—1 at the point (1, 0). 


4, Find the x-coordinates of all points on the graph of y = 1 — x? 
at which the tangent line passes through the point (2, 0). 


5. Find whether f (x) = ,/| x | has a vertical tangent at x = 0. WM 


11. Show that the tangents to the parabola y” = 2px at the points 
where x = p/2 are perpendicular to each other. 

12. Find the equation of the tangent to the curve 
y = x* + 2e* at (0, 2). 

13. Find the points on the curve y = 2x? + 3x?-12x + 1 where 
the tangent is horizontal. 


14. vt the curve y = 6x3 + 5x —3 has no tangent line 


| slope 4. 
15. Fi a cubic function y = ax? + bx? + cx +d 
whose graph has horizontal tangents at the points 
(—2, 6) and (2, 0). 


6. Show that the slope of the curve whose at 16 Find the equations of the tangent and normal 


y= aa at the point where x = 3 is —1. At ae 


x-l 
point is the slope also — 1 ? 
7. Find all values of x for which the line that is tangent to 
y = 3x — tan x is parallel to the line y—x =2. 
8. The tangent to the curve y = f(x) at (x,, y,) exists only when 


‘ies f(Xg + h) — f(g) 
h>0 h 
9. Thecurve y= ax’ +bx +c passes through (1, 2) and is tan- 


gent to the line y = x at origin. Find the value ofa+b+ cis. 


exists. Is this true? 


10. Find the smallest slope of the normal to the curve 


TUX 
y=2 tan( =) on the interval -2 <x <2. 


Practice Problems 


21. Let f(x) = (x? — 2x’)(x + 2) 
(a) Find an equation for the tangent to the graph of f at 
the point where x = 1. 
(b) Find an equation for the normal line to the graph of f 
at the point where x = 0. 
22. Find the abscissa of the point where the graph of the given 
function has a horizontal tangent. 


(i) f(x)= xv1-3x = (ii) f(x) = x’el* 


8a> 


4a° +x 
17. Show that the normal to the curve 3y = 6x — 5x 


toy= at the point where x = 2a. 


3 


drawn to the point (1 +] passes through the origin. 


18. Find the equations of those tangents to the hyperbola 
4x? — 9y* = 36 which are perpendicular to the straight line 
2y + 5x = 10. 

19. Does the parabola y = 2x?— 13x + 5 have a tangent whose 
slope is — 1? If so, find an equation for the line and the 
point of tangency. If not, why not? 


20. Show that the equations of the tangent and normal at the 
point (x,, y,) of the circle x* + y’ = a’, can be reduced to 
the forms xx, + yy, =a’ and xy, — yx, = 0. 


23. Find all points on the curve 
(x? + y?)3? =,/x? + y* +x where the tangent is vertical. 


24. The straight line y =— 3,3. is known to be a tangent 
4 32 


to the graph of the function f(x) = 5x —x. Find the 


coordinates of the point of tangency. 
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25. Write the equations of the tangent and the normal to the 
curve x? + y?+ 2x — 6 =0 at the point with ordinate y = 3. 


1 
26. Show that any tangent to the curve y = = x —4x? 
intersects with the y-axis at a point equidistant from the 
point of tangency and the origin. 


27. Find the slope of the curve whose equation is 
2 
y= = at the points where x = 0 and x = + 2. 
x7 +4 


What is the limit of the slope as x > ©. 


28. Find the normal to xy =a-+x, which makes intercepts 
of equal length upon the coordinate axes. 

29, Find the points at which the graph of the equation 25x’ + 1 6y* 
+ 200x — 160y + 400 = 0 has a vertical or horizontal tangent. 

30. If fand g are differentiable functions and y = f(g(x) has a 
horizontal tangent at x = | then the tangent to the graph 
of g at x = | or the tangent to the graph of f(x) at x = g(1) 
is horizontal. Is this true? 

31. Achord of the parabola y =x*—2x +5 joins the points with 
the abscissas x, = 1,x,=3. Derive the equation ofthe tangent 
to the parabola parallel to the chord. 


5.6 Tangent to parametric curves 


If the equation of the curve be given in the parametric form 
say x = f(t) and y = g(t), then (A 


.. The equation of tangent at any point't' on the curve is given 
a) 
by: y-80)= Fp &- FO) 


and the equation of normal at point 't' is given by 


£0 
i AO) 


Note that in several problems, the introduction of parametric 
coordinates from our side helps in solving easily. 


y—g()= 


Some common parametric coordinates : 
(a) x73 4y72 =a? => x=acos’® , y=asin’d. 


(b) Vx + fy =Vva >x=acos'® , y=asin‘d. 


n n 
(c) eae => x= a(sin@)”", y= psing)2”. 
a 


(d) c?(x?+y’?)=x’?y? > x=csecO and y=c cosecO. 
(e) ay’ =x3, >x=at?andy=at®. 
© Example 1: Find the equation of the tangent to the curve 


_2 
x=t + 3t—8 at the point P(2, —1). 
y=2t? -2t-—5 


32. Show that the normals to the curve y=x?- x + 1, 
drawn at the points with abscissas x, = 0, x, = — 


and x, = —, intersect at one point. 


33. At the points of intersection of the straight line x — y + 
1 =0 and the parabola y = x? — 4x + 5 normals are drawn 
to the parabola. Find the area of the triangle formed by 
the normals and the chord joining the mentioned points 
of intersection. 

34. Find the length of the perpendicular from the origin on 
the tangent at the point x, y of the curve. 
x4+yt=c', 

35. Write down the equations of the tangents and normals to 


the curve y (x? + a”) = ax’ at the points where y = — 


36. Show that any tangent to the curve y = x° + 8x + 1 makes 
an acute angle with the x-axis. 


37. Prove that a4 : =I touches the curve y = be~*“ at the point 
a 


where the curve crosses the y-axis. 


@ Solution: First we determine the value of t corresponding 
to the given values of x and y. This value must simultaneously 
satisfy the two equations 
t?+3t-8=2 

2t7 -2t-5=-1 
The roots of the first equation are t, = 2; t, =—5, the roots of 
the second equation t, = 2; t,=—l. 
Hence, to the given point there corresponds the common 


value t = 2. Now we determine the value of the derivative at 
the point P : 


_{ y(t) _{ 4t-2 _ 6 
Be TOU) 24 225) 4'° 0 


The equation of the tangent to the curve at the point 


, 


y 


P(2,-1)is y+1= © (2) 


©@ Example 2: Find the equation of all possible normals to 
the parabola x” = 4y drawn from the point P(1, 2). 


2 


h 
Y Solution: Let point Q [ =) be the feet of the normal 


to the curve x? = 4y. 


Y1P(1,2) 


d 
Differentiating w.r.t. x > 2x =4 s => we 
dx dx 2 
=> Si f th lat Q= ao) wet 
ope of the normal at Q= dy| a 
Now, fis = slope of the normal at Q. 
h2 
> G2 9 
4 ee 
h-1 h 


3 
=> MD _ 4, =-2h+2>5h=8>h=2. 
4 


Hence, the coordinates of point Q is (2, 1) and so the equation 
of the required normal is x + y = 3. 


Note:) The equation gives only one real value of h. Hence 
there is only one foot of normal implying that only one real 
normal is possible from the point (1, 2). 


©@ Example 3: Prove that all the normals to the curve 
x =acost + at sint and y =a sint — at cost are at a distance a 
from the origin. 


Y Solution: x=acost+atsint 


=> Lae + at costt+asint=atcost 
dt 


y =asint—atcost 


> dy =acost+ at sint—acost =atsint 
dt 
d at sin t 

> Ye = tan t. 


dx atcost 


Hence the equation of the normal at any point ‘t’ on the 
curve is 
; 1 ; 
(y -(a sin t—at cos t)) = arenes (x -(a cos t + at sin t)) 
an 
=> ysint—asin*t+ at sintcost 
=-x cost +acos*t+ at sint cost 
=> xcostt+tysint=a. 
The distance of the normal from (0, 0) 
a 


a 
sin? t+cos’t 


@ Example 4: Find all the lines that pass through the point 
(1, 1) and are tangent to the curve represented parametrically 
as x=2t—-tandy=tt+t’. 


© Solution: X,Y) 
(1,1) 
d 
Xoo, Darts 
dt ‘ 
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a ine en 
ae _ oi, Pa ae ae ine PQ 
= 2t+1 
= 2 I ae 
x,-l 2-D 
is t+t-1 _ 2t+l ae 
G1 2 -2t—-1) 37 
dy 2t+1 = (2/3)+1 53 5 
dk lug At) 2(2/3) 34 4° 
5 
The equation of tangent is y—1= gre 
=> 4y-4=5x-5 => 5x -—4y=1. 


Further, at t = 1, dy/dx — oo, in which case tangent is 
perpendicular to the x-axis and its equation is x =1. 


© Example 5: Prove that normal of the curve y? = 4ax 
touches the curve 27ay’ = 4(x — 2a)’. 


gw Solution: The equation of the normal at any point 


(am?, —2am) of the parabola y’ = 4ax is 


y = mx — 2am — am’. 


"The parametric equations of the curve 27ay? = 4 (x — 2a)? can 


be written as 
y = 2at*, x = 2a + 3at’. 
dy _dy/dt  6at” _ 
dx dx/dt  6at 
The equation of tangent at the point 't' is 
y = 2at? =t (x — 2a — 3at’) 

or y=tx—2at—at’, 

which is identical with (1) if t =m. 

Hence the normal at (am’, — 2am) to the parabola y” = 4ax is 


a tangent at (2a + 3am’, 2am°) to the curve 
2Tay” = 4 (x — 2a)’. 


t. 


© Example 6: Show that the curve x = 1 —3t?, y=t—3t° 
is symmetrical about x-axis and has no real point for x > 1. 
If the tangent at the point t is inclined at an angle to OX. 
Prove that 3t = tan ) + sec . If the tangent at P(—2, 2) meets 
the curve again at Q, prove that the tangents at P and Q are 
at right angles. 


© Solution: Given curve is x = 1 —3 
y=t-3t 
From (1) and (2), y = tx 


2 
or x=1-3[2) 
x 


=> x=x?-3y’ 

Since all powers of y are even, so curve is symmetrical about 
X-axis. 

For x>1>1-3t>1 


(1) 
sale) 
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=> -3t?>0 Impossible 


From (1) and (2), 
je 
ra 2 
wy 7 a = = =tan o (given) ...(3) 
dt 


sec? d= 1+ tan? 


ia 1-92) _ (14902) 
| 6t “lt 6t 
1-9t? 
6t 
Adding (3) and (4) we get tan d+ sec = 3t 
 P(-2, 2), we have 
1-3t?=—2 and2=t-3t? > t=-l. 
dy _1-9-1? _ 4 


dx|,, —6(-1) 3 
Equation of tangent at (—2, 2) is 


sec b= 


Since the tangent meets the curve again, 


t-3-2= =a 3t? + 2) 
=> 3t-9P-6=-12+4 121? 
=> 904+ 12?-3t-6=0 
=> (t+1/’G6t-2)=0 
Therefore the tangent at t=—1 meets the curve again 


2. 5 
att= 3° i.e. o[-3--2}. 


dy = 

dx |,_5/3 6 2 a 
3 

dy : dy —_ 

dx}; AX|,_9/3 


Hence the tangents at P and Q are at right angles. 


Tangents Intersecting the Curve Itself 


The tangent at P meeting the curve again at Q. 


(x,y) (x, Y2) 


dy 
dx 


Yo7)1 


p X27X, 


© Example 7: In the tangentat (1,1) on y? = x(2 — x)? 
meets the curve again at P, then find P. 


d 
@ Solution: 2y a = (2 + x)?—2x(2—x), 
xX 


1 1 
so =—[l-2]= ‘ 


Therefore, the equation of tangent at (1, 1) is 


1 
~1=—-_x(-1 
y res ) 


— es ee = 


The intersection of the tangent and the curve is given by 
(1/4) (x + 3)? = x(4 + x?- 4x) 

=> x-—6x+9=16x+ 4x3— 16x? 

=> 4x°- 17x? + 22x-9=0 

=> (x=1)(4x?-13x+9)=0 

> (x- 1 4x-9) =0 


NY Since x = | is already the point of tangency, x = 9/4 and 


> 2 

(7)? 9 9 9 9 3 
“y= 2- = . Hence, p is | —.— |]. 
ss Al *) 64 r e :] 


© Example 8: The tangent at a point P, other than (0, 0) on 
the curve y = x’ meets the curve again at P,. The tangent at P, 
meets the curve at P,, and so on. Show that the abscissa of P,, 
P,, P,,...5P, form a GP. 


Also Bnd thevitiog? 
so find the ratio o area(AP,P,P,) 
Y Solution: Let P(x,, y,) be a point on the curve 
y=x? (1) 
y,= x} (2) 
dy 
Now, —— = 3x? 
ow, 4 = 3x 


Slope of the tangent at P, = m, = ce 

Equation of the tangent at P,(x,, y,) is 

y- x; = 3x? (x —x,) 
= 9= 35 222%; 3) 
Solving (1) and (3), we get 

= 3x tox? =0 
=> =x)’ +xx,= 2x7)=0 
=> (k-x,)(K-x,) (K+2x,) =0 
=> x=x, (neglecting) or x =— 2x, 


_ 3 
X, 2X,, Y, = X2 8x} 


: 3 
P,(x,, y,) is C 2x,, — 8x;). 
Now, we find P,, the point where the curve meets the tangent 
at P.,. 


d 
Slope of the tangent at P, = [*) 
(X,,Y2) 


= $x5 =3.4x; =12%; 

Equation of tangent at P, is, 

y-x3 =3x,(x= x) .(4) 
To get P, = (x,, y,), solve (1) and (4) 
“Py = (x, y,) =(2x,, -8x3 ) = (4x,, 64 x} ) and so on. 
.. The abscissa of P,, P.,, P,,,.... are given by x,, — 2x,, 4x,, 
— 8x,,.., which is a GP with a common ratio of — 2. 


xX yy | 
Now, area (A P P,P.) = > X, Yo 1 
Ry Ys | 
xy x: 1 
1 
area (A P|P,P,) = 3 -2x, —8x; 1 
4x, 64x} 1 
1 1 1 
area (A P|P,P,) = “1/2 -8 1 
4 64 1 
Similarly, 
Xo Yo | 
area (A P,P,P,) = 3 X3 yz 1 
X, yq | 
; —2x, -8x; 1 
area (A P,P.P,)= | 4x, 64x; 1 
—8x, 512x} 1 
1 1 1 
area (A P.P,P,) = 8x7|-2 -8 1 
4 64 1 


area (AP,P,P;) 1 
area (AP;P;P,) 16— 


© Example 9: If the normal to the curve x23 + y?23 = a3 
makes an angle ¢ with the axis of x, show that its equation is 
y cos @ —x sin b =a cos 20. 


©Y Solution: The given curve is x23 + y23 = a (1) 
Differentiating both sides w.r.t.x, we get 
1/3 
2-13, 2-113 dy a | 
_ => — SS — —__. 
3° ° 37 ax . dx x? 
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dx ue : 
r = ye = tan (given) 


x=y tan’ > aad) 
From (1) and (2),y”? (1 + tan? ) = a?3 
=> y?3 =a cos% 
y =acos? ¢ and x =a sin’ 
Therefore equation of normal is 
y —acos* d= tan o (x —a sin’ ) 
=> ycosd-—acos' =x sin d—asin* > 
=> ycos d-x sin d =a (cos? @ — sin* ) 
=a (cos’ d + sin? ) (cos? d — sin? ) 
=a.1.cos 2 
Hence y cos @ —x sind =a cos 20. 


Slope of normal = — 


© Example 10: Show that the normal to the curve 

5x>— 10x? +x +2y + 6 =0 at P(0, — 3) meets the curve again 
at two points. Find the equations of the tangents to the curve 
at these points. 


Yw Solution: Here, 5x*- 10x? +x+2y+6=0_ ...(1) 


SAD d 
Differentiating w.r.t x, 25x*— 30x?+1+2 a =0 
NS ae! set 30 +1) 
K) dx 2. . 


oa 
dx (0,-3) 2 


Hence, the equation of the normal at P(0, — 3) is 


oe (x —0) 
yr3= (s) 
dx (9-3) 
=> yt+3=2x (2) 
Solving (1) and (2), 
5x°— 10x? +x +2 (2x-3)+6=0 


or 5x°—10x?+5x=0 => x(x*-2x?+1)=0 
or x(x?-1?=0 

x=0,1,1,-1,-1. 
The repetition of roots 1 and — 1 signifies that the normal at 
P(0, — 3) touches the curve again at the two points (1, — 1) and 
(-1, —5). 
The equation of the tangents at these points is same as the 
normal at P(0, — 3) i.e. y+ 3 = 2x. 


Locus Problems 


©@ Example 11: Prove that all points of the curve y? = 4a 
{x + a sin (x/a)} at which the tangent is parallel to the axis of 
x lie on a parabola. 


&Y Solution: The given curve is 
y’ = 4a{x + a sin (x/a)}. .(1) 
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Differentiating (1), we get 
2y (dy/dx) = 4a {1+cos(x/a)} 
or  dy/dx = (2a/y) {1+cos(x/a)}. 
Suppose that the tangent to (1) at the point (x,, y,) is parallel 
to x-axis. Then dy/dx at (x,,y,) is 0 
=> (2a/y,) {1 + cos (x,/a)} =0 
=> cos(x/a)=—1. ..(2) 
Also (x,,y,) lies on (1). Therefore we have 


yi = 4a {x, +a sin (x,/a)} = 4a (x, + 0), 

[°.' from (2), cos (x,/a) =— 1 => sin (x,/a) = 0] 
> yp = 4X, 
Hence the point of contact (x,, y,) lies on y* = 4ax which is a 
parabola. 


©@ Example 12: Tangents are drawn from the origin to the curve 
p g g 
y =sin x. Prove that their points of contact lie on xy” = x?—y’. 


&Y Solution: Differentiating the equation of the given curve 
y = sin x, we get 

dy/dx = cos x. 
Let (x,, y,) be the point of contact of a tangent drawn from the 
origin to the curve y = sin x. We have dy/dx at (x,, y,) = cos x,. 
Therefore the equation of the tangent to the curve y = sin x at 


the point (x,, y,) on it is ¢ 


y—yY, = cos x," (x—x,) ¢ 
Since this tangent passes through the origin ie., tg © point 
(0, 0), therefore ~~ 
y, =X, cos &OY. 


O-y,=cosx,*(0-x,) or 
or (y,/x,) = cos x, (1) 
Again the point (x,,y,) lies on the curve y = sin x. Therefore 
y, = sin x,. ...(2) 


Squaring and a (1) and Ds we get 
(y,/x,)? + y; =lor ay oxy, 
Hence, generalizing we get the locus of (x,, y,) as 
xy? = x2_ y?. 
©@ Example 13: The tangent at any point on the curve 
x =a cos? 0, y =a sin’ 0 meets the axes in P and Q. Prove that 
the locus of the midpoint of PQ is a circle. 
©Y Solution: The given curve is x =a cos? 0, y =a sin? 0. 
Y 
Q 


O Px 


dy | (st) _ 3asin? cos 


=—tan0 
dx & 3a cos” 0(—sin 8) 


Equation of tangent at ‘0’ 
y —asin* 0 =— tan 0 (x — a cos? 8) 


— > _asin? Q=— —*— +acos?O 
sin ® cos 9 
xX oy 
a cos®@ sin®@ 
x y 
or (acos®) (asin) = 


“. P=(acos 9, 0) and Q =(0, asin 8) 
If mid point of PQ is R(h, k), then 
2h = acos 9 and 2k =a sin 8 
(2h) + (2k)? =a? or, h? +k? =a7/4 
Hence locus of midpoint is x* + y* =a’/4 which is a circle. 


Tangent at Origin 


Ifacurve passing through the origin is given by a rational integral 
algebraic equation, the equation of the tangent (or tangents) at 
the origin is obtained by equating to zero the terms of the lowest 
degree in the equation. 

For example, if the equation of a curve is 

x? = Ay? + x4+ 3x3y + 3x’ y’ + y*=0, the tangents at the origin 


are given by x’ — 4y? = 0, 
or x + 2y and x—2y=0. 


2 


In the curve x? + y? + ax + by = 0, ax + by =0, is the equation 
of the tangent at the origin; 

and in the curve (x? + y’)? = a? (x* — y’), x? 
equation of a pair of tangents at the origin. 


y’ = 0 is the 


If the equation of a curve is x* + y* —x’y* = 0, by equating 
to zero the terms of the lowest degree in the equation we get 
x? + y? = 0 which does not represent any real line. There are 
no tangents at the origin. Note that (0, 0) is an isolated point 
of the curve. 


Let the equation of the curve when arranged according to 

ascending powers of x and y be 

(a,x + ay) + (b,x? + b.xy + b,y’) + (c.x* + ©,x’y + ....) = 0, 
.(1) 

where the constant term is absent since the curve passes through 

the origin. 


Let P (x,y) be any point on the curve. The slope of the chord 
OP is y/x. Therefore the equation to OP is. 

Y =(y/x) X, 
where (X,Y) are current coordinates. 


Y, 


As P + O, i.e., as x + 0 and y — 0, the chord OP tends to 
the tangent at O. 


Excluding for the present, the case when the tangent is the 


y-axis i.e., when tim 1). too, we have the equation of the 
>0\x 


tangent at O as 


Y=mX where im( 2) =m. ...(2) 
x>0\ X 
Case | : Let a, # 0. Dividing (1) by x and taking limit as 
xX — 0, we get 
a,+a,m=0 ...(3) 
Eliminating m between (2) and (3), we get 
a,X+a,Y=0. 


as the equation of tangent at the origin to the curve (1). 
Replacing the current coordinates X, Y by x,y this equation 
becomes 

axtay=0, .(4) 
which is obviously the equation obtained by equating to zero 
the lowest degree terms in (1). 
Ifa, =0, then a, is also zero from (3), and we get the next case. 
Case Il : Let a, = 0, a, = 0, but b, and b, are not both zero. 
Dividing (1) by x? and taking limit as x — 0, we get 


2 
b, +b, tim| » J+ im( = 0, 
OL x 3 x50 x 


or b,+b,m+b,m’°=0 


where lim (2) =m. 
x 


x! 


Goncept, Problems 
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Equation (5) is a quadratic in m, showing that there are two 
tangents at the origin in this case. Eliminating m between (2) 
and (5), we get 

b,x’ + b,xy + b,y’ = 0, ...(6) 
as the equation of the tangents at the origin to (1) in this case. 
In equation (6), we have taken x, y as current coordinates. 
Obviously the equation (6) is obtained by equation to zero the 
lowest degree terms in this equation of the curve (1), where 
a,=a,=0. 
If b, = b, = 0, then by (5), b, = 0. 
Case Ill : If a, = a, = b, = b, = b, =0, we can show by the 
same process that the rule still holds; and so on If tangent at 
the origin is the y-axis, we can easily show by supposing the 
axes of x and y to be interchanged for a moment, that the rule 
is still true. 


Hence the equation of the tangent or tangents at the origin is 
obtained by equating to zero the lowest degree terms in the 
equation of the curve. 


& Note: The same line could be the tangent as well as normal 
toa given curve at a given point. 


For example, in the curve x? + y>— 3xy =0 (Folium of 
Descartes) the line pair xy = 0 is both the tangent as well as 


~ normal atx =0. 


1. Write the equations of the tangent to the curve x =t 
cos t, y =t sin t at the origin and at the 


: Tl 
tt=—. 
poini A 


2. Find the slope of the normal to the curve 
™ 
x = 1-—asin 0, y=b cos’ 0 at0= a 
3. Derive the equations of the tangent and the normal to the 


parabola x’ = 4ay at the point (x,, y,). Show that the tangent 
at the point with the abscissa 


x, = 2 am has the equation x = Yim 
m 


4. Find the slope of the tangent to the curve r? = a? cos 20, 

: : TT 

where x =r cos 9 and y =r sin 9, at the point 0 = e 

5. Show that the tangent to the curve y = x? at any point 

(a, a*) meets the curve again at a point where the slope is 
four times the slope at (a, a°). 


6. Find all values of x, for each of which the tangents to the 
graphs of the functions 
f(x) = 3 cos 5x, g(x) =5 cos 3x + 2 
at the points with abscissa x, are parallel. 


7. Find the coordinates of the points of intersection of the 
x-axis and the tangents to the graph of the 


function y = x. which form an angle 37/4 with 
the x-axis. 

8. Calculate the area of the triangle bounded by the 
coordinate axes and the tangent to the graph of the 
function y = x/(2x — 1) at the point with abscissa x = 1. 

9. Find an equation of the tangent to the hyperbola 


x+9 
awe which passes through the origin. 


10. A triangle has two of its angular points at (a, 0), (0, b), and the 
third (x,y) is moveable along the line y = x. Show that if A be 
its area 2dA/dx =a + b, and interpret this result geometrically. 
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_ Practice Problems eG 


11. Derive the equations of the tangent and the normal to the 
curve x =2 Incott+ 1, y=tant+cottatt=7/4. 

12. For the curve represented parametrically indicate the 
relation between the parameter t and the angle a between 
the tangent to the given curve and the x-axis. 


2 
' t 
xX =cost+tsint cost, 


(i) ; 


tcost 


sin t; 


y =sint 


(ii) x =acost ¥2cos2t, =asintV¥2cos2t,. 


13. Suppose that L is the tangent line at x = x, to the graph of 
the cubic equation y = ax? + bx. Find the x-coordinate of 
the point where L intersects the graph a second time. 

14. Show that the curve x = 1 — 3t’, y =t— 3t? is symmetrical 
about x-axis and has no real points for x > 1. If the tangent 
at the point 't' is inclined at an angle 0 to the x-axis, prove 
that 3t = tan 0 + sec 0. If the tangent at P (—2, 2) meets 
the curve again at Q, prove that tangent at P and Q are 
mutually perpendicular. 

15. If the tangent to the curve 2y’ = ax’ + x° at the point 
(a, a) cuts of intercepts ot, 8 on the coordinate axes, velig 
a? + B? =61, find a. . 

16. For the curve xy"=a"™', find the value of n so that th ea 
of the triangle included between the axes and a any tangent 
is constant. = 

17. There are four points on the curve y = x*— 8x* where the 
associated tangent line passes through Cae 49). Find 
the x coordinates of these points. 


5.7 Angle of Intersection 


The angle of intersection of two curves is defined as the angle 
between their tangents at their point of intersection. 
Let the equation of the two curves be 

f(x, y)=0 ...(1), and 

g(x, y) =0. ...Q2) 
Suppose P(x,, y,) is a point of intersection of (1) and (2). Let 
m, = tang, and m, = tang, be the slopes of the tangents at the 
point P(x,, y,) to the curves (1) and (2) respectively. 


Then m, = (dy/dx), at the point P(x,, y,) 


18. Show that the coordinates of the point of inter-section 
of the tangents to the curve y = 1 — x?/a? drawn through 
the points with the ordinates y = 0 do not depend on the 
parameter a. Find the coordinates of the intersection point. 

19. The line that is normal to the curve x” + 2xy — 3y” = 0 at 
(1, 1) intersects the curve at what other point? 

20. For the function y = x* — 3x*— 7x + 6, find all points at 
each of which the tangents to the graph of the function, 
cut off on the positive x-axis a line segment, half that 
on the negative y-axis. Find the lengths of the cut-off 
segments. 


21. Two tangents to the graph of the function y = J17(x? +1) 


intersect at right angles at a certain point of the y-axis. 
Write the equations of the tangents. 


22. Show that the tangent to the parabola y = ax? (for a # 0) 
at the point where x = c, will intersect the x-axis at the 
oint | (c/2, 0). Where does it intersect the y-axis ? 
nd the equation of tangent to the curve 


= 1 
Ese : atP(1.-2}. 
6 


2x+1 |x-3| 
24. Write down the equation of the tangents at the origin in 
the following curves. 
(a) (x? + y’) = ax? a b*y? 
(b) x+y? 


(c) (y-a)’ —z— 


y 


= 5ax’y? 


= spe 


and m, = (dy/dx), at the point P(x,, y,). 
Suppose 0 is the angle of intersection of (1) and (2) at the point 
P(x,, y,), then 8 = >, — 0, 

tanO = tan(, — 0,) 


The acute angle 9 between the tangents is given by 


m,-m 
tan = |_1__ > 
1+m,m, 
m,;—M) 
0 = tan! 
1+m,m, 
[5 Note: 


1. Ifm, =m, the angle of intersection 0 is 0°. In this case the 
two curves have the same tangent at the point (x,, y,) and 
thus the two curves touch each other at the point (x,, y,). 

2. Ifm, m,=—1, the angle of intersection is 90°. 

If m, =, m, = 0 or ifm, = 0, m, = ©, again the angle of 
intersection 0 is 90°. 

If the angle of intersection of two curves is 90°, we say 
that the curves intersect orthogonally. 


The curves (1) and (2) intersect orthogonally at the point 
(x,, y,) if (dy/dx), - (dy/dx), =— 1, at the point (x,, y,). 

3. If (1) and (2) intersect at more than one points, we should 
find their angle of intersection at each point. 


4. Let the two curves be y = f(x) and y = g(x) and let the 
point of intersection be P(x,, y,). 


d | se f’ dm,= ey 
and let m, = a (x,) and m, = ae re (x,) 
If angle between the two curves is 0, then 


_ | fa -8') 
1+f (xg) 


m, —™M 
tan = |———— 


1+m,m, 


©@ Example 1: Find the angle of intersection of the curves 
x?-y? =a’ and x*+y?= a2V2. 
©Y Solution: The given curves are 
x?-y? =a’, (1) 
and x*+y?= a2. ..(2) 
Solving (1) and (2) to get their points of intersection, we have 


2 2 
= VO2+D ig ye 2 2—D 
2 2 
Hence, x’y? = aQ=1_ al 
4 4 


Differentiating the equation (1),we get 


we get dy/dx =— x/y. 
If 0 is the angle of intersection of (1) and (2), at their F pint of 
intersection (x, y), then 


-(- 2 
esata xfy-(Cx/ly) | _ an ay | 
1+(x/y)(-x/y) y -x 
V(4x7y? | Vat 
ae . ue =tan7! : 
y -x -ar |’ 


[*." at the point of intersection (x,y), we have 
x?— y* =a’ and 4x’y’ = a*] 
= tan! |-1|=tan'l = 77/4. 


@ Example 2: Show that the curves y = 2 sin?x and y = cos 
2x intersect at x = 71/6. What is their angle of intersection ? 


Y Solution: Given curves are y =2 sin? x (1) 
and y =cos 2x ..(2) 
Solving (1) and (2), we get 2 sin? x = cos 2x 
=> 1 -cos2x=cos 2x 
1 To a 

> 2x= = =cos— > Q2x=+ — 

cos 2x= > = cos 5 Xx : 

x= Z are the points of intersection 


d 
From (1), = m-2 sin 2x = m, (say) 
If angle of intersection is 0, then 
_ | 4sin 2x 
1—4sin’ 2x 


m,; —™M 


tan 0 


1+m,m, 


dy/dx = (2x)/(2y) = x/y and differentiating the ook me: / At (v2, 1), m, 
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+23 
(tan Otek 3 |~ — = 3 
ia 
0= 3° 


© Example 3: Find the acute angle between the curves 
= |x?— 1| and y =|x?—3] at their points of intersection. 
© Solution: 


y= | =)x°3| 


(- ¥3,0)(-1,0)| (1,0) (v3,0) X 


The points of intersection are (+ Af. ,1) 
Since the curves are symmetrical about y-axis, 
the angle of intersection at (-V2,1) 

, = the angle of intersection at (/2., 1). 


= 2x=2/2 ,m,=-2x=-2,2. 
4J2| 4/2 _, 4V2 
a. 


> 0=tan 
1-8 q. 


tan 0 


@ Example 4: Find the angle between the curves y? = 4x 
and y=e*”. 


& Solution: 


3 dy 2 
For y* = 4x, — = =, 
dx (x,,Y,) yi 
y 1 x72 Y1 
= ex/2 e-' — 
and for y = e*”, AX la) 3 7 =m, 


We see that m,m, = —1. Hence, angle of intersection between 
the curves = 90°. 

Note that we have not actually found the intersection point but 
we can see from the graph that the curves intersect at a point. 


© Example 5: Find the values of a if the curves 
x’/a’ + y’/4 = 1 and y* = 16x cut each other orthogonally. 
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Y Solution: The two curves are 


X7/a? + y7/4 = 1 (1) 
dy/dx =—4x/(a*y) = m, 
y? = 16x ..(2) 


dy/dx = 16/(3y*) =m, 
The two curves cut orthogonally, if m,m, = —1 
> [-4x/(ay)][16/By?)] =-1 
=> 64x=3a’y? => 64x = 3a’16x, using (2) 
>a=4/3. 
Hence, a = +2 ixB. 


Orthogonal Curves 


Two curves are said to be orthogonal if the angle of intersection 
of the two curves is 90°, wherever they intersect i.e. their tangents 
are perpendicular at each point of intersection. In the next example 
we use implicit differentiation to show that two families of curves 
are orthogonal trajectories of each other, that is, every curve in 
one family is orthogonal to every curve in the other family. 

©@ Example 6: The equation xy = c,c #0 .(1) 
represents a family of hyperbolas. Different values of the 
constant c give different hyperbolas. 

The equation x? — y?=k, k#0 (2) 


that is, the families are orthogonal trajectories of each other, 
&Y Solution: Implicit differentiation of equations (1) and 
(2) give (® 


dy dy __y - 
ty=0 => —=-> mm @) 
dx - dx x @) 
dy dy x 
2x-2y—=0 => 7 (4 
. y ax dx y 4) 


From (3) and (4) we see that at any point of intersection of 
curves from each family, the slopes of the tangents are negative 
reciprocals of each other. Therefore, the curves intersect at right 
angles, that is, they are orthogonal. 
© Example 7: Show that the angle between the tangents at 
any point P and the line joining P to the origin O is the same 
at all points of the curve 
fn (x? + y’) =c tan! (y/x) where c is constant. 
©Y Solution: Let the point P on the curve be (x, y). 

In (x? + y?) =c tan! (y/x) 
Differentiating both sides w.r.t. x, we get 

2x+2yy'’  c(xy’—y) 


(x? +y7) (x? +y’) 
2x+ 
=> y= 72 =m, (say) 
cx —2y 


Slope of OP = ~ =m, (say) 
x 


Let the angle between the tangents at P and OP be 0 


2x+cy y 
m,—-m, cx-—2y x 2 
tan 0 = |= == 
1+m,m, ie 2xy +cy c 


cx? —2xy 


0 = tan! (2) which is independent of x and y. 
c 


©@ Example 8: Find the angle between the curve 
2y?=x? and y?=32x. 

Y Solution: Solving 2y? =x} and y? = 32x 

we get (0, 0), (8, 16) and (8, — 16) 


For V2y =xvx or ¥2 y =— xvx 


represents another family of hyperbolas. Show that every curve _ . the slope of tangent at O is 


in the family (1) is orthogonal to every curve in the family (2), o 


dy 
dx (0,0) 


=0 


For y* = 32x, the slope of tangent at O is 
i 2s 
dX |(o,0) 


Hence, the angle of intersection at O is 90°. 


Alternatively, see that tangent at the origin on 2y” =x? is y°=0 
ic. y =O ie. x-axis and tangent to y’ = 32 x at the origin is 
x =0 = angle between the two curves at the origin is 90°. 
Now, consider the points A and B. 


The angles of intersection at these points are equal because 
of symmetry in the graphs about x-axis. 


d 3x° _ 3 64 
For 2y*? =x’, uf = ‘ 3 
dx|, 4y 4 16 
dy| 32 16 
2 — = = = 
For y* = 32x, dx|, 2y 16 1 
3-1 2 1 
tanO = eer ia 


The angle of intersection at A and B is tan! i 


& Note: Ifthe curves intersect at more than one point, then 
the angle of intersection between the curves is mentioned with 
reference to the point of intersection. 


©@ Example 9: Find the condition that curves ax? + by? = 1 
and a'x? + b'y* = 1 may cut each other orthogonally. 


&Y Solution: ax,?+by’=1 
ax? +by7?=1 


Now subtracting (2) from (1), we get 
(a—a')x,? + (b-b')y,?=0. 


Differentiating both sides w.r.t. x of the given equations, 


dy dy _ ayy 
2ax + 2by cs 00> dx = by, =™% (say) 
Similarly for the second curve 
dy _ 7 a'xXy 
ax b'y, =m, (say) 
For orthogonality, mm, =—1. 
' 2 
aa id 2.4 
bb'y,; 
> =~—bb'y,” 
Dividing (3) by (4), we have 
a-a'_ b-—b' oe oe oe 
aa' bb' a' a b' b 
ees 
a b a' b' 


We should remember the above condition, so that weean 


1) @ 
(2) 
(3) 
(4) 
sw 
MY 
ae) 
sily 


find whether the ellipse and / or hyperbolas represented | by the 


above equations intersect orthogonally or not. 


© Example 10: Find the condition for the line y = mx to 
cut the conic ax’ + 2hxy + by’ = 1 at right angles. Hence find 


the direction of the axes of the conic. 
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Solution: 
Y 
x 
ax’ + 2hxy + by?= 1 
2ax + 2h oP ey +Dby Y=0 
dx dx 

h+b dy = h 
(xh + Y) ae =— (ax + hy) 
dy _ _ ax+hy 
dx hx + by 


For the lin e y = mx to cut the curve at right angles, 


ay ax + hy 
.m=-1 
hx + by 


i 


m(a+hm)=h+bm 
m’h + (a—b)m—-h=0 


ax +h-mx 
- hx + b-mx 


(1) 


Hence, (1) is the required condition. 
The axes of the conic are y = m,x and y = m,x where m, and 


m, are roots of the equation (1). 


| Concept Problems E 
1. Find the angle of intersection of the curves: 2_ 3 3 
(i) y =x’ and 6y =7—x? at (1, 1) (i) ae (ii) a yn 
oe 2x? +3y” =5 x(3y —29) =3 
(ii) x°-y'= Sand + = 1. : 
x" sy : : 
6. If th —+-— =I and y* = 16x int t at right 
2. Find the acute angle between the curves ee az (4 ne Bre tees 
y = sin x and y = cos x. 
a 
3. At what angles do the curves y = sin x and y = sin 2x angles, then show that a°= 
intersect the x-axis at the origin? 7. Show that the curve y = e*! cannot have a tangent line at 
4. Find the angle at which the parabolas y = (x — 2)’ and the point x = 0. What is the angle between the one-sided 
y =—4 + 6x — x’ intersect. tangents to this curve at the indicated point? 
5. Sketch the intersecting graphs of the equations and show 


that they are orthogonal 
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Practice Problems D 


8. Find the angles at which the given lines intersect. 


; x+1 F x7 +4x4+8 
Oye 5ep I ae 


(ii) y=(x-2)? and y =4x-x?+4 
9. Find the angle at which the given curves intersect: 


5 
xX =—cost, 
3 
(i) y=x’ and 
=—sint; 
a 
ss, late 
x =acos0 44? 
ss . 
(ii) y =asin@ atJ/3 
14? 


10. Show that the given curves are orthogonal: 
Gi) 2x°+y?=3,x=y’ 
(ii) x*-y?=5, 4x? + 9y* = 72 


11. Show that the given families of curves are orthogonal 
trajectories of each other : 
(Gi) x?+y?=r’,ax+ by =0 
(ii) y =cx’, x?+ 2y?=k 

12. If the curves ay + x? = 7 and y = x? cut each other 
orthogonally at a point, then find the value a. 


13. Find the angle of intersection of curves, 
y =[|sin x |+]| cos x| ] and x?+ y*=5 
where [.]denotes the greatest integer function. 


14. Let f(x) and g(x) be two functions which cut each other 

orthogonally. At their common point of intersection 

x,, both f(x) and g(x) are equal ton, n € N — {1}; also 

|f’(x,)| = |g'@x,)| at the common point of intersection, then 

find lim [f(x)g(x)], where [.] denotes the greatest integer 
XX 
function. 


5.8 Common Tangents . _ J 


A line which touches two given curves is called a c 

tangent to the curves. There are two cases : (A) 

(i) The point of contact of the common tangent is same for 
both the curves (see figure 1). Here, the curves touch each 
other. In such a case the slope of the tangent is equal to 
the slope of both the curves at the point of contact. 


ommon 


Y 


_ ay 


~ dx 


(x, y,) 


(x,,y,) 


P(X,,y,) 


Figure 1 


Figure 2 


(ii) The points of contact of the common tangent is different for 
the two curves (see figure 2). In such a case the slope of the 
tangent is equal to the slope of the curves at their respective 
points of contact. 


Cc 
; fe _— v7Y2 


Xj —Xq 


oy, 


oy 
1.e, dx 


~ dx 


(x,y) (X,,Y2) 


©@ Example 1: Prove that the curves xy = 4 and x? + y?=8 
touch each other at two points and find the equation of their 
common tangents at these points. 


» 
@Y Solution: Equation of the given curves are 


xy=4 (1) 
and x+y?=8 (2) 
Putting the value of y from (1) in (2), we get 
16 
hg = 8 > x? + 16 = 8x? 
=> x‘-8x?+16=0 => (-4/=0 


x=+2 
From (1) when x = 2, y=2 
and when x = -2, y = -2 
Hence points of intersection of the two curves are (2, 2) and 
(—2, -2). 


dy 
From (1), l.y +x =~ =0 


dx 
dy_ sy 
aan .(3) 
oy, 

From (2), 2x + 2y an 0 

aes 

 s (A) 
Slope of the tangent to the curve (1) at point (2, 2) 

2 

n= 5 = -1 [from (3)] 

Slope of tangent to the curve (2) at point (2, 2) 
2 
m,=—|5)} =-l [from (4)] 


: m,=m,, therefore, the two curves have a common tangent 
at (2, 2) i.e. they touch each other at (2, 2). The equation of 
common tangent is 

y-2=-1(x-2) >x+y=4. 
At point (—2, —2) : 


—2 
Slope of tangent to curve (1), m,=—- (=) =-] 


Slope of tangent to curve (2), m,= (=) =-] 


Since m,=m,, hence the two curves touch each other again 
at (—2, —2). 
The equation of common tangents are 

y-2=-l(x-2) >x+y=4and 

y+2=-1(x+2) S>xty=-4. 
©@ Example 2: Prove that the curves y = e* sin bx, y =e 
touch at the points for which bx = 2mz7 + 7/2, where m is an 
integer. 


©Y Solution: The given curves are 
y =e™ sin bx (1) 


and y=e™ (2) am 


Solving the equations (1) and (2) for x, we get 

e™ sin bx = e™ . 
or sinbx=1. [* e* #0 for any real numberx] 
Now the general solution of the equation sin bx = =1 is given 
By bx = 2mm + 1/2, where m is any integer. 
.. At the points where the curves (1) and (2) meet, we have 
bx = 2mm + 71/2. 


dy 
Now ( de 


d 
and (4) =—ae™, 
dx /, 


At the points where the curves (1) and (2) meet we have 
sin bx = | and so cos bx = 0. 
At the points where the two curves meet, we 


d 
have Y =-ae“*= (=) 
dx }; dx /, 


i.e., the two curves have the same tangent at these points. 
Hence the two curves touch at the points for which 
bx = 2mm + 77/2. 


=—ae™ sin bx + be™ cos bx 
1 


© Example 3: There is a point (p, q) on the graph of 
-8 

f(x) = x° and a point (1, s) on the graph of g(x) = \~ 

and r > 0. If the line through (p, q) and (r, s) is tangent to both 


the curves at these points respectively, then find the value of 


(p +r). 


where p > 0 


TANGENT AND Norma 5.31 
Y Solution: y =x’ andy =— 
8 
=> q=prands=-— rel) 
2p= > > pr=4 2) 
T ; 8 
q-s pr 
Now M,,= => 2p= r 
p-r = 
8 , 16 
> roses > p= — 
Tt 
Si 
> = al [from (2)] 
OS : 


- >r=1040) > p=4 


. r=l,p=1. 
Hence, p+r=5. 
©@ Example 4: A tangent drawn to the curve C,=y=x 
+ 4x + 8 at its point P touches the curve C, = y = x? + 8x +4 


at its point Q. Find the coordinates of the point P and Q, on 
the curves C, and C,. 


©Y Solution: Let y = mx +c be tangent to 


y=x?+4x+8 (1) 
and y=x’?+8x+4 (2) 
Solving with (1) 


mx +c=x?+8x+4 

x?+(8—m)x+4-c=0. 
For tangency, the roots must be coincident 

D=0> (8-m)’-4(4-c)=0 
=> 64+m’-16m=16-4c 

m’ — 16m + 48 + 4c =0 .(3) 
Similarly, mx + c =x?+4x+8 

x?+(4-—m)x+8-—c=0 

D = 0 gives (4 — m)? = 4 (8 —c) 

—8m-+ 16 =32-4c 


—8m-—- 16+4c=0 
m? + 4c = 8m + 16 (4) 
From (3) and (4) 


8m + 16- 16m + 48 =0 

8m = 64 > m=8, c=4 
Hence the equation of PQ is y = 8x + 4. 
Now 8x +4=x?+4x +8 
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=> »x-4x+4=0 

=> x=2,y=20 > P(, 20) 

Also, 8x + 4=x*+8x+4 

> *=0> x=0, y=4 > Q(0, 4). 


© Example 5: Find the common tangent to the two curves 
y=x?—5x+6andy=x?+x+l. 


Y Solution: Let the common tangent be y = ax + b. 
On solving with both curves : 
ax + b= x?— 5x + 6 and 
ax+b=x?4+x4+1 
and putting D = 0 gives 
a’?+10a+4b+1=0 
and a? — 2a + 4b— 3 =0 
=>a=—1/3 andb=5/9 
.. The common tangent is 3x + 9y = 5. 


B Note:) In the above problems, we obtain a quadratic 
equation while solving the equation of the common tangent 
with the curve. This enables us to use D = 0 in finding the 
condition for tangency. In other cases we equate the value of 
the derivatives with the slope of the tangent. 


Number of Solutions of Equations 


We know that the equation f(x) = g(x) can be solved by finding > \) 
the points of intersection of the curves y = f(x) and y = g(x). 


The concept of tangency between these curves is an important 
tool in finding the number of roots. The following examples 
illustrate this method. i~\ 


@ Example 6: Find possible values of p such that the 
equation 3x* = px — | has exactly one solution. 


Y Solution: Consider the curves y = 3x‘ and y = px — 1.For 
one solution, the two curves must intersect at only one point. 
Hence, they should touch each other. 


The line y = px — 1 should be tangent to y = 3x’ at the point 
(x, Y,) 
=> 3x,*=px,—land 12x,>=p 
=> 3x%=12x).x,-1 
1 


> x= 25 
ae 


Hence, p = 12x, = B 


These are the values of p such that the equation 3x* = px — 1 
has exactly one solution. 


A 
Note that if | P| < B then there is no solution and 
: 4 . 
if |p| > B then there are two solutions. 


©@ Example 7: For what values of c does the equation /n x 
= cx” have exactly one solution ? 


Y Solution: Let’s start by graphing y = In x and y = cx? 
for various values of c. We know that for c 4 0, y = cx* isa 
parabola that opens upward if c > 0 and downward if c < 0. 


Figure 1 


Figure 2 


Figure 3 


Figure 1 shows the parabolas y = cx’ for several positive values 
of c. Most of them do not intersect y = ¢nx at all and one 
intersects twice. We have the feeling that there must be a value 
of c (somewhere between 0.1 and 0.3) for which the curves 
intersect exactly once, as in Figure 2. 


To find that particular value of c, we let a be the x-coordinate 
of the single point of intersection. In other words, ¢n a = 
ca’, so a is the unique solution of the given equation. We see 
from Figure 2 that the curves just touch, so they have acommon 
tangent line when x = a. That means the curves y = /n x and 


y = cx’ have the same slope when x =a. Therefore, — = 2ca. 
a 


Solving the equation /n a = ca’ and 1/a = 2ca, we get Ina= 


eat, oe 
cae=e. 505 
Ina Ine? 1 
Thus, a=e!? andc= a ae oe 
a e 2e 


For negative values of c we have the situation illustrated 
in Figure 3. All parabolas y = cx* with negative values of 
c intersect y = /n x exactly once. And let us not forget about 
c=0. The curve y = 0 x’ = 0 is just the x-axis, which intersects 
y = /n x exactly once. 


To summarize, the required values of c are c = 1/(2e) andc <0. 
©@ Example 8: Find the values of a if equation 1-cos x 


B 


= ——|x|+a, xe (0, 7) has exactly one solution. 
2 


Y Solution: 


3 


2 


The equation 1-cos x = |x|+a has root where the curves 


C,:y=1-cosxandC,:y= SP iychiee intersect. . 
For one solution, we find the condition that the two curves 
touch each other. 
_ _ 3 
Slope of C, is sin x and for x > 0 slope of C, is - Thus, at 
the point of contact, sin x = v3 
2 


us 2m 
> X= 7 or — 
3 3 
Tt 2n 3 
H the point of contact is | —, ao 
ence, the point of contac i (2 *) (2 >) 


Shortest Distance 


The shortest distance between two non-intersecting curves is 
found along the common normal to the two curves. In fact, if the 
two curves also have the largest distance between them, then it is 
also found along the common normal to the two curves. This can 
be established with the help of the concept of maxima-minima. 
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Q(%.¥,) 


In the figure shown above, we notice that the shortest distance 
between the curves is AB and the largest distance between 
them is PQ, both of which are found along a common normal. 
Note that the common normal may be different in the two 
cases. 


© Example 9: Find the shortest distance between the line 
y =x-—2 and the parabola y = x* + 3x +2. 


©Y Solution: Let P(x,, y,) be the point on the parabola 
which is closest to the line y = x —2 


~ The shortest distance PQ is found along the common normal. 


Here, it is a line perpendicular to the given line. Thus, the 
slope of tangent to the parabola at P must be parallel to 
the given line. 


dy 
a = slope of line 
Eee 9,) 

=> 2x,+3=1 

> x=-l s>y,=0 


Hence the point (— 1, 0) is closest to the given line and its 
perpendicular distance from the line y = x — 2 gives the shortest 
3 


distance = 2° 


@ Example 10: Find the point on the, curve, 3x?—4x? = 72 
which is nearest to the line 3x + 2y + 1=0. 


©Y Solution: Slope of the given line 3x + 2y + 1 = 0 is 
(-3/2). Let us locate the point on the curve at which the 
tangent is parallel to given line. 


Differentiating the curve both sides with respect to x we get, 


d 
6x —8y 5 =0 


dy 3x, -3 
(s ae (A) 
Xix,y,) yi 


[since parallel to 3x + 2y = 1] 
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Also the point (x,,y,) lies on 3x? — 4y* = 72 


> 3x? -4y? =72 
72 

> 34-425 
yi yi 

iv. 


[from (1)] 


> y; =9 =>y,=+ 3 
The required points are (—6,3) and (6,—3). 
The distance of (—6, 3) from the given line, 
|-18+6+1] 11 
3 V3 
and the distance of (6, 3) from the given line, 
(i8—-6+1| 13 11 


Vi3 V3 VB 


Thus, (—6, 3) is the required point. 


© Example 11: Let P be a point on the curve C:y= 
V¥2—x? and Q bea point on the curve C,: xy = 9, both P and 


Q lie in the first quadrant. If 'd' denotes the minimum value _ 


between P and Q, find the value of d?. 


©Y Solution: Note that C, is a semicircle and Cy. in) 


rectangular hyperbola. ) 
PQ will be the minimum if the normal at P on the semicircle 
is also a normal at Qon xy =9 TS, 

Let the normal at P be y = mx (m> 0) .-(1) 

Solving it with xy =9 


Differentiating xy =9, we have 


dy dy y 

a 0 > a 
x dx es dx x 
dy 3Vm-¥m 
dx |g a 3 at 

The tangent at P and Q must be parallel 
oo >m-=!l1>m=!1 
m 

The normal at P and Q is y=x. 


Solving the normal with the curves, we get 

P(1, 1) and Q@, 3) 

(PQY =@?=44+4=8. 
© Example 12: Find the length of the shortest path that 
begins at the point (— 1, 1), meets the x-axis and then ends at 
a point on the parabola (x — y)* = 2(x + y - 4), 


&Y Solution: The axis of parabola is x— y=0 > y=x 


A‘, -1) 


For AB + BP to be minimum, A'B + BP should be minimum 
where A' is the reflection of A about x-axis. 


A'BP are collinear and for minimum distance A'P should 
be normal to the parabola. 


Since A'ison the axis of the parabola and axis itself is a normal, 
_ A'P will be minimum if P is the vertex. 


- Vertex of the parabola is the point of intersection of 


the axis x — y = O and the tangent at the vertex 
x +y—4=0, which is P(2, 2). 


AP= y(-1-2)? +(-1-2)? = 3v2. 
Hence, the length of the shortest path is 32. 


© Example 13: Find the minimum value of 


‘ 2 
anys [H Vd7-x5)(x5 | ; 


x, € (13, 17). 


where x, € (0, ©), 


©Y Solution: The given expression resembles with 
=a y=) 


= (17—x,)(x, 13) 


Thus, we can think about two points P (x,, y,) and P,(x,, y,) lying 
on the curves x” = 20y and (x — 15)? + y?=4 respectively. Let 
D be the distance between P, and P, then the given expression 
simply represents D?. 


x2 
where y, = —! and y 
20 


Now, as per the requirement, we have to locate the point 
on these curves (in the first quadrant) such that the distance 
between them is minimum. 


Since the shortest distance between two curves always occurs 
along the common normal, it implies that we have to locate a 


point P(x,, y,) on the parabola x* = 20y such that normal drawn 


to parabola at this point passes through (15, 0), the centre of 


the circle. 


Now, equation of the normal to the parabola at 
- -10 
(x,, y,) is [»-2 = —(x-X,). 


It should pass through (15, 0). 
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=> x} +200x,-3000=0 
=> x,=10 => y,=5 


= De W015) 45" —<25 645 =2) 


The minimum value of the given expression is 


=(5V2 -2)?=54-20V2. 


Practice Problems E 
1. Show that the graphs of equations y = 3x’, y=2x?+1lare 8. Prove that the curve y = x*— 6x? + 13x?- 11x + 4 touches 
tangent at the point (1, 3), i.e., that they have a common the straight line y = x twice; and find the abscissa of the 
tangent line at this point. points of contact of the remaining tangents from the origin. 
2. Determine equations of the common tangentandcommon 9, Find the points on the curve y = x‘ — 6x? + 13x?— 10x +5 
normal to x* + y* = 2ax and y’ = 2ax. where the tangent is parallel to y = 2x and prove that two 
3. Sketch the graph of the two equations y = x? and y = —x? of these points have the same tangent. 
+ 6x — 5, and sketch the two lines that are tangent to both 0: Pecve thatdhe eur. = _ 
: ‘ : . y, = f(x) (f(x) > 0) and y, = f(x) 
the graphs. Find the equations of these lines. cosax, where f(x) is a differentiable function, are tangent 
<2 Pe 4 each other at the common points. 
4. Ify=I1+ aa and y =4/x have only one point in i It ‘is easy to see that the equation sin x = ax, where a is 
common. Find a. mal Posie = no mes except x = 0 a2 a : seg 
number of roots, which increases as a diminishes, if a < 
5. Ify =e* and y = kx’ touches each other, find k. Prove that the values of a for which the number of roots 
6. Find the least distance from the point M(0, ae to changes are the values of cos€ , where € is a positive root 
16 of the equation tan& = €. 
pernts ery) suStenaE Y= 3x? ceased Ore y 12. If x* + y* = a", prove that x? + y* is a maximum when 
7. Prove that the straight line y = 2x - 1 touche the curve x = + y. Prove that its greatest radial deviation from the 


y = x'+ 2x’ — 3x’ — 2x + 3 at two distinct points. 


5.9 Length of Tangent 


Consider a point P(x,, y,) on the curve y = f(x). Let PT be the 
tangent to the curve at P and PG be the normal at P. PN is the 
ordinate of point P. 


oy 
Let slope of tangent m = tan 0 = gy a 
dx 
and cot 0 = dy 


P(x, y,) 


circle x’ + y? = a’ is 0.189 a. 


Hence, equation of tangent is (y — y,) =m (x—x,) 
Putting y = 0 we get the x-intercept of tangent 
_ wt 
= 
Similarly the x-intercept of normal is x, + my,. 
(a) Length of Tangent : PT is defined as length of tangent. 


In APNT, 
2 
PT = |y cosecO| = y,y(1+ cot : 
1+( 
= VY \dx yp 
= npr) 
& : 


dx 
*, Length of Tangent = |¥1 14( () 
dy }, 


5.36 DIFFERENTIAL CALCULUS FoR JEE Main AND ADVANCED 


(b) Length of Normal : PG is defined as length of normal. In 


1 
APNG, Length of tangent = | Yi,/! + —> 
PG = ly, secO| mm 
2 1 
| d = |= fle— | oN 
= yi y(t tan®6)| = yi 14(2) - 16|~ “q 
P 


; © Example 2: Find the length of normal to the curve, 
d 
Length of Normal = |Y1 14(2) 


dx }, x = a(Q + sin9), y = a(1 — cos8), at 0= a 


; dx dy 
The projection of the line segment PT on the x-axis, i.e. © Solution: Here, Free a(1 + cos@) and do = a(sinO) 
TN, is called the subtangent and similarly the projection 
of the line segment PG on x-axis, i.e. NG is called the sy dy _dy/d0__asin® 


subnormal. dx dx/d@ a(1+cos®@) 
(c) Subtangent : TN is defined as the subtangent. dy _sinn/2 _ 
In APTN, dx },_7/2  1+cosn/2 
The length of normal 

TN =| 0 | =|-2 1] =ly ~ ; 

=1y,cow |= |tan d ‘Ld dy)’ | 

(=) ae — 7Yy,/l+ = =al1-cos— 1417 = 2a 
dx /p — dx 2 
NX O=n/2 
dx _ @ Example 3: Prove that for the curve y = be", the 
Subtangent = |¥1 dy), - subtangent at any point is always constant. 


(d) Subnormal : NG is defined as subnormal. oh — G Solution: y = bex# 
dy Let the point be (x,, y,) 
In APNG, NG = ly ,tanO| = |¥1 (=) 
P 


dy be*4 
=> m= dx = = vt 
dy (x,,y,) a 
.. Subnormal = |¥1 (2) 
ba Now, subtangent = A et a = constant. 
These lengths can also be described using f’(x,) in place ath y,/a 


@ Example 4: Find the equations of the tangent and 


d 
of = : normal, the lengths of tangent and normal, the subtangent and 
POY) : 2 subnormal for the ellipse 
v1 1+(f (x,)) Xx=acost,y=bsint o 
(a) Length of tangent (PT) = f’ (x,) at the point P(x,, y,) for which t= a 


©Y Solution: From the given equation we find 
: 2 
(b) Length of normal (PG) = |¥1 yf! + (£ (4) 


dy b 
ell ey => (2) <- 
f (x,) dx a ars 


(d) Subnormal (NG) =| y, f’(x,)| We find the coordinates of the point of tangency P : 


a b 
©@ Example 1: Find the length of tangent for the curve ay fe #01 
y =x? + 3x’ + 4x — | at point x = 0. 


.. d 
=-asint — =beost, 
dt 


(c) Subtangent (TN) = 


d The equation of the tangent is 
@ Solution: Here y(0) =- 1, — =3x?+6x+4 b +( ‘ ) 
dx y 7 x 

(i: Bi 
=a or bx + ay—abV2 =0. 
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The equation of the normal is 


2x 2x 
Pe (ee 
Subnormal = | yy' | = ‘[ oe | 


ead 


or (ax — by) V2 - a2 +b? =0. | n2 y” 
The lengths of the tangent and the normal are Length of normal = ly Po. |= (ie 
Re 
v2 aw es la? +b2 © Example 6: What should be the value of n in the 
PT=|_b a /2 equation of curve y = a'~". x", so that the subnormal may be 
a of constant length ? 
b bi" b — @Y Solution: The given curve is y = a'~*. x". Taking 
PN = a 1+( "| = 2 va" +b logarithm of both sides, we get 
a 


&y=(1-n) M@a+nmx 


The subtangent and subnormal are Differentiating both sides w.r.t. x, we get 


b b 1 dy n d 
e =i dy _ ny 
V2 =o v2 b = b y dx x 7 dx ~ x el) 
TIN=| bj J2,NG=] b a ald + 
a a Subnormal = | y dy | 
~ dx 
cf = -4 AD 
Se Example 5: For the curve y = 5 e* +e ¢ | find the _ g) =ly. = [from (1)] 
4 YY 
C7 \¥ 
subtangent, subnormal and length of normal at (x, y). 7 Can - ny? watt igi hy ‘ ae 
1 x _x ~& X = " n. . ( y=a "x ) 
©Y Solution: We have y'= —| e° —e ° |. “SY? 
2 (A) \ =n. a2-22. x2n-l 
x ox Y Since subnormal is to be constant, x should not appear in its 
eo te © expression 1.e., 2n— 1 =0. 


Hence, subtangent = |->| = 


' 


1 
ee 3 and the curve is the parabola y? = ax. 


Concept Problems F 
1. Given a parabola y’ = 4x. At the point (1, 2) calculate the 2 Ox ; 
subtangent, subnormal, and the lengths of tangent and the subnormal is ee and the normal is 
normal. 
x b? x 
2. For any curve y = f(x), prove that bsin—., | 1+—cos— 
a a a 
(length of normal)” _ subnormal 
(length of tan gent)” 7 subtangent 6. Find the length of the tangent to the curve y 7 x? — 6x at 
2, -8) from the point of tangency to the point where it 
Pp gency Pp 
3. Show that the subnormal in the hyperbola x? — x? = a’ at cuts the x-axis. 


aby polnbisieqnel ta theabscises Orie pol Show that in the curve by” = (x + a)? the square of the 


4. Find the subnormal to the curve y? = x? at the point (4, 8). subtangent varies as the subnormal. 


8. Show that in the curve y = be** the subtangent varies as 


x 
5. In the curve y = b sin ~* | the subtangent is a tan—, - 
a a the square of the abscissa. 
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Practice Problems EF 
9. Find the lengths of tangent and normal, the subtangent the curve at P and Q. Show that the locus of the point of 


10. 


11. 


12. 


13. 


14. 


15. 


and subnormal for the cycloid x=a 
T 
(8 — sinO), y=a(1 —cosQ) at the point where 0 = 3 


Find the lengths of the tangent, normal, subtangent and 
subnormal to the astroid x = a sin*t, y = a cos*t at an 
arbitrary point. 

Show that at any point on the hyperbola xy = c’ , the 
subtangent varies as the abscissa and the subnormal varies 
as the cube of the ordinate of the point of contact. 

Show that in the rectangular hyperbola x? — y” = a’ the 
length of the normal at any point is equal to the radius 
vector of this point. 


Show that the subtangents of the ellipse and the 


2 
x 
— += =1 and the circle x’ + y* = a’ at points 
b 


nN 


with the same abscissas are equal. What procedure of 
construction of the tangent to the ellipse follows from 
this? 


17. 


18. 


AGeice show that in the curve y = 
For the curve x™*"=a™-" y”", where a is eae constant _ ~ perpendicular i is constant. 


intersection of the tangents at P and Q is 4y’ = 3ax — a’. 
x 


. Consider the curve y =ce* . Prove that the subtangent is 


constant and the tangent at (x, , y,) on the curve intersects 
the x-axis at the distance of (x, — a) from the origin. Also 
find the equation of normal to the curve where the curve 
cut y-axes. 


1 
In the curve x = a(cost +togtan >t), y =a sin t, show 


that the portion of the tangent between the point of contact 
and the x-axis is of constant length. 


Prove that the perpendicular drawn from the foot of the 
ordinate to the tangent of a curve is 


e* +e * 


2 , this 


and m, n are positive inte, prove that the m™ power of 49, Show that the subnormal at any point of the curve y =x In 


subtangent varies as n™ power of subnormal. *.2) 


Acurve is given by the equations x = at”, y = at. Avatiable 
pair of perpendicular lines through the ong ‘0! meet 


(cx) (c is an arbitary constant) is the fourth proportional 
for the abscissa, ordinate and the sum of the abscissa and 
the ordinate of this point. 


langet Problems for JEE Advanced 


© Problem 1: A variable triangle ABC in the xy plane has 
its orthocentre at vertex 'B', a fixed vertex 'A' at the origin 


& the third vertex 'C' restricted to lie on the parabola y = 1 
7x 
+ ——. The point B starts at the point (0, 1) at time t = 0 


36 


and moves upward along the y axis at a constant velocity 
of 2 cm/sec. How fast is the area of the triangle increasing 
when t = 7/2 sec ? 


>< 
Y Solution: A= 


7 7 
Att=— ,y=2.-=7 >AB=8 
2 2 
When y =8,x=6 
wa (i. 7 )S-u.4 
dt 2 24 dt dt 
Al dy ap atoee dx 
Oat O36 
dx 36 6 
dt 7x qT 
dA 6 
— =11. => = — cm/sec 
dt 7 


© Problem 2: Find the approximate value of (33)!. 


© Solution: Let f(x) = x" 


(1) 
..(2) 


1 asa _ 1 
5 


f(x) = x 


Now f(a + h) = f(a) + hf ’(a) [approx.] 


1 
(ath) =a? +h. 5 (a)*> ..(3) 
Putting a= 32 andh= 1 : (3), we get 
(33)'9=(32)'? +1. 


£32) 22)" 5 (2>)*° 


1 
=2+ = (24)=24 =x ae 
5 16° 


1 
=2+ 50 2.0125 (approx.). 


©@ Problem 3: In an acute triangle ABC if sides a, b be 
constants and the base angles A and B vary, show that 


dA _ dB 
Va? —b2 sin? A Vb? — 22 sin? B 
a b 
© Solution: ~~ Gap 


or bsinA=asinB 
bcos AdA=acos B dB 


dA —__ ‘GB 
acosB bcosA 

dA _ dB 

sans eying A 
dA = dB 
D9 20:2 
a-ha pt ee 
a b 
dA dB 


va? —b’ sin? A Vb? —a*sin’?B 


© Problem 4: A certain container is modeled by a right 
circular cylinder whose height is twice the radius of the base. 
The radius is measured to be 17.3 cm, with a maximum 
measurement error of 0.02 cm. Estimate the corresponding 
propagated error, the relative error, and the percentage error 
when calculating the surface area S. 


Y Solution: We have 

S = 27r2r + Tr? + Tr’? = 6 Tr’ 
where r is the radius of the cylinder's base. Then the approximate 
propagated error is 
AS ~ S'a@)Ar = 12mrAr = 127 (17.3) (£0.02) = £13.04 
Thus, the maximum error in the measurement of the surface area 
is about 13.04 cm/. Is this a large or a small error ? The relative 
error is found by computing the ratio 

AS _ 12nrAr —or ar 

S 6nr? 


= 2(17.3)'(40.02) 40.0023 


ae 42 = 10x —50 > 10x —Ty =8. 
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This tells us that the maximum error of approximately 13.04 is 
fairly small relative to the surface area S. The corresponding 
percentage error is found by 


AS 
100 <7 % = 100(+ 0.0023)% = + 0.23% 


This means that the percentage error is about + 0.23%. 

©@ Problem 5: A curve in the plane is defined by the 
parametric equations x = e* + 2e* and y = e* + e'. Find an 
equation for the line tangent to the curve at the point t = /n 2 


@ Solution: when t = @n2x=e"44+2e%7=441=5 
and y=e™4*+e™=6 
The point is (5, 6) 
dy 
Now, y=e*+e! > aE =2e*+e! 
es dx 2 2t —t 
=e"+4+2e'> a (e* — et) 
dy 2e™* +e! 2(4) +2 10 
dx. 2(e2t-et) ~ ee a ie 
‘ The equation of tangent is y-6= —(x-5) > 


7 


4 e Problem 6: Find the equation of the normal to the curve 


y = (1+ x)’ + sin (sin? x) at x = 0. 


Y Solution: y = (1+ x)’ + sin"! (sin? x) 
When x =0, y= 1 
Now y =e¥"@+% + sin-!(sinx) 


dy y dy 
— =(14+xy +in(1+x) — 
dx ee) E ( ee 
sin 2x 

+ eae a 
d —sin’ x 
tae: 1). 
dx 
slope of normal = — 1 

Heade. the equation of the normal is y—1 = — 1(x - 0) 

x+ty-1=0. 


© Problem 7: In the curve x* y? =k**, (a b > 0) prove that 
the portion of the tangent intercepted between the coordinate 
axes is divided at its point of contact into segments which are 
in constant ratio. 


©Y Solution: Let P(x,, y,) be the point of contact of the 
tangent. 
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Here, x*y? = k**? 
alog x + b log y=(a+b) logk. 


a bdy 
Differentiating, * te =O 


dy ay 
dx bx 


or 


or y-y,= (x — Xx.) (1) 
1 bx, 1 
. ; ayy 
Solving with y =0,-y,= Bx, (x —X,) 
a+b)x 
or bx, =a(x—x,), = X= ( = ! 
: : 7ayy 
Solving (1) with x = 0, y—y,= (-x,) 
bx, 


ay, _ (atb)y, 


or y=y,+ b b 


+b b 
As (: x;,0) and B= (0.2 v1] 
a b 
Let P divide AB in the ratio A : 1 
Os, KO ie 
Then P= 
A+1 A+1 
a+b A(a+b) 
= X1, yt 
a(at+l) ’ b(V+1) 
a+b A(atb) 


X= 


x, an v1 
a(A +1) b(A+1) 
=> a(A+1)=a+bandb(A+1)=A(atb) 


b b 
=> = — andb=Aa,ie., A= — 
a a 

P divides AB in the constant ratio b: a. 


© Problem 8: Find the equation of the straight line which 
is a tangent at one point and normal at another point to the 
curve y = 80-1, x =4t?+3. 


Y Solution: Let the tangent to the curve at P(t,), 
i.e. (4t,* + 3, 8t,*— 1) be normal to the curve at Q(t,), 
i.e. (4t,2+ 3, 8t, - 1). 


The equation of the tangent at P(t,) is 
gt, »=(2) 4t7 +3 
y-@y-D= (gr) G17 +3)) 


dy /dt 
dx / dt 


or y- 81-1) [ {x =(4t,, +3)} 


ti 
. ’ 8t, 
or y — (8t,> — 1) = 3t,{x - (4t,2 + 3)} (1) 


or y~(8t3-1)= Axe? + 3)} 


W Clearly, slope of the tangent at t) 


= slope of the normal at ‘t,” 


and (1) passes through the point ‘t,’. 


Eyer an 
dx}, (=) pie, 3535 -.Q) 
dx t. 
and (8t,>— 1) — (8t,7- 1) = 3t,{(4t, +3) + (4t + 3)} 
=> 8(t,-t,)=3t,.4¢-t,) 
=> ALP +tt, +t, 30, +t) 
2 
. -1 
=> 27 4+tt,+t7, Le. 2 (=) a i 
{using (2)} 
> 2=-,? + 81t' 
81t*-9t?-2=0 
or (9t,* +1) Ot-2)=0 
2 
9? -2 =0; 6 t=t a 


Putting in (1), the equations of the required lines are 


(eR 9) 


61a. ¥) 


2 


or yt 


or 27(y + 1) ¥16V2 = +¥2 (27x — 105). 


© Problem 9: Consider the curve y = tan"'x and a 


T 
point A (1 =) on it. If the variable point P, (x,, y,) 


moves on the curve for i = 1, 2, 3, ..... n(n € N) such 


2 af 1 
that y= >, tan” (5 and B(x, y) be the limiting 
m=1 
position of variable point Pas n —> 00, then find the value of 
reciprocal of the slope of AB. 
Y Solution: y= lim y = lim > tan7! (5 
n>o no a= 2m 


no 


: p 
li 7 
See ze nomen} 


— lim > {tan™! (2m+1)-tan'(2m-1)} 
m=1 


no 


= 1m (tan 3 — tan) + (tan 5 — tanr'3) 


no 


+ (tan! 7 —tan7'5)..... + tan”! (2n + 1) — tan! (2n - 1)} 
= lim {tan (2n+1)-tan1} > = 
no 4 


T 
B-> c 4 i.e. coordinates of B approach, 


towards those of 'A'. - AY ” 
Chord AB approaches to be the tangent to y = f(x) atA 
—] = 


d. _ 
(slope of AB)! = [tun : x| 
dx atx=1 


=(14+x)_,=2. 


© Problem 10: If the normals drawn to the curve y = x? — 
x + 1 at the points A, B and C on the curve are concurrent at 
the point P (7/2, 9/2) then compute the sum of the slopes of the 
three normals . Also find their equations and the coordinates 
of the feet of the normals onto the curve. 


1 
&Y Solution: Slope of the normal m = 4 
= 
= 2 
m-1 3m +1 
Sa Y= Ae 3 


The equation of the normal in terms of slope of the 
5m? — 2m? +1 
normal is y = mx + 4m? 
It passes through (7/2, 9/2) 
=> 12m—13m’*+1=0 
=> sum of the slopes of the three normals 
= 13/12. 
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Also (m — 1) (3m — 1) (4m+ 1)=0 
=> m=l;m,= 1/3; m, =— 1/4 
=> The equation of normals are x — y + 1 =0; 
x—3y+10=Oand 2x + 8y—43=0 
The feet of normals are A (0, 1) ; B (—1, 3); 
C (5/2, 19/4) 
© Problem 11: Show that the curves 


2 2 2 2 
x yy and —* +. _¥ 1 


+ — 
a>+k, b’+k, g° +k, b’ +k, 


intersect orthogonally. 


2 2 
x y 
g ion: Given ———+ 2 
& Solution: Given 24, wae 1...) 
x2 y- 
and 2 + 2 = 1 (2) 
a kes 1b" tik, 


Subtracting (2) from (1), we get 


OP, 1 Vi yf_t yt 
my F ia, So oe ae a 
® battk, a2 +k, b+k, b?+k, 79 


ts k, -k, +y? k, -k 
=F EN de Nar bcs) (b? +k,)(b? +k,) =0 
x” (? ¥k))(a’ +key) 
y>— (b’ +k, )(b” +k,) 
2x 2y dy 
2, oo 2 
(a7 +k,) (b’+k,) dx 


(3) 


Now from (1), 


dy __ x(b? +k) 


ro yr Hey. =m, (say) 
Similarly from (2), 

dy x(b? +k) 

dx y(a?+k,) —™ “*9) 


x°(b* +k, )(b* +k,) 
m, m, = ae Bye re [From (3)] 


Hence given curves intersect orthogonally. 


© Problem 12: Prove that the curves y = f(x), f(x) > 0 and 
y = f(x) sin x, where f(x) is a differentiable function, have 
common tangent at common points. 


©@ Solution: The points of intersection of two curves are 
given by f(x) = f(x) sin x 
> sinx=1 Dx=(4n+ 1)r/2 
The slope of the tangent to y = f(x) 
at x = (4n + 1)7/2 is f’((4n + 1)7/2) 
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Slope of the tangent to y = f(x) sin x is és 5 Ae 
f’(x) sin x + cos x f(x). - 8b] ey _ 8b 1 - 8b 
So the slope of tangent at x = (4n + 1)n/2 2y | (x+a)? 21 be. 27 


is f’((4n + 1)m/2). 1 +0 =f’((4n + 1)71/2). 
Here the slopes of the tangents are same at common points. © Problem 14: For the curve y =a /n (x? — a’) show that 
Hence the two curves have the same tangent at their points of | sum of length of tangent and the subtangent at any point is 
intersection. proportional to coordinates of point of tangency. 


© Problem 13: Show that for the curve by?=(x +a)} the GW Solution: Let point of tangency be Gay) 


square of the subtangent varies as the subnormal. dy 2aXx, 
. n= __ —4 2 2 
©Y Solution: We need to prove that dx |, x"\-a 
9 Length of tangent + subtangent 
dy 
y sass 
ata) = 1() peed 
co ia yl to? 
3 
dy (x, —a") yi (x; —a*) 
=kil== 1+ 
or y= (2) yi 4a’x, 2ax, 
d 4.4 a) 
New 2iby— =3e4-a? yXr ta +2a°x — y,(x,-a”) 
dx = y; ppt ele ne 
a) 2ax, 2ax, 
2 AD” 
dy = a“ = Lyi’ +a") n Vico —a’) 
dx y ~ 2ax, 2ax, 
33 
Hence, y y8b'y _ y1(X,") _ XY 


(dy/dx)’ ~ 2y(x+a)° : 


Ting sito] Remember 


1. Iffis differentiable at x, we define dy, called the differential 5. The intercept that the tangent cuts off from the x-axis is 


of y, by the formula dy = f’(x)dx dx 
2. The approximate value of a function f at x in the small ay dy’ 
neighbourhood of the point x,is given by a re a i 7 
f(x) © f(x,) + £’(x,) (x-x,) e ie that the tangent cuts off from the y—axis 1s 
3. The absolute error Af = f(x + Ax) — f(x) y-x =, 
Af _ df a 
The relative error is oe 6. (i) Ifthe tangentat any point on the curve is equally inclined 


to both the axes, then dy/dx = +1. 

(ii) If the tangent at any point on the curve cuts both the 
axes at equal distances from origin, then dy/dx = +1 
or it passes through the origin. 

(iii) If the tangent at any point makes equal intercepts 
on the coordinate axes, then dy/dx = —1 or it passes 


Af 
The percentage error is 1o0( =) % 


4. The tangent line to the graph of f at the point P(a, f(a)) is 
(i) the line on P with slope f’(a) if f’(a) exists , 


(i) the line x =a, if mL) _ Hnpoue He OniErn 
xa] X—a 7. The equation of tangent to the curve ax? + 2hxy + by? + 
y — f(a) = f’(a) (x—a) 2gx + 2fy + c= 0 at the point (x,, y,) is 
is an equation of the tangent line to the graph of f at axx, + h(xy, + yx,) + byy, + g(x+x,) + flyty,) +c =0. 
the point P(a, f(a)). Also, the equation of normal at (x,, y,) is 
f . ‘onee APM, 
y —f(a) =- f"(a) (x — a) is the equation of normal. ax, thy,+g hx, +by,+f 


10. 


Some common parametric coordinates : 


2/3 


(a) x73 4y?? =a73 = x =acos*O, y =a sin°0. 


(b+) Vx + Jy =Va > x=acos"d, y =a sin‘@. 


@ 2.¢222i 
a” b? 


2/n 


=> x= a(sin0)”", y= b(sin6)?". 


(d) c? (x? + y?)=x?y? => x =c secO and y =c cosecO. 
(e—) ay =xX,>x=ateandy=at’. 

Ifa curve passing through the origin be given by a rational 
integral algebraic equation, the equation of the tangent (or 


tangents) at the origin is obtained by equating to zero the 
terms of the lowest degree in the equation. 


Let two curves be y = f(x) and y = g(x) and let the point 
of intersection be P(X, y,)- 


; ae 
= f’(x,) and m, = ae = 2(x,) 


d | : 
and let m, = ax 


If angle between the two cuves is 0, then 


m= Mp f'(x,))-g'&) 


~ |1+f (x,)g(x;) 


tan0 = 


1+m,m, 


TANGENT AND Norma 5.43 


11. (i) Condition for orthogonal intersection of two curves: 


12. 


13. 


“(i ic ccbianssare =|y,cotO |= 


If two curves cut each other orthogonally (at right 
angles), then 0 = ©, 
2 

“. mm, =—l 
(ii) Condition for two curves to touch each other: If the 

two curves touch each other, then 9 = 0. 

*. tan® =0 > m, =m, 
The shortest distance between two non-intersecting curves 
is found along the common normal to the two curves. 
In fact, if the two curves also have the largest distance 
between them, then it is also found along the common 
normal to the two curves. 


2 
dx 
(i) Length of Tangent = ly cosecO| = /¥1 fF] 


(ii) Length of Normal = ly ,sec®| = vi fl+[ 2 i 
lee : 
d 
e 
dx /p 


(iv) Subnormal = ly tan®| = 


Se Objectiverexercises 


SINGLE CORRECT ANSWER TYPE 


1. 


Let y = f(x) be an even function. If f’(2) = —- V3 then 
the inclination of the tangent to the curve y = f(x) at 
x =—2 with x-axis is 


(A) = (B) 2 
6 3 
20 Sn 
(C) 3 (D) ‘ 
The equation of normal to x + y = x’, where it cuts x-axis, 
is given by: 
(A) xt+y=1 (B) x-y-1=0 
(C) x-y+1=0 (D) None of these 


A particle moving on a curve has the position at time t 
given by x = f’(t)sint + f’’(t)cost, y = f(t) cost — f(t) 
sint, where f is a thrice differentiable function. Then the 
velocity of the particle at time t is 

(A) + £70 (B) £’-F'(0 

(C) fH +f" (D) f’() f°) 


4. 


Let x be the length of one of the equal sides of an isosceles 
triangle, and let 0 be the angle between them. If x is increasing 
at the rate (1/12)m/h, and 0 is increasing at the rate of 71/180 
radians/h, then the rate in m?/hr at which the area of the 
triangle is increasing when x =12m and 0 = 71/4, is 


(A) [192] (B) 22 


1/2 
3 


u: inf 2a @ 
me w) (542) 


The number of tangents to the curve x>”? + y*” = 2a7?, 
a> 0, which are equally inclined to the axes, is 
(A) 2 (B) 1 
(C) 0 (D) 4 
=x" , for x<0O 
Let f(x) = <7 48. for a SO" Then the x-intercept of 


the line that is tangent to the graph of f(x) at x =—2 is 
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10. 


11. 


12. 


13. 


(A) zero (B) -1 

(C) -3 (D) 4 

The angle between the normals drawn to the curves x?— y” 
= 8 and 9x? + 25y? = 225 at the point 


[-< =| . 
V2’ V2) 8 
(A) 0 (B) 


(D) 


Ala wla 


Tl 
(C) = 


If a variable tangent to the curve x’y = c? makes intercepts 
a, b on x and y-axes, respectively, then the value of a’b is 


: 43 
(A) 27c ®) = 
(C) ae (D) 53 


The lines tangent to the curves y* — x*y + 5y — 2x = 0 and 
x*— xy? + 5x + 2y = 0 at the origin, intersect at an angle 
equal to 


(A) (B) 


wlaala 
Nila Ala 


(C) (D) 


At the point P(a, a") on the graph of y = x"(n € N) in the 


first quadrant, a normal is drawn. The normal iritersects 
the y-axis at the pom ~~ 


(0, b). If limb = —, then n equals 
a>0 2 


(A) 1 (B) 3 

(C) 2 (D) 4 

If the tangent at any point on the curve x* + y* = a* cuts 
off intercepts 'p' and 'q' on the coordinate axes, then the 
value of p*? + q“*° is 

(A) a43 (B) al? 

(C) al” (D) None 

A flu epidemic hits Pune. Health officers estimate 
that the number of persons sick with the flu 
at time t (measured in days from the beginning of 
the epidemic) is estimated by P(t) = 60t? — t?, 
0 <t< 40. At what time t is the flu spreading at the rate 
of 900 people per day ? 


(A) t= 10 and 30 (B) t= 10 only 


(C) t= 38 (D) t=25 and 32 
The minimum distance between the curve y? = x? and the 
curve 9x? + 9y* — 30y + 9 = Ois 
(A) v13 +1 (B) 
3 


(C) ¥13 +1 is 


14. 


15. 


16. 


Let the tangent to the cubic curve x’ + y’ =a’ at P(x,, y,) 


k 
meet curve again at Q(h, k). Put A ,B= i: A#B 
1 


then x,* must be equal to 


(A) 2B) (B) 2 -B) 
A-B A-B 
(C) ou) (D) None of these 
+ 


The radius of a right circular cylinder increases at a con- 
stant rate. Its altitude is a linear function of the radius and 
increases three times as fast as radius. When the radius 
is | cm the altitude is 6 cm. When the radius is 6 cm, the 
volume is increasing at the rate of 1 cu cm/sec. When the 
radius is 36 cm, the volume is increasing at a rate of n cu 
cm/sec. The value of ‘n’ is equal to 

(A) 12 (B) 22 

(C) 30 (D) 33 

Tangent and normal to the curve y = 2 sin x + sin 2x 


Cc. T 
_ are drawn at p[x= 3). The area of the quadri- 


Fa lateral formed by the tangent, the normal and the coordi- 
nate axes is 


17. 


18. 


nf 


A) 


f 
(C) 5 
The circle shown in figure has radius of 10 cm. If point P 
moves towards right with a speed of Scm/sec, then the rate 
at which the length of arc BQ is increasing at ;the instant 


when ZBAQ is 45° 


B) = 
BS 


(D) None 


A 


> 
Y 
B 
5 
(B) a cm/sec 


(A) 10cm/sec 


10 
(C) —= cm/sec (D) Scm/sec 
V2 


Minimum distance between two points P and Q, where 
P lies on the parabola y* — x + 2 = 0 and Q lies on the 
parabola x*-y + 2=0is 


(A) 7V2 unit 


(Cc) 7 
2/2 


(B) 4 unit 


unit (D) none of these 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


If normal drawn at any point P of parabola y* = 4x, meets 
the curve again at Q, then the least distance of Q from 
origin is equal to 


(A) 6V3 unit (B) 4V6 unit 


(C) 9 V6 unit (D) none of these 

The triangle formed by the tangent to the curve f(x) = x? 
+ bx — b at the point (1, 1) and the coordinate axes, lies in 
the first quadrant. If its area is 2, then the value of b is 
(A) =1 (B) 3 

(C) -3 (D) 1 

The point at which the normal to the curve y = In x is 
perpendicular to the chord joining the points (1, 0) and 
(e, 1), is 

(A) [e-1,In(e+1)] (B) [e-1, In(e-1)] 

(C) [e+ 1,In(e+1)] (D) None of these 


If px* + qx + r=0, p, q, r € R has no real zero and the line 
y + 2 =0 is tangent to f(x) = px? + qx +r then 


(A) p+qtr>0 (B) p—q+r>0 
(C) r<O (D) None of these 
The number of points with integral coordinates where 


tangent exists in the curve y = sin! 2x ./]—x? is 


(A) 0 (B) | 

(C) 3 (D) None : 

The number of other points at which the tangent / wd 
at origin to the curve y = tan"! a A meets the 
curve is 1-x" 

(A) 0 (B) 2 

(C) 3 (D) None 

If the normal to y = f(x) at x =0 is 3x -y + 3 =0, then the 
value of x? {f(x?) — 5f(4x”) + 4f(7x?)}~! is 

(A) -1/6 (B) 1/3 

(C) 1/6 (D) -1/3 

The equation of the common tangent to the curve 


y =6-x-x’ and xy=x+3 is 

(A) 3x+y=7 (B) 3x -y=7 

(C) 3x+y+7=0 (D) None of these 

The tangent to the curve y = 2x?—x + 1 is parallel to the 
line y = 3x + 9 at the point whose coordinates are 


(A) (-1, 5) (B) C1, 2) 
(C) 2,7) (D) (3, 16) 
The number of tangents to the curve, 


y? — 2x? — 4y + 8 = 0 that pass through (1, 2), is 
(A) 3 (B) 1 
(C) 2 (D) 6 


The curve (=) + (2) = 2 touches the line 
a 


= + = 2 at the point (a, b) forn= 
a 


30. 


31. 


32. 


33. 


34. 
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(A) 1 (B) 2 

(C) 3 (D) all non-zero values of n 

If the curves y = 1 — ax?and y = x’ are orthogonal then a 
is equal to 

(A) 3 (B) 1 

(C) 1/3 (D) None 

The minimum slope of the curve y = x? + 3x?+3x- 1 is 
(A) 0 (B) -2 

(C) -1 (D) None 

Total number of parallel tangents of f(x) = x? — x + 1 and 
f(x) =x? —x?- 2x + Lis 

(A) 2 (B) 3 

(C) 4 (D) None 

The curves x? — 4y? +c = 0 and y’ = 4x will intersect 


orthogonally for 

(A) c € (0, 16) (B) c € (3, 4) 

(C) c € 3,4) (D) None of these 

Two points with abscissa x, = a, x, = 3a, a # 0 are given 
on the parabola y = x”. A secant is drawn through these 


7 points. The coordinates of the point on the parabola where 


_ the tangent is parallel to the secant is 


(A) (2a, 4a?) 


445 


37. 


38. 


39. 


(B) (—2a, 4a’) 

(C) (a, a’) (D) (3a, 9a°) 

The distance between the origin and the normal to the 
curve y =e + x* drawn at the point x = 0 is - 

(A) 1/V5 (B) 2/V5 

(C) -1/V5 (D) 2/V3 


. The lines tangent to the curves y* — x*y + Sy — 2x = 0 and 


xt — xy? + 5x + 2y = 0 at the origin intersect at an angle 


0 equal to 

(A) 7/6 (B) 7/4 

(C) 7/3 (D) 7/2 

A particle moves along the curve y = x*” in the first 


quadrant in such a way that its distance from the origin 
increases at the rate of 11 units per second. The value of 
dx/dt when x = 3 is 
(A) 4 

(C) 3/3 /2 


A point is moving along the curve y* = 27x. The interval 
in which the abscissa changes at slower rate than 
ordinate, is 


(B) 9/2 
(D) None 


(A) C3, 3) (B) (—%, 0) 
(C) CLD (D) (-%, -3) U (3, ©) 
If y = x Inx + sin (m Inx) V x € [e, e’], then which of the 


following lines is a tangent to curve for some x € [e, e7] 
(for some c’) 


(A) e(y — 2x) + (x-y) =e’ 
(B) e (y +2x) + (x-y)=c’ 
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40. 


41. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


(C) e(y+2x)-(x+y)=c" 

(D) nothing can be said 

¢, and £, are the side lengths of two variable squares S, 
and S, respectively. If ?,= ?,+ ¢,°+ 6 then rate of change 
of the area of S, with respect to rate of change of the area 
of S, and £,= 1 is equal to 


(A) 3/4 (B) 4/3 
(C) 3/2 (D) None 
If the tangent at (1, 1) on y? = x(2 — x”) meets the curve 


again at P, the P is 

(A) (4, 4) (B) (2, 3) 

(C) (9/4, 3/8) (D) none of these 

If the tangent at any point P(4m°, 8m*) of x? - y?=O isa 
normal also the curve x? — y” = 0, then 9m? is 


(A) 1 (B) 2 
(C) 3 (D) none 
If the curves y = | — ax’and y = x’ are orthogonal then a 
is equal to 
(A) 3 (B) 1 
(C) 1/3 (D) none 
If two different tangents of y” = 4x are the normals to 
x? = 4by then ' 
(A) b>) I< 
2/2 2/2 
b| > : D) |b : 
(©) Il > TF a es 6 
The minimum distance between the curve y? = 4x and 


x? + y?- 12x +31 =0 is equal to 


(A) V21 (B) ¥26 - V5 
(OG 1 = 45 (D) V28 - V5 


Tangent drawn to y = ax? + bx + c at (5, 4) is parallel to 
x-axis. If a € [2, 4] then maximum value of c is 

(A) 54 (B) 56 

(C) 104 (D) 106 

The set of values of ‘a’ for which |sin 2x|— |x|—a =0 does 


not have solution is given by 
(A) (24-2 | ) (2S =) 


(C) (1, ©) (D) None of these 


A particle describes an ellipse whose semiaxes are 4 m.and 
3 m. with a constant speed of | mt/sec. The velocity of the 
foot of the perpendicular from the particle on the major 
axis, when the particle is a distance of 1 meter from the 
major axis is equal to 
(A) 2/11 m/s 

(C) V(2/11) m/s 


(B) 11/2 m/s 
(D) none of these 


49. 


50. 


51. 


52. 


54. 


55. 


56. 


© ce@,4) 
53. 


An edge of a variable cube is increasing at the rate of 
3 cm/sec. When the edge is 10 cm. long, the volume of 
the cube is increasing at the rate 

(A) 27 cm?/sec (B) 90 cm?/sec 

(C) 900 cm?/sec (D) none of these 


Two points with abscissa x, = a, x, = 3a, a # 0 are given 
on the parabola y = x’. A secant is drawn through these 
points. The co-ordinates of the point on the parabola where 
the tangent is parallel to the secant is 

(A) (2a, 4a”) (B) (-2a, 4a’) 

(C) (a, a’) (D) (Ga, 9a’) 

If f(x) = x — sin’x — a, then f(x) = 0 has 

(A) two positive roots if a> 0 

(B) one positive root if a <0 

(C) two positive roots if a <0 

(D) one positive root if a> 0 

The curves x? — 4y? + c = 0 and y’ = 4x will intersect 
orthogonally for 
(A) c € (0, 16) (B) c € (-3, 4) 
(D) None of these 


Lety = f(x) be a curve whose parametric equation is x = t? 
+t+i1,y=t—t+1; where t>0. Total number of tangents 


that can be drawn to this curve from (1, 1) is equal to 
(A) 1 (B) 2 

(C) 3 (D) None 

The value of x, for which value of the expression (x, — x,)° 


a2 
Xo 
| ri is least, where X,,X, € R*, is 


(A) 16 (B) 2 
(©) 4 (D) v2 
Let x = cos*t and y = sin*t defines a curve where t is a 


parameter. This curve passes through the point 


eo at some t=t, € ea . The slope of 
8 4 2 


the curve at that point is 


4 
A)= B) - 
As (B) 


4 


3\3 


The equal sides of an isosceles triangle with fixed base 'b' 
are decreasing at the rate of 3 cm/sec. The rate at which 
its area is decreasing when the two equal sides are equal 
to the base, is 


ee 


|S wl sa 


(C) - (D) - 


V3 
(C) 3b sq. cm/sec 


sq. cm/sec (B) bV3 sq. cm/sec 


(D) V3b sq. cm/sec 


57. 


58. 


59. 


60. 


If the curves y = x* + ax and y = bx* +c pass through the 
point (—1, 0) and have a common tangent line at this point 
then the value of (a + b +c”) is 


(A) 0 (B) 1 
(C) -3 (D) -1 
x + y—9=0 is anormal to the parabola 


y? — 2y -8x + 17=Oat 
(A) (5, 4) 
(C) (4,-5) 


(B) (4,5) 
(D) C4, 5) 


A line L is perpendicular to the curve y = A 2 
at its point P and passes through (1, —1). The coordinates 


of the point P are 

(A) (2, -1) (B) (6, 7) 

(C) (0, -2) (D) (4, 2) 

Let f be a differentiable function with f (2) = 3 and f’(2) 


= 5, and let g be the function defined by g(x) =x f (x). 


61. 


62. 
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y-intercept of the tangent line to the graph of 'g' at point 
with abscissa 2, is 


(A) 20 (B) 8 
(C) - 20 (D) - 18 
The equation of the line tangent to the curve x sin y + 


. ne [= ) 
y sin x = 7 at the point a) , 1S 


(A) x+y=T7 (B) x-y=0 
(C) 2x-y=7/2 (D) none 
A curve is represented parametrically by the equations 


x=t+e*and y=—t+e*“whent € Randa>0. Ifthe curve 
touches the axis of x at the point A, then the coordinates 
of the point A are 


(A) (1, 0) 
(C) (e, 0) 


(B) (1/e, 0) 
(D) (e, 0) 


MULTIPLE CORRECT ANSWER TYPE FOR JEE ADVANCED 


63. 


64. 


65. 


66. 


67. 


The point on the curve xy? = 1, which is nearest to the 
origin is 

(A) (2): 279) (B\(21°, 2/6) 

(C) (2713, ys) (D) (-2713, 2/6) 


The value of parameter a so that the line 
(3 — a) x + ay + (a? — 1) = 0 is normal to the curve 
xy = |, may lie in the interval 


(A) (-, 0) (B) 1, 3) 

(C) (0, 3) (D) (3, ©) 

Line joining the point (0, —3) and (—5, 2) is a tangent 
to the curve y = — then 

(A) a=1+ V3 (B) a=2+2,3 

(C) a=-14 V3 (D) a=2-2 3 


The points on the curve y = x Jiak* = 1 SxS 1 at 
which the tangent line is vertical are 


1 1 
(A) (-1, 0) (B) [-5--4] 
(C) 1,0) (D) ls ) 

, V2° 2 
Which of the follwoing is an intersection of the curves 
y = 2x?-x andy =2-x3? 

3 1 

A) tan! —~— B) tan! — 
ee 100 cece 
(C) tan! a (D) tan? 3 
4 4 


68. 


69. 


71. 


Coordinates of the point on the graph of the 


-1 
function f(x) = a where the tangent lines are 
x 


perpendicular to the lines 8x + 2y = 1, are 
(A) (1, 0) (B) (3, -2) 


1 3 
ool} 


A nursery sells plants after 6 year of growth. Two 
seedlings A and B are planted each of height 5 


dh 
inches whose growth rates are ae =0.5t+ 2 and ee 
t 
=t+1 where heights h, and h, are in cms and t is the time 
in years. Then 


(A) the height of the plants are equal at t = 3 (in years) 

(B) the height of the plants are equal at t = 4 (in years) 

(C) when the plants are sold, their heights are 26 cms and 
29 cms 

(D) none of these 


. Coordinates of the point on the curve x? + 2xy 


+ 2y* = 45 at which the slope of the tangent is — 2, is 
(A) (3 V5, 0) (B) (-9, 3) 
(C) (-3, 1) (D) (9, —3) 


Which of the following is an angle of intersection of the 
curves y = 2x*— x and y=2-—x?3? 


(A) tan"! = (B) tan"! 


(D) tan"! 


1 
C) tan! — 
eS 


5.48 DIFFERENTIAL CALCULUS FoR JEE Main AND ADVANCED 


Xx 
72. The points on the curve f(x) = fee where the tangent 


. s . Tl ° 
is inclined at an angle of — to x-axis, are 
4 


3 
(A) (0,0) (B) ce S| 


ofa) o [4] 


73. Let the parabolas y = x(c —x) and y = x” + ax + b touch 
each other at the point (1, 0), then 
(A) a+b+c=0 (B) a+b=2 
(C) b-c=1 (D) a+c=-2 

74. The angle between the tangent at any point P and the line 
joining P to the origin, where P is a point on 


iy 


the curve (n(x? + y?) = ctan"! —, c is a constant, is 


(A) independent of x and y . 

(B) dependent on c 

(C) independent of c but dependent on x 
(D) none of these 


Assertion (A) and Reason (R) 


(A) Both A and R are true and R is the correct explanation of 


A. A 

(B) Both A and R are true but R is not the correct explanation 
of A. A) y 

(C) Ais true, R is false. = 

(D) Ais false, R is true. 

75. Assertion (A) : For the curve Qty” = (x + 8), square of 
the subtangent varies as the subnormal. 
Reason (R) : Subnormal = |(ordinate)(slope of the tangent 
to the curve)| and subtangent = |(ordinate) (reciprocal of 
slope of the tangent to the curve)| 

76. Assertion (A) : The tangent at x = | to the curve y = x*- 
x*— x + 2 meets the curve again at x =—1. 


Reason (R) : When the equation of a tangent is solved with 
the curve, repeated roots are obtained at point of tangency. 
77. Assertion (A) : y = f (x) is a parabola, having its axis 
parallel to y-axis. If the line y = x touches this parabola at 
x = 1, then f” (1) +f’(0) is equal to 1 
Reason (R) : If f (x) = ax? + bx +c, then ax” + bx 
+c =x should have x = | as a repeated root. 
78. Assertion (A) : If at any point on a curve the subtangent 
and subnormal are equal, then the length of the normal is 
equal to J2 ordinate. 


Reason (R) : If subtangent is equal to subnormal, then 
dy 


=+ 1, 
dx 


79. Assertion (A) : The curve y? = x* + | is tangent to a circle 
centered at (4, 0) at the point with abscissa * ‘ 


Reason (R) : Let the circle be (x — 4)? + y” = c?: for 


d 
tangency, =. must be equal for both the curves 2y - 
x x 


= 3x*=-2x +8 
80. Assertion (A) : The points of contact of the vertical 


tangents to x = 2 —3 sin 9, y = 3 + 2 cos 9 are (-1, 3) and 
(5, 3) 


d 
Reason (R) : For vertical tangent, ae =0 


Comprehension - 1 


The sales S of a new product after it has been on the market 
for t years is S = 30 (1 —e“) 


81. The value of the constant k if 5 units have been sold after 


1 year is 
(A) £n 6/5 (B) ¢n 5/6 
(C) ¢n 4/5 (D) None 
82. The number of units which will saturate the market is 
— (A) 30 (B) 31 
(C) 150 (D) None 


83. The number of units sold after 5 years is 


(A) 30 (1 —(4/5)°) 
(C) 30 (1 —(5/6)’) 


Comprehension - 2 


Consider the two quadratic polynomials 


(B) 30 (1 — (2/3)°) 
(D) None of these 


C:y= * _ax+a?+a—2 and 
4 


a 


pe 
y= 4 
84. Ifthe origin lies between the zeroes of the polynomial C, 
then the number of integral value(s) of ‘a’ is 
(A) 1 (B) 2 
(C) 3 (D) more than 3 
85. If'a' varies then the equation of the locus of the vertex of 
C, ,1s 
(A) x-2y-4=0 (B) 2x-y-4=0 
(C) x-2y+4=0 (D) 2x+,y-4=0 
86. For a = 3, if the lines y=m,x +c, and y=m,x +c, are 
common tangents to the graph of C, and C then the value 
of (m, + m,) is equal to 
(A) -6 
(C) 1/2 


Comprehension - 3 
P and Q be any two points on the curve ay” = x? such that PQ 
always passes through a fixed point R(at’, at*) 


(B) —3 
(D) none 


87. If P(at,’, at,*) and Q(at,’, at,*) are arbitrary points on the 


curve then 
t,t t, -t 
Ce rere (B) t= + 
t, +t, t, +t, 
tit, 
(C) t=-——— (D) None of these 
t) +t, 


88. If tangent at P and Q intersect at (x, y) then t,* +t,’ 
+ t,t, must be equal to 


ee (By 3% 
a a 


oes (D) None 
a 


89. The locus of point of intersection of tangents at P and Q 
is the curve 


(A) (tx + 2y) = 2at¥y 
(B) (3tx + 2y)? = —2at*y 
(C) Gtx + 2y)? = 3a3t3y 
(D) (3tx + 2y)* = —3a*t3y 


Comprehension - 4 

For a person at rest, the rate of air in take v(¢/s) during a 
respiratory cycle v = 0.85 sin mt/3, where the person has a 
respiratory cycle for which the rate of air intake is v = 1.75 
sin 7/2. 
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(A) 1/24 (B) 1/6 
(C) 1/12 (D) None 

92. The increase in the person’s long capacity due to exercising 
is 
(A) 0.95/1 
(C) 0 


Comprehension - 5 
The parametric equation of given curve are 
X =a(2 cost + cos 2t), y=a (2 sint — sin 2t). 


(B) 1.9/1 
(D) None 


93. The equation of normal at any point ‘t’ is 


t : t _ 3t 
(A) x cos (5) +y sin (5) = 3 acos (3) 


t ‘ t 3t 
B) x cos | — | —y sin |] — | =3 acos | — 
G * G [ 2 
(C) x cos ( +y sin (s =3asin (= 
t t t 
(D) x cos (5 —y sin (5 =3 asin (=) 
94. The subnormal at any point ‘t’ is 
(A) ly tan t] (B) ly cot t| 


(C) ly cot(t/2)| (D) ly tan (t/2)| 

95. If length of perpendiculars from origin on tangent and 
normal at ‘t’ are p and p,, respectively, then the value of 
9p’ + p,’ is equal to 


90. The volume of air inhaled during one cycle at rest is (A) 9a? 
(A) 5.1/1 (B) 2.55/t 
(C) 0 (D) None 

91. The difference in frequencies of the respiratory cycle 


during rest and exercise is (D) a? 


(B) 9a? sin?(t/2) 


0) seos( 2) 
(C) 9a’ cos 5 


MATCH THE COLUMNS FOR JEE ADVANCED 


96. Column I 
(A) The sides of a triangle vary slightly in such a way that its 


da db dc 
cosA 


circumradius remains constant, if +] =|ml, 


+ 


cosB cosC 


then the values of m is 
(B) The subtangent to the curve x*y” = 16 at the point (—2, 2) is 
|k|, then the value of k is 
(C) The curve y = 2e* intersects the y—axis at an angle cot~'|(8n—4)/3}, 
then the value of n is 
The area of a triangle formed by normal at the point (1, 0) on 
the curve x = e*"Y with axes is |2t + 1|/6 sq. units, then the value of t is 


97. Column I 
(A) Acircular plate is expanded by heat from radius 6 cm to 6.06cm. 
Approximate increase in the area is 


(D) 


Column II 
(P) 1 


(Q)-1 
(R) 2 


(S13 


Column II 
(P) 5 
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(B) 


(C) 


(D) 


98. 
(A) 


(B) 


(C) 


(D) 


99. 
(A) 
(B) 


(C) 


(D) 


100. 
(A) 


(B) 


(C) 
(D) 


If an edge of a cube increases by 2%, then percentage increase 
in the volume is 


2 
If the rate of decrease of - —2x+5 is thrice the rate of 


decrease of x, then x is equal to (rate of decrease being nonzero) 
The rate of increase in the area of an equilateral triangle of side 


30 cm, when each side increases at the rate of 0.1 cm/s is 
Column - I 
The area of the quadrilateral formed by the tangents from 
the point (4, 0) to the circle x? + y?— 2x + 4y —-4=0 and the 
pair of radii through the points of contact of the tangents is 
1 


The number of points at which the function f(x) = én|x| 
is discontinuous is 
Let f(x + y) = f(x) . f(y) for all x, y € R if f(5) = 2 and f’(0) = 3, 
then f’(5) = 
If the normal to the curve y = f(x) at the point (3, 4) makes 
3m 
an angle a with the positive x-axis, then f’(3) = 


Column - I ) 
The slope of the curve 2y? = ax? + b at (1, -1) is -1, then 5 
If (a, b) be the point on the curve 9y’ = x? where normal 
to the curve makes equal intercepts with the axes, t then 
If the tangent at any point (1, 2) on the a 


y =ax?=bx+ 7 7 be parallel to the normal 


CW 


curve y = x? + 6x + 10, then YY 


1. m8 2) on the 


If a is the number of horizontal tangents and b is the number 
of vertical tangents to the curve y? — 3xy + 2 = 0, then 


Column-I 
3 
If the curves y = 1 — cos x, x € (-7, ™) and y = ae [x|+ a touch 


each other then the number of other possible values of a is 
equal to 

If two curves y* = 4a(x — b,), and x’ = 4a(y — b,), where a is 
a positive constant number and b, and b, are variables, 
touch each other then their point of contact lies on 

xy = ka’, where k is equal to 

The point on othe parabola y” = 4x, which is nearest to the 
circle x? + (y — 12)? = 1 has the ordinate equal to 

The ordinate of the point(s) on the curve y? + 3x? = 12y 
where the tangent is parallel to y-axis is/are 


(Q) 0.72 
(R) 6 


3 
(S) = 


Column - II 
(P) 1 
(Q) 3 


(R) 6 


(S) 4 


Column - II 


(P) a-b=2 
(Q) a-b=7/2 


(R) a—b=4/3 


20 
(S) a+|bl= 5 


(T) a+b=2 
Column-II 


(P) 0 


(Q) 2 


(R) 3 


(S) 4 
(T) -2 


Review Exercises for JEE Advanced 


1. Arunner sprints around a circular track of radius 100 m at 
a constant speed of 7m/s. The runner's friend is standing 


at a distance 200 m from the center of the track. How fast 


is the distance between the friends changing when the 
distance between them is 200m? 


It is estimated that t years from now, the circulation of a 

local newspaper can be modeled by the formula 

C(t) = 100t? + 400t + 50t @nt 

(a) Findan expression for the rate at which the circulation 
will be changing with respect to time, t years from now. 

(b) At what rate will the circulation be changing with 
respect to time 5 years from now ? 

(c) By how much will the circulation actually change 
during the sixth year ? 

A particle is moving along the curve whose 

xy? 8 

7 — -Assume that the 

l+y” 5 

x-coordinate is increasing at the rate of 6 units/s when the 

particle is at the point (1, 2)? 

(a) At what rate is the y-coordinate of the point changing 
at that instant ? 

(b) Is the particle rising or falling at that instant ? 

A telephone line hangs between two poles 14 m apart in 

the shape of the curve 


equation is 


y= 10(e20 +e20)-15 , where x and y are measured in 


meters. 


pole. 
(b) Find the angle 0 between the line andthe pole. 
7 a 
-7 0 7 a 


A circular metal plate expands under heating so that its 
radius increases by 2%. Find the approximate increase in 
the area of the plate, if the radius of the plate before heating 
is 10cm. 

Suppose that the position functions of two particles, P, and 
P,, in motion along the same line are 


1 
t-—t+3 and s,=-—U+t+l 


1 
1 2 
respectively, for t = 0. 
(a) Prove that P, and P, do not collide. 
(b) How close can P, and P, get to one another ? 
(c) During what intervals of time are they moving in 
opposite direction ? 


s= 


If p(x) is the total value of the production when there are 
x workers in a plant, then the average productivity of the 
workforce at the plant is 
A(x) = PX) 

Xx 
(a) Find A'(x). Why does the company want to hire more 


workers if A'(x) > 0? 


10. 


11. 


12. 


13. 


14, 
of y=(x + 1) which pass through the origin, and find their 


(a) Find the slope of this curve where it meets the right puations. 


ny " 15. 


16. 


17. 


18. 


19, 


20. 


21. 
22. 


23. 
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(b) Show that A'(x) > 0 ifp'(x) is greater than the average 
productivity. 

If the tangent to the curve xy + ax + by = 0 at (1, 1) is 

inclined at an angle tan”'2 with x-axis then find a and b. 


Find the equation of a tangent and normal at x = 0 if they 
exist on the curve y = x!7(1 — cosx). 


Find the equation of tangent and normal to the 
X-2 
curve f (x) = 5? =x=1 ifx> { HX =1 if it exists. 


ifx <1 


If x + my = 1 is a normal to the parabola y’ = 4ax, prove 
that al? + 2alm* = m?. 


Show that the values of x for which the tangents to the 
curves y = xcos x, y = (sin x)/x are parallel to the axis of 
x, are roots of cot x = x, tan x = x respectively. 


Find the equation of tangent to the curve 


atx = v3. 


2x 
= sin! 
y 14x? 


Show that there are exactly two tangent lines to the graph 


Prove that in the ellipse x = a cos (0 + a), 

y =bcos (6 + B) the tangent at the point 0, will be parallel 
to the radius drawn to the point 0, if 0, - 0, =+ 7/2. 
Prove that if b > 2a, three real normal can be drawn from 
the origin to the parabola x” = 4a (y + b). 

Find the intercepts made on the coordinate axes by the 
normal at any point of the rectangular hyperbola x’ — y” =a’; 
and prove that the difference of their squares is constant. 
Prove that the equation of the tangent to the hyperbola 
x=kt, y=k/tis x + ty = 2kt. 

The equation x? — xy + y’? = 3 represents a "rotated 
ellipse," that is, an ellipse whose axes are not parallel to 
the coordinate axes. Find the points at which this ellipse 
crosses the x-axis and show that the tangent lines at these 
points are parallel. 

Two variable curves y? = 4a(x — A) and x? = 4a(y — p) 
where a is a positive constant and A, u are parameters, 
touch each other. Find the locus of the point of contact. 
Prove that the segment of the normal to the curve 
x =2asint +a sintcos?t; y =—acos?t contained between 
the coordinate axes is equal to 2a. 

If xcosQ + y sinQ@ =p touches the curve (x/a)""")+ (y/b) 
ma-)= 1, then prove that; 

(a cos Ol)" + (b sin)" =p". 

Find the condition for the line y = mx to cut at right angles 


the conic x? + 4xy + 4y* = 1. Hence find the equation of 
the axes of the conic. 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 


Show that the curves x? — 3xy? =— 2 and 3x*y — y? =2 cut 
each other orthogonally. 


Find the angle of intersection of the curves 
x2 
yi and y = 2*. 
Prove that the parabolas x* = ay and y’ = 2ax intersect on 


the curve x? + y* = 3axy and find the angles between each 
pair at the points of intersection. 

At what point M (x,y) of the graph of the function y = e*' 
should a tangent be drawn for the area of the triangle 
bounded by that tangent and the coordinate axes be the 
greatest? 


Prove that the curve y = x* + 3x? + 2x does not meet the 
straight line y = 2x — 1 and find the distance between their 
nearest points. 

A curve is defined parametrically by the equations x = t? 
and y = t®. A variable pair of perpendicular lines through 
the origin 'O' meet the curve at P and Q. If the locus of 
the point of intersection of the tangents at P and Q is ay” 
= bx — 1, then find the value of (a + b). 

If the tangent at the point (x,, y,) to the curve x’? + y?=a* 


Xo 
meets the curve again in (x,, y,) then show that a 
=-1. : , 


31. 


32. 


33. 


34. 


35. 


Show that the distance from the origin of the normal at 
any point of the curve 


0 . 8 
x=ae® Poe ree & y=ae? cos — — 2sin — 
2 2, 2 2 


is twice the distance of the tangent at the point from the 

origin . 

For what value or values of the constant k will the curve 

y =x3+kx?+3x-—4 have exactly one horizontal tangent? 

Does any tangent to the curve y = Vx cross the x-axis at 

x =— 1? Ifso, find an equation for the line and the point 

of tangency. If not, why not? 

(i) Find the points on the curve x = ye” where the tangent 
line is vertical (dx/dy = 0). 

(ii) Is there a point on the curve where the tangent line is 
horizontal ? 

(iii) Show that x — 0 and dy/dx — —00 as y + -co 

(iv) Show that y + 00 and dy/dx > 0 as x > ©. 

Prove that the curve y = x° + 2x has no horizontal tangents. 

What is the smallest slope that a line tangent to this curve 


can have ? 


Target EXENCiSeS for JEE Advanced 


1. 


Aswimming pool is 40 feet long, 20 feet wide, 4 feet deep 
at the shallow end, and 9 feet deep at the deep end (see 
figure). Water is being pumped into the pool at 10 cubic 
feet per minute and there is 4 feet of water at the deep end 
(i) What percentage of the pool is filled ? 
(ii) At what rate is the water level rising? 


10ft*/min 


<— 40 ft —! 


The figure shows a rotating wheel with radius 40 cm 

and connecting rod AP with length 1.2 m. The pin P 

slides back and forth along the x-axis as the wheel 

rotates counterclockwise at a rate of 360 revolutions 

per minute. 

(a) Find the angular velocity of the connecting rod, do/dt, 
in radians per second, when 0 = 71/3, 

(b) Express the distance x = OP in terms of 0. 

(c) Find an expression for the velocity of the pin P in 
terms of 0. 


P(x,0) X 


Show that the angle between the tangent at any point P 
and the line joining P to the origin ‘O’ is the same at all 


points of the curve @n (x? + y?) = c tan (y/x) where c is 
constant. 3 
On the graph of the function y = —= x In x, where x € 


[e'°, 00), find the point M(x, y) such that the segment 
of the tangent to the graph of the function at that point, 
intercepted between the point M and the y-axis, is the 
shortest. 

Tangent lines T, and T, are drawn at two points P, and 
P, on the parabola y = x’ and they intersect at a point P. 
Another tangent line T is drawn at a point between P, and 
P,; it intersects T, at Q, and T, at Q,. Show that 


10. 


11. 


12. 


13. 


14, 


PQ, 


PP, 


PQ) _ 
PP, 


Find the two points on the curve y = x*— 2x? — x that have 
a common tangent line. 
A lattice point in the plane is a point with integer 
coordinates. Suppose that circles with radius r are drawn 
using all lattice points as centres. Find the smallest value 
of r such that any line with 

2 
slope g intersects some of these circles. 
A container in the shape of an inverted cone has height 
16cm and radius 5 cm at the top. It is partially filled with a 
liquid that oozes through the sides at a rate proportional to 
the area of the container that is in contact with the liquid. 
If we pour the liquid into the container at a rate of 2 cm?/ 
min, then the height of the liquid decreases at a rate of 
0.3 cm/min when the height is 10 cm. If our goal is to 
keep the liquid at a constant height of 10 cm, at what rate 
should we pour the liquid into the container ? 


Prove that the portion of the tangent to the curve 


‘ a [a2 —y? 
x =a” er rene) 


between the point of contact and the x-axis is of length a. 
(a) Consider the curve with equation ‘ 
y(y?- Dy — 2) = x(x— I - 2). X 
At how many points does this curve have horizontal 
tangents? Find the x-coordinates of these points. 
(b) Find equations of the tangent lines at the points (0, 1) 
and (0, 2). 
Find the length of the perpendicular dropped from the 
origin to the tangent to the curve 
2x =a (3 cos t+ cos 3t), 2y =a (3 sint + sin 3t). 
Show that 41? = 3p? + 4a’, where r is the polar radius 
of the given point and p is the length of the mentioned 
perpendicular. 


Prove that the equation of the tangent at any point (4m, 
8m7°) of the semi-cubical parabola x* — y? = 0 is y = 3mx — 
4m? and show that it meets the curve again at (m’, —m%), 
where it is normal if 9m? = 2. 


The tangent at any point on the curve x* + y? = 2a? cuts 
off length p and q on the coordinate axes. Show that p~” 
4 q’= = 1/2 a??, 

y 


x n n 
Prove that the curve [) + (2) =2 touches the 


mieten a ay 
straight line a = pat the point (a, b), 


whatever be the value of n. 


15. 


16. 


17. 


18. 


19, 


20. 
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Show that in the curve y = a In(x? — a’) the sum of the 
length of tangent and the subtangent varies as the product 
of the coordinates of the point. 

Prove that in the ellipse x’/a* + y*/b* = 1, the length of 
the normal varies inversely as the perpendicular from the 
origin on the tangent. 

Show that for any point P(x,, y,) of the hyperbola x*— y* =a’ 
the segment of the normal from the point P to the point of 
intersection with the abscissa is equal to the radius vector 
of the point P. 


Prove that the equation of the ‘ tangent at a point 
x™ 
(x,, y,) on the curve cs + b™ =1 
-1 
is i see =1 
a™ b™ 
Prove that the equation of the normal to the curve x73 
+ y*? = a? may be written in the form x sin @ — y cos ) + 
acos 2 =0. 


Through the point (h, k) tangents are drawn to the curve Ax? 


_ + By’ = 1. Prove that the points of contact lie on a conic. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


‘The tangent to the curve y = x — x at a point P meets the 
curve again at Q. Prove that one point of trisection of 


PQ lies on the y axis. Find the locus of the other point of 
trisection. 

If the tangent at a point P on the curve y = x? — x? meets if 
again at Q, show that the locus of the middle point of PQ 
is 28x — 28x? + 9x + y-1 =0. 


The chord of the parabola y = — a?x* + 5ax - 4 


touches the curve y = i at the point x = 2 and 
—x 


is bisected by that point. Find the value of a. 

Find all real values of ‘a’ for which x* — 4 x 2 |x — al has 

atleast one negative solution. 

A curve is given by x = a (2 cos t + cos2t), y = a (2sint 

— sin2t). Prove that (i) the tangent at P(t) meets the curve 
t 

again in points Q(-t/2) and R [x-5) and (ii) that the 

tangents at Q and R are at right angles and intersect on the 

circle x’ + y* =a’. 

Prove that any tangent of y = 

intersects the curve again. 


ax*, bx? + cx + d,a #0, 


Find the equation of tangents to the curves y = x?-x- 1 
and y = 3x?— 4x + 1 which are parallel to each other 
If the normal to the curve y = f(x) at x = 0 be given by the 


equation 3x — y + 3 =0, then find the value 

of lim x’ {f(x*) — 5 f(4x’) + 4 f(7x*)} 1. 

Find the least distance between any two points of the 
curves y = log,x and y = 2*. 

Prove that the segment of the tangent to the curve 
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ap, at aja? — x? — 
= n = =~, 
y 5) a_ dee ox? a’ —x 
contained between the y-axis and the point of tangency 
has a constant length . 
31. Find the shortest distance between the curves y* = x* and 
9x? + Oy? — 30y + 16 =0. 
32. Find the equation of tangents to the curves y = x'- x - 1 
and y = 3x?— 4x + | which are parallel to each other. 


33. Find the equations of tangent of the curve x = a cos 9, 


y = V2 acos @ sin 0/2 at origin. 

34. If in acurve the normal varies as the cube of the ordinate, 
find the subtangent and the subnormal. 

35. If p be the length of the perpendicular drawn from the 
origin upon the tangent to the curve. x =acos 0 +a sin 9, 
y =asin 0 —a 0 cosO at the point 9, then prove that: 
(i) px® 


2 2 
on ()-Q) 


Previous Years Questions (JEE Advanced) 


A FILL IN THE BLANKS; 
1. LetCbethe curve y*—3xy + 2 =0. If H is the set of points 
on the curve C where the tangent is horizontal and V is 
the set of the point on the curve C where the tangent 
is vertical then H =............ and V =... [IIT-1994] 


B. MULTIPLE CHOICE QUESTIONS WITH ONE | 
RRECT R: = 


2. The normal to the curve x =a (cos 8+ 6 sin 8),y =a ( ind — 


vo 


0 cos 9) at any point '0' is such that 

(A) it makes a constant angle with the x-axis 
(B) it passes through the origin 7 
(C) it is at a constant distance from the origin 

(D) none of these [IIT - 1983] 


3. Thecurve y —e*’+x=0 has a vertical tangent at the point 
[IIT - 1992] 


(A) C1, 1) (B) at no point 
(C) (0, 1) (D) (1, 0) 

4. Two particles A and B are dropped from the height of 
5m and 20m respectively. Then the ratio of time taken by 
A to that taken by B, to reach the ground is 


(A) 1:4 (B) 2:1 

(C) 1:2 (D) 1:1 [IIT - 1993] 
5. If y = 4x — 5 is tangent to curve y? = px*+ q at (2, 3), 

then [IIT - 1994] 

(A) p=2,q=7 (B) p=—2,q=7 


(C) p=-2,q=-7 (D) None of these 
6. Ifthe normal to the curve y = f(x) at the point (3, 4) makes 
an angle 37/4 with the positive x-axis, then f’(3) 
; [IIT - 2000] 
A) -1 B) -— 
(A) (B) 4 


4 
Cc) — D) 1 
ee (D) 


7. The triangle formed by the tangent to the curve f(x) = 
x? + bx — b at the point (1, 1) and the coordinate axes, 
lies in the first quadrant. If its area is 2, then the value 


of b is [IIT - 2001] 
(A) -1 (B) 3 
(o3 (D) 1 


. The point(s) on the curve y? + 3x?= 12y, where the tangent 


is vertical, is (are) [IIT - 2002] 
4 11 
(A) | +—,-2 (B) fea 
[ v3 | 3 | 
A 
o [+92] 


0 (fi 


9. Which one of the following curves cut the parabola 


y’ = 4ax at right angles ? [IIT - 1994] 
(A) P+y?=a? (B) y=e*™ 
(C) y=ax (D) x? = 4ay 


C. SUBJECTIVE PROBLEMS: 
10. Find all the tangents to the curve 
y = cos(x + y), -2m <x < 27, that are parallel to the line 


x+2y=0. [IIT - 1985] 
11. What normal to the curve y = x? forms the shortest 
chord ? [IIT - 1992] 


12. If |f(x,) - f(x,)| < (x, - x,)’, for all x,, x, € R. Find the 
equation of tangent to the curve y = f(x) at the point (1, 2). 
[IIT - 2005] 


WT -2 


If a continuous function f defined on the real line R, 
assumes positive and negative values in R then the 
equation f(x) = 0 has a root in R. For example, if it is 


D MPREHENSI 


known that a continuous function fon R is positive at some 
point and its minimum value is negative then the equation 
f(x) = 0 has a root inR 
Consider f(x) = ke* — x for all real x where k is real constant. 
13. The line y = x meets y = ke* for k < 0 at 
(A) no point (B) one point 
(C) two point (D) more that two points 
14. The positive value of k for which ke* — x = 0 has only one 
root 1s 
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(A) l/e (B) 1 
(C) e (D) log,2 
15. For k > 0, the set of all values of k for which ke*—x =0 
has two distinct roots is 
(B) (4.1) 
e 


(A) C ) 
e 
(D) (0.1) 


o(t 
e 


Concept PROBLEMS—A 
1. 15v3 

3. 2 unit/s at (3, 6) and — 2unit/s at (3, — 6) 
4. At the points (3, 16/3) and (— 3, — 16/3). 
5 


2. 607 cm?/sec 


- cm/sec 6. -24 ft/s 
7. t=A4s 8. v2 cm/sec. . 
“ ea 
9. 140 ft/min. 13. 5V2 cm/s We 


e & 


15. 7.2 miles/hr 16. (a) 4.75 (b)SA 


( (A) 
Practice PRoBLEMS—A LO, 
200nr? 
1 ; 19, V2 
(r+5) An 


20. 4.5 cm/s; away 22. 58.75 ft/s 


23. (a) 20 person per month 
(b) 0.39% per month 


24. (a) 0.035 lux/s; 
25. 107 cu. inch/sec 
26. dV/dh = 7.57 ft*/ft; dr/dt = 1/(1572) ft/sec 


27. n=33 
28. (a) 6t—24; -6 m/s? 


(b) 7.15m. 


(c) Speeding up when 2 <t< 4 ort > 6; slowing down 
when 0 <t<2 or4<t<6 


29. —1.6 cm/min. 30. “ emimia 
31. 0.3 m2/s 32. 1650/V31 = 296 km/h 


rs 
NY dt’ 
» 


33. -104'7 units/s 34. 0.637 fils 
35. The revenue will be rising at $34,000/yr. 


dx 127xsin 0 


36. velocity, — = ; acceleration, 
oe dt 2cos@-—x 
x ~. J 
— ax 144n°x 


1 
+42, _ = 
(2e0s0—x): [2sin2@ cos® + (2cosO — x)(1 + 5 


xcos0)] 
Concept PRoBLEMS—B 
TT 
1. 1.18 a 
75 


3. 0.03 or 3% 
4. (a) 270cm?, 0.01, 1% 


(b) 36 cm, 0,006, 0.6% 


5. (a) 84/7 = 27cm’; aes 0.012 
84 
(b) 1764/n? = 179 cm?; = = 0.018 


Concept PROBLEMS—C 


1. (1,0) 3. x-1=0;y=0 
4. 2+ v3 5. Yes 
6. (-1,-2) 7 x=n7t+(7/4),nel 
8. No 9. 2(,1,0) 
2 
10. = 12. y=2x+2 


13. (-2, 21), C1, -6) 


16. The tangent is x + 2y = 4a; the normal is y = 2x — 3a. 
18. There are no such tangents. 
19. Yes, y + 16 =— (x — 3) is tangent at (3, — 16) 
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PRACTICE PROBLEMS—B 
21. (a) 4x+y-1=0 (b) y=0 


22. (i) 2 aoe 
9 Z 
23. 2.0, | 8 8) and — sy 


24, (1/2, — 15/32) 
25. 5x + 6y —- 13 =0, 6x-5y + 21=0 

1 oon 
27. 0,4 — 28. wh = 

Fi where x V2 


29. Horizontal tangents at (-4, 0), (-4, 10) Vertical tangents 
at (0, 5), (-8, 5) 


30. Yes 31. 2x-y+1=0 
4 
33. 3.75 34. a y° 
35. Tangents are Y = +3N3 a 
8 8 
Normals are Y = + 83 + as 
9 36 


36. The inequality 5x*+ 8 >0 holds for any x € R. 


Concept PRoBLEMS—D 


2 
2 
1. y=0;(n+4) x4 (na) y- E29 
2 “as 
* 2b 
3 OUT PD | oe, PR 
3. y= sof 2 )iy Y= - (x — x,) 
4. 0 6. Tn, oa mel 
8 4 
7. (8,0), (0, 0) 8. 2 
9. y+x=0, 4x+ 25y=0 
PRACTICE PROBLEMS—C 
ll. y=2,x=1 
12. (i) t=7/2+90; Gi) t=7/6+ Q/3 
13. -2x, 15. +30 
16. n=1 
17. 1,-3, £(-13 + 610) 
18. (0, 2) 19. 3,-1) 


20. (3,— 15), 21/2, 21 

21. y=x+4,y=-x+4 

22. y-intercept occurs when y = —Ac? 
23. 36y + 29x - 23 =0 


24, (a) ax=+by, (b) x=Oandy=0 
(c) ax=ty ib? =a" 


Concept PROBLEMS—E 


1. (i) n/2 (ii) 1/2 
2. tan( pei )or sec(3) 3. 45°; tan!2 
4. 40° 36' 7. 90° 


PRACTICE PROBLEMS—D 


18 

& Gy) 00.0) =tan7" 3]: 
lence 
li) tan 5 


9. (i) The curves intersect at two points at the angles 1, = 
41 


O, = tan’ 3 
(ii) The curves intersect at three points at the angles o, 
= Ol, = 7/6 and &, = 0. 
12. 6 13. tan!(2) 
14. n’-1 


PraAcTICcE PROBLEMS—E 


2. x=0,y=0 3. y=2x-ly=4x-4. 
1 
4. co,0 Ufa} 
5. k a 
~ 4 
as 
le V3. 


10. The curves intersect at the points where cos ax = |. Since 


at these points sin ax = 0, y', = f’(x) cos ax — f(x) a sin 
ax = f’(x) = y' i.e the curves are tangent. 


11. The values required are the values of a for which y = ax 


touches y = sinx. 


Concept PROBLEMS—F 

l, 6.5.23. TSNa7 2 
4, 24 

6. 80 


PRACTICE PROBLEMS—F 
9, T=aV2,N=av2,8 =a,S.=a 


» ly tan t| and ly cot t |. 


? 


cost | | sint 


16. cy +ax=Cc’ 


TANGENT AND NormaL 5.57 


OBJECTIVE EXERCISES 6. (b) Sumit (c)O<t< 1 andt>2. 


1. B 2. B 3. C 7. 
4. D 5. B 6. B 
7. B 8. Cc 9. D 8. 
10. C 11. A 12. A 10. 
13. B 14. A 15. D 
16. A 17. D 18. C 
19. B 20. C 21. B 13. 
22. C 23. B 24. A 
25. D 26. A 27. B 19 
28. C 29. D 30. C 33 
31. A 32. D 33. D 
34. A 35. B 36. D 
37. A 38. A 39. D 25 
40. D 41. C 42. B 
43. C 44. B 45. C 7 
46. C 47. D 48. C 
49. C 50. A 51. D 29. 
52. D 53. D 54. B 
55. B 56. B 57. D 33 
58. B 59. A 60. C 
61. A 62. D 63. BC 
64. AD 65. BD 66. AC 
67. ABD 68. CD 69. BC 
70. BD 71. ABD 72. ABD 
73. ACD 74. AB 75. A 1. 
76. C 77. A 78. A ANY 
79. D 80. C 81. Bo 2. 
82. A 83. C 84.B 
85. A 86. B 87. C 
88. B 89. B 90. A 
91. C 92. B 93. B 
94. D 95. A 
96. (A)(PQ) ; (B)X{RS) ; (C)-(RQ) ; (DPS) 4. 
97. (A){Q) ; (B)-{(R) ; (CHP) ; (DHS) 
98. (A)(R) ; (B)}{Q) ; (C)-(R) ; (DP) 6. 
99. (A)(P) ; (B)}{RS) ; (C)-(Q) ; (D)(T) 7 
100. (A)(Q) ; (B)HS) ; (CHS) ; (D)1(Q) . 
8. 


REVIEW EXERCISES for JEE ADVANCED - 


1. 7VI5/4 ~6.78 m/s 


2. (a) 200t + 50¢nt + 450 newspapers per year. 
(b) 1,530 newspapers per year 


(c) 1,635 newspapers 


3. (a) - = units per second 


(b) falling 
4. (a) 0.36 
5. 47 sq.cm 


(b) 70.3° 


(a) [xp'(x) — p(x)]/x’; the average productivity increases 
as new workers are added. 


a=l1,b=-2 9. y=0;x=0 

x-y-2=0;x+y=0 

y — 5 toot 2. (x-3) 14. y =0, 4y = 27x. 
. (+v3,0). 20. xy = 42? 

1 
. 2m’?-3m-2=0;y =2x, y=- 5 
2(1— ¢n2) 

. tan! “4-2 26. tan! 243, tan! 274 
. M, (1,e"),M, (C1, e*) 28. * 

7 32. k=+3 


. Yes;atx=2nt,nel 
i) (-I/e,-1) (ii) No 35. 2 


(i) 24.6% (ii) a ft/min 
(a) Any/3 / V1 rad/s 


(b) 40 cos@ + ¥8+cos” 0 ) cm 


(c) —4807sin0 (1 + cos0/V8 + cos” 0 ) cm/s 


M ie _ re” | 
(1, -2), (-1, 0) 
29 158 

375 


2+ —rn #& 11.204 cm?/min 
128 


1 
. Bight; 1 ¥ V3/3 (b)y=-x+l,y= 3%t? 


ll. p=2acost. 21. y=x-5x* 
23. a=1 24 ma fe <a<2 
. a= - 3 3 288 
p—It+alna 

21 —= 28. —1/3 

2a 

én(¢n2)+1 v13 
29,2. | — MN. ol 

én2 3 
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kL? 3. D 4. C 
32. : 7 C 8. D 
~ kx & pre tad 9. BD 
12 10. 2x + 4y —m=0, 2x + 4y +32 =0 
33. 1 11. x+ V2 y= V2 orx— V2 y=-v2 
[444 
34, If normal = y*/b’, subtangent =b’y VY — b"  subnormal 12. y=2 13. B 
=y ly*—p4 /b. 14. A 15. A 
35. 


PREVIOUS YEAR'S QUESTIONS 


(JEE ADVANCED) 


1. 6, {,D} 2. Cc 


HINTS & SOLUTIONS 


Objective Exercises Solutions 


SINGLE CORRECT ANSWER TYPE 


1. As f(x) is even function 3 40 2 3 42 dy 0 
< = 

2s # sys 3 2 2 dx 

Hence, B is correct dy = ~f: =-]| 
2. x+y=x?* cuts x -axis at (1,0). as y 

: yo- y=x (1) 
Now, l+y =e (Z+yms] Sat 
x Putting in eqn 
xf? 23/2 


y =-1 
=>xX=a, y=a 
Slope of normal = 1 


Hence, B is correct 
eqn of normal 


= , —2x, <0 
= 6 fay * 
: 2x, x20 
Hence, B is correct 


j a eqn of tangent > —y, =2x,(x-x,), x20 
3. x=f (t)sint+f (t)cost — a i( , 


Y—Y> =—2x,(x—x,) x<0 


S =F" (Hsint +f (eost—f"(Hsint +f” (eost 
x 
2 
dx m x -y =8 
—=f (t)cost+f (t)cost 
: . = x—yy, =0 
e ee “I~ »& 3 
ao =f (t)sint+f (Osint (CY, Slope of normal = —2!. = = 
dt WY <. 
: : , ” For 9x? + 25y* =225 
® = (| {S| =f (t)+f (t) 4 
J a ° 9x4 25y = 0 
x 
Hence, C is correct ; 
Slope of normal = Yi: = 2 
Xy 3 


Now as mm, =-1 


Hence, B is correct 


os 12 on 8. x*dy/dx + 2xy =0 
2 
dy 21 
= x sinO—+ eee? oe “1 
dt 2y 
_74#Y1 
i598 1 yd 144. 1 T y-y,= 7 (x-x,) 
J2 12 2 J2 180 : 
3 
a=—x,, b=3 
a2{ l,m 5 vi 
2 5 
Now, a2b = 2-¢3 
Hence, D is correct ne ae 


5, 3 ye? =2a7/? Hence, C is correct 
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9. For 
y —x’y+5y—2x =0 


4/3 _ 4/3 


Now, oe +q a 


Hence, A is correct 


3y°y, -x°y, -2xy +5y,-2=0 12. P(t) =60t? -t3 
2 ; 
at (0,0), y; = 3 P(t) =120t—3t” = 900 
2 
For x*—xy?+5x+2y=0 => t” —40t+300=0 
t =10,30 


4x3 —3x*y? — 2x? yy, +5+2y, =0 

Hence, A is correct 

at (0,0), y; = 2 10 
2 ? 17 

2 13. xy == ¥1=0 


Asm,m,=~-1 


5 (ay 
Hence, D is correct xe 4+ [» = 3] = (5) 
10. y=x" ? ; 
a 3 
y) = nx" - 
2yy, = ox: 
Slope of normal = 
nx"! . 3x? 
a 
eqn of Normal > VAD” 2y 
-| J 
y7~’ aa (X-%1) Normal eqn Yt) 
nX; 1 
b=y,+ fi ; as it passes through | 0,— 
xy 
n Dg eco Mh 
b=a + na™2 3 = 3x, 
1 5—3y, =2y"? 
As limb=— 3 n=2 : , 
an0siD 5—9y" —225y+135y~ =8y 
Hence, C is correct Oy? +233y—-135y* -25=0 
11. x'+y* =a‘ 14 sty sas 
d 
$4 23: GY. 
= y 
x+y a: 0 x+y? =0 
dy _-x° dy _-x? 
dx 7 y> dx y- 
2 
eqn of tangent > Eqn of tangent y—y, = = (y-x,) 
3 Yi 
= pecs 
ee oy Yr Y~Yp =—XpX+ xp 
2 ee 
vod, ttyl a! sia 
1 
ef x} a Now, yik+ ch =a 
sya k h _ a° 
a 
yi yt YiXt YP XE 


15. 


16. 


3 3 3 3/3 
X,; a —X, xi (a —Xj 


a’ B- x;B + x?A =a" 
3 
x3 _a (1-—B) 
A-B 

Hence, A is correct 
h=ar+b 

dh 
dt dt 


v =3ar-(r+1) 


1 =3n(3-67 +12) 


do 
dt 360m 


Now, when r = 36 


dv 


= 33 
Hence, D is correct 


my _3v3 


At x =—, 
3 2 2 


©. case Dieastx 
dx 

d 

dy 9 

dx 


33 


Tangent > y= 5 


Normal => x = 3 


Area 


_%3v3 _ 30 
a 


Hence, A is correct 


ee ae 


7 = 3n(3-(36)" +72)x 


3 


3607 


17. 


18. 


TANGENT AND NoRMAL 


A 
P 
Q 

B 
r=OA =O0Q =10 
Let < BOQ =9 

a 0 

ZOQP = 8/2 ZOPQ= as 
In AOPQ, 


OP 10 
sin@/2 cos0/2 


OP = 10tan 6/2 
~ dp) _ 10 


sec’ 0, a 
dt 2 dt 


ae = cos’ 6/2 
dt 


Now, arc BO = 2 +x 20r 
360 
1=6r 


dl 7 1929 = 
dt dt 


As ZBAQ=45 ,0=n1/2 


ee oe 5cm/sec 
dt 2 


Hence, D is correct 


10cos? 6/2 


y’ -x+2=0 


dy 
2y—-1=0 
te 


2 Sl f ] 2 
a ope of normal > —2y, 


Now, x’ -y+2=0 


ay = 2x, slope of normal = ae 
dx X4 


5.61 


5.62 DIFFERENTIAL CALCULUS FOR JEE Main AND ADVANCED 


19, 


20. 


where P ->(x,,y,) & 8->(x,,y>) 
As both the curve are inverse of each other. Hence, they 
aremirrorimageabout y = x 


=> Slope of normal =—-1 
1 9 


X25 ar 


7 
Shortest distance (PQ) = —= 


2/2 


Hence, C is correct 


Let P be (t”,2t) 
y- =4x 
dy _1 


> 


dx t 


21. 


If Q is a pt where normal meets the parabola again with 


t, as parameter 


ee 
: t 


2 
: 2 4 
Coordinate of Q > [+7] 2 a 


4 2 
Distance = (2) Gad 
t t 
2 
Distance = [+5] [+e] +4 
t t 


Min Distance = Df. af PD — 4/6 


Hence, B is correct 


y= x? +bx—b , (1,1) lies on curve 


MY eae hae 
dx 


eqnof tangent > y—1=(b+2)(x-1) 


. 1 
x int => |1———_ 
b+2 


y int > 1-(b+2) 
1 (b+1)? 


Area of A =— 
2 (b+2) 


23. 


24. 


= (b+1)? =—4b-8 
= b?+6b+9=0 
(b+3)* =0 


=>b=-3 
Hence, C is correct 


y=Inx 
dx x 
Slope of normal => —x, 


1 
Slope of 1 chord = —— 


e-l 
a leg 
e-l 
=> x,=e-l 
_y, =In(e-1 


_ Hence, B is correct. 
22. 


‘If y=-2 isa tangent 
=> px? +qx+r+2=0 ~ will have only one real root 
= q’ —4p(r+2) =0 

=q° —4pr—8p =0 

=p<0 as(q —4pr <0) 


>r<0 


Hence, C is correct 


1 
2sin7! x |x|<—— 
2, 
/ = 1 
y=sin' 2x 1-x? ={n-2sin x Xx >= 
V2 
= -1 
—(n-+2sin x) X <—= 


x =0, y=0 is only integral point where the function 
has a unique tangent 


Hence, B is correct 


2 

y=tan! * = 2tan x 
—x 

d 

dx 14x’ 


y =2x isthe eqnof tangent 


Now, if tangent intersects the curve again, 


= tan! x=x 


25. 


26. 


= x=tanx has no pt of intersection if x € (0,1) 
Hence, A is correct 
slope of normal > 3x-—y+3=0 
x=O& y=3 
Pt of normal = (0,3) 
dy -l | 
aoe 


x2 


<5 (x2) +48 (7x?) —5t (4x2) 


lim za 
x90 x[ 2¢" (x?) +560 (7x7)—408" (4x? )| 


2 -il 


“6 3 
Hence, D is correct 
y=6-x- x 
dy 
dx 


eqn of tangent 


=—-1-2x 


y—6+x, +x? =—(1+2x,)(x—x,) 
xy =x+3 


got. 


+y=1 
dc 


dx x 


eqn of tangent > 


_X, +3 
X +3 _ Xo 
xu <i (omy) 
3 
x,y—(x, +3) =—-(x-x,) 
Xo 


Comparing the two eqns 


1 —(1+2x,) | x, (1+2x,)+6—x,-x; 


X5 ae 34+x,+3 
XQ 

1 x, (1+2x,) Lr xp +6 

Xo 3 X> X,+6 


TANGENT AND NoRMAL 


3= xe +2) Ks & X_ +6=x/X, +6Xx, 


6 
3=(1+2x,)x3 & = 
(I+ a Xo 5—x? 
_ (1+2x,)36 
(s-x?) 


= (5—x?)’ =12(1+2x,) 


Let y=mx-+c be the common tangent 


mx +c =6—-x—x? 


=> x? 4+(m+1)x +(c—6) =0 
D=0 
(m+1)* —4(c—6) =0 


For xy =x+3 


; x(mx +c) =x+3 


mx? +(c-I)x-3=0 


27. 


D=0 

(c-1)? +12m =0 
Using (I) & (I) 
(m+1)* +24=4c 


1 fmt)? +20 
A 
(m+1)* +20 ’ 
“(| +12m=0 


> 2 

((m+1) +20) +192m =0 
Upon solving, m =—3 
>c=7 

eqn of tangent = y=-3 x +7 
Hence, A is correct 

y= 2x?-x+4l 

oy =4x,-1 

dx 

4x, -1=3 

x, =1 

y,=2 


Hence, B is correct 


5.63 


(1) 
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28. 


29. 


30. 


y’ —2x*-4y+8=0 
by tec a WG 
dx dx 
dy 2x 
dx y-2 


Now, y’ —2x? —4y+8=0 
(y-2)° -2(x? -2)=0 


eqn of tangent 


_ 2x, 7 
y i x,) 
—(2-y,)° =2x,(1-x,) 
Using (ID) 


—2(x,? -2) = 2x, - 2x7 
2x, =4 
x,;=2 & x,=0 (Horizontal tangent) 


Hence, C is correct 


atx n-l i n-l di 
+ y 2 0 
ala bl b dx 


dy b"x™! ib 


dx ay" a 


Hence, D is correct 
2 


y =l-ax 

d 

&Y = —2ax, 

dx 

& y= x? 

om 2x, 

dx 

If curves are orthogonal, mjm, =—1 
+4ax” =] 

Now 1-ax? =x* => ——=x? 


l+a 
Using eq (1), we get 
4a 


| 
l+a 


a= 


3 


Hence, C is correct 


(D) 


(ID) 


(D) 


31. 


32. 


y= x? 43x? 43x-1 
GY 3x2 +6x+3=3(x? +2x +1)? 
dx 
= 3(x+1) 
Min slope of curveis 0 


Hence, A is correct 


{i Gael & £@)yS3e" =oe-9 


= 2x,-1=3x},-2x,-2 


=> 3x} —2x, —2x,-1=0 


For x, be real, 
D20 
4—4(2x, +1)(3) 
4—24x, -12 
= —(24x, +8) 


_ There can be infinite such values of x, 


Hence, D is correct 


33. 


34. 


x*—4y*+c=0 


d 
2x— By =0 
dy x 
dx 4y 
& yo =4x 
dy 2 
dx sy 


=>y =4(-2y") => y=0 


So, no values of c exist 


Hence, D is correct 


Slope of secant = oe 4a 
a-a 

d 

SY = 2x =4da 

dx 

x=2a 

y= 4a’ 


Hence, A is correct 


36. 


37. 


38. 


eqn of normal > y -1= -5x 
=> 2y+x-2=0 
Distance from (0,0) = 2 
7 5 
Hence, B is correct 


y’ —x’y+5y—2x =0 


By? 3s x? ay eee! 2=0 
dx dx dx 

d 2 1 2 

& Ay t) 2 wt (00) 

dx 3y°-x°+5 5 


For x* gy +5x+2y=0 


d 2d 
4x3 3x7y* 2x4y % 4547 9 
dx dx 


dy _ Ax? =3x*y" 45 _ 5 
dx 2x3y-2 -2 


at (0,0) 


Hence, D is correct 


dy 3 nd 
dt 2 dt 
Using (1) & (2) 
11 Pee ag ye 

dt 2 dt 
dx 66 66x2 
dt 3,27 33 

2 


Hence, A is correct 


4 


3 


y° = 27x 


dy_,d 
ay ST 
dx dt 


(1) 


(II) 


39. 


40. 
7) dl; : 


41. 


TANGENT AND NorRMAL 


y? <9 => ye (-3,3) 
Hence, A is correct 


y =xInx+sin(7l1n x) 


OY a gix Heoutnine) = 
dx x 
atx =e 

dy _,_% 2 2e—-T% 

dx e e 

at x =e? 

dy 3, nm  3e° +0 

dx e- e 


Hence, D is correct 


Ipeh +2 +6 


dl dl 
=—2 4313 —2 
dt dt dt (I 
dS, _ Sz, dt 
dS, dt dS, 
_ Andy / dt 
Qi,dl, / dt 
1 1 
=—x— 
4 8 


Hence, D is correct 
y> =x(2- x’) 


ay SY — 93x? 
dx 


dy -l 
—=— at (Ll 
dx 2 On 


eqn of tangent 
-1 
-1=—(x-1 
y 5 (x-I 


2y+x-3=0 


Solving with curve 


2 
a =2x—x? 
2 


4x3 +x?-14x+9=0 
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42, x?-y’ =0 


43. 


3x? -2y ¥ <9 
dx 


dy 3x> _ 3xl6om* _ 
dx 2y 2x8m3 


Slope of normal = = at point m, 
3m, 


y- 8m> =3m (x 7 4m’) — eqn of tangent 


-1 
y—-8m} = als -4m; ] — eqn of normal. 


3m 
> =1 
=> 9mm, = —1 
3 3 
Now, = ms 8m} +—m, 
—4m 
es 
(9m)? 27m 
=> +4m° we 2 
9 27 
_ 8+108m? 
= a 
y= 1-ax? 
d 
oY = Jax 
dx 
& y= x? 
oe 2x 
dx 


For orthogonal > 4ax? =1 


Now, l-ax? =x? 
1 
x= 
l+a 


Using eq (1) 
4 
l+a 


a= 


3 


Hence, C is correct 


() 


(1) 


1 
44. Let y=mx+— be tangent to y> =4x 
m 


eqn of normalat (x), y,) to x =4 by is 


2b 

—y, =-—|x-x 

y-™ = i) 
2b 

>y=- x+—H+42b 
x 


2b 
m=-— 
xy 
2 
ing b= I 
4b 


Using () & (ID) 
2bm? —m+b=0 
For real values of m, D> 0 


1-8b? >0 


1 

D| <——= 
IPI<o 8 
Hence, B is correct 


45. eqnof normal 

3 
y=mx-2m-m 
It passes through (6,0) 
m?—4m=0 

([m’-4) = 

m(m -4) =0 
m=0, +2 
Pts are (am? —2am) 
(0,0), (4,-4), (4, 4) 
Minimum distance = J21 - J 
Hence, C is correct 

46. y= ax? +bx+c 


a 2ax +b=10a+b=0 (at5, 4) 
x 


Now, 4=25a+5b+c 
using (I) 
4=25a+5(-10a)+c 
c=4+25a 


=> Maximum value of c = 104 


Hence, C is correct 


(J) 


(I) 


() 


47. 


48. 


49. 


50. 


51. 


|sin2x |=|x|-a 
|x|-a>1 
|x|>1+a 
Hence, D is correct 


2 2 
Ellipse 3 ~-+2 =1 
16. 9 
dx 2yd 
xdx | 2y dy _, 


8dt 9 dt 


for no solution 


4 
=> 
8 dt 9 


og 
6J2 dt 9Odt | 


=%(2.2).1 


dt{| 3 9 
ne 
dt 3/242 


a 
V=xX 


d 
ON et dx 
dt dt 
= 900 
Hence, C is correct 
Similar to Q.34 


Hence, A is correct 


f(x) =x-sin? x-a=0 


x—-a=sin’ x 


dx 


Jl-y?/9 
y dx 2y dy dx _, 


dt 


52. 


Hence, D is correct 
x? —4y?+c=0 
dy 
2x —8y— =0 
7 dx 


dy x 


dx 4y 


y =4x 


53. 


54. 


55. 
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For orthogonal, —— =-] (I) 
2y 


There is no x, y which will satisfy eq. (1) 
Hence, D is correct 


x=t?+t+1 
OF pi 
dt 

y=t?-t+1 
Bei 
dt 

dy _ 2t-1 


ao eto SP Hef ear Se 
=> 2t? =0 
>t=0 


Hence, D is correct 


Min value of y is shortest distance between 
2 
x 
=x-4 & =— 
». y 4 


slope of normal =-1 


gees 
dx 2 
d = 
ee 
dy x 
x=2 


Hence, B is correct 


X =cos*t 


dx : 
— =—3cos’ tsint 
dt 


5.67 
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56. 


57. 


58. 


y= sin’ t 
d 
&Y = sin 2t 


dy  2sintcost —2 


5 sect =— 
dx -3cos“tsint 3 
Hence, B is correct 
A 
2 

A=—bfx?—_ 

2 4 
dA _b x2x dx 
dt 2 x2/x?-b?/4 dt 

= 3b 
Hence, B is correct 
y =x? +ax 
d 
OY =3x2 44 
dx 
d 
Ya3+a 
dx 
y =bx?+c 
SY 2 She 8p 
dx 
=>3+a=-2b 
=>3+a+2b=0 
As -l-a=0 
>a=-l 
b+c=0 
b=-l 
c=1 


Then, (at+b+c”)=—1-1+1=-1 


Hence, D is correct 

y’ —2y—-8x+17=0 
d d 

ya 
dx dx 

dy_ sy 


— oe | 


dx y-l 


(I) 


59. 


60. 


61. 


62. 


=>y=S, x=4 


Hence, B is correct 


2 
3 
j= Ge, | 
4 Xy 
iy oP pad, 
4 
<7 o8 
x,=2, y=-l 


Hence, A is correct 
a(x) =x f(x) 


g (x)=f(x) +xf (x) 


g (2) =13 
& g(2)=6 
y—-6=13(x-2) > eqnof tangent 
For y int, x =0 
y =-20 
Hence, C is correct 


xsiny+ysinx=7 


dy | dy 


sin y +X cos Ge ne ee =0 
x dx 


dy _ —(siny+ycosx) _ 


1 
dx X cos y +Sin X 


eqnof tangent > y=-x+T7 


Hence, A is correct 


y=-t+e" =0 


x=t+e™ 
ay, =-l+ae" 
dt 
d ’ 
S* 1408 
dt 
at 
dy = sca : =0 (As touches x-axis) 
dx ae“+1 
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Ina 1 Ine/a 2 
+ = = 


a a a a 


MULTIPLE CORRECT ANSWER TYPE FOR JEE ADVANCED 


64. 


65. 


4 
+y; =2x, 
6 

yj =2 
y; = 4916 

_ 5-1/3 
x, =12 
Hence, B, C is correct 


xy =1 


dy 
+x—=0 
4 dx 


a € (—-,0) U (3,0) 


Hence, A, D is correct 


_ ax ge a 
_ 1+x 1+x 
dys a = 
dx (+x) 
a=—(1+x,) 


66. 


67. 


eqn of tangent 
ax, 
y= 
1+x, 


ax, 
ytx=xX,+ 


1+x, 


& y-3=-x>y+x=3 


ax 
=>X,+ =3 


1+x, 


=> x, —x,(1+x,)=3 


y=xvl-x 
dy _ ix x? _ 12x? 
dx 1—x* i 
=x=Hl 


Hence, A, C are correct 

y =2x’*-x, y=2-x? 

Pt of intersection are 2x? —x =2-x° 
=> 2(x?-1)+x(x?-1}=0 


= (x? -1)(x+2)=0 


=>x=+1,-2 

= (1 D,(-1,3),(-2,10) 
For y = nak 

Oy dai 

dx 

For y =2- x? 

d 

SY = -3,? 

dx 
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68. 


69. 


70. 


71. 


At (-1,3) 

6=tan! mola, = tan! ! 
1415 8 

At (—2;10) 

6 = tan! mia = tan! 4 
14+108 109 

Hence, A, B, D is correct 

x-1 1 

f(x)= =-l+ 

(x) 2- 2-x 

f (x)=+ =i! 
(2-x) 4 

=> x-2=12 

x=0 or 4 


Hence, C, D is correct 


dh 
2=0.5t+2 
dt 


2 
Integrating = —+ 2t+5 


dh 
—b=t4+1 
dt 


2 
Integrating, h, = St t+5 


Hence, B, C are correct 

x? +2xy+2y? =45 (I) 
d d 

oY 4g ag =0 

dx dx 


dy _-(&ty) _ 
dx x+2y 


x+yt+x 


2 


=> x+ty=2x+4y 

=>x+3y=0 (I) 
Put eq (ID) in eq (1) 

Qy* —6y? +2y? =45 

y=33 

x =19 

Pt > (9,-3), (9,3) 

Hence, B, D is correct 

Similar to Q-67 

Hence, A, B, D is correct 


72. 


73. 


f — 

(x) =e 

; 1-x? )—x(-2x) 2 

‘oa! ) : _ +x = 
(P(e) 

14x? =14x* -—2x? 

> x?(x?-3)=0 

=> x =0,4+/3 

ro coor{ v8 | 85 | 

For y = x(c—x) 

wes 

dx 


For y=x?+ax+b 


— dx 


74. 


" oy = 2x+a 
At (1, 0) 


0=(C-l)>C=H=!l 
O=1+a+b, 1-2=2+a 
=> a=-3 

=>b=2 

Hence, A, C, D is correct 


In (x? + y’] =ctan™ y/x 


2x + 2y dy/dx ae 


x+y? x+y? «2 
dy dy 
2x +2y—=c] x—-— 
Ya dx 2 
dy _ 2x+cy 
dx cx—2y 
2x+cy_ y 
wane cx-—2y xX 
1 2x+cy |y 
cx—2y |x 
yo 


Hence, A, B is correct 


75, ay? =(x+B)° 
2ay = 3(x + B)? 


yW. 3(x +B)? 


= Sub Normal 
dx 20 
2 
y— See = Sub Tangent 
dy 3(x +B)? 
4a? (x+B)4 


Square of sub tangent= 


Hence, A is correct 


76. y=x?-x?-x+2 


OY 9? 5 4G ei 
dx 


eqn of tangent 
ae 


solving with curve, 


x>-x?-x41=0 


(x-1)(x?-1)=0 
x= 


Hence, C is correct 


77. y= ax’ +bx +c 
OY dee ch 
dx 


Atx=1, y=1 
>a+b+c=l1 
2at+b=1 


f (I) +f (0) =2a+b=1 


Hence, A is correct 


78 dy dx 
: ak vay 
dx 
4 2 
Length of normal = y, if] 
x 


= 2y 


Hence, A is correct 
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79. (x4) +y? =c? 
2(x - 4)+2y =0 
dy 4-x 
dx y 
For y =x°41 


dy 2 
2y — = 3x 
vax 


dy _ 3x? 
dx 2y 


4-x _ 3x7 
=> 
y 2 
= 3x7 +2x-8=0 
=> (3x —4)(x+2)=0 


xX ca or —2 


~ Hence, D is correct 


$0. x=2-3sin®, y=3+2cos6 


CS } (5 ) =1= egqnof ellipse 
3 2 

end pts of major axis > (—1,3) & (5,3) 
Hence, C is correct 


81. s=30(1-e') 


5 = 30(1-e*) 


= 1n(5/6) 
Hence, B is correct 


$2. S=30(1-e™) 


OS _ _30ke > 0 (as k <0) 
dt 

Max S when t > 0 

Max S =30 


Hence, A is correct 


5 
83. $= 30(1-e"9) = af -(5) | 


Hence, C is correct 


5.71 
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Comprehension-2: 


84. 


85. 


86. 


f£(0) <0 
=>a*+a-2<0 
=> ae (-2,1) 


Integral values of a are —1, 0. 
Hence, B is correct. 


2 
x 
=|—-a | +a-2 


3 
A(y —(a—2)) =(x—2a) 
Vertex => h=2a, k=a-2 
Locus of vertex => y=5-2 
=2y=x-4 
Hence, A is correct 
2 
x 
= —-—3x+10 
» 4 
2 


For y=2-7— 


eqn of tangent 
y-2=mx+ m 


Solving (I) & () 
2 
mx +2+m? =“ -3x+10 


=< ~(m+3x+(8-m?)=0 


2m? +6m+1=0 
m, +m, =—3 


Hence, B is correct. 


Comprehension-3: 


87. 


eqn of P@ 
3. 3 
,_ a(t) 2 
y- ali =— ye at 
a(t} -t7) 
2, 42 
t, +t, +t,t 
y—aty = 27112 (x ~ at?) 


t, +t, 


It passes through R(at”, at?) 


() 


(I) 


88. 


2 42 

t, +t, +t,t 

‘7 = 2 12 (1? t7) 
t, +t, 


=>(t? +17 +t, )(t) +t.) =(t+t,)(t7 +t + tt, 


2. 3 2 2 2 — 442 2 
> Ut +t ttt ttt, ttt, + ttt, = tty + tts 


Pitt, ei ee 
=> 17, +t7t, = 13 + 1,03 


2 2 2 
= (t, +t, )t* -t3(t)- t,t, =0 


ty tft; +4 (t, + ty )t,t3 
t= 


t, +t, 
te +ty te +4t? +4t,t, 
‘= 
2(t, +t, ) 
2 
t; +(t, +2t,)t, 
t, = 
2(t, +t,) 
he 
t +t 


Hence, C is correct 


= =—t 
dx 2ay 2a7t? 2 
eqn of tangent 
a ee 
y=at = 5 t(x at ) 


=> 2y —2at? = 3tx —3at? 


2y =3tx—at® 
=> at? —(3x)t+2y =0 
t; +t, +t, =0 


3x 
tt, ttt, +t,t; =-— 
a 
Using (I) & (D 
—3x 
tt, +t; (t, +t, )=— 
a 


—3x 
tt, —(t, +t,) =. 


2 2 _ 3x 
t) +t, +t, ae 


Hence, B is correct 


() 
(I) 


89. eqnof tangent P & Q are 
2y = 3t;x- at; 
2y = 3t2x — at; 
Solving 
3(t, —ty)x+a(t} -t})= 0 


a a(t; +t3+ yt) ) 


2(t,-t)y= a(t.t} -t}t,) 

2y =at,t, (t, +t,) (IL) 
from (I) & (II) 

3tx+2y = at (t? +3 +tyt, )+atyt, (t, +t,) 


—at,t 2 
ee ed E +t3 +tt-(t, +ty) | 
t, +t, 
2 
+a(tyty) 
t, +t, 
2 
=> (3tx+2y)” =a’t? (t,t) 


2yt 
ee Ae 
a 


=—2at? y 
Hence, B is correct 
Comprehension - 4: 
v =0.85 so | has a period of 6 


: 6 . Tt 
90. Volume inhaled = ik 0.85 sin a 


= Beuoy se : 
3 n-0 


T T 


Hence, A is correct 
91. At exercise, respiratory cycle has a period of 4. 
Hence difference in frequency is 
1 1.1 


Hence, C is correct 


4 . Tt 
92. Volume inhaled while exercising = I, 1.75sin at 
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=-1.75 rads — 
2 Tt 


Tt 
Difference = z, - Sil 
mt 
_19 
Tt 


Hence, B is correct 


Comprehension 5: 
X =a(2cost+cos2t), y=a(2sint—sin2t) 


Ge a(—2sint —2sin 2t) 


= —2a[sin t+ 2sin 2t] 
= —2a sin t[1+ 2cost] 


dy 
Ke a[2 cos t—2cos 2t] 


Y= 2a [ 2c0s” t-cost-1| 
=—2a(cost—1)(2cost +1) 


dy _ (cost—1)(2cost+1) _ 
dx (sint)(1+2cos t) 


tant/2 


slope of normal = cott/2. 


93. eqn of normal 


sint/2y—a 2sin—sint—sin 2tsin— 
2 2 

t t t 

= xcos——a| 2costcos—+cos 2tcos— 

2 2 2 


t ‘ tak 
2cos tcos —— 2 sin t sin — 
t : 2 2 
=> xcos——ysin—=a 

2 t : mn ' 
+cos 2t cs sin 2t a 


3t 3t 
=a}! 2cos—+cos 
2 2 
= 3a cos at 
2 
Hence, B is correct 
d t 
94. Subnormal = y a y tan— 
dx 2 


Hence, D is correct 
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95. Eqn of tangent _3t % 
=a|2sin sin 


t | ‘ t 
cos—y—a| 2cos—sint —sin 2tcos— |= 
2 2 ;| 


. t . Ct zt 
—sin—x +a] 2sin—cost+cos 2t sin — 
2 2 2 


on y+ sin X=a 
2 2 


MATCH THE COLUMNS FOR JEE ADVANCED 


as St _ 
E t t. | Bane 3.P) 3acos 
2| sin—cost+cos—sint 
7 2 On? ig? a" 
p +p; =9a 


. t . t 
+cos 2t sin ——sin 2t cos — : 
2 2 Hence, A is correct 


b c 12=|8n-4| 
96. A) As — =— =— = 
sinA sinB- sinC n=2or -l 
>a=2RsinA D) x=einy 
da . d 
Pg On 1=eY cosy 
Sanaa d 
more At ti.ojp == 
dx 
Similarly, —— =2RaB, = 2RdC eqn of Normal > y =—(x —1) 
cosB cosc 
y+x-1=0 


da db dc 
+ + 
cosA cosB- cosC 
2R(dA+dB+dC)+1 (1) 
AsA+B+C=nt 
=> dA+dB+dC=0 


Area of fee * ieee uw 
2 2 


=>|2t+1|-3 
2t+1=+3—>t=lor -2 


A — (PQ), B > (RS), C > (RQ), D > (PS) 


using eq (I) 
|m|=1 97. A) A=nr’ 
a dA = 2nrdr 
B) cy =16 Approximate increase in Area =0.727 
Beer) 
ax2y 9 4 oxy? =0 By) Y=* 
dx dv = 3x7dx = 3(0.02)x? 
dy y_ 
oe gine =" 10036 
Vv 
Subtangent = y/dy/dx =2=|k| 4 
x 
=>k=+2 C) ie 
C) y=2e™ dy dx dx 
= xX —— 2 
= =4e?* =4 for yaxis dt dt dt 
x 
dx dx dx 
n 8n—4 gn+4 00 
tan! 4=—— cot! = tan! dt dt dt 
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af ; Now as 9b? =a° 
. meee Ts _6a2!2 
) => 5 =+] 
3a 
oe V3, dx = ¥3 39x0,1 = 383 
dt 2 dt 2 2 = gil? 49 
A > (Q),B > (R),C > (P),D > (S) 8 


98. A) Areaof ABCD = 2Ar(A ABC) 


4 20 
= 2x5 XBCXAB dab esp 
my aee C) y=ax+bx+7 
1 
B) f(x)=—— is di ti tx=0,+ 
) f(x) als] is discontinous at x =0,+1 D) y?—3xy+2=0 
m farm) f(x) _ rod 1) pg ae 45h 
C) f(x) = lim im f(x) mam a 
=f(x)f (0) dy __ 3y 
Put x =5 dx = 2y-3x 
f (5) =f(5)f (0) =6 _ Horizontal tangent — y = 0, but no value of x 
Be 1 ak Hence, zero tangents 
D) aa ars = %.’ >a=0 
, ©) Vertical tangent > 2y =3x 
>f B=l1 ~K 
AY” 2_3y[ 2¥ 42-0 
A(R), B>(Q), C>(R®), DO MS y o 3 
B — a 
x < y —2y +2=0 
(4,0) y=tv2 
p ea 23 
2 2 3 
99, A) 2y° =ax* +b = 
=>b=2. 
dy & = 2x 100. A) y =1-cosx 
dx . y 
dy -a WY ag 
At(,-1), —=—=-1 dx 
dx 2 
>a=2 & 2=2+b eyed inion 
=> b=0 2 
So, a-b=2 Now, sin x =" for touching of twocurves 
2_ 3 
Bp ay ee Hence, there are two values of ‘a’ 
dy _ 
yo B) Fory? =4a(x—b,) 
dy x? a ay SY <a 
dx 6y 6b dx 
= = d 2 
dx _ OP 41 at as y; =4a(x,—b,) 


dy a dx y, 
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For x? =4a(y—b,) Ordinate = -2 m=4 
D) y?+3x?-12y =0 
ae & x; =4a(y, —b,) : 2 
dx 2a » dy ay 
F ay? +6x-12 =0 

Now, x,y, =4a dx dx 
>k=4. dy 6x 

C) Normal to parabola > dx 12-3y? 


y =mx —-2m— m? As tangent is parallel to y-axis, y° =4 


2 passes through (0,12). = ee 
m?+2m+12=0 Aty=-2, thereisno valueof x. 
(m+ 2) ( m? —2m+ 6) =0 Hence, ordinate is 2 only. 
i ts A>), B>(S), C>(S), D> (Q). 


Review, Exercises Solution 
YN 
1. Let position of runneris (100cos 0,100sin 8) WW 
d, = /(100)*(cos@ + 2)” +100)? sin RS 
d, =100/5+4cos 6 @eY 
OO je I ceca (I) 
dt 2/5+4cos0 dt 
“ye 
x =100cos®, y=100sin® yy 
SS 2-400an6 3 donee” ” 
dt dt dt dt “9 
Ay 
o 

| dey < 

T= avo" 
dt 2. a) c(t)=100t7 + 400t+ 50tInt 
eC 1005 (I) d(C) _ 500¢ +4004 50Int +50 
-] = 200t +50Int + 450 
If d, = 200, cos 8 = — 
4 b) Putt=5 

Using (I) 

. d(CY) _ 1450+50In5 = 1530 
dd, _ 100 4 MIS 7 
dt 39 4 ~ 100 c) c(6) = 3600+ 2400+ 300In6 = 6537. 

is c(5) = 2500+ 2000+ 250In5= 4902. 
=——m/s 


4 Net change = 1635 newspaper 
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xy" _8 4 Per +3 
lt+y? 5 a ee ee 
2 
Sxy? = 8+8y° Ue eC aac ee 
2-t 
d d d 2 
5y? + 15xy? = 16y 
dt dt dt p(x) 
7. a) A(x) =—— 


x 
a) Avan), 6 —_— 
, _ Xp (X)— p(x 
= 240+602% = 32.9¥ a 
dt dt 
dy -240 60 
_, dy _ -240 _ 
dt 28 


b) Falling 


If A (x) >0, productivity per worker increases with 
units/second increase in workers 


b) A (x) = Pp wre 


a) y=10(e% +e%/9)_15 ; , p(x) 
Asxisalways +ve, A (x) >0 if p (x) > ——~= A(x) 
dy _ 17x20 -x/20 = 
dx 1o| Le . | 8. xytax+by=0 
= 0.35 for x =7 a ee ee 
° ‘ x d 
b) a@=19-7 NS 7 
0=70-3 WON dy __@ty)__@t)_, 
/ dx (b+x) (b+1) 
A=m? As ““x100=2 
- KS => 2b+a+3=0 (1) 
Ar =0-2 AY ” = 
dik See r mY» l+a+b=0 (ID) 
dr =0-2 oy Solving b = —2 
dA = 202x0.2 =4n a=1 
2 2 
-t _ 1B 
ge ee aes. 9. y=x (1-cos x) 
d 1 
> 9 Tenge -eosx) +sinx x"? 
a) To collide, --t+3=--—+t+1 i 
2 dy 3 1—cosx _ 
= 2t?-4t+12=-t? +4t+4 dk 450 3x22 
= 3t7 -8t+8=0 Eqn of tangent > y =0 
D<0 Eqn of normal > x =0 
Hence, they will not collide. x-l, x<l 
10. f(x)=) , 
b) Shortest distance between x°--x-l, x21 
d d t 2-t , 
Lat, 1, a eee ere 2 f(x)=1 atx=l 
dt dt 2 2; 
2, +t, =4 (1) eqn of tangent > y+1l=1(x-1) 
2 y=x-2 
ty ell 
y a aa aris t)) eqn of normal => 
; y=-x > x+y=0 
2 
ie ee eee ree (x-t,) 3 
y 4 2 coe 11. eqnof normal — y = m,x—2am, —am; 


my=-lx+l 
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Comparing two eqn 15. x =a(cos(6+a) 
3 
<== a =~-asin(6+a) 
m -l 1 40 
3 
Je py ge y = bcos(8+B) 
m m m d 
=> al? + 2alm? =m’. 7 = —bsin(0+8) 
Hence Proved. dy _ bsin(0, +B) és 
12. y=xcosx dx  asin(0, +a) 
dy bcos (8, +B) 


oO 0 radius drawn to 0, = 


acos(@, +a) 


X =cotx. 
bsin (0, + b 6, + 
a sin (8, B) cos (6, +B) 
Fory = asin(®,;+a) acos(®, +a) 
dy _ COs -Smx 5) = cos(0, +a) sin(@, +B)—cos(6, +B)sin (0, +a) =0 
dx x? 
x =tanx => 6,-0,=+2 
la 2 
2x AY 
13. y=sin™! = is » De 
3. y=sin ax? m—2tan x 16. x2 = da(y +b) 
d 
dy 2 1 x= da 
= =—— at x=y¥3 
dx l+x? 2 . . 
i Fae —dx _ —2a 
nn - : 7 Ee ee 
-~-=—(x-v3 >” dy x 
ig OD | 
3 — x? —2a 
14. y=(x+)) eqn of Normal > y 1 _b |= (x x) 
4a X| 
WY 83x 41 
dx x, (x7 —4ab) =-8a°x, 
2 
eqn of tangent = y—y, =3(x,+1) (x—x,) = x, (x? -4ab +8a7)=0 
As it passes through ( (0,0) ‘ 
P For three normals, 8a“ — 4ab < 0 
y, =3(x, +1) x, 4a(2a—b) <0 
= (x, +1)? =3(x, +1)’ x, => 2a-b<0 
> =b>2a ifa>0 
= (x, +1)" (x, +1-3x,)=0 
; 17. x? -y? =a’ 
x, =-l or = d 
: 2 x-y—~=0 
dx 
y,; =9 or — dy _X 
dx y; 
=>y=0 or y-Z=3(2)(x-5] ok Yr 
8 4 2 dy Xy 
=>y=0 or 8y-27=2.27x-27 -~y 
y-y =—1(x-x,) — Eqn of normal 


=y=0 or 4y=27x. Xy 
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X—int > 2x, y =-acos* t 
y —int = 2y, d F 
°Y — 43a cos’ tsint 
Difference of their square = A(x; = yi) = 4a” =Constant 
dy 3cos” tsint 3cos” tsint 
. X=kt = 5 are = 77 = tant 
dx 2cost+cos” t—sintsin 2t 3cos” t 
dx =k eqn of normal 
dt 
k y—-y, =m(x-x,), Where m= -—cott 
ya 
: Yi 
wa came =? syint= y; —mx, 
dt i? 3 
: : : 2, acos’ tsint . 
dy -l Xint = 2asint+asintcos” t-+-——————_ == 2asint 
a ee —cost 
dx ¢? 


yint = —acos* t+2acost+acos* t =2acost 


Segment = ,/(x int)? + (yint)? =2a 


k -l 
y-~=—(x-kt) 
t ¢ 


t?y +x =2kt 
! \n/n-1 y n/n-l 
5 x’ —xy+y’ =3 crosses the x-axis at x =+ 3 22. (=| (f] = 
dy dy wf \ 
2x -—x—-—y+2y—=0 ~~ | at. n- d 
dx dx | egy a0 
2 Sa 2 atx +3 » X in-1 
dx x-—2y “AY dy —b/jx 
~~) | = =—cot a 
. y? =4a(x—d) (OY = AS, 
dy 2a P=y,sin®&+ x, coso 
dx y eqn of tangent 
2a ae 
y-y, =—(x-x,) () —b/ x, yn 
V1 y-y=—|— | (x-x) 
a\ yi 
2 
x? = da(y—p) 
1/n-1 n/n-l V/n-l n/n-1 
x, _ dy (ay) )y-a(y1) =—-b(x,) X+bxy 
2a dx Comparing 
yy = (eq) (I) cosa = SIN _ p 
2a be ay" ie ae 
Comparing (I) & (ID P 
Sa acosa  bsinga _ Pp 
1 n- n— n/n— n/(n— 
ba? aa xl! 1 yl! 1 ay”! Vy px 1) 
l= << 
2 
XY] ; Xr (acos a)" +(bsin a)" p" 
2 n/n-l n/n-l n 
; a x +y; (ay? + bx} 
= xy, =4a 


2 2 4. 
. x =2asint+asintcos’t 23. x" +4xy+4y" -1=0 


d d d 
O* =2acost +acos*t—asintsin2t x+2y 42x +4y 2 =0 
d dx dx 


5.80 DIFFERENTIAL CALCULUS FoR JEE Main AND ADVANCED 


dy (x+2y) 1 
dx 2(x+2y) 2 
>m=2 


Differentiate wrt x Keeping y =constant 


2x+4y =0 
x+2y=0 


24. x? —3xy* +2=0 
3x? —3y? “Gay Ti 
dx 
2 


dy _x’~y 
dx 2xy 


3x’y-y*-2=0 


dy 2 dy 
6xy +3x? -3y*— =0 
y dx y dx 


dy { 2xy 
dx x? = yr" 


As, m,m, =~—l1, Hence curves are orthogonal. 


25. ysl 
dy _ 2x 
dx (14x?) 
& y=2~ 
dy 3 in? 
dx 
7 la 
tan8= : 
uae as 
1+x 
- ax+2*(1+x?) In2 
7 (1+ xe) —(2x)2-* In2 
a afc 
oe 1+x? = 
>x=l1 


2+21In2 


using (1), tan 0 = Aino 


(D) 


26. 


27. 


x= ay, ai = 2ax 


For x“ =ay 
dy _ 2x _ 4473 
dx a 

For y* = 2ax 
dy _ a _,2013 
dx y 


_ For x+ y = 3axy. 


ol d d 
Say nals sty] 
dx 


dx 
d oe 
dy _x?-ay _4 
dx ax—y? 
@=tan! (2*9) & tan! (2") 
e*, x20 
y= 
e, x<0O 
Eqn of tangent > y—y, =m(x-x,) 
yr 


X—int =x, —- 


y—int = y, —mx, 


For x20 
1 = = 
area= tf +8 [Ee “+e | 
2 e 


— =e (x, +1) 


dA 1 e™ (x, +1) 
—_a™ tee Eh 
Par (2)(x; +1) 3 
e “(x,4+1 
= ms Lig x, -1) 


28. 


29. 


— (x; +1)(1-x,) 
2 


.. Greatest area at x,=1 


As f(x) iseven function , thus, x;=—1 will also be there. 


Hence, M > ts or 7] 
e e 


y= x4 43x? 42x, y=2x-l 

x? 43x? 42x =2x-1 

x‘ +3x7+1=0 

AsD <0, thereis nosuch value of x 

So these two functions will never intersect 


Now, De 4x°+6x+2 
dx 


= 4x7+6x+2=2 
=> 2x(2x+3)=0 
>x=0 
=>y=0 


one 1 
Min distance = —— 


7 


Let two lines be y = mx, y =—— 


Point P —(m?,m*) & Q [S| 
m 


Now, y- =x? 


dy _ 3x? 
dx 2y 
3m 3 
Slope at P = & Q= 
P 2 Q 2m 


Equation of tangentat P => 2y =3mx—m 


3 


Equation of tangent at Q > 2y = mieier 
m 


= 4y” =3x-1 
Hence a+b=7 


31. 


TANGENT AND NoRMAL 


ty =a 
2,,2dy 
x+y —=0 
‘ dx 
oy 
dx yi 
2 
Naw, eee Y1 
yi ae 


4... 3 2 2 2 
cE =i } (Xj +X)X.+X3) _ —Xj 


x3-xi | (yit+yyoty2) yt 


2 2 
(x; +X)X5 +x] =F 


(yityiye+y3) yt 


22 29 2 2 
=> XY. —Xo¥p = XXo¥p — Xp V1Y2 


= X12 +X, =X} 


y 1K 
=> ar ree 2 | 


XY 


x =ae® sii 43605” 
2 2 


dé 


5 9 98 
=—ae’ cos— 
2 2 


y= ae® eee rte 
2 2 


dé 

=—ae® —sin — 
d 

ae =e 
dx 2 


. 8 

cos— sin — 
y—ae? ogi x—ue" 2 9 
—2sin— +2 cos— 
2 


dx of . 9 0 of 1 6 . 0 
— =ae’| sin—+2cos— |+ae’ | —cos——sin— 
2 2 2. 2 2 


5.81 


OY exit eee cies +ae® = a he” 
2 2 2 2 2 
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( . 6 ] 
cot —] sin—+2cos— 
@ 2 2 


2 
ae 
6 . 6 
+cos—— 2sin— 
Distance from (0,0) = 2 7 2 
cosec — 
2 
=ae® ae i oe 2cos” : +sin a cos : 2sin? : 
2 2 2 2 2 2 
a ae°[sin 6+2cos 6] 
Egn of normal > 34. 
. 6 
COs sin 5 
y—ae® = tan—| x —ae® 9 
—2sin — +2 cos— 
2 
cos e —2sin ud 
C) 2 2 
ae 
. 6 . 6 
sin — tan 2sin 5 
Distance from (0,0) = 
Sec 2 ey 


cS 


=ae’| cos” 2sin cos sin? 2sin cbs 
Oh 
= ae®*[cos 6—2sin 0] 


32. y=xi+kx? +3x-4 


YY 93? 4 mee +3 wa 
dx 


D=0 

4k? -36 =0 
k=43 

dy 1 


dx 2Jx, 


33. 


Target Exercises Solution 


wxXlxh 
1. Volume of water = v = ———— 


2 
Where h is height of water at its deepest point, | is the 
length of surface area, w is width. 


=>we=25 


1 
= > f t t 
y- JX ae (x-x,) > eqnof tangen 
Now, put x = -1, y=0 


=m = 


=> 2x) =X, 


—X; 


=>x,=0 
eqnof tangent > x =0 


i) x=ye* 


ae + ye” 
dy 


e* (1+ y) 


Asx 30, y-0 or -< 
. dy. 
But if y 30, a will not tend to—o9 
x 


Hence, y > —co 


dy 


iv) yo a tend to zero & x tends to ©. 
Xx 


y=x°+2x 


GY 5544940 
dx 


Hence, no horizontal tangent. 


smallest value of slope will exit at x =0 


_ 250h? 
3 
dv — 500h 
dh 3 
dh 33 
dv 500h 


dh _ dh_ dv 


Now x — 


~ 500x4 


dt dv dt 
x10= 0.015 ft/min 


250 4000 


V= 


5 x4x4= water is there 


Total volume = 250 x 12 +3 x 40 x 25 
= 3000 + 3000 = 6000 


% of water = 


ae x100 = aM = 22-22% 
3 x 6000 9 


We can assume that 8 = 0 at t= 0, so that 6 = 12zat 
Position of 


A= 


& sin a= 


(40cos 6, 40 sin 9) = (40 cos(127t), 40sin(127 t)) 


y _40sin@_ sin® 


= = rad/cm 
1-2 1-2m 3 


(a) differentiating cos o “ = 4ncos0 
t 


(b) 


(c) 


In(x? +y*)= ctan~ - 


& when 0 =~ 
3 
’ V3 if 
sin 8 = 3sina = — > cosa = 
6 12 
da 4 4 ay 
AO moos /3 _ tN3 6. sade 


dt cos Vi 
| AP/?=|0A  +|OP|? -2|OA || OP | cos 
=| OP |= 40cos@ + 40ycos” +8 


= 40cos 0+ 40Vcos” 0+8 


—> 0P =0 at @= 0 & 802 when @ = 7 


x-coordinate of P > x = 40(cos0+ ¥ cos” 0+ 8) 


Ie | 
dt d@ dt 8+cos? 6 


1y 


Differentiating wrt x, 


2x+2yy, _ 1 xy, —Y 
2 2 . 2 2 
x+y ‘ao x 
x2 
2x+y 
si 


x—2y 


— 3 
‘ RV aan; 


TANGENT AND NoRMAL 


2h+k 
h—-2k 


Let point P(h,k) = slope of tangent = 


_ 2h? +hk —hk+2k? _ 
h? —2kh + 2hk +k? 


Hence proved. 


3 
y = —=xInx 


<2, 
oe 
a 


eqn of tangent at (x,, y,) 


(1+Inx) 


1+Inx,)(x—x,) 


7 aoe 
y 1B 


(x x,)+ xInx, a 
V2 V2 
= y=—L(1+Inx,)x-—Lx, 


v2 v2 


3 
It will cut y axis at | 0, -—=x 
. [ iz ) 


2 
hos 3 3 
Distance d = ,/x? +| —=x, Inx, +-—=x 
{s (= 1 1 I> | 


=X h+S(1+Inx,) 


Now, f(x) = x? +5x°( +n x)’ 


f’(x) = 2x+9x(1+In x) +9x(1+In x) 
= x(2+9+49In? x +18Inx +9+9Inx) 


=> x =0 or 9In?x+27Inx +20=0 


—27 £729 —720 
=>Ilhx = ——— 
18 
—27+3 30 
= 10) Oe earra 
18 18 


=> -4/3 or —5/3 


Shortest distance will occur at x =e“? 


4 
4 (22 eee 


ge: 3 


X, Inx, 


5.83 


=—2/2e~? 


Let pt P,(t,,t7) & Ps (ty,t3)& Q/ty,t3) 

Now, y=x° => y’=2x 

eqn of tangent at t> y—t? =2t(x-t) => y= 2tx—t? 
Pt P= point of intersection of T, & T, is soln of 

y= 2tx-t?&y= 2tyx -t,” 


. t,+t 
> Point P= ! 2.11] 
2 


t+t t,+t 
Point 6, = "3 Sst] a Point 0; =( =a tts} 


Now PQ, = V(t =i) $0 (ot) 


2 
pa, = iat) +t; ty)? 
=. (t,-t 
V4 


i 
PP, BE ete (mit) 
Now PQre [le4ti (=) _ 
PP, 1+4t? (t, = t) 


i= 
t,t 
PQ, _|i-ts 
P P 
=> POi PQ = 1 
PP, PP, 


Hence proved. 
You 2a" =X 


= y’=4x3-4x-1 
eqn of tangent at x =a is 


; -(a*-2a-a)= (4a° — 4a -1)(x-a) 
=> y=(4a° —4a—-1)x+(—3a‘ + 2a”) 
Similarly at x =b 

y = (4b° -4b-1)x +(-3b* +20?) 


Comparing, 4a° —4a—1=4b* —4b-1 & —3a* 42a’ 
= ~3b4 + 2b? 


=>a>—b*=a-—b 
Saar tb tab eeecccccccssecsssssesseessessessseseeseenne (1) 
or 3(a* -b*) =2(a? -b’) 
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= 3(a?-b*)(a +b?) = 2(a?-b?) >a+b=0... (11) 
Using (1) & (11) 

1=a’?- a*+a’ 

=>a=Hl 

= b= Fl Thus, the points are (1, -2) & (-1, 0) 


Max value of r occurs when there is a line with slope 2/5 
which touches the circle centered at (3,1) & circle at (0,0) 
and (5,2) 


5 
To find p, solve x°+y* =r°,y = —5x 


as Tr os Tr 
J25 ° 25 


\” ; 2 
Slope of PQ= 57 


29 


=> r= —— = 0.093 


58 
5 
C19 
" 1 \f Pra 
16 
1 


Volume of cone = gm 


eas ee 
3 256 
oc rr (1) 
dt 3x256 dt 
AS DK. esscisesseesseveskdsttereveiesesoenbostosisoens (11) 
equating (1) & (11) &h= 10, Peer eens 
dt 8 
21.0 
281 16 
we get, 
_ 25643750 


~ 250nJ281 


10. 


dv 
Now, to maintain a certain height, — q = Tkrl 
t 
=> kor = O43 PR 14 204m? min 
2.2 
a—afa° — 
x = a7 y° +—log ul 
atula’ =¥" 
d 
Put y= asind=> Y = +acos0 
dé 
a 1—cos@ 
=> x =acos0+—log 
2 1+cos@ 


=> x =acos0+a log tan0/2 

d 

& =-asine+—— 

dé sin® 
dy _ cos@sin@ 


= = tan 
dx  1-sin?0 


eqn of target = y—asin0 = anol -(2c0s0-+alogtan °)) 


>y= xtan 0 —atan @logtan sloebaneNeaaronatensatecane ss ; () 


Put y =0 


x = +a log tan0/2 


Portion of tangent = va? cos” @+a*sin’@ =a 


Hence proved. 

As y(y?-1)(y-2) =) -D-2) 
(a) diff wrt x 

yi (y? -1)(y-2)+2y?y(y-2) +9? (y? 


= y,[y?-2y? -y+2+2y* —4y? +4 ~y? ]=3x? -6x +2 


I)y, = 3x? -6x +2 


vify* +3y?-Ty’ -y+2]= 3x”? —6x+2 
For horizontal tangent, y, = 0 
= 3x*-6x+2=0 


_ 643 _ 1, 3 


6 - 2 


For each value of x, there are four values of y on the curve. 
Hence, total no. of 8 horizontal tangents. 
dy | 3x? —6x+2 


(>) ax gay Ty e2ay 


11. 
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For pt(0,1), dy =-1 
dx 


eq —~ y-l=-x 


dy 1 
For pt(0,2), — =— 
pt( ae 


1 
eqn > io 


Let * =k 
2 
=> x =k(3cost+cos3t) 
= = k(—3sin t—3sin3t) = —3k(sin t+ sin 3t) 
& y=k@Gsint+sin 3t) 


= k(3cost+3cos 3t) = 3k(cos t+ cos 3t) 


2 dy = (cost+cos3t) — 2cos2tcost 


dx sint+sin3t 


2sin 2tcost 


- =-cot2t 


eqn of tangent att => 


y —k(3sin t + sin 3t) = —cot 2t(x —k(3cost+cos3t)) 


Let length of | from (0,0)=p 
_ kcot 2t(3cost + cos 3t)+k(3sint + sin 3t) 
cosec 2t 


=k [3 cos tcos 2t+ cos 3tcos 2t+sin 2tGsint +sin 3t)| 
- K[ cos 2t [ 4cos’ t| + (6sin t—4sin? t)sin 2t 
- K| 4cos? tcos 2t+4sin” tcost (I+ 2cos* ‘)| 


= 4kcost 


Now, t° =k?(3cost+cos3t)? +k*(3sin t+ sin 3t)” 
2 2 
r =k? | (400s" t) +(6sin t—4sin? t) 
al (4cos* t)  +4sin” t(3—2sin? | 
=k? 16 cos’ t+4sin *t(1+2cos” t) | 


=k? [16c0s° t+4sin? t+16sin” tcos* t+16sin” tcos *t] 
=k*|16cos* t+ 4sin? t+16sin? tcos” t| 


[ 
=k? [ 1600s” t+4sin? t| 
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12. 


13. 


Now 

4r? — 4a? = 4k? (I6cos” t+ 4sin’ t -4) 
= 48k?cos"t 

& 3p” =3(4kcost)? = 48k? cos” t 
Hence 4r” — 4a? = 3p- 


= 41? = 3p’ + 4a” Hence proved. 


slope of tangent at P = ~ =3m 
y 


eqn > y-8m* = 3m(x — 4m?) 


=>y = 3X —4M? ceececececccscsesesescsesestseetseseseees 


Solving (1) & (2) 
2 
x= (3mx - 4m*) = 
i= (9m?x? +16m° — 24m*x) =0 
Upon solving, x = m? 
y=m’ 
Then §@= (m?,—m*) 


3(m?)2 


Slope of tangent at 0 = =- om 


x-m?) 2 


mm,=-l1 > am( -"} =1 
2 


= 9m’ =2 
Hence proved. 
As xo+ y> =2a° 
d d ’ 
3x? +3y? 2 =0 = Y.-|* 
dx dx y 


eqn of tangent 


re fafin 


2 3 2 3 
= WY -Y, = —XypX+X] 


=> (ypy = —x?x+ 2a3 


15. 


2a3 2a3 
Now p=—3 4=—5 
XY yi 
3 3 
3/2, -3/2 xX] Y1 
Now, p ~“° +q = 
(23 giz 93/2,9/2 
3 
2a an 
- a2 


93/2 aol? 


Hence proved. 


wae n-l i al gq 
=> + y Y=9 
ala b\b dx 
x n-l l Ps n-l 
n x 
dy _ a a_ bia 


ua n-l 

: o(2) A 

b b 
b(x/a)"! __b 

" a(y/ay"! a 

- n-l n-l 
-(F-8 

a b 

* 


=> ; is possible only forx=a&y=b 


a 


b 
eqn of tangent => y—b=-——(x—a) 
a 


2 $229 
a b 


Hence proved. 
As y= aln(x’ -a’) 
dy 2ax, 


at Pt P(x153) 


dx x _a2 


2 
d d 
Now, PT+TN=y,/I+| | +y— 
dy dy 


Hence proved. 


16. 


17. 


Let point 
P =(acos8, bsin 8) 
2 2 
xy 
As, +—=1 
ab 
2x , 2y dy _4 
az be dx 
dy __b’x 
dx ay 
For Pt jae ae —— cotd 
dx a 


2 
Length of normal = y,/1+ () 
x 


: Va? sin? 0 +b” cos” 0 
in 


=bs - 
asin®@ 
=> Ja? sin? +b? cos? 8 Vetealehbdes (1) 
a 
Egn of tangent at P = E008? + -_ =1 
F ab 2 
L distance from (0,0)= wearer, CZ) 
fa? cos” 6-+b? sin? 6 
From (1) & (2) 
length of normal a - : ——&N 
distance of tangent from origin ~ 
Hence proved. ‘™). ” 
a 
BSR TY Oe pine est celine: (1) 


Let P be (x,, y,) & 0 is origin 


OP =,/x?+y? 


diff eq (1) wrt x, 
dy 
2x -2y—=0 
: dx 
oy 
dx = y; 
slope of normal at P = = 
xy 


eqn of normal > y—y, = sol gay) 
Ky 
as it passes through (x,, 0) 
y 
= Y= ==> (% -x,) 
xy 


=> —Xy, = —X2¥ + XY 
=> 2X1Y) = X2y) 


x 
=>x,=— 
2 


18. 


TANGENT AND NoRMAL 


Now point Pix; y,)&s = (2x,0) 


PS=,/xi+y; =op 


Hence proved. 


Ae yea 
a™ ob” 
m-l m-l 
>m . +m y os) 
a™ b™ dx 
dy _ Bai xm 1 
dx qm yo 


eqn of tangent at (x,, y,) => 


m m-—l 
_ ab" x, 
=== a 
a 
1 


m,m-l 


a yi 
m-l m-l 

x, xX 
=> 4u_Y 
ra” b™ 


y- any = —b" x," /x+b™x," 


=1 


_ Hence proved. 


19, 


20. 


As x23 4 y28 = 92 
= 2-03 2 yolk dy 6 
3 3 dx 


Xy 
eqn of normal > y- y, = —~(x-x,) 


1 
= xt3x = yiBy+ yi3 7 x3 -0 
=> let < =-—acoso 
=> Fe =—asind 
a(x)cos d—asin dy + (a7 cos” o- a” sin” 6) =0 
=> xcosd—sin dy +a(cos 2) = 0 
Hence proved. 
As ax? + by° =1 
2 dy _9 
dx 


=> 3ax? + 3by 


eqn of tangent at pt(x;,y;) 


5.87 
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eqn of tangent at Pig. yi) => 


y-y, =-—+(x-x,) 
by; y—-x; +x} = (2x, —3x7)(x—x)) 
= by;y+ax7x =1 y= (2x, -3x})x—x7 +2x} 
= As it passes through (h, k) Solving with eq (1) 
= ax?h+by;k =1 x? —x? = (2x, —3x7)x — x; +2x} 
x? . y? 7 = x3 —x? +(2x, —3x?)x —x? +2x? =0 
I/ah 1/bk represent a conic = (x=x)(x? +(x ~1)x+(x,-2x7)=0 
Hence proved. => (x —x,)(x—x,)(x+2x, -1)=0 
BA, PRY po icetsiccctissarissincceniiantisttblanseritiooteenstt (1) => x=1-2x, 
= wy ee Point Q(I 2x,,(1-2x,)" —(1 2x) | 


g Midpt of PQ be h,k 
a P(x = ) = = 2h=1-x, & 2k=(1-2x,)’-(1-2x,)’ +x? -x} 
yx, +x} =(1-3x;](x-x,) Replace x, by 1—2h 

= 2k = (1-2(1-2h))? - (1-2(1- 2h) + - 2h)? -(1-2h)? 
_ Simply & replaceh =x &k=y, we get 


> 28x? — 28x? 49x +y-1=0 


PGs ceererioterientenee as (11) 
Now, solving (1) & (11) 


t=" d= 3x,")x + 2x; 
Hence proved. 


3 2 3 9 
= x° — (3x7) x +2x7 =0 23. Mid pt of chord =(2,-1). 


= (x—x,)(x? + xx, —2x?}=0 . w~ 5 en = 1 
_ —x, +3x, (() as 
=> X=xX, or 5 VS dy 1 
dx (1x)? 


=> xX=xX, or —2x, orx, 
slope of tangent = 1 


_ = 3 
For X= —2X,,y =—2x, + 8x} Eqn of chord for parabola is 


So, Q=(-2x,,—2x, +8x} + % 
Q ( 1 ! i} eau il 2+ aan, ~5a( 2 = +4=y,+a°x; —Sax, +4 
Let R be the point of trisection 2 2 
2X x,-2(x 2 
x coordinate of R = se =0 Now, slope = — a 


Hence, it lies on the y-axis 
en y =-4a"+5a 
Other pt of trisection 


2 = 
_ x, — 4x; _ y, — 4x, +16x; 80) Saar onl 
x= 3 in 3 = 4a*-5a+1=0 
XX, —4x, + 16x; = (a—D(4a—-1)=0 
X=-X,, Y= : 1 
=>a=lor — 
X=-X, &y =x, +5x; 4 
1 
eliminating x,, we get For a= re Point(2, —1) will lie outside the parabola. 
= 3 
y =X—5x" Ans Hence, a = 1 Ans 
D2 AS Y SR Se a ieee RE (1) 
y 24. As f(x) =x? —4x = x(x? +2}(x? -2] 
Oy ee, gad 
—=2x-3x 


dx f (x) =3x?-4 


25. 


For x*—4x >|x-—a|will have atleast one negative 
solution 


For a>0,y=a—Xis a tangent to the curve. 
so, 3x?-4=-] 

x=41 

Now for x=-l, y=3 

this fulfills y=a—x 

a=2 

= a < 2 for line to intersect the graph. 

For a < 0, y = x — ais a tangent to f(x) 


= 3x*-4=1 

5-3 fo 

> x = >xX= 
3 3 
3 
NS = (3) 
3° 3 
_ 5 Pra -42 8 
3\3 3 3Y3 


Now, it will lie on y=x-a 


ae fe 
>—,/-=-,J--a 
3\3 3 


For x = 


(J 


>a> > fe for line to intersect the graph 


Hence, 0B case 
3 \3 


x =a(2cost+cos 2t) 
dx : : : 
ae = a(—2sint —2sin 2t) = —2asint(1+ 2cost) 
y= a(2sin t —sin 2t) 
d 
oe a(2cos t —2cos 2t) 
dt 
= —2a(2cos” t—cost 1) = —2a(cost —1)(2cost+1) 
dy  (cost—1)(2cost+1) t 
= - =-—tan 
dx sin t(1+ 2cost) 2 


TANGENT AND NormaL_ 5.89 


eqn of tangent 
y —a(2sint, —sin 2t,) = Sine hs —a(2cos t, +cos2t,) (1) 
put x & y ineq (1) 


2sin t —sin 2t—2sin t, +sin 2t, 


t 
= ~tan 5 -(2cost + cos 2t —2cos t, —cos 2t; ) 


> 2(sint sint, ) (sin 2t, sin 2t) 


=-—tan 3 [ 2(cos t—cos t,) + (cos 2t cos 2t,) | 


in = +sin (t t, )cos(t, +t) 


t t+t t,-t 
=-—tan 2) asin( < sin a )-sinc + t,) sin(t, | 
2 
t t+t t-t 
=—tan +] -sin u sin(t+t, )cos | 
2 2 2 
. tt 


t+t 
= 2c0s ls 


_t . ttt . ty. t-t, 
= sin —sin + sin sin(t +t, )cos 
2 2 2 


t+t, +t, t-t, tj 
=> cos}| ———— |=cos cos| t 
2 2 2 
t+2t, t-t, 2t+t 
=> cos = Cos cos 
2 2 2 
t+2t, 3t t+2t, 
= 2cos =cos| — |+cos 
2 2: 2 


+ 


2 
t+2t, “at ‘ 
5) 2 W/2 
t+2t t 
) 1 =2n s 
2 2 
2t=2n-t, 
t 
t=n-t 
2 


t t 
So point Q is (-2} point R is ¢ -2} 


Gi) dy at Q=-—tan TH he tan Hl 
dx 4 4 


=> tangents are at right angle 
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26. 


27. 


28. 


eqn of tangent at 0 > 


ty : t, 2cos — 
y—a] —2sin—+sint, |=tan—] x—a 2 | Joe. (11) 
° ? +cost 
eqn of tangent at R => 
( | re t, —2.cos 11 

y—a} 2sin—+sint, |=tan—|x—-a} 2 J J ever (111) 

2 4 

+cos t, 
Solving (11) & (111) & eliminating t,, we get 
x+y? =a? 
Hence proved. 
Vy Sax? be # Cxt decked icsasddaciinntaes (1) 
a = 3ax? +2bx +c 
dx 
eqn of tangent at x =h, 
y—(ah + bh? + ch +d) = (3ah? + 2bh +c) (x —h) seis (11) 
equating (1) & (11) 
ax? + bx? +ox+d—(ah* + bh? +ch +d] 
= (3ah” + 2bh +c)x — 3ah? — 2bh? —ch 
= ax’ + bx? —(3ah? + 2bh) x —2ah* + bh? = 0 
=> (x —h)(ax? + (ah + b)x —(2ah” + bh)) = 0 
= (x —h)(x —h)(ax + (2ah +b)) =0 
eee 
a 
Hence proved. 
y= esol 
dy =3x7-1 
dx 
slope of tangent at x; = 3x; -1 
AS y =3x° —4x+1 
ay =6x-4 
dx 
Slope of tangent at X27 = 6x, —4, 
if tangents are ||", 3x, -1= 6x, —4 
Which can have infinite solutions. 
Hence, infinite tangents can be drawn. 
As y = f(x) 
-1 

slope of normal at X = 0= 0) =+3 
= f'(0)= Fo ssdesdestacdvnc sa testes uesteteesestooesseetseesseeses (1) 

| 

2 
Now, lim 7 
«0 f(x?) —5f (4x?)+4f (7x?) 
‘ 2x 

=> lim 


x0 axf’(x*) —40xf’(4x”)+56xf’(7x*) 


30. 


31. 


1 
0 (x2) 208" (4x) + 28°" (73°) 
1 1 
~=1, 20283 
a. 3 3 


. ¢; > y=log,x 


Co => y=2* 


As both curves are inverse to each other. 
Hence, symmetrical about y = x line 
Let P be any pton y=log, x 


dy. 1 
dx (n2)x 
& slope of y = x is 1 
1 1 
> =15x,=-—= 
x,In2 In2 


=> y, =log,(1/In2) = —log, In2 


Distance of P from y = x is 


Ne 1 
- — =| —+log, In2 
salia = 


1 loglog2 
shortest distance = J2 + ad 


In2 In2 
- /2 1+loglog2 
log 2 
aa atva?—x? a2 x2 
2 | a=aJa’ —x* 


Put x =asin0@ 


y= 


DY 2 aageo 
dé 


A) 
y= a ae 


pian 2 —— 
Wy Social tsin@| =a = +sin@ 
dé 2cot0/2 sin8 
__acos”@ 
~ sin 
oY epee 
dx 


eqn of tangent 
y-(aincr$ -acoso} = —cot (x —asin @) 
Put x =0 


= seo” 
2 


o . 2: 
Distance = Va2 sin? @+a7 cos” 6 =a =constant 
Hence proved. 
Cc, > y? =x? 


Cy) 9 9x? + 9y” —30y +16 =0 


=>x*4+y? Sy+2=0 
centre (0.2), ae clea =1 
3 9 9 
Now AP+PB = AB 
A PB = AB- AP 
5 = AB-1 


B (12, t3) 


5 2 
Let f(t) = iG -3) 

3 
f’(t) = 40 —6t? [° -3) 


For f (t)=0,t=0 orl 


For t =1,f(t) will be minimum 


VB Ans 
3 

32. y=x3-x-l RGD aaedasasdeaaeeaees Hees euneebisae ebaaebebaese siicwesaees 
Wy 4 
dx 4 
Be 8 A Sin wirrnrennieigientmonnina wae, “s 
dy =6x-4 | 
dx 


if tangents have same slope > 3x, —-1=6x,-4 


= 6x, =3(x7 +1) 


Now, eqn of tangent for eq (1), 
y-x; +x,+1= (3x? ~1)(x-x,) 

y = (3x7 ~1)x-2x} —1 

& for eq (11) 

y —3x3 +4x, +1 = (6x, —4)(x-x,) 


Let 3x,° -l=k 
> k41 
=> x) =— 
3 
1(k+1 k+4 
>X,= tl }J= 
2\ 3 6 
2 
ee eae) esa De ce 
6 6 6 
2 
= K(k+4)  (k+4) 4k +4) 
6 6 6 
(k? +8k +2) 
y=kx- Ans 
12 


= PB= fa(e -*y -y G) 
3 


33. 


34. 


35. 


TANGENT AND NoRMAL 


x =acos0 

d 

cate —asin@ 
dé 


AS y= Va cos0sin 


GY V2a <gnten e cosbeas” 
dé 2 2 2 


JfZ shea = eotbiee” 
dy _ 2 2 2 


dx sin® 


For origin = @= ue 
2 


d 

= at (0,0) = A 
dx 

=> eqn of tangent y = 


i} 


av V2 
Normal length = y,/1+ (**) 


2 
d 
> (=) = Ky! 1 
dx 


aa y 
dy/dx +)k?y* -] 


d 
. y [k2y4 -| 


X 


Sub tangent = 


Sub normal = y 


x =acos0+a Osin0 
dx P : 
do asin@+asin@+a O@cos0 =a OcosO 


y =asin®—a Ocos® 


=a cos6—a cos8+a Osin8 =a Osin® 


a tan®@ 

eqn of tangent > y—asin60+a OcosO 
= tan 0 (x—a cos0—a Osin8) 

=> y =tan@ x —a 0 (cos0+sin@ tan) 
=> y = tan@ x —a OsecO 


i) epee =a 


v1+tan?6 


=p«O@ Hence proved. 
‘s 2 2 
ii) dx 4 dy =,/a7 0* cos’ 0+a7 07 sin? 0 
dé dé 
=a0<® 


dx? (dy) 
=>pe Spal Hence proved. 
dé dé 
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Previous Years Questions Solutions: 


3 _ 
1 y -—3xy+2=0 9 9 ane? 
dy dy dx 
3y’ + -—3y-3x— =0 
vax ax dy _ 30K" 5-4 
dy _ 3y dx 2y 
dx 3(y?-x) p=2 
As g=8p+ 
H =0 points Seated 
v=1 point oid baal 


Hence, D i t 
2. x =a(cos0+@sin 6) Snes, 2205 Cote 


32)" 
6 f B= -{ unt} =+1 
4 
Hence, D is correct 


y =a(sin 8 — cos @) 7. Similar to Q.20 (Single correct answer type) 
dy Hence, C is correct 


= a(-sin8 + sin + 6c0s8) =a0cos0 


ee) ane 
8 yy’ +3x7-12y=0 
dy SS 
—=t 
re an @ By oY 4 6x-129¥ <0 
: WM dx dx 
eqn of normal > y —(a(sin 8 —@cos 8) = g) F ; 
—cot @(x —a(cos 8+ Osin 8) bd gy) a5 s 
e Xx —y 
Distance from origin ° WS 
3. y-e% +x=0 @eY For vertical tangent, y- =4 
>y=12 
Yay ey +1=0 rr 
dx dx For y =2, eo ie 
KY.) 
dy _e y-l Hence, D is correct 
dx I-xe® 9. Check for orthogonality > m,m, =-1 
1—xe*’ =0 Hence, BD is correct 
=> x=l, y=0 10. y =cos(x+y) 
Hence, D is correct dy seiner ie dy 
4 er dx dx 
2 dy __— sin(xt+y) — 1 
2 dx 1+sin(x + y) 2 
Xe) St a 
“Se => sin(x+y)=1 
2 1 
(zt) YHOO y=) 
5 T, 
eitherx =™/2 &y=0 orx=-3n/2 & y=0 
=> T,:T, =2:1 
Hence, C is correct y=-3(s-5] or y=F{e+35] 


5. y- = px? +q 


11. 


12. 


T 3m 
2y+x=— or 2y+x =—-— 
” 2 . 2 


4y+2x-n=0 4y+2x+3n=0 


For y= x? 


d d -1 
Y 2x, ale = at (a, a”) 
dx dy 2a 


-1 
eqn of normal > y-a’ = 5 (x—a) 
a 


Solving with curve, 


we have a,—a ——— 
2a 


PQ? =(x, -x,) +(y, ~y,) 


ah 5)" [1+ (x, +x) | 


(4a +1) 
ae 
3/ 
— (407 + u 
4a 
dPQ 


1 
dt “ah 


Hence equation are X4n/2y - fe or x me Oy = =F 


If [Fx -F (x2) <(X,;—X,) 


Put x; =x, +h 


13. 


14. 


TANGENT AND NoRMAL 


f -f 
lim (%1) ( 2) < lim |x, —x.| 
h-0 xX, -X h-0 

f (x) <0 
=f (x)=0 


Eqn of tangent > y =2 


Line y = xintersect the curve y = ke* 
for k < 0 only at one point 
Hence, B is correct 

f(x) =ke* —x 

f (x)=ke*-1=0 

=x =-Ink & f(x) =ke* >0 
f(—Ink) =1+Ink 


for one root of f(x) =0 


_ 1+ink=0 


15. 


ew! 


1 
e 


Hence, A is correct 


For two distinct roots 1+ Ink < 0 


1 
k<— 
e 


Hence, A is correct 
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MONOTONICITY 


ae (i) Strictly Increasing 
6.1 Definitions A function f(x) is said to be strictly increasing about the point 
3 x = aif f(a —h) < f(a) < f(a +h), where h is a small positive 
Introduction arbitrary number. 


Monotonicity is the study of increasing—decreasing behaviour of Co the graph of a function in the neigh-bourhood of the 
a function. The terms increasing, decreasing, and constant are oint x =a as shown in the figure: 

used to describe the behaviour of a function over an interval as S 

we travel left to right along its graph. . 0 < f(a+h) 

For example, the function graphed in the figure can be described f(a) i 
as increasing on the interval (—00, 0), decreasing on the inte 
(0, 2), increasing again on the interval (2, 4), and or the 


interval (4, 00). 


f(a — h) 


a—-h a ath - 

We notice that f(a — h) is less than f(a) while f(a + h) is greater 
than f(a) for any h in a small neighbourhood around x = a. 
Then, we say that the function is strictly increasing about 
x =a. A similar situation is found in the graph of the following 
figure, which is discontinuous at x = a. 


Monotonicity about a Point 
Let a function f be defined on an open interval containing the i eo 
point x = a. We have a set of four standard terms to describe rT f(a +h) 
the increasing—decreasing behaviour of the function in a ba 
sufficiently small neighbourhood around x = a. They are as 


follows: 

(i) Strictly increasing rit 

(ii) Strictly decreasing aha ath " 

(iii) Non-decreasing 

(iv) Non-increasing For example, the functions f(x) = e*, f(x) = 2x + 1, and 


be monotonic about x = a, otherwise, it is said to be non- 


If a function follows any of the four conditions, it is said to 1-x?, x 
f(x)= 
monotonic. 


0, : . 
are strictly increasing about x = 0. 
2+x°, x20 
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(ii) Strictly Decreasing 

A function f(x) is said to be strictly decreasing about the point 
x =a if f(a—h) > f(a) > f(a +h), where h is a small positive 
arbitrary number. 

Consider the graph of a function in the neighbourhood of the 
point x = a as shown in the figures below: 


espe” 


+h) 


H ' H 1 1 
a-h a ath x ahaath yx 


Each of these functions are strictly decreasing about x = a. 
(iii) Non-Decreasing 

A function f(x) is said to be non-decreasing about the point 
x =a if f(a—h) < f(a) < f(a + h), where h is a small positive 
arbitrary number. 


Consider the graph of a function in the neighbourhood of the 
point x = a as shown in the figure: 


We observe that in the given figure, 

f(a —h) < f(a) = f(a + h), hence, we say that the function is 
non-decreasing at x = a. The function shown below is also 
non-decreasing at x = a. 


o f(ath) 
f(a—h) fal NN 


—_—_—— 
1 
1 
1 
1 


— " 
ahaath y 


(iv) Non-Increasing 

A function f(x) is said to be non-increasing about the point 
x =a if f(a—h) 2 f(a) = f(a + h), where h is a small positive 
arbitrary number. 

The functions shown below are non-increasing at x = a. 


f(a-h) f(a)! are 


oN 
it f(ath) 


iffy 


a-h a ath x a-h a ath x 


Note: 


1. If f(x) is constant in the neighbourhood of the point x = a 
then it said to either non-decreasing or non-increasing. 


2. If x =a is an endpoint then we use the appropriate one- 
sided inequality to test monotonicity of f(x) at x =a. For 
example, if x = a is the left endpoint, we check as shown 
below: 


f(a + h) < f(a) 
strictly decreasing at x =a 


If x =a is the right endpoint, we check as follows: 


X 
f(a) > f(a - h) 
strictly increasing at x=a 


3. It should be noted that we can talk of monotonicity of f 
at x = a only if x =a lies in the domain of f, without any 
consideration of continuity or differentiability of f at x = a. 


© Example 1: Which of the following function is strictly 
increasing, strictly decreasing, non-increasing, non-decreasing 
or neither increasing nor decreasing (non-monotonous) at x =a. 


(i) ; (ii) ae 


(vii) (viii) 
— 
x : a x x 7 a x 
& Solution: 


(i) Neither increasing nor decreasing as 
f(a — h) < f(a) and f(a) > f(a + h) 
(ii) Strictly decreasing as 
f(a—h) > f(a) > f(a + h) 
(iii) Strictly increasing as f(a — h) < f(a) < f(a + h) 
(iv) Neither increasing nor decreasing as 
f(a — h) > f(a) and f(a) < f(a + h) 
(v) Strictly increasing 


(vi) Neither increasing nor decreasing as 
f(a — h) < f(a) and f(a) > f(a + h) 


(vii) Strictly decreasing 
(viii) Non-decreasing as f(a — h) < f(a) and f(a) = f(a + h). 


@ Example 2: Examine the behaviour of the function — Cy 


1 
f(x) =—— at the point x =0. 
(x) oe at the point x 
© Solution: We have f(x) = aa 
f(0) =1 1+x 


1 
f(0—h) = —— >1 
1h 


1 
f(0 +h) = Toh <1 


Since, f(0 — h) > f(0) > {(0 + h), where h is a small positive 
arbitrary number, f is strictly decreasing at x = 0. 


Test for Finding Monotonicity at a Point 


Sufficient Conditions for Monotonicity at a Point 
Let a function f be differentiable at x = a. 
(i) Iff'(a) > 0 then f(x) is strictly increasing at x = a. 
(ii) If f(a) < 0 then f(x) is strictly decreasing at x =a. 
(ii) If f (a) = O then we need to examine the signs of 
f'(a—h) and f'(a + h). 
(a) Iff'(a—h) > 0 and f'(a + h) > 0 then f(x) is strictly 
increasing at x =a. 
(b) If f'(a—h) < 0 and f'(a + h) < 0 then f(x) is strictly 
decreasing at x =a. 
(c) Iff'(a—h) and f'(a+h) have opposite signs then f(x) is 
neither increasing nor decreasing (non-monotonous) 
at X=a. 


Monotonicity 6.3 


(iv) If none of the above conditions are followed, then 
the function needs more investigation, which shall be 
discussed later. 


©@ Example 3: Examine the behaviour of the function 
f(x) = x? — 3x + 2 at the points x = 0, 1, 2. 
© Solution: f(x) = x?- 3x +2 
f'(x) = 3(x? - 1) 
At the point x = 0, f'(0) =-3 <0 
=> f(x) is decreasing at x = 0. 
At the point x = 1, f’(1) =0 
But, f’(1— h) = negative and f'(1 + h) = positive 
=> f(x) is neither increasing nor decreasing at x = 1. 
At the point x = 2, f'(2)=9>0 
=> f(x) is increasing at x = 2. 
(x —-le* +1, 
4a"), xe? 
Investigate the behaviour of the function at x = 0. 
Y Solution: We have 


x <0 
© Example 4: Let f(x) = | 


xe*, x <0 


« M _ 
© age x>0 

3 
At x =0, f’(0-) = 0 and f'(0 *) =0. 
But f'(0 —h) < 0 and f’(0 +h) < 0 


Hence f(x) is strictly decreasing at x = 0. 


@ Example 5: Test the function f(x) = 1 — (x — 2)°5 for 
monotonicity at x = 2. 


& Solution: We have f'(x) = -2 (x —2)?5. 
f'(2-) =— © and f'(2*) =— 00 
f(x) is continuous at x = 2. 


The function has an infinite(negative) derivative at x = 2. This 
implies that f(x) is strictly decreasing at x = 2. 


Test for Finding Monotonicity at an Endpoint 

If x = ais an endpoint then we use the sign of the appropriate 
one-sided derivative to test the monotonocity of f(x) at x =a. 
Assume that the function fis differentiable at x = a. 

If x =a is the left endpoint, we check as follows: 

(i) Iff'(a*) > 0, then f(x) is strictly increasing at x = a. 

(ii) If f'(a*) < 0, then f(x) is strictly decreasing at x = a. 

(iii) If f’(a*) = 0, but f'(a + h) > 0, then f(x) is strictly increasing 


at x =a. 
(iv) If f'(a*) =0, but f’(a +h) < 0, then f(x) is strictly decreasing 
at x =a. 


If x =a is the right endpoint, we check as follows: 
(i) Iff'(a)>0, then f(x) is strictly increasing at x = a. 
(i) If f'(a) < 0, then f(x) is strictly decreasing at x = a. 
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(iii) If f’(a-) = 0, but f'(a—h) > 0, then f(x) is strictly increasing 


atx =a. 
(iv) If f'(a-) =0, but f’(a—h) < 0, then f(x) is strictly decreasing 
atx =a. 


For example, consider the function f(x) = (x — 1)”. 
x = | is the left endpoint of the domain [1, 00). 


f'(x)= = (= 1” 


f'(1*) =0, but f'(1 +h) = =ni?>0, 


Hence, f(x) is strictly increasing at x = 1. 


42x, -2<x<0 


sin | x, O<x<l° 


© Example 6: Let f(x) = | 


_ €Concept Problems 


Investigate the behaviour of the function at x = —2, 0 and 1. 


©Y Solution: We have 

2x+2, —-2<x<0O 

f'(x)= , O<x<1 

1—x? 
At x = —2, f'(-2*) < 0. Hence f(x) is strictly decreasing at 
xX =-2. 
Atx=0,f'0)=2>0,f'0*=1>0. 
Hence f(x) is strictly increasing at x = 0. 
Atx=1,f'(1-)=©. fis continuous at x = 1. 
The infinite(positive) derivative implies that, f(x) is strictly 
increasing at x = 1. 


A 


1. For each of the following graph comment whether f(x) 
is increasing or decreasing or neither increasing nor 
decreasing at x =a. 


Nw 


(i) (ii) 


lowes 


(iii) (iv) 


ees See 
x=a x 


X=a X 


2. Consider the following graphs of functions which have 
X =a as an endpoint. Find the monotonicity at x = a. 


flaye ua 
(i) 2 (ii) | 
f(ay@ 


6.2 Monotonicity over an interval 


Let a function f be defined on a domain D. If a function 
follows any of the four conditions given below, it is said 
to be monotonic in D, otherwise, it is said to be non- 
monotonic in D. 


ry 


"aX 


3. Let f(x) = x* — 3x? + 3x + 4. Comment on the monotonic 
behaviour of f(x) at (i) x =0 (ii) x= 1. 


4. | ‘Find out the behaviour of the function y = x — In x 
at the points x, = 1/2, x, = 2, x, = e and x, = 1, and 
show that if the given function increases at the point 


; ; 1 
x =a > 0, then it decreases at the point x = — . 
a 


5. Find the behaviour of the functions at x = 0: 
@) y=x-x? (ii) y=|n(+1)] Git) y=1-x* 
6. Show that the function y = /n (x? + 2x — 3) increases at the 
point x, = 2 and decreases at the point x, = — 4. 


x O<x<l 

[Ix] 1<x<2 
Comment on the monotonic behaviour of f(x) at x = 0, 1 
and 2. 


8. Test the behaviour of f(x) = x{x} at x = 0, where {.} 
represents fractional part function. 


7. Draw the graph of function f(x) = 


9. Comment on the monotonic behaviour of the following 
functions at x = 1. 
(i) f(x) =x? (x-2)° 
(iii) f(x) = sin x + Cos x. 


(ii) f(x) =xmx 


(i) Strictly Increasing Function 
The function f(x) is said to be strictly increasing on D if for 
every two points x, and x, belonging to D and satisfying the 
inequality x, < x, the inequality 

f(x,) < f(x,) holds true. 


It means that there is a definite increase in the value of f(x) with 
an increase in the value of x (See the figure given below). In 
other words, if the graph of a function is rising on an interval 
(and never flattens out on that interval), we say that fis strictly 
increasing on that interval. Note that a function is strictly 
increasing in an interval (a, b) if it is strictly increasing at every 
point within the interval. 


y = f(x) 


xX 


GB Note: In different texts, strictly increasing function is 
named differently. For instance, it is called as monotonically 
increasing, strictly monotonically increasing, steadily 
increasing, increasing, etc. 


(ii) Strictly Decreasing Function 


The function f(x) is said to be strictly decreasing on D if for 


every two points x, and x, belonging to D and satisfying nee 


inequality x, < x, the inequality 

f(x,) > f(x, ) holds true. 8 
It means that there is a definite decrease in the value OY F fx) 
with an increase in the value of x (See the figure given below). 
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(iii) Non-Decreasing Function 
The function f(x) is said to be non-decreasing on D if for every 
two points x, and x, belonging to D and satisfying the inequality 
X, < x, the inequality 
f(x,) S f(x,) holds true. 
It means that the value of f(x) never decreases with an increase 
in the value of x. (See the figure given below). 
Y 
f(x,) 
f(x) 
f(x,) = f(x.) 
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In the above figure we find that for x,< x,< x,< x, we have 
f(x,) = f(x,) < f(x,) < f(x,). Such a function is called non- 


decreasing. 


1 Note: 
increasing. 


In some texts, non-decreasing function is named as 


(iv) Non-Increasing Function 
The function f(x) is said to be non-increasing on D if for every 
two points x, and x, belonging to D and satisfying the inequality 
X, < x, the inequality 

f(x,) 2 f(x,) holds true. 


It means that the value of f(x) never increases with an increase 
in the value of x. (See the figure given below). 


Y 


f(x,) 
f(x,) 
f(x;)=f,) 


war ae on figure we find that for x,< x,< x,< x, we 
have f(x,) > f(x,) > f(x,) = f(x,). Such a function is called 
~ non-increasing. 


Note: A function which is constant over an interval, is said 
to be either non-decreasing or non-increasing. 


The following figures show the behaviour of some functions 
monotonic in the interval [a, b]. 


bX 
Strictly decreasing in [a, b] 


Non-decreasing in [a, b] 


| - 


© fesse ee eee 


b x 
Non-increasing in [a, b] 


Now consider the following function in the interval [a, b]. 
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a X% Xx, X; b x 

Here, we find that for x, < x, < x,, f(x,) > f(x,) < f(x,). 

So, the order between function's value at two different points is 
not maintained throughout the interval. Hence, the function is 
not monotonic in the interval [a, b]. 


Note that the following functions are not monotonic in the 
interval [a, b]. 


(ii) 


H i H 
a b 
© Example 1: Which of the following function is strictly 


increasing, strictly decreasing, non-increasing, non-decreasing 


or neither increasing nor decreasing (non-monotonous) in the — 


interval [a, b]? 


(i) a (ii) 
é H 


a bx a b x 
OES (iv) A 

; i ey a b 

a b x x 
© Solution: 


(i) Strictly increasing as f(x,) < f(x,) for every two points 
x, and x, belonging to the interval [a, b] and satisfying 
X, <X,. 

(ii) Neither increasing nor decreasing. 

(iii) Strictly decreasing as f(x,) > f(x,) for every two points 
x, and x, belonging to the interval [a, b] and satisfying 
X, <X,. 

(iv) Non-decreasing as f(x,) < f(x,) for every two points x, and 
x, belonging to the interval [a, b] and satisfying x, < x,. 


Test for Finding Monotonicity Over an Interval 


Let a function f be defined and continuous on a certain interval 
(a, b) and have a derivative everywhere in the interval (a, b) 


except possibly at a finite number of points. We can predict 
the behaviour of f in the interval by studying the sign of its 
derivative f'(x) over the interval. 


Necessary Conditions for Monotonicity 


(i) Ifa differentiable function f(x) increases in an interval its 
derivative f'(x) is nonnegative: f'(x) = 0. 

(ii) Ifa differentiable function f(x) decreases in an interval its 
derivative f'(x) is non-positive: f'(x)< 0. 

(iii) Ifa differentiable function f(x) does not vary in an interval 
(i.e. is equal to a constant) its derivative is identically equal 
to zero : f'(x) =0. 

Theorem 1 If a differentiable function f(x) is strictly 

increasing on the interval (a, b), then f’(x) 2 0 for any x in the 

interval (a, b). 

Proof According to the definition of a function strictly 

increasing on (a, b), if x > x,, then f(x) > f(x,). and if x < x,, 

then f(x) < f(x,). 

Consequently, for any x, and x in (a, b), x # x, the inequality 

f (x) —f(Xp) 
CG Py Xo 


>0O holds true. 


Since f(x) is differentiable on (a, b), proceeding to the limit in 


_ the last inequality as x —> x,, we get 
£(x,) = lim 1O=*%) 5 9 


xy X—Xg 
The theorem is proved. 

Theorem 2 If a differentiable function f(x) is strictly 
decreasing of the interval (a, b), then f'(x) < 0 for any x in the 
interval (a, b). 

Proof Since f(x) is a strictly decreasing function, the function 
F(x) = -f(x) is a strictly increasing one, and therefore, by 
Theorem I, F'(x,) =— f'(x,) 2 0 for any x, € (a, b). Hence, it 
follows that f’(x,) <0 for any x, € (a, b). The theorem is proved. 
Theorem 3 If a function f(x) is constant in the interval 
(a, b), then f(x) = 0 for any x in the interval (a, b). 

Proof If f(x) is constant its derivative is known to be equal 
to zero : f’(x) =0. 


& Note: The foregoing theorems express the following 
geometric fact. If on an interval (a, b) a function f(x) is strictly 
increasing, then as the variable point P(x,y) traces the graph of 
the function from left to right, i.e. as the abscissa increases, the 
value of the function moves upward along y-axis. 

Then, the tangent to the curve y = f(x) at each point on this 
interval forms an acute angle a with the x-axis (or, at some 
points, the tangent line is horizontal); the tangent of this angle 
is nonnegative: 

f'(x) = tana > 0. 

If the function f(x) is strictly decreasing on the interval (a, b), 
then the angle of inclination of the tangent line forms on obtuse 


angle (or, at some points, the tangent line is horizontal) the 
tangent of this angle is nonpositive. 


P(x,y) Px y) 
es 


Xx 


If the variable point P(x, y) moves on a horizontal line then, 
the tangent is also horizontal and hence, 

f'(x) = tan0 =0. 

It should be stressed that the derivative of a strictly increasing 
or strictly decreasing function may vanish at some separate 
points. 

For instance, the cubic function f(x) = x? increases strictly 
throughout the x-axis, but its derivative f'(x) = 3x? turns into 
zero at the point x = 0, although at all the other points it is 
positive. The function is strictly increasing at x = 0 since larger 
values of x have correspondingly larger values of f. We can 
see from the figure that 


f(0—h) < (0) and f(0 +h) > (0). 


Geometrically, this means that the tangent to the graph of 
a strictly increasing or strictly decreasing function may be 
parallel to x-axis at some points. 

Theorem 4 For the function f(x) differentiable on an 
interval I, not to decrease (not to increase) on that interval, 
it is necessary and sufficient that V x € I the inequality 
f'(x) 2 0 (f (x) <0) be satisfied. 

Consider the graph of a non-decreasing function. 

y= fx) 


if(x,) 


iftx) #0.) 


It is clear from the figure that 
for x,<x <x, we have f(x) < f(x,) and f’(x) > 0 
for x, <x <x, we have f(x,) = f(x,) and f'(x) =0 
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for x, <x <x, we have f(x) > f(x,) and f’(x) > 0 
Combining all cases, we say that for any x € (x 
f(x,) < f(x,) and f'(x) 2 0. 


Now, see the figure shown below: 


3>X,) we have 


Here also f'(x) = 0 for all x € (a, b), but note that in this case, 
equality of f'(x) = 0 holds for all x € (c, d) and (e, b). Here 
f'(x) becomes identically zero on two subintervals and hence 
the given function cannot be assumed to be strictly increasing 
in (a, b). We say that f(x) is non-decreasing in (a, b). 

For example, f(x) = x* + |x|?, x € R is not a strictly increasing 
function, rather, it is a non-decreasing function. 

Thus, if f'(x) 2 0 in an interval I, with f'(x) = 0 on one or 
more subintervals of I, then f(x) is said to be a non-decreasing 
function in the interval I. 


e But, if f '(x) vanishes at a countable number of isolated 
points, provided it be elsewhere uniformly positive, then 


f(x) will strictly increase. 


©@ Example 2: Prove that f(x) = x — sinx is a strictly 
increasing function. 
& Solution: Given f(x) = x — sin x 
=> f'(x)=1-cosx 
We have f'(x) = 0. 

f'(x)= 0 atx =0,+ 27, + 4n, ...... 
Now, f'(x) > 0 everywhere except at x = 0, + 27, + 47, ..... 
but all these points are discrete (separated) and do not form an 
interval. Hence we can conclude that f(x) is strictly increasing 
for all x. In the figure, we see that the graph passes through the 


point (2n7, 2n7), n € L, by increasing continuously, across a 
horizontal tangent. 


Now, consider the graph of a non-increasing function. 


6.8 


It is clear from the figure that 

for x,<x <x, we have f(x) > f(x,) and f’(x) < 0 

for x, <x <x, we have f(x,) = f(x,) and f'(x) = 0 

for x,<x <x, we have f(x) < f(x,) and f'(x) < 0 
Combining all cases, we say that for any x € (x,, x,) we have 
f(x,) 2 f(x,) and f'(x) $0. 

Thus, if f’(x) < 0 in an interval I, with f'(x) = 0 on one or 
more subintervals of I, then f(x) is said to be a non-increasing 
function in the interval I. 

But, if f'(x) vanishes at a finite number of isolated points, and 
is otherwise negative, then f(x) will strictly decrease. 

It is now clear that, in an interval of monotonicity of a differen- 
tiable function its derivative cannot change sign to the opposite. 


The above results allow us to judge upon the sign of the derivative 


of a monotonous differentiable function in a given interval by 
its increase or decrease in this interval. But when we begin to 
investigate a given function, its behaviour is usually not known, 
and therefore, it is much more important to establish the converse 
of the above results, which enables us to study the character of the 
variation of a function in a given interval by reducing the problem 
to the simpler question of determining the sign of its derivative. 


Sufficient Conditions for Monotonicity 


Theorem Let f(x) be a differentiable function on the interval 

(a, b). Then: 

(i) If the derivative f'(x) is everywhere positive 
(i.e. f'(x) > 0) in the interval (a, b), then the function f(x) 
is strictly increasing in the interval (a, b). 

(ii) If the derivative f'(x) is everywhere negative 
(i.e. f'(x) < 0) in the interval (a, b), then the function f(x) 
is strictly decreasing in the interval (a, b). 

(iii) If the derivative f'(x) is everywhere equal to zero in the 
interval (a, b), then the function f(x) does not vary in the 
interval (a, b) (i.e. it is constant). 

It should be borne in mind that the conditions of the theorem 

are sufficient, but not necessary, for a function to increase (or 

decrease). There are cases when a function f can increase at a 

point x, but the derivative f’(x) is not positive there. Consider, 

for instance, the function f(x) = x? at x = 0. 


| Study Tip 


If a function is such that f'(x) => 0 for all x € (a, b) where 
f'(x) = 0 at discrete points in (a, b), then f(x) is strictly 
increasing in (a, b). 
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& Note:) Byf'(x)=Oatdiscrete Y 

points, we mean that the points = f(x) 
where f '(x) becomes 0 do not H 

form an interval. That is, they are i 
separated from each other. 

A function which is increasing as 
well as decreasing in an interval, 
is said to be non-monotonic, 
provided it is not a constant function. If the function is 
differentiable, then it must change the sign of its derivative 
somewhere in the interval. 


a 


A graph of such a function is shown here. 


© Example 3: Prove that f(x) = 2x — cosx is a strictly 
increasing function. 


©Y Solution: Given f(x) = 2x — cos x 

=> f'(x%)=2+sinx 

We have f'(x) > 0 for all x. 

Hence, the function f(x) is strictly increasing for all x. 


Oo Example 4: Prove that f(x) = - x — cot’x is a strictly 
decreasing function. 


= @ Solution: Given f(x) =— x —cot'x 


je x? 
eo 
We have f'(x) < 0 for all x. 

f'(x) = 0 at x =0 only. 
Now, f'(x) < 0 everywhere except at x = 0. Hence we can 
conclude that f(x) is strictly decreasing for all x. 


=> f(K)=-1+ 3 
1+x 


© Example 5: Is the function sin (cos x) increasing or 
decreasing on the interval (7, 37/2) ? 


© Solution: Let f(x) = sin (cos x) 
=> f'(x)=Ccos (cos x). (— sin x) 
On the interval (7, 37/2), cos x lies in (-1, 0). Hence, cos 
(cos x) > 0. 
(— sin x) > 0 on the interval (7, 37/2). 
Thus, we have f'(x) > 0 for all x in (1, 37/2). 
Hence, the function f(x) is strictly increasing for all x. 


©@ Example 6: Find the behaviour of the function 


mn 0, 
f(x) = : -- forx ER. 
Ind+x)+1, x =0 


e*, x <0, 


©Y Solution: Given f(x) = | 
Ind+x)+1, x20 


f(x) is continuous for all x. 
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Here, f'(0-)=1=f'(0*) (i) Let f(x) = 3x — |x| 

We have f"(x) > 0 for allx ER The given function has no derivative at the point 
Hence, we can conclude that f(x) is a strictly increasing function x = 0, as it is a corner point. 
for all x. 


©@ Example 7: Find the behaviour of the function 
x?41,x20 


1, x <0, 
f(x) = forx ER. 


1, x <0, 


x? +1,x 20 


©Y Solution: Given f(x) = ie 


f(x) is continuous for all x. For all x 40, f'(x) > 0. The function is continuous for all 


0, x<0, x with f'(0 —h) > 0 and f '(0 +h) > 0. 
= 3x7, x>0 Hence, f(x) is a strictly increasing function for all x. 
Here, f'(0 -) = 0 = f'(0*) G39" 226 
We have f'(x) > 0 forall x ER. (ii) Now, consider the function f(x) = ae 
But, f'(x) = 0 in the interval x € (— ©, OJ. 
Hence, we can conclude that f(x) is a non-decreasing function Y 
for all x. Gy 2 
©@ Example 8: Find the least value of k for which the . . 
function x? + kx + | is a strictly increasing function in the 
interval 1 <x <2. > . 
© Solution: Let f(x) =x?+kx+1 7 
For f(x) to be strictly increasing, f'(x) = 0 in the interval x 
1<x<2. fA» ¥ 
(Q- -2x, , 
=> 2x+k>0 > k>-2x ww ro)=| eee 
Here k must be greater than or equal to the largest — of —2x “1, x>0 
found in the interval [1, 2] Here, f'(0—h) > 0, f'(0-) =0, f'(0 4) =- 
Le.k 2-2 We notice that f'(x) changes sign about x = 0. 
Hence, the least value of k is —2. Thus, f(x) is not strictly increasing function at x = 0. 
©@ Example 9: For what values of b, the function In fact, the function is non-monotonous. 


eae ; 5 
f(x) = sin x — bx + c decreases strictly for all x € R? 2-x?,x<0, 


(iii) Now, consider the function f(x) = : ee. 


© Solution: Here f(x) = sin x — bx +c 
f'(x)=cosx—b 
f(x) will decrease for all x € R if f(x) <0 Y 
or cosx—b<0,i.e., cos x <b forall x ER. 2 
b 2 the greatest value of cos x 
b2=1 
Thus, b € [1, 0). 1 
Note that when b = 1, f(x) =cos x-1<0 
Here f(x) = 0 at x = 2n7, which are a set of discrete points, not 0 
forming an interval. Hence, f(x) decreases strictly for all x € R. 


Monotonicity at Points where f'(x) does oe re x <0, 
not Exist 0,x>0 


We have investigated the case where a function has a derivative We notice that f'(x) 2 0 for all x #0. 

at all points on some interval. Now what about those points at Here, f'(0-) = 1, f'(0 +) = 0, f'(0 + h) = 0. 
which there is no derivative? The following examples will help In fact, f(x) = 0 for all x > 0. 

in identifying the behaviour of such a function. Thus, f(x) is a non-decreasing function. 
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: ‘ : 2-x*,x <0, 
(iv) Now, consider the function f(x) = 3 
x+1,x20 
Y’ 
2 
1 
0 xX 


‘e —2x,x <0, 
= 1, x>0 


For all x 4 0, f'(x) > 0. The function is discontinuous at 
x = 0. We can say that f(x) is a strictly increasing function 
for x € (— ©, 0) and for x € (0, ©). 

We need to check the monotonicity of the function at 
x = 0 using basic definition. We can see from the figure 
that f(0 — h) > f(0) and f(0) < £(0 + h). This means that f(x) 
is not increasing function at x = 0. 

Hence, f(x) is not a strictly increasing function for all x. 


We can now understand that in the case of continuous functions, | 


the sign of the derivative in the neighbourhood of the point is 


the derivative maintains the same sign across the point, ithe 
function is monotonous. ~. 


However, in the case of discontinuous functions, the ai of 
the derivative in the neighbourhood of the point is inadequate 
in determining the monotonicity of the function. We need to 
apply the basic definition of monotonicity. 


Test for finding Monotonicity at Points where 

f'(x) does not Exist 

Consider a continuous function f(x) whose derivative f '(x) 

does not exist at x = c but exists in the neighbourhood of c. 

(i) Iff'(c) > 0 and f'(c*) > 0, then f(x) is strictly increasing 
atx =c. 

(ii) Iff'(c—h) > 0, fc) 2 0, f'(c*) 2 0, f'(c + h) > O, then 
f(x) is strictly increasing at x =c. 

(iii) If f'(c-) < O and f'(c*) < 0, then f(x) is strictly decreasing 
atx =c, 

(iv) If fc —h) > 0, f’(c-) ¢ 0, f'(c*) ¢ 0, f(c +h) > O, then 
f(x) is strictly increasing at x =c. 

Here, 2 implies that either greater than or equal to holds. 

Now, consider a function f(x) which is discontinuous at x =c 

but its derivative exists in the neighbourhood of c. 

(i) Iff'c—h)>0,f(C) $ fc), ©) ¥€ f(c*), f'(c +h) > 0, then 
f(x) is strictly increasing at x =c. 

(ii) Iff’(c—h) <0, fC) 2 fc), fe) 2 f(c*), fc + h) < 0, then 
f(x) is strictly decreasing at x =c. 


© Example 10: Find the behaviour of the function 


x-e* +2,x <0, 
f(x) = , forx ER. 


1-x", x20 


aD ot 
“e*4+2,x <0, 
2 


© Solution: Given f(x) = : 


1-x’, x20 
4 Fie i x7)e*, x <0, 
—2x, x>0 
Y: 
2 
1 
0 x 


For all x 4 0, f(x) < 0. 

The function is discontinuous at x = 0. 
Here, f’ (0- h) <0, f'(0 +h) <0, 

(0) =1, , {(0-) = 2 > f(0) , and f(0) = f(0*). 


The value of the function is falling across the point x = 0. 
- Hence, f(x) is strictly decreasing at x = 0 and 
adequate in determining the monotonicity of the function. If — 


finally it is strictly decreasing for all x € R. 


x3 4x? +10x, x <O 


@ Example 11: Let f(x) = “fo 


x>0° 
Investigate the behaviour of the function for x € R. 
©Y Solution: We have 
3x” +2x +10, x <0, 
f"(x) = | 


x(x+2)e* ,x>0 


For x < 0, f(x) is a quadratic expression whose discriminant 
is positive, with coefficient of x” positive. Hence it is positive. 
Clearly f'(x) > 0 for x > 0. 

Thus, f'(x) > 0 for all x #0. 

Now consider the point x = 0. f(x) is continuous but non- 
differentiable at x = 0. 

Here, f’(0 -) = 10 > 0,f'(0 *) = 0, f'(0 + h) > 0. 

This means that f is strictly increasing at x = 0. 

Finally, f(x) is a strictly increasing function for x € R. 


x° +2x, -Il<x<0O 


© Example 12: Show that f(x) = {s 46 eee 


is strictly increasing in [—1, 1], but 


x? +2x, -1<x<0O 
g(x) = 43x, O<x<l 
1, x=l 


is not strictly increasing in [-1, 1]. 


©Y Solution: We have f'(x) = 


2x+2, -l<x<0O 
3, O0<x<l 


For all x #0, f'(x) > 0. f is continuous at x = 0 
and , f'(0-) > O and f’(0*) > 0. 
Hence f(x) is strictly increasing at x = 0. 


At x 
Atx 


=—1,f"(-1*) =Oand f'(-1 +h) > 0, 
=1,f"(1)>0. 


Hence f(x) is strictly increasing at both the endpoints. 
Finally, f(x) is strictly increasing in [-1, 1]. 


Now, g’(x) = ‘ 


2x+2, -l1<x<0O 
O<x<l 


For all x #0, 1, g'(x) > 0. 


At x 
At x 


= 0 and — 1, g(x) is strictly increasing like f(x). 
= 1, g(x) is discontinuous 


where g(1-) = 3 while g(1) = 1. 

Hence, g(x) is not strictly increasing at x = 1. 
Thus, g(x) is not strictly increasing in [-1, 1]. 
However, g(x) is strictly increasing in [-1, 1). 


>0 
@ Example 13: Let f(x) = 2 . Find the values 


TUX 
cos —,x 


x+a,x <0 


of a if f(x) is monotonous at x = 0. 


of a. 


(a) 


(b) 
(c) 


Y Solution: We draw the graph of f with different values . 


Clearly, f(0 — h) < £(0) < f(0 +h). 

Hence f(x) is strictly increasing at x = 0. 

For this case, f(0) should be less than the R.H.L. of f 
atx=0 > axl. 

In this case f(0 — h) < f(0) > f(0 + h) and hence f(x) is 
non-monotonous at x = 0. 

Here also f(0 — h) < f(0) > {(0 + h) and hence f(x) is non- 
monotonous at x = 0. 

Hence f(x) is monotonous at x = 0 fora < 1. 
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© Example 14: Find the behaviour of the function 
Xx, x <0, 
fe — tx= 0. 
®) ce 0 a 
Xx 
@ Solution: Clearly f is continuous at x = 0. 
1, x <0, 

We have f'(x) = 

Suave) Gi =! eee eed 

xX xX Xx 

Here, f’(0-) = 1 > 0 but f’(0*) does not exist. 
Further, f’(0+h) changes sign in the right neighbourhood 


since f'(x) > O at the points xX = (n € N), and 
1 


2. 
(2n + 1) 

1 
f'(x) < 0 at the points x = oui (n € N), 
Hence, f(x) is non-monotonous at x = 0. 
) Example 15: Prove that the function 


ie x+x°sin(2/x) for x#0 
“)? 0 for x=0 


- increases at the point x = 0 but does not increase on any interval 
—(—6, &), (€ > 0 is an arbitrary number). 


g Solution: £"(x) = an ie os x #0, 

1 for x=0 
Since f'(0) = 1 > 0, it follows that the function f(x) increases 
at the point x = 0. 
If the function f(x) were increasing on an interval (— §, €), then 
the condition f'(x) = 0 would be satisfied V x € (— &, €). We 
shall show that this is not so. 
Let x, = 1/(n7) (nis a natural number). 
It is evident that V € > 0, there exists n such that In) < €, ie. 
x © (-6, €). Substituting x = x, = 1/(n7) into the expression 
for f'(x) when x 40, 
we get f'(x,) =— 1 < 0. This proves that the function f(x) is not 


increasing on any interval (- §, &). 


TT 


© Example 16: Let the function g: R> [ 5 


T 
»— | be gi 
4 e given 
T 
by g (t)= a> 2 cot '(3"). Prove that g is odd and is strictly 
decreasing in (— 00, 00), 


Y Solution: We have g (t) = — — 2 cot"(3*) 


a; 
2 
g(-t)= > ~ 2 cot (3!) = ; ~2 tan'(3") 


1 
(As cot'!x = tan"! —, x > 0) 
Xx 
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= ©... De -1(2-t ee -1(2-t 
5 2(Z cot (3 )} = 7 +2 cot'(3") 


(As cot!x + tan x= a: V xeER) 
=— 8 (t) 
Hence, g (— t)=-— g(t) > gis an odd function. 
Also g H= =2.37°-In3 : 
1+(3')? 


g’(t)<0, VteR. 
=> gis strictly decreasing in (— 00, 00). 


@ Example 17: Find the set of all values of ‘a’ for which 


/(at+4) 4 


(—a) 


js — 3x + In 5 decreases for all x. 


f(x) = 


a/(at+4) 


(d—a) 


© Solution: roo-[ | x°—3x+1n5 


Since f(x) decreases for all x, 


= 5 E=2-1|xt-a0 
a 


f(x) <0 


(l1—a) ~ (5x4 


> (SP) 


The L.H.S. should be less than or equal to the least value of 
R.HLS. 


Ales ra 2) 


It is clear thata+ 420 
Case I: If l1-a>Oie.a<1 

then /(a+4) <(1—-a) 

On squaring, we geta+4<a’-2a+1 
=> a-3a-320 


> ae ot) | | but -4<a<1l 


ae [224] (2) 
2 
Case Ill: If 1-a<O>ie.a>1 (3) 


=> J(a+4) 2 (1 —- a) which is always true for a > | since 


R.HLS. is negative. 
Combining (2) and (3), we get 


-v21 
2 


3 
ae ls 


i 
©@ Example 18: Prove that the function f(x) = —* is strictly 
x 


eae : 


decreasing in (e, 00). Hence, prove that 
303202 < 2.023°3, 


Inx 


Y Solution: We have f(x) = —~, x>0. 
X 
1-Inx 
Then f'(x) = x <0,Vx>e 
x 


=> f(x) strictly decreases in (e, 0). 
When a function is strictly decreasing, and x, < x, then f(x,) > 
f(x,) 
Thus, we have f(303) < f(202) as 303 > 202. 

In(303) a In(202) 

303 202 

=> 202 In (303) < 303 In (202) 
=> 303° < 202° 

which is the desired result. 


@ Example 19: If f(x) = x*-—x?+ 100x + 2000, then prove 


' that: 
~ (i) f (1000) < f (1001) 


' 1 1 
ai) f (00 | >f (sar) 
(ii) f (x —1) > f (K—-2) 


(iv) f (2x —3) > f (x) for x > 3. 

© Solution: f(x) = x— x? + 100x + 2000 
f'(x) = 3x?-2x+100>0VxeER 
f(x) is strictly increasing V x € R. 

Since 1000 < 1001 and f (x) is strictly increasing V x, we have 

f (1000) < f (1001). 

Le 1 
2000 = 2001 


1 1 
f | ——| >f|—— 
2000 2001 
We havef (x — 1) >f (x -—2)asx—1>x-2 for Vx 


and f (2x — 3) > f (x) for such x for which 2x —3 > x 
le. x > 3. 


Also 


© Example 20: Let f(x) and g(x) be two continuous 
function defined from R— R, such that f(x,) > f(x,) 
and g(x,) < g(x,), V x, > x,, then find the solution set of 
f(g(a? —2a)) > f(g(3a —4)). 


&Y Solution: Obviously, f is an increasing function and g 
is a decreasing function. 

Hence f(g(a? — 20)) > f(g(3a — 4)) 

=> g(a’- 2a) > g(3a —4) as f is increasing 

=> o’-2a<3a-4 as gis decreasing 


=> a’-5a+4<0 
=> ae(,4). 
@ Example 21: Let f(x) = 1-x-x’. 
Find all real values of x satisfying the inequality, 
1— f(x) —f3(x) > f(1 —5x). 
© Solution: f (x) =1-x-x’ 
=> f'(x)=-1-3x’ whichis negative V x ER 
=> f is strictly decreasing. 
f [f (x)] =1-f (&)-f 3%) 
f [f (x)] > f d -5x)] 


MoNoTONICITY 


x —sinx) 2x — x? (1 — cos x) 
(x -— sin x) 


1 | ( 
Now, g’ (x) = 6 


Again, consider the numerator as 
q(x) =x — 2 sinx + X cosx 


x . Xx xX 
= 2x cos” 4 sin — cos 
2 2 


tan 4 
= 2x cos? . toe ead a 


=> g'(x) <0 = gis strictly decreasing. 
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Since, f (x) is strictly decreasing 
f(x) >f(«) Sx, <x, 


© Example 24: Find possible values of a such that 
f(x) = e** — (a + 1) e* + 2x is strictly increasing for x € R. 


f (x) < ae ©Y Solution: f(x) = e -— (a + 1) e* + 2x 
ee f(x) = 2e* -(a+ 1) e%+2 
nee Now, 2e*— (a+ 1) e*+220 forallx ER 
x(x*—4)>0 

ae eee = afer] -aepz0 for allx €R 
2 0 2 


x € (-2,0) U(Q, ©). @t 1) S=- +4) forallx ER 


@ Example 22: Prove that (1 + x”)'* is a. strictly 
decreasing function for x > 0 with limit e as x > ©. 


© Solution: Let f(x) = (1 + 1/x)"*. 
Then f'(x) = f(x).g(x), where g(x) =In (1 + I/x)- I/x. | 
Since f(x) is positive, we must prove g(x) < 0 ore x 7 AN 
Now g’(x) = I1/(x?(x + 1)) > 0 for x > 0, 

SO g(x) is strictly increasing. 
Since g(x) — 0 as x — 00, we have g(x) < 0 for x > 0. 
The simplest way to find Jim f(x) 1s to write 


*, => s + 1 <4 (3 e «+ has theleast value 2] 


=> a3. 


Alternative: 
2e*-(at+1l)ex+2>0 forall xeER 

Putting e*=t where t € (0, 00) 

2t? -—(a+1)t+220 for allt € (0, ©) 
Hence either 
Gi) D<0 
=> (a+1)’-4<0 
=> (at+5)(a—3)<0 
=> ae [-5, 3] 


f(x) = (1 + I/x) (1 + I/xy. 
Clearly (1 + 1/x) > 1, and (1 + I/x)* > e. 


x2 or (ii) both roots are negative 
©@ Example 23: If f(x) = ——~—— and 
P w= — 2cosx Y 
2 
g(x) =___*____ where 0 < x < 1, then show that fis a strictly 


6x — 6sinx 
increasing and g is a strictly decreasing function. 


1- 
©Y Solution: f' (x) = ak ; 
(1 — cosx)~ 


cosx) 2x — x? 8 | 


Now consider the numerator as 


b 
We solve D = 0, -— — <0 and f(0) 20 
p(x) = 2 (1 — cos x) — x sinx 2a 


‘ ~ - D>0=> a € (-0, —5] U [3, 0) 
= 4 sin’ 2x sin — cos b pa 
2 2 =o 0 <0> ax<-l 
a 


f0)20 > 220 >aeR 
Hence, a € (—0, —5] 
Taking union of (i) and (ii), we get a € (—00, 3]. 


= 2x sin cos~ One ag >0 
2 2| x 


=> f'(x)>0 => fis strictly increasing. 
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Concept Problems 


1. Find out whether each of the following statements 10. 
is true: 
(i) “If a function increases at a point x,, then it has a 
positive derivative at the point”. 
(ii) “If the function f(x) differentiable at a point x, 
increases at that point, then f'(x,) > 0”. 
2. Find out whether the following statement is true: “If the 
function f(x) differentiable on an interval X increases on 
that interval, then f’(x) >0 V x € X”. 11. 


3. Let the function f(x) be defined in a neighbourhood of 

every point of the set X. Find out whether each of the 

following statements is true: 

(i) “If f(x) increases on the set X, then it increases at 12. 
every point x, € X”. 

(ii) “If f(x) increases at every point x, € X, then it 
increases on the set X”. (Consider the function 13 
f(x) =— 1/x). 


Find the monotonicity of the following functions for x € R. 
2x, x<0O, 
3x+5, x20 


@ fx)= 


2x*+3, x #0, 


(ii) ro={ 4 i 


x3 P x <0 
Let f(x) 7 ae O<x<a , 
Find the largest value of a so that f(x) is a monotonous 
function. 
Find the behaviour of the function 


2x, x <0 
f(x) = 2cosx, x>0 atx =0. 


. Find the behaviour of the function 


4. Prove that if a function increases at every point of an A vi ae 
open interval, then it increases on that interval. Will the f(x)= )—- ‘ x=0 atx =0. 
statement remain true if we replace the interval by an at asin) D 


i 2 wos : , 
arbitary set! sae Suppose an odd function is known to be increasing on the 


5. Suppose that f is an increasing function on [a, b] and that 
xX, is a number in (a, b). Prove that if f is differentiable at 
X,, then f’(x,) 2 0. .° ae 15. 

6. Show that if f(x) is strictly decreasing on interval I 
where it is differentiable, then f'(x) < 0 for all xin IL 


7. Prove that the following functions are strictly increasing. 16. 
(i) f(x)=cot'x+x 


- 2x 
ii) f(x) =In(. +x)- 
(ii) f(x) = In(1 + x) aa 17. 
8. Is the function cos (sin t) increasing or decreasing on the 
closed interval [—7/2, 0]? 18 


9. (i) Show that g(x) = I/x decreases on every interval in 
its domain. 
(ii) If the conclusion in (a) is really true, how do you ‘19. 
explain the fact that g(1) = 1 is actually greater 
than g(-1)=-1? 


. Show that the function y = 


interval x > 0. What can be said of its behaviour on the 
interval x < 0? 

Suppose an even function is known to be increasing on 
the interval x < 0. What can be said of its behaviour on 
the interval x > 0? 

Find the value of a in order that f(x) = a sin x — cosx — 
2ax + b decreases for all real values of x. 


If f(x) = strictly increasing in its domain? 


1-x? 
ol. ; : 
increases in any interval 


x 
not containing the point x = 0 

Find the values of k for which the function f(x) = (k — 1) 
x+k?—3, x € (-0, ©) is 

(i) strictly increasing (ii) strictly decreasing. 


Practice Problems A 


3 23. 
20. Prove that f(x) = 5 i sin’x increases for x € R. 


x 
21. Show that f(x) = Iga is an increasing 2A. 
a >.< 


function of x. 


22. Show that g(x) = 


ee oe 25. 
bad —-xy is a decreasing 


function of x. 


Prove that the function tan (cost) is decreasing on the 
closed interval [0, 7/2]. 
Is the function cos (sin (cos t)) increasing or decreasing 
on the closed interval [7t/2, 7] ? 

3 
Prove that the function f(x) = (1 + x)? - 3x 1 is strictly 


increasing on (0, ©). 


26. Prove that for a € [o 2) the function 


f(x) =x>+a(x?+x) + 1 is invertible. 

27. For which values of the constant k is the function 7x + k 
sin 2x always increasing? 

28. For what values of a is the function f(x) = x? — ax strictly 
increasing for all x ? 

29. If a*-— 3b + 15 < 0, then show that f(x) = x? + ax? + bx + 
5sin°x is an increasing function for all x. 

30. If f(x) = e*(x?— x + 2) — (x? + x + 2), prove that when x is 
positive, f(x) increases as x increases. 

31. If the function f (x) =(a + 2)x?— 3ax? + 9ax — 1 is strictly 
decreasing V x € R, find ‘a’. 


2 
32. Prove that f(x) = a x? — x° + 2x3 — 3x? + 6x — 1 is strictly 


increasing. 


x 
33. Show that the function f(x) = Tie — fn (1 + x) is an 


increasing function when x > — 1. 


34. Find the set of all real values of 1 so that the function 
f(x) = (u + 1) x3+ 2x? + 3px —7 is 


6.3 Critical Point 


We understand that not all functions are monotonous in their 
domain. In general, a function increases and decreases in 
different parts of its domain. Suppose a function f defined in 
(a, b), increases in (a, c) and then decreases in (c, b), we are 
now interested in knowing what must have happened at x = c 
and how do we get c? 


To answer these questions, we should first define the term 
‘critical points’. We have seen in the previous section that the 
sign of the derivative helps in determining the behaviour of a 
function. These points play a crucial role in finding the sign 
of the derivative of a function. 

Definition. A critical point of a function f is an interior point 
c in the domain of f such the either f'(c) = 0 or f'(c) does 
not exist. 

Sometimes we will want to distinguish critical numbers at 
which f'(x) = 0 from those at which f is not differentiable. 
We will call a point on the graph of f at which f'(x) = 0, a 
stationary point of f. 


The stationary points of f are the x-intercepts of the graph 
of f’. 


2 Note: 


) Ifx=c is acritical point of the function f, then it is also 
a critical point of the function g(x) = f(x) + k, where k is a 
constant. 


Monotonicity 6.15 


(i) strictly increasing (ii) strictly decreasing. 
35. Prove that the function 


1 wd 
—x+x’sin— forx #0, 


f(x) =52 
@) 0 for x =0 
is not monotonic in any interval containing the origin. 


36. Show that the derivative 


1 : , 
f'(x) = 5 + 2x sin . - cos —, (x # 0), is equal to 


3 . 1 
5 at the points X = ~———— (n= 


+1, + 
CaeeT 0, +1, +2, ...), 


1 ; : Bec sie 
and to —— at the points x ve , i.e. the derivative 
2 2nm 


changes sign in any vicinity of the origin. 

37. Suppose that f is increasing on every closed interval [a, b] 
provided that 2 < a < b. Prove that f is increasing on the 
unbounded open interval (2, 0). 


38. Show that y = tan-'x — x decreases everywhere and hence 
deduce that tan"' 1 + 1 > tan”'2. 


 @ % 2_4 
39. For what values of a is the function, f(x) = [=] 


x? + (a— 1)x?+ 2x + 1 monotonous. 


di) If x = c is a critical point of the function f, then 


x =c +k isa critical point of the function g(x) = f(x — k), 
where k is a constant. 

For example, x = 0 is a critical point of f(x) = x* and 
x = | is acritical point of g(x) = (x — 1)’. 


Remark In some texts, if f'(c) = 0 or f’(c) does not exist, 
then x = cis called as critical number and (c, f(c)) is called as 
the critical point. 


© Example 1: Find the critical points of the function 
f(x) = x*5 (4—x). 


Yw Solution: f'(x)= ax (4—x) + x35 (-1) 


3(4—-x) 
~ 5,25 x%® 
3(4—x)-5x _ 12-8x 
= 5x25 5x25 


3 
Therefore, f'(x) = 0 if 12 —8x =0, that is, x = 3 , and f'(x) does 
not exist when x = 0. 


Thus, the critical points of f(x) are 0 and : : 


©@ Example 2: Find the critical points for the function 
e* 
x—-2 


f(x) = 
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(x —2)e* -e*(1) _ e* (x3) 
(x-2) (x-2)’ 
The derivative is not defined at x = 2, but f is not defined at 
2 either, so x = 2 is not a critical point. The critical points are 
found by solving f'(x) = 0: 
e* (x —3) 
(x-2)? 


Y Solution: f'(x) = 


=0>x=53. 
So, x = 3 is the only critical point. 


© Example 3: Find the critical points of 
f(x) = (x —2)°3(2x + 1). 
Y Solution: Given, f(x) = (x — 2)?3(2x + 1) 
2 
=> f= 5 &-2)2x + 1) + (x- 2)" 2 


(2x + = eS (x a 2)2/3 
3(x — 2) 
Clearly, f'(x) does not exist at x = 2, so, x = 2 is a critical point. 
Other critical points are given by, f(x) = 0 
i@i-5| CRD PIG) |25 

(x —2)'8 

=> 5x-5=0>x=1 
Hence, x = | and x = 2 are two critical points of f(x). 


or f'(x)=2 


@ Example 4: Find all possible values of the parameter 
for each of which the function, 

f (x) =sin2 x -—8 (b+2)cosx—(4b’ + 16b +6) 
is strictly decreasing throughout the number line and has no 
critical points. 


Y Solution: We have f’ (x) 
=2cos2x+8(b+2)sinx—(4b’?+ 16b+6) 
= 2(1 — 2sin? x) + 8(b + 2) sin x — (4b? + 16b + 6) 
=—4[sin?x —2(b+2)sinx+(b*>+4b+1)] 
For f to be strictly decreasing with no critical points 
f'(x)<OVxeER 
Now, D = 4 (b+ 2)? —4 (6? +4 b+ 1) 
=12_ which is always positive. 
Let sin x = y where y € [—1, 1] 
and g(y)=y?—2(b+2)y+(b?+4b+1) 
We have to find those values of ‘b’ for which 
g(y) > Oforally € [-1, 1] 
The conditions are 


b 
(1) g(—1)>Oand—7— <-—l,or 


ws b 
> —-—> 
(ii) g (1) > O and Fa 1 


The condition (i) gives 
ne 1+2(+2)+b?+4b+ 1>0 


P “NS 
be? +6b4+6>0 (1) 
<-lorb<-—3 (2) 


(1) and (2) > b< -(3 + V3) 
Similarly, the condition (ii) gives b > 3 —1 
Hence, b € (1, -(3 + V3 )) U(v3 1, 0). 


Practice Problems B 


5 
1. Prove that f(x) = as has two stationary points. 
ex — 


2. Find the stationary points of 
f(x) = 5x es +45 
x -9 
3. Find the critical points of the function: 
(i) f(t) = 3t* + 4t? — 6t? 
(ii) f(x) = x*9(x - 4) 
(iii) £(8) = 2cosO + sin?0 
4. Find the critical points of the function: 
Gj) y=x+cos!x+1 
(ii) y = xtan! 
(iii) y=ehl-2x +1 
5. Define f(x) to be the distance from x to the nearest integer. 
What are the critical points of f ? 


6. Find the critical points of the function: 
(i) y=Vx?-6x+15 (ii) y=(x+2)vVx-1. 


7. Find the critical points of the function: 
(i) f(x) =e? -—V4x? -12x +9 
(ii) f(x) = sin?3x + 3Vx? —4x +4 +cos1 

8. Find the critical points of the function: 


G) y=3sinx+2(x-1) 
(ii) y=cos 2x + ax — 3B 


—Asin? La 
2 


9. Find the critical points of the function y = 2 sin?* 
. XxX x 6 
+ sin—= - —. 
3 3 
inequality x? - 10 < -19.5x. 


whose coordinates satisfy the 


10. Find all the values of a for which the function f(x) does 
not posses critical points where 


6.4 Intervals of Monotonicity 


We now wish to find the various intervals in which a non- 
monotonous function f increases or decreases. For this purpose 
we first find the domain of the function f. Suppose that the 
function is defined in [a, b]. We then find the critical points, say 
Xp Xqp every Xs Xs 

Next we split the whole interval [a, b], by means of the points x,, 
into the subintervals (a, X,), (X,, X,)) 5. (&_ P X,), (x,, b). In 
each subinterval, the derivative has Ganetant sign. We assume 
that the derivative is continuous in each subinterval, and hence, 
if it changed the sign, f'(x) would turn into zero at some new 
point, which is impossible since all such points have already 
been found as critical points (they serve as the end points of 
the subintervals). 


Thus, these subintervals are the intervals of monotonicity of 
the function. 


Now we must determine the sign of the derivative in each 
subinterval. The sign of the derivative in each subinterval can be — 
determined by computing the value of the function f’ @): at an 


arbitrary point of every subinterval. 


If the derivative is represented as a product of a nfogd be of 
factors it is sufficient to determine the signs of these factors 
without computing their values since these signs specify the 
sign of the derivative. The sign of the derivative specifies 
the character of variation of the function in each interval of 
monotonicity, that is its increase or decrease. 


For example, take the function 
y = 2/3x? — 2x? — 6x + 3. 
y’ =2x?-4x-6 
Solving y’ = 0 we get the critical points x = —1 and 3. 
Note that y is a differentiable function for all x. 
To check that in the interval — 1 < x < 3, whether it decreases, 
it is sufficient to verify that its derivative 
y’ = 2x” — 4x — 6 is negative for— 1 <x < 3. 
The latter does in fact take place since 
y’ = 2(x + 1) (x — 3), and the factor (x + 1) is positive for 
all the values of x in this interval while the factor (x — 3) is 
negative. 


A Caution 


It was noticed earlier that a function may be strictly 
monotonous even when its derivative became zero at several 
discrete points or the derivative didnot exist. 
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f(x) = (4a — 3) (x + In 5) + 2 (a—7) cot 5 sin? - 


This implies that all critical points may not be instrumental in 
changing the monotonic behaviour of the function. This means 
that f’(x) need not change sign at each critical point. 


For instance, the function 

f(x) = (x? — 2x + 2)e* whose f '(x) = x’e* 
has a critical point x = 0, but the function does change its 
increasing behaviour at x = 0 since its derivative maintains 
positive sign across the point x = 0. Here, f(x) is strictly 
increasing for x € (—00, ©). 


Steps for Finding Intervals of Monotonicity 


Let us now formulate the rule for finding the intervals of 
monotonicity of a function: 


1. Compute the derivative f'(x) of a given function f(x), and 

- then find the points at which f'(x) equals zero or does 

not exist at all. These points are the critical points for the 

function f(x). 

2. Using the critical points, separate the domain of definition 
of the function f(x) into several intervals on each of which 
the derivative f(x) retains its sign. These intervals will be 
the intervals of monotonicity. 

3. Investigate the sign of f’(x) on each of the found intervals. 
If on a certain interval f'(x) > 0, then the function f(x) 
increases on this interval, and if f'(x) < 0, then f(x) 
decreases on this interval. 


1 1 
©@ Example 1: Test the function f(x)= 3° - ae for in- 
crease or decrease. 


© Solution: First, we find the derivative : f'(x) = x*— x? 
Next, we determine the critical points: 


f '(x) exist for all x and f'(x) = 0 when x* — x? = 0, we find 
the points X,= -l, X, = 0, X,= 1, at which the derivative f'(x) 
vanishes. 


Since f’(x) can change sign only when passing through points 
at which it vanishes or becomes discontinuous (in the given 
case, f'(x) has no discontinuities), the derivative in each of 
the intervals (—00, —1), (-1, 0), (0, 1) and (1, 00) retains its sign; 
for this reason, the function under investigation is monotonic 
in each of these intervals. 


To determine in which of the indicated intervals the function 
increases and in which it decreases, one has to determine the 
sign of the derivative in each of the intervals. 
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To determine what the sign of f'(x) is in the interval (—00, -1), 
it is sufficient to determine the sign of f'(x) at some point of 
the interval; for example, taking x = —2, we get f'(-2) = 12 > 0; 
hence, f'(x) > 0 in the interval (—o0, —1) and the function in 
this interval increases. 


Similarly, we find that f’(x) < O in the interval (—1, 0) (as a 


check, we can take x = — 5 f '(x) < 0 in the interval (0, 1) 


(here, we can use x = 1/2 and f'(x) > 0 in the interval (1, 0). 
Thus, the function increases in the interval (—oo, -1), 
decreases in the interval (—1, 1) and again increases in the 
interval (1, 0). 

@ Example 2: Determine where the function f(x) = x3 


— 3x* — 9x + 1 is strictly increasing and where it is strictly 
decreasing. 


& Solution: First, we find the derivative: 
f'(x) = 3x? - 6x —9 = 3(x + 1)(x - 3) 
Next, we determine the critical points: 
f'(x) exist for all x and f'(x) = 0 at x =—1 and x =3. 
These critical points divide the x-axis into three parts, and 


we select a typical number from each of these intervals. For | 
example, we select —2, 0 and 4, and evaluate the derivative at — 
these numbers, and mark each interval as increasing (t) or 


decreasing(V), according to whether the derivative is Positive 
or negative, respectively. ey 

+, - + 

A| Ww 3a 


Thus, the function increases in the intervals (—00, —1) and (3, 0) 
and decreases in the interval (—1, 1). 


Caution 


While writing the intervals of increase or decrease it is not 
advisable to use the union symbol “U’, unless due care has 
been taken. Suppose that in the above example we write the 
intervals of increase as 

(—00, -1) U (3, 00), then by definition it means that if x,, x, € 
(—00, —1) U (3, ©) where x, < x, then 

f(x,) < f(x,) for all such x,, x,. This is not true since x, can 
belong to (—90, —1) and x, can belong to (3, 0) and we have not 
checked that the maximum value of f(x) obtained in (—00, —1] 
is whether less than or equal to the minimum value of f(x) 
obtained in [3, 00). In this function it is surely not so. 

In case of discontinuous functions there is a chance for this 
to happen. 

For instance, see the function y = f(x) graphed below: 


Since the function e 
_ is decided by the second factor. Consequently f'(x) > 0 on the 


Here, the function increases in the intervals (a, c), (d, b) and we 
may proceed to write that it increases in (a, c) U (d, b) because 
we in this function we have f(c) < f(d). 


© Example 3: Find whether the function f(x) = xe, 
increases or decreases. 


Y Solution: We find the derivative 

f'(x) = e** — 3xe** = e** (1 — 3x). 
The derivative f'(x) exists everywhere and vanishes at the 
point 1/3. The point x = 1/3 divides the number line into two 
intervals, (— ©, 1/3) and (1/3, ©). 


-*is always positive, the sign the derivative 


oo, 1/3) and f’(x) < 0 on the interval (1/3, 0). 


Hence, the function f(x) increases on the interval (—°0, 1/3) 
and decreases on the interval (1/3, 0). 


interval (— 


©@ Example 4: Find the intervals of monotonicity of 
f(x) = (2* — 1)(2*— 22. 
© Solution: f(x) = (2*— 1)(2*- 2) 
=> f(x) = 2log2(2*— 2)? + 2(2* — 2)log2(2* — 1) 
= 2"log2(2* -2)[(2* — 2) + 2(2*— 1)] 
= 2"log2(2* -2)[3.2* — 4] 


f'(x)=0> 2*%-2=0 or, 3.2*- 
> x=l = log, (4/3) 
Sign scheme of f'(x) 
+ = + 
log,(4/3) 1 


Thus, f(x) is increasing in (—90, log,(4/3)) and (1, 90) and 
decreasing in (log,(4/3), 1). 


©@ Example 5: Find the intervals of monotonicity of the 
following functions: 


(i) f(x) = 2x?— In |x| 


x3 


(ii) f(x) = 


+27— 


©Y Solution: (i) We have f(x) = 2x? — In |x| 


1 1 
; 4{x+2}[x-3] 
and f’ (x)=4x— —= = 
xX 


x 


Now, from the sign scheme for f'(x), we have 
-1/2 0 1/2 
=> f(x) strictly decreases in (—00, —1/2) 
strictly increases in (—1/2, 0) 
strictly decreases in (0, 1/2) 
strictly increases in (—1/2, 00) 


Finally, f(x) increases in (-3.0}, (5-=] 


-a} (3). 


and decreases in (-2 


3 
xX 


(ii) We have f(x) = r and 
x +27 
f(x) = (x* +.27)(3x")—x7(4x*) | —x?(x*-81) 
ag (x4 427) (x4 427) 


x? (x? +9)(x +3)(x —3) 
(x* +27) 


Now, from the sign scheme for f'(x), we have 


-3 3 
=> f(x) strictly decreases in (—00, —3) 
strictly increases in (—3, 3) 
strictly decreases in (3, ©). 
Finally, f(x) increases in (—3, 3) 
and decreases in (—00, —3), (3, 0). 


© Example 6: Determine the intervals of increase and 


decrease of the function y = 


x+2- 


&Y Solution: Here, x =—2 is a discontinuity of the function 
a <0 for x 4-2. 

Hence, the function y decreases in the intervals 

—00 <x <—2and—-2<x< oo, 

Note that the function decreases in two separate intervals and 
we cannot say that the function is decreasing in its domain, 
since f(—2-) = — 00 and f(—2*) = o. In fact the values of the 
function on the left of x = —2 are smaller than those on the 
right of —2. 


and y'= 
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© Example 7: Find the intervals of monotonicity of the 


-1 
function f(x) = Eel ' 


7 1-x 
& Solution: We have f(x) = gph | 
xX 
1-x 
=— x21 
xX 
—2 1 x-2 
and f'(x) = —+—>=—,x<l 
&) xo x? x3 
= 
= 7 x>1 
+ = + = 
—. $$ ei | 
0 1 2 


Now, from the sign scheme for f'(x), we see that f(x) strictly 
increases in (—00, 0), (1, 2) and strictly decreases in (0, 1), 
(2, 00). 

Remark It is a convention that we write the intervals of 
monotonicity using open intervals but, ideally the use of closed 
intervals is more informative, particularly in discontinuous 


_ functions. In the case of continuous functions defined on 
-aclose interval, the open intervals of monotonicity can be 
~ easily replaced by closed intervals. However, in the case of 


discontinuous functions due care must be taken in using closed 
brackets. 

For instance, consider the following functions. Using open 
brackets we would write in each of the functions that f(x) 
increases in the interval (a, c) and decreases in the interval 
(c, b). 

Now, we write the intervals of monotonicity using closed 
brackets. 


(i) 


y = f(x 


t ! i 
a c b 


f(x) increases in the interval [a, c] and decreases in the interval 
[c, b]. 


(i : 
y= iw 


a Cc b xX 


f(x) increases in the interval [a, c] and decreases in the interval 
[c, b]. 
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(iii) 


“oN 


H : i 

a Cc b X 
f(x) increases in the interval [a, c] and decreases in the interval 
(c, b]. 


(iv) 
y= fo, 


; H i 
a Cc b X 


f(x) increases in the interval [a, c) and decreases in the interval 
(c, b]. 
©@ Example 8: Find the intervals of increase of the function 
f(x) =x? e*/t,a>0 

. ' —x’/a’ 2-x’/a* —2x 
© Solution: f'(x) = 2xe +x7e amet 


2 
a 


2 —x’/a’ 
=2xe*/*] 1 a = zs x(a” =x") 
a 
= positive no. [—-1 (x + a) (k —0) (x-a)] 
Sign scheme of f’ (x) 
+ — + = 


—a O a 
f(x) is increasing in (—00, —a] and [0, a]. 


©@ Example 9: Find the intervals of monotonicity of the 


function f(x) =x+ —. 
x 


© Solution: The function f is undefined at x = 0, but con- 
tinuous elsewhere. Evidently f'(x) = 1 - = . 

x 
and f’(x) = 0 if and only if, x = 2. Thus, 2 is the only critical 
point. Therefore, fis strictly monotonic in each of the intervals 
(— 0, 0), (0, 2], [2, ©]. 
Since f'(—1) > 0, f'C1) < 0, f'(3) > 0, we have: 
f is strictly increasing in (— ©, 0), strictly decreasing in (0, 2], 
and strictly increasing in [2, 0). 


- Note: 

(i) If fis increasing on the intervals (a, c] and [c, b), then f is 
increasing on (a, b). 

(ii) If f is decreasing on the intervals (a, c] and [c, b), then f 
is decreasing on (a, b). 

Remark Suppose that the function is defined in (a, b). If 

it increases in two consecutive intervals, say (a, c) and (c, b) 


g(x) = fe -1L 


— @ Solution: We have f'(x) = 


then can we always write that it increases in (a, b)? The answer 
is no. This can be surely done if the function is continuous at 
x =c. However, if it is discontinuous at x = c, then we can join 
the intervals only when f(c_) < f(c) < f(c’). 
Similarly, if the function decreases in two consecutive intervals 
then we can join the intervals only when f(c_) 2 f(c) 2 f(c’). 
For example, consider the function 

f(x) = x° — 5x44 5x34 1. 

f'(x) = 5x?(x — 1)(x - 3) 
The critical points are x = 0, | and 3. 
Sign scheme of f(x): 


The function increases in (— 70, 0), (0, 1) and (3, ©). 
Since, f is continuous at x = 0, we may prefer to write that f 
increases in (— ©, 1) and (3, ©). 
© Example 10: Show that f(x) = 7" 


+2x, -1<x<0O 
+1, O<x<l 


is strictly increasing in (—1, 1), but 


[x2 42x, -1<x <0 


is not strictly increasing in (—1, 1). 
O<x<l y gm 1,1) 


2x+2, -l<x<0 

3: O<x<l 

For all x 4 0, f(x) > 0. 

Thus, f(x) is increasing in (— 1, 0) and (0, 1). 

At x = 0, f is discontinuous, 

however f(0-) = 0, f(0) = 1 and f(0*) = 1. 

Because of the non-decreasing order of these quantities, we 
can proceed to say that f(x) is increasing in (- 1, 1). 

Quite similar to f, g(x) is decreasing in (— 1, 0) and (0, 1). At 
x = 0, g is also discontinuous. 

But g(0-) = 0, g(0) = 1 and g(0*) =-1. 

Since, the non-decreasing order of these quantities, is not 
maintained, g(x) cannot be said to increase in (— 1, 1). 


© Example 11: Find the intervals of increase and decrease 


of the function f(x) = ee 
Inx 


©& Solution: The function f(x) = = is defined for 
x € (0, 1) U(I, ©). me 


. f Inx-1 
ow, f'(x) = fing? 
Let f'(x)=0 > Inx-1=0 > xe=e 


If follows that f’(x) > 0 if x > e and f’(x) < Oif x <e. 
Consequently, f(x) decreases on the intervals (0, 1) and (1, e) 
and increases on the interval (e, 00). 

Note that here we cannot join the intervals of decrease (0, 1) 
and (1, e) because f is undefined at x = 1. 


© Example 12: A function f(x) is given by the equation, x? 
f'(x)+2xf(x)-—x+1=0(x £0). If f(1) =0, then find the 
intervals of monotonicity of f. 


Y Solution: We have x? f'(x) +2x f(x) -x+1=0 
oa [x?y] =x — 1 where y = f(x) 
dx 
2 


=> xy = f(x- 1) dx > xy= S -xte 


1 
Now f(1)=0 > c= 75- 
oer eee ee eae 
is gives y=>— bgt 
dy 1 1 x-l + _ + 
2. — - = ———_+—_ 
dx x? x x3 oO 1 


d 
Considering the sign of i; , we find that 
f(x) increases in (— 00, 0) and (1, 00) while it decreases in (0, 1). 


@ Example 13: Let f'(sin x) < 0 and f "(sin x) > 0, 


Vxe (o.3} and g(x) = f(sin x) + f(cos x), then find the 


intervals in which g(x) is increasing and decreasing. 

Y Solution: Here, oat 
f"(sin x) < Oandf"(sinx) >0, Vx € (0.2) . AM 1) 

and g(x) = f(sin x) + f(cos x) ( a y : 

=> g'(x)=f"(sin x) - cos x +f (cos x) (— sin x) 7 

=> eg(x) = {-f'(sin x) - sinx + f (sin x) cos?x} 


— {f'(cos x)-cos x —f "(cos x)sin? x} (2) 
From (1), we have f'(cos x) < 0 and f'"(cos x) > 0 
Vxe [0 =) (3) 


Using (1), (2) and (3), we have, 

2"(x) = {-f (sinx)-cosx} A {f (sin x)-cos*x} 
Se, en oe 

positive 


positive 


{f"cos x)sin?x}  {—f (cos x)-cos x} 
+ + 


positive positive 


=> g(x)>0Vxe C z) (4) 


=>  g’(x) is strictly increasing in (o a 


Now putting g(x) = 0, we have 
f'(sin x) - cos x —f ‘(cos x) sinx =0 


> x= 7 [by trial and error] 
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Since g'(x) is increasing in fo I, it has atmost one root. 
Tv is ee ise 
Hence x = 7 1s the only critical point of g(x). 


Also g'(x) < 0, when x € (0.2) 


' iced 
g'(x) > 0, when x € (Z.). 


T 
g(x) is decreasing when x € (0.4) 
g(x) is increasing when x € ($4) : 


© Example 14: Find the intervals of increase of g(x), 


2 


where g(x) = a[ 5) + f{(6 — x?) V x € R, given that 
f'"(x) >0V xER. 


gw Solution: g(x) = 26 + f(6 - x2) 


=> vo)=2n0"[ 2xf'(6 — x2) 


2 
= aff} 16-99] mals 


But given that f(x) > 0 >f'(x) is increasing for all xER. 
2 
Case I: Let >(6-xX)>xX>4 
=> xe (-©, -2) U (2, 0) 
r x ' 2 
f [S| > f'(6 — x’) 
x? 
St - -f'(6 — x?) > O for xe (-o#, —2) and 
(2, 0&)...(2) 


From (1) and (2), g'(x) > 0 for x € (2, ©) 
and g'(x) < 0 for x € (-00, —2). 
2 


Case II: Let <(6-xX) > xX2<4—>x € (2,2) 


f’ [=] < f'(6 — x?) 


=> (=| "(6 —x2) <0 forx € (-2,2) ...(3) 


From (1) and (3), g(x) < 0 for x € (0, 2). 
and g'(x) > 0 for x € (—2, 0) 
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Combining both cases, g(x) is increasing in 
x € (2, 0) and (2, ©). 


Application of Monotonicity in Isolation of Roots 


Suppose that 

(i) fis continuous on [a, b] and differentiable on (a, b), 

(ii) f(a) and f(b) have opposite signs, 

(iii) f(x) > 0 on (a, b) or f'(x) < 0 on (a, b), 

then f has exactly one root between a and b. 

It cannot have more than one root because it is either increasing 
on [a, b] or decreasing on [a, b]. Yet it has atleast one root, by 
the Intermediate Value Theorem. 

For example, f(x) = x? + 3x + 1 has exactly one zero on 
{[-1, 1] because 

(i) fis differentiable on [-1, 1], 

(i) f(-—1) =—3 and f(1) =5 have opposite signs, and 

(iii) f’(x) = 3x? + 3 > O for all x in [-1, 1]. 


(-1,-3) 


Consider another example. Let us take the equation =~ 
f(x) =x?4+ 1.1 x°+0.9x-1.4=0 

Since f'(x) = 3x? + 2.2x + 0.9 > 0 for all the valve of x x, the 

function f(x) is strictly increasing, and hence its graph cuts the 

x-axis only once. 

Besides, f(0) = — 1.4 and f(1) = 1.6, which means that there is 

a single real root located within the interval [0, 1]. 

Let us compute f(0.5) = — 0.55 and then f(0.7) = 0.112. This 

shows that [0.5, 0.7] is a reduced interval of isolation of the 

sought-for root. 


©@ Example 15: Show that the equation x° — 3x — 1 = 0 has 
a unique root in [1, 2]. 
© Solution: Consider the function 
f(x) =x°-3x-1,x € [1,2] 
and f’(x) = 5x*-3>0V x € (1, 2) 
=> f(x) is strictly increasing in (1, 2). 
Also, we have 
f)=1-3-1=-3 
and f(2) =32-6-1=25 
Hence y = f(x) will cut the x-axis exactly once in [1, 2] 
i.e. f(x) will have a unique root in [1, 2]. 


©@ Example 16: Find the values of a, if the equation 


. . . Tl 
X—sinx =ahasa unique root in |-3. |. 


Y Solution: Consider the function 


f(x) =x-sinx,x € |-4.4]. 


Then f'(x) = 1—cosx=2 sin'{ = >0 


=> f(x) is strictly increasing in (-#.3). 


TT 


Also, we have (=) ee mg ee 
2 2 


T Tt 
and ie =5 -l-a. 


The curve y = f(x) will cuts the x-axis exactly once, if 


—T é : Tw). “gs 
f os 1s negative or zero and (3) 1S positive or zero. 


ie, -= +1205 0 and = 1-0 
2 2 
a @ bei! Tv 
i. eNRe — gs 
HS wy a +landa< 5 1 


_ Hence, we have ae Ge za], 


2 


@ Example 17: Let f(x) = x? + 2x? + x +5. Show that f(x) 
has only one real root such that [a] = —3. 


© Solution: We have f(x) = x3 + 2x?+x+5,xeER 
and f’(x) = 3x7+4x+1l=(x+1)(3x+1),xeER 
Sign scheme of f'(x) 
+ = + 
-1 -1/3 
f(x) strictly increases in (—90, —1) 
strictly decreases in (-1, —-1/3) 
strictly increases in (—1/3, 00) 
Also, we have 
f(-1) =-1+2-14+5=5 
d ( +)- es 4, 
an 3 a7 9 3 +5 5-= = 85 


The graph of f(x) (see figure) es that f(x) cuts the 
X-axis only once. 


Now, we have f(-3) =— 27+ 12-3+5=-13 
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and f(-2)=-8+8-2+5=3, => f(x) = 0 has only one real root & lying between — 2 and 
which are of opposite signs. This proves that the curve cuts __3, Hence, [a] = -3. 
the x-axis somewhere between —2 and -3. 


ConceptiProblems € 


10. 


11. 


12. 


Find the intervals of monotonicity of the following 3. Find the intervals of the increase of the function 


functions : _ X+2 
(i) f(x) = ax? + bx +c (a> 0), x? -1 
(ii) f(x) = x? + 3x? + 3x, 4. Find the intervals of decrease of the function 

2 
(iii) f(x) = ee ¥ = 2x? —x41- 
(iv) f(x) =x+sinx, 5. Show that the equation xe* = 2 has only one positive root 
(v) f(x)=x+2sinx found in the interval (0, 1). 
(vi) f(x) = sin (1/x), 6. Show that the function f(x) = xe* — 2 increases and has 
(vii) f(«) = x22" opposite signs at the endpoints of the interval (0, 1). 
(viii) f(x) = x"e* (n > 0, x > 0) 7. (i) Show that g(t) =sin* t— 3t decreases on every interval 


in its domain. 
; (il “How many solutions does the equation sin’ t — 3t = 5 
functions: X ~~ have? Give reasons for your answer. 
8. 


Determine the intervals of monotonicity of the following 


(i) f(x) = 3x*- 6x?+4 (ii) f(x) = 


x? 


x41 ow that the equation x* + 2x? — 2 = 0 has exactly one 


‘“ijiw@= solution on [0, 1]. 


oo 
OY 


1 


Practice Problems a (ce 


Find the intervals of monotonicity of the given functions. 13. Determine the intervals in which the function f(x) = x* 


@) y=(x-2)° (2x + 1) In 27 — 6x In 27 + (3x? — 18x + 24) 

(ii) y=x’e* x In (x? — 6x + 8) is strictly decreasing. 

tii) y= x 14. Find the critical points of the function f(x) = 4x* — 6x? cos 
Inx 


2a + 3x sin 2a sin 6a + jin(2a—a? : 


i =x— i <x< F : 
Nya Ze eS) Does f(x) decrease or increase at the point x = 1/2? 


Find the intervals of monotonicity of the following 15, Show that f(x) =x’+x°+x?+x+1 has precisely one real 
functions (make use of closed bracket wherever possible): zero. How can this result be generalized to polynomials 
(i) f(x) =—x?4+ 6x?- 9x —2 without even powers? 
(ii) f(x) =x + t. 16. Show that the equation x? =x sin x + cos x holds for exactly 
! two real values of x. 
(iii) f(x) = x .e** 17. Show that the equation e* = bx, where a and b are positive, 
(iv) f(x) = x —cos x has two real roots, one, or none, according as b > ae, 
Find the intervals of increase of the function b =ae, or b < ae. 
(i) y=|x|—cos 2x 18. Show that the equation e* = 1 + x has no real root except 
: x = 0, and that e* = 1 + x + x?/2 has one real root. 

sin—, x #0, 

(ii) y= | a A 19. Show that the equation 3 tan x + x? = 2 has exactly one 
B x=0. 


solution in the interval [0, 70/4]. 
Determine the intervals of increase and decrease of the 29, Consider the function f(x) = x? + ax? + c. Show that if 


x°-4x 


function y =2e a <Oandc > 0, then f has exactly one negative root. 
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6.5 Monotonicity in Parametric Functions 


Let the function y = f(x) be given by 
x= (1) 
y= W(t) 
One way is to eliminate t to find the function y in terms of x 
and then proceed as usual. 
Another way is to continue with t. We first find the critical 


_ a ‘ai 
point in terms of t and then investigate the sign of dx o(t)’ 


©@ Example 1: Find the intervals of monotonicity of the 
function y = f(x) given by x = Int, y=(t- 1)’. 


&Y Solution: 
Method 1: We have t=e*> y=(e*- 1)’ 
d ss ‘ 
= Aer-1e ——j 
>.< 


f(x) is increasing for x € (0, ©) and it is decreasing for x € 
(— «, 0). 
@ Example 2: x=Int, y=(t-1)%, are defined for t> 0. 
dy _ 2(t-1) 
dx 1/t 
Critical point : t= 1 


=2t(t-1) 


et 


; dy : 
Sign of ~~ based ont: 0 > t 


Since, x = Int increases with t, the order of sign of the derivative 
is maintained on the x number line. 


= + 


d 
of based on x: 
dx -© Inl=0 x 


Sign 


f(x) is increasing for x € (0, ©) and it is decreasing for 
x € (- 0, 0). 


@ Example 3: Find the intervals of monotonicity of 
the function y = f(x) given by x =14+2*,y=2t-t,teR. 
' d 2-2 
© Solution: = =~" = 
dx -2'In2 
Critical point : t= 1 


2(t-1) 
2'In2 


Since, x = 1 — 2* decreases with t, the order of sign of the 
derivative is reversed on the x number line. 
Note that x > 1. 


é dy _ + + = 
Sign of ro ; ? => ; af : 
f(x) is increasing for x € (1, 3/2) and f(x) is decreasing for 
x € (3/2, 00). 
©@ Example 4: Find the intervals of monotonicity of the 
function y = f(x) given by 
x=cos 't, y = In(4-t?), -I<t<l. 


dy _ 2tv1—t? 


© Solution: 7, = 


(4-t*) 
Critical point : t= 0 
t hae a — 4 us 
Sign of oy peat 
dx x = os a — 
0 n/2 T 


f(x) is increasing for x € (0, 7/2) and f(x) is decreasing for x 
€ (1/2, 7). 


6.6 Algebra of Monotonous Functions 


Negative 
If f(x) is a strictly increasing function then its negative 
g(x) =— f(x) is a strictly decreasing function and vice-versa. 
Assuming f to be differentiable, g'(x) = — f'(x) 
Since f(x) > 0, g’(x) <0 
=> gisastrictly decreasing function 
_ f(x) = tan”'x is strictly increasing. 
oh, g(x) = — tan’'x is strictly decreasing. 


f : : 
increasing 
function 

xX 
& decreasing 
function 
£ 


In short, —(an increasing function) 
= a decreasing function 

i.e. -I=D 

Similarly, -D =I 


Reciprocal 


The reciprocal of a nonzero strictly increasing function is a 
strictly decreasing function and vice-versa. 


1 


> an increasing function 


In short = a decreasing function 


ie. (i) ~=D (ii) =I 


© Example 1: Find the intervals of monotonicity of 
800 = 453 9x? + 6x 

@ Solution: Let f(x) = 4x3 — 9x? + 6x 
g(x) = 1/f(x) 


Hence, when f increases then g decreases and vice-versa. So 
we first find the monotonicity of f(x). 


f'(x) = 12x*- 18x +6 

=> 6(2x?-3x+1)= 6(2x-1)(x-1) 
+ - + 
1/2 1 

f is strictly increasing in (— 0, 1/2), (1, ©) and strictly 
decreasing in (1/2, 1). 
and y = 1/x is strictly decreasing in (— 00, 0), (0, 00) 

4x3 - 9x? + 6x =0> x(4x?-9x+6)=0>x=0. 
For x < 0, f(x) = x(4x? — 9x + 6) < 0 

g(x) = I/f(x) is strictly decreasing in (— ©, 0). 
For x > 0, f(x) = x(4x? — 9x + 6) > 0 

g(x) is strictly decreasing in (0, 1/2) and (1, ©) and it is 
strictly increasing in (1/2, 1). 


Sum 


If f and g are strictly increasing functions then h(x) = f(x) + g(x) 
is also a strictly increasing function. 
Assuming f and g to be differentiable, 

h(x) = f'(x) + g'(x) 
Since, f and g are strictly increasing f'(x) and g’(x) are positive. 
=> f'(x) + g'(x) is positive 
=> h(x) = f(x) + g(x) is strictly increasing 


Y, h(x) 5 f(x) + g(x) 


g(x) 
f(x) 


Xx 


In short, a strictly increasing function + a strictly increasing 
function = a strictly increasing function 

Le. (Gi) I+I=I1 

Similarly (Gi) D+D=D 

Note that we cannot say anything about I + D. 


For example, f(x) = vx and g(x) = In x are strictly increasing, 


hence y = vx + In x is also strictly increasing. 


=i 
We find that y = J3-x + cos! (S) is strictly decreasing 


because y = ¥3—x and y = cos"! (34) are strictly 
decreasing. 


Difference 


Monotonicity of the difference of two function can be predicted 
using (1) and (3) 
Consider y = In (x + Vx” +1) —cot™x 
increasing — decreasing 
=> increasing + (-decreasing) 
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=> increasing + increasing => increasing 

Hence, the function is strictly increasing. 
I-I=I+(-D =I+D=cannot say anything 
I-D=I1+(-D) =1+1= increasing 
D-I=D+(-I)=D+D = decreasing 
D-D=D+(-D) =D+I=cannot say anything. 


Product 
Consider h(x) = f(x) x g(x) 
Case |: Both the function f and g involved in the product are 
positive. Further if, both f and g are strictly increasing then 
h(x) = f(x) x g(x) is also strictly increasing. 
We have h '(x) = f'(x) g(x) + f(x) g '(x) 
Here, all the terms in the R.H.S. are positive under the 
conditions given above. Hence, h(x) is strictly increasing. 
In short, Ix I=I 

DxD=D 

Ix D =cannot say anything 


Case Il: If fis strictly increasing and takes negative values and 
g is strictly decreasing and takes positive values then 


% h(x) = f(x) x g(x) is strictly increasing. 


W(x) =f) g(x) + F@&) g'@®) 
_ Under the given conditions the R.H.S. becomes positive and 
_ hence the function h is strictly increasing. 


Division 

Monotonicity of division of two functions can be predicted by 

using reciprocal and product. 

Assuming that both the functions I and D take positive values, 

we have 
I 


ae Ix i — I x I = I 
D D 

Composition 

If y = g(u) and u = f(x), then y = (gof)(x) = g(f(x)) 
d 

and a = (g(F(x)))’ = g'(£(x).£"(x), 


(i) Iffis strictly increasing in [a, b] and g is strictly increasing 
in [f(a), f(b)], then gof is strictly increasing in [a, b]. 
For example, consider y = tan-'(e*). 

tan-'x is strictly increasing for all x and e* is strictly 

increasing for all x, so the composite function tan'(e*) is 
strictly increasing for all x. 

(ii) Iffis strictly decreasing in [a, b] and g is strictly decreasing 
in [f(b), f(a)], then gof is strictly increasing in [a, b]. 
For example, y = cot '(log,,,x) is strictly increasing 
because log,,,x is strictly decreasing for all x and cot'x is 
also strictly decreasing for all x. 

(iii) If f is strictly increasing in [a, b] and g is strictly decreasing 
in [f(a), f(b)], then gof is strictly decreasing in [a, b]. 
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For example, y = cos(sin''x) is strictly decreasing in [0, 1], 
because sin'x is strictly increasing in [0, 1] and cos x is 
strictly decreasing in [0, 70/2]. 

(iv) If fis strictly decreasing in [a, b] and g is strictly increasing 
in [f(b), f(a)], then gof is strictly decreasing in [a, b]. 
For example, y = In (cot”!x) is strictly decreasing for all x 
because cot ~'x is strictly decreasing for all x and In x is 
strictly increasing for all x > 0. 


In short, 
Gi) Id=I1 Gi) ID) =D 
(iii) DC) = D (iv) DD) =I 


© Example 2: Find the monotonicity of 
E *] 
— a(sinx+cos x =o = 
h(x) =e XE] 49]. 
Y Solution: Let f(x) = sin x + cos x and g(x) =e* 
Then h(x) = g(f(x)) 
f(x) = V2 sin (x + 1/4) 


T 1 
f'(x) = V2 cos (x + 1/4) < 0 forx € 2] 


Using the above results, h(x) is strictly decreasing in 


©@ Example 3: Find the intervals of monotonicity of 
y= V2x—- x. 


@ Solution: Let f(x) = 2x — x? and g(x) = Vx. 


=> f'(x)=2-2x _—_ 


f is strictly increasing in (— 00, 1) and strictly decreasing in 
(1, 00). 

Domain of the given function : 2x — x? > 0 

=> 0<x<2 

g is strictly increasing for x 2 0. 

So, for 0 < x < 1, f is strictly increasing and for 0 < x < 1, g is 
strictly increasing. Hence gof is strictly increasing in (0, 1). 
Similarly, for 1 < x < 2, fis strictly decreasing and for 0 < 
x < I, g is strictly increasing. Hence gof is strictly decreasing 
in (1, 2). 


@ Example 4: Given f(x) = tan“(sin x + cos x)’, find intervals 
of increase in (0, 270). 


©Y Solution: Since tan“(sin x + cos x)’ and x3 are both 
increasing functions, f(x) is an increasing function when sin 
X + cos X is an increasing function. 

Let g(x) = sin x + cos x, x € (0, 27). 

We should have g'(x) = cos x — sin x > 0 


1 


2s 1, T 
— Ee Bae = eos[x+Z) >0 


T Tl 3n 
thenO<x+ < and <xt+ <2 
4 2 2 
* Tt eed Tt 4 Sn aed 7h 
ge Ben ee ne 


Hence, the intervals of increase of f(x) are 


5 
(0.2} and (=. 20}, 
© Example 5: Find the intervals in which the function 


f(x) = sin( £ nx) — cos( / nx) increases. 


Y Solution: Since In x is an increasing function, f(x) 
increases when sin x — COs x increases. 
Let g(x) = sin x — cos x 


g'(x) = cos x + sinx = J2 cos [x-4] 


"(x) > Pit = ee eae 
BRAY 2 4 2 


_¢)” ot 2m 
Hence f is strictly decreasing while g is strictly increasing. — 207% —- a < 2nt + ike el 


- Now the intervals of increase of f(x) are given by: 


3 
Qnn — = <Inx <2nn + ~~ 
4 4 


2nnt oe 


4onel. 


Tv 
2nn—— 
e ‘4<x<e 


Alternative: f(x) = sin( / nx) — cos( / nx) 


= Bsin( mx), x > 0. 


f'(x)= 2 os{ ton -*) 
x 


=> sin{ £+enx))>0 (since x > 0) 
=> 2nn< f + nx <2nn+a,neElI 


3 
=> ann 7 < nx < 2nt +Fonel 


>e wnel. 


@ Example 6: Find the interval of monotonicity of 


Inx 
y=lIn (22). 


, Inx 
Y Solution: Let f(x) = = and g(x) =In x 


1-Inx le 
x? 0 e 
f is strictly increasing in (0, e) and strictly decreasing in (e, 00). 


g is increasing for x > 0. 


f(x) = 


: : : 1 
Domain of the given function : ae es eee 
x 


So, for | < x <e, fis strictly increasing and for 0 < x < I/e, 
gis strictly increasing. Hence gof is strictly increasing in (1, e). 
Similarly, fore < x < 00, f is strictly decreasing and for 1 <x < 0, 
g is strictly increasing. Hence gof is strictly decreasing in (e, 00). 


6.7 Proving Inequalities 


Greatest and Least Values of a Function 


If a continuous function y = f(x) is strictly increasing in the 
closed interval [a, b] then f(a) is the least value and f(b) is the 
greatest value of f(x) in [a, b]. (See Figure - 1) 


Figure - 1 


If f(x) is strictly decreasing in [a, b] then f(b) is the least and 
f(a) is the greatest value of f(x) in [a, b].(See figure - 2) 


a b 

Figure - 2 
However if f(x) is non-monotonic in [a, b] and is continuous 
then the greatest and least values of f(x) in [a, b] are found 
where f'(x) = 0 or f'(x) does not exist or at the endpoints. 
(See figure - 3) 


a bed 
Figure - 3 


© Example 1: Show that 


0<xsin x sin’x < (a=) Vx (0.2). 


Monotonicity 6.27 


& Solution: Let f(x) =x sin x — ; sin?x 


=> f'(k)=xcos x +sin x —sin x cos x 
= sin x(1 — cos x) +x cos x 
For x €(0, 7/2), sinx > 0, 1 -cosx > 0, cos x >0 
=> f(x)>0V xe (0, 7/2). 
f is strictly increasing in (0, 70/2). 
=> The range of f(x) is (lim £(x), lim £() 


=(0.) 
2 
ntl 


: 1, 
=> O0<xsinx-— —sin*x < —_. 
9 2, 


© Example 2: If 1/6 < x < 5/6, then prove that 


1 1 sin 7x 5 
+ <a[x + )< 


2n Tt 2° 


o 1 si 
© Solution: Consider f(x) = 3 [x +p ee) 


Now, f(x) =3 (1 —cos x) > 0 V x € (1/6, 5/6) 
Applying the increasing function f on the inequality 


1 


5 1 5 
Bae = f) —|<f(x)<f]— 
ges eee @ (x) (2) 


ie. 5 < f(x) < 5/2 
Hence, the statement is proved. 


General Approach in Proving Inequalities 


The methods of the investigation of the behaviour of functions 
can be applied to proving inequalities. 

If f'(a) > 0 then f(x) < f(a) for all values of x less than a but 
sufficiently near to a, and f(x) > f(a) for all values of x greater 
than a but sufficiently near to a. 

If f(x) is continuous in [a, b] and differentiable in (a, b) where 
f'(x) > 0 for all x € (a, b) and f(a) = O then f(x) is positive 
throughout the interval (a, b]. 


f(x) > 0 


a x b xX 
If f(x) is continuous in [a, b] and differentiable in (a, b) where 


f'(x) < 0 for all x © (a, b) and f(a) < 0 then f(x) is negative 
throughout the interval (a, b]. 
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m 1 x? 
Then f'(x) = l+x = >0 Vxe(0, 0) 
1+x 1+x 


uy 


f(x) is strictly increasing in (0, co). 


f(x) > f(0) Vx e€ (0, «) 
f(x) > 0 


YU 


ol? ( >x 
If f(x) is continuous in [a, b] and differentiable in (a, b) where 


. x 
f"(x) > 0 for all x € (a, b) and f(b) <0 then f(x) is negative ie. In(1+x)-x+ - 70 x (0, ) 
throughout the interval [a, b). 


2 
X 
Vv 7 eR? ae Vx e (0, «) 
f(x) <0 


which is the desired result. 


©@ Example 4: For x € (0, 7/2), prove that 
sin x < x < tan x. 

©Y Solution: Let f(x) =x —sinx 

=> 


. . : . . . f'(x)=1-cosx 
If f(x) is continuous in [a, b] and differentiable in (a, b) where £"(x) > 0 for x € (0, n/2) 


f'(x) < 0 for all x € (a, b) and f(b) = 0 then f(x) is positive 
throughout the interval [a, b). 


=> f(x) is strictly increasing for x €(0, 71/2) 

=> f@Of0) =x-sinx>0 

=> x>sinx 
: Similarly consider another function, g(x) = x — tan x 
oS g' (x) = 1 —sec?x 

g(x) < 0 for x €(0, 77/2) 
=> g(x) is strictly decreasing for x €(0, 7/2) 
rN Hence, g(x) < g(0) > x-tanx <0 

bX LO => x<tanx 
Thus, sin x < x < tanx forx €(0, 7/2). 


GB Note: If f(x) is discontinuous at the endpoints a or b then 
one sided limits f(a*) or f(b-) are used in place of f(a) or f(b) ©@ Example 5: 


for understanding the sign of the function. (i) Find the order relation between x and tan”'x. 
Thus, to prove f(x) > g(x) V x 2a, (ii) Show that In (1 + x) < x for all x > 0 

we assume h(x) = f(x) — g(x), and @ Solution: 

find h’(x) = f’(x) — g(x) (i) Let f(x) =x -tan'x. 

If h(x)2>0 Vx2a, 9 

h is an increasing function for x 2 a. => f'(x)=1 J ss = me 0 VxeER 
Thus, h(x) > h(a). I+x" +x 

If h(a) > 0, then h(x) > OV x2a Thus f(x) is a strictly increasing function. 

i.e. the given inequality is established. Now, f(0)=0 => f(x) <0, V x €(—,0) and 
B Note:) If the sign of h’(x) is not obvious, then to determine f(x) = 0, x € [0,0) 

- es Me assume p(x) = h’(x) and apply the above procedure ee 


—1 
©@ Example 3: Prove the inequality sal a a 


x2 (ii) Let us assume f(x) = In (1 + x) —x. 
Se aes Vx e€ (0, ~). _ 
-1 


=> f'(x)= = 
(x) 1+x 1+x 


&Y Solution: Consider the function 
f a x? e(0.03) Clearly, f(x) < OV x € (0,0), 
a al 2 , Hence f(x) is strictly decreasing for x > 0. 
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Moreover f(0) = 0, hence f(x) < 0 for x > 0. 1 4 1 


=> Indl +x)-x<0 ~ x(x4+ID (2x4)? x(x +D(2x +1)? 
=> In(1 +x) <x forall x>0. 


which is always positive for x > 0 
© Example 6: Prove the inequality 2sin x + tan x > 3x _ Hence f(x) is strictly increasing for x > 0. 


for x €[0, 70/2). “. f(x) < a f(x) 
© Solution: Consider f(x) = 2 sin x + tan x — 3x 2 1 
f'(x) =2 cos x + sec?x — 3 => f(x)< tin {2 -n(1+2}h <0, 
_ 2cos* x—3cos* x +1 So, f(x) <0 
cos” x 5 ; 
(cos x — 1)? (2cosx +1) e ser <ea(t+ 5) 
- cos” x 1 


Pe ee : _ 1) iL 
Hence f'(0) > 0 for x € (0, 7/2). macrilatly, Considen 2) = in{ 1 =} x 


=> f(x) Is strictly increasing for x € (0, 7/2). 
f(x) > £(0) for x € (0, 7/2) 
Since f(0) = 0, f(x) 2 0 for x €[0, 7/2). 


1 1 
O= 2 see) Pash 


Hence f(x) 2 0 for x €[0, 7/2). g'(x) 1s strictly increasing for x > 0. 
=> 2sinx + tanx > 3x for x € [0, 7/2). So, B(x). < lim g (x) 
@ Example 7: For x €(0, 2/2), prove that = 8) <0. 
x3 eo Example 9: Prove that, 2x sec x + x > 3 tanx for 
sinX >x— rae = 0 <x<7/2. 
sa . C} ~Y Solution: f(x) = 2x sec x + x —3 tanx 
© Solution: Let f(x) = sinx—x+ ae EK) =2 sec x + 2x sec x tanx + 1 — 3 sec’x 
2 sé > _ = sec?x [2 cos x + 2x sin x + cos*x — 3] 
=> f'(x)=cosx-1+ > ‘ NU ’ Consider g(x) = 2 cos x + 2x sin x + cos*x — 3 
It is difficult to decide at this point whether f"(x) is positive or © (a2 ne Ak Cone 2 a 2 Se COR 


negative, hence let us check for monotonic behaviour of f'(x) =2 cos x (x—sinx)>0 for x € (0, 1/2). 


f"(x) =x - sin x Hence, g(x) > g(0) = g(x) > 0. 
Since f"(x) > 0 for x €(0, 7/2), we conclude that Now, f'(x) > 0 

f'(x) is strictly increasing for x €(0, 1/2). Hence, f(x) > (0) = f(x) > 0 
=> f'(x)>f0) > f(x)>0 Thus, 2x sec x + x > 3 tanx for 0 <x < 77/2. 
=> f(x) is strictly increasing for x €(0, 1/2) =) Example 10: Show that 
= ee ee) L+xIn(x+ Vx241)> Vi+x2 forall x>0. 

P x 

= ae eo @ Solution: Let f(x) =14+xIn(x+ Vx241)— Jlax? 


3 
=> sinx>x-—. 


ts : c 1.(2x) | 
x)= * T 
[x+V¥x7 41] Wx? +1 


©@ Example 8: Establish the inequality 
Snlteses bie 


< n{t+t)<+ forx > 0. WW1+x? 
xX xX 


2x+1 
3 1 f x vx? +1+x 
© Solution: Consider f(x) = sn in( +2) => fQ)= (x +x? 41) ax? +1 


f(x) =—— ! af 5) +In(x + Vx? +1) -— 


~ (x4? 1+(I/x) 2 V1+x? 


x 
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"y\) — +In(x +x? +1)- 
ney cer itx? 


=> f'(x)=In (x+Vx7 41) 


We have x > 0, so, In (x +V¥x? +1) 20 
=> f'(x)20 = f(x) is increasing for x > 0 
=> f(x) =f) 


= (axle Gta" sy =V1e8? 2140=./1 
=> 14xIn(x+ Vx?41)> Vl+x? forx>0. 


© Example 11: Examine which is greater sin x tan x or x. 


: sin x tan x T 
Hence evaluate lim jeans | , Where x € (0.2) 
x70 x 2 


© Solution: Let f(x) = sin x . tan x — x” 
f'(x) =cos x. tan x + sin x . sec’x — 2x 
=> f'(x)=sin x + sin x sec? x —2x 
=> f"(x)=cos x + cos x sec” x 
+ 2 sec’x sin x tanx —2 


=> f"(x)=(cos x + sec x—2) +2 sec’ x sin x tan x 


2 
Now cos x + sec x —2 = (VCS xX — ysec x) 


; T 
and 2 sec? x tan x . sin x > O because x € (0.2) 


=> f"(x)>0 => f'() is strictly increasing. 
Hence  f’(x) > f'(0) 

=> f'(x)>0 = f(x) is strictly increasing 
=> f(x)>0O = sinxtanx—x’?>0 
Hence, sin x tan x — x” 

= sin x tan x +] 


x2 


= in| Sx =1. 


x0 x2 


©@ Example 12: Prove the inequalities. 


: T 
2x <sinx <x for0<x< —. 
Tt 2 
Y Solution: We introduce the function 


sin x 
f(x) = ——., x#0 
x 


cos X 
5 (x —tan x) 


Its derivative f'(x) = 


; Gut os : nm\. 
is negative in the interval (o. 4 since xX < tan x. 


Thus, f(x) is a decreasing function in that interval. 


sin 

+) — Ty) _ — 

a eee 7 = 
2 


vu bo, y 


Tt : 
Hence, for 0 < x < >? the values of the expression 


sin X 


are less than the value 1 of the function reached at the point 
x = 0 and exceed the value of the function attained at the 


point x = a 
2 


Thus, f( » < f(x) < £(0*) 


sin X 


> —<— 


Tl 


xX 


© Example 13: If P(1) = 0 and = {P(x)} > P(x) for all 
x 


x 2 1, then prove that P(x) > 0 for all x > 1. 


Y Solution: Here, 


|, a(x) 
xX 


_, dP(x) 
dx 


> P(x)e*, for all x = 1 since e* > 0 


—P(x)e*> 0, for all x > 1 


)74" prx)e*} > 0, for all x>1 
dx 


P(x)e™ is an increasing function for all x > 1 
P(x)e* > P(1)e™ for all x > 1 

P(xje* > 0 forall x>1 {since P(1) = 0} 
Thus, P(x) > 0 forall x > 1 


{since e* > 0 for all x}. 


Inequalities Based on Composite Functions 


@ Example 14: For x € (0, 7/2), prove that 
cos(sin x) > sin(cos x). 

Y Solution: Let f(x) = x — sin x 
f'(x) =1-cosx>0, x € (0, 7/2). 

Hence f(x) in increasing in (0, 70/2) 

Then f(x) > f(0) 


or x-sinx>0 > x > sin x (1) 
Again x € (0, 7/2)and 0 < cosx < 1, therefore using (1) 
cos X > sin(cos x) ...(2) 


Now using (1) and the fact that cosx is decreasing in (0, 7/2) 


cos x < cos(sin x) ...(3) 
From (2) and (3) we get 

sin(cos X) < cos x < cos(sin x) 
Hence, sin(cos x) < cos(sin x). 


© Example 15: Prove that 
sin’O < 8 < sin(sin9) for 8 € (0, 77/2) 
Y Solution: We have to prove 


sin’O < Qsin(sin8) or 


sin 0 Z sin(sin 0) 


sin® 


sin x 
Now let f(x) = gee x € (0, 71/2) 


_ (xcosx—sinx) _ cosx(x—tanx) 


f"(x) 
a x? 


which is negative since x — tan x < Oinx € (0, 7/2). 


=> f(x) is a decreasing function 
sin® < 9 for x € (0, 71/2) we have 


f(sin®) > f(0) 
sin(sin®) _ sin® 
sin 8 6 


Hence sin?0 < 0 sin(sin®) for x € (0, 71/2). 


©@ Example 16: Prove that sin 1 > cos (sin 1). Also show 
that the equation sin (cos (sin x)) = cos (sin (cos x)) has only 
one solution in x € (0, 7/2). 


©Y Solution: sin 1 > cos (sin 1) if cos ($-1) > cos (sin 1) 


ie. if = —~1<sin1 
3 


—2 


‘ tees T 
i.e. if sin 1 > ee (1) 


We have sin | > sin as as () 
4° 2 2S 
Hence (1) is true > sin | > cos (sin 1). For 
Now let f(x) = sin (cos (sin x)) — cos (sin (cos x)) % } 
f’(x) = -cos(cos (sin x)) sin (sin x)cos x = 
— sin (sin(cos x)) cos (cos x) . sin x 
=> f(x)<0V xe (0, 77/2) 
=> f(x) is decreasing in (0, 1/2) 
and f(0) = sin 1 — cos (sin 1) > 0 


TT 
i = sin (cos (1))—1>0 


ad 
2; 
f(x) = 0 has one solution in x € (0, 7/2). 


Since f(0) is positive and f ( } is negative. 


© Example 17: Show that In x < x V x > 0. Hence, prove 
that In (cos 8) < cos (In 8) where e”? < 8 < 3 


Y Solution: Consider the function 
f(x) =Inx-x,x>0O 


Then f'(x) = es -l= 
x 


1-x 


x 


+ — 
—— es 
O 1 
=> f(x) is strictly increasing in (0, 1), 


and strictly decreasing in (1, ©). 


Sign of f'(x) 


=> f(x) has greatest value at x = 1. 
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=> f(x) <fql)=-1<0 
ie. INnx <x. 
Now, we have 

TT 


em< 0 pee 
2, 


. m 
Ci <O< = 
ie. O<O . 


ie. O<cosO<1 
ie. In (cos 8) <0 [* Inx <0V x €(0,1)] (1) 
Also, we have 

ew < 0 < 5 


i.e. os <In@<In S [*.’ In x is increasing in (0, 00)] 


Le. 3 <In@< [ [using In x < x] (2) 
ie. O < cos (In 8) < 1 
From results (1) and (2), we can infer that 


In (cos 8) < cos (In 8). 
@ Example 18: Using the relation 2 (1 —cos x) < x, x #0 


“ 


or otherwise prove that sin (tan x) 2 x for all x € ri 


’ SG Solution: Let f(x) = sin (tan x) — x 
Then, f'(x) = cos (tan x) - sec? x — 1 
=> f"(x) =cos (tan x) (1 + tan’x) — 1 


2 


Using the relation 2 (1 — cos x) < x? i.e. cos x > 1 — = 


2 
tan” x 
We have cos (tan x) > 1 — ——— 


Hence, f’(x) > 1-3) (1 + tan? x) - 1 
f'(x) > 1/2 tan’x (1 — tan?x) 

=> f(x)>0,Vxe jo. 

=> f(x) isan increasing function for all x € cE 4 
f(x) = £(0), for all x € jo. | 

=> sin (tan x) — x > sin (tan 0) -0 


=> sin (tan x)=x forallx € E | : 


Comparision of Constants 


© Example 19: Compare which of the two is greater 
(100)! or (101), 


Y Solution: Assume f(x) = x'* and let us examine mono- 
tonic behaviour of f(x) 


f'(x)=x"*, (==) 
x 
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f'(x)>0 > xe (Oe) 
and f'(x)<0 > x €(e,o) 
Hence, f(x) is strictly dereasing for x 2 e 


1/100 


(100) 


1/101 


(101) 


a a aa a ee ee oe. ee 


and since e < 100 < 101 
=> £(100) > f(101) 
=> (100)%> (101), 


©@ Example 20: Prove that 


2 
[ran +) ifs < (tan! e)* + a 


€ V(e? +) (e? +1) 


Y Solution: We have to prove 


2 
(tan +) i < (tan! e)? ees 
es (e+) V(e* +I) 
2 


< (tan! e)? + 


(wt) 
or tan = — SS. 
. 1 


2 
Now let f(x) = (tan-!x)? + 5 (1) 
x +1 
f 2tan7! x 2x 
oe (dee) Gear? 


_— 2 tan7! eee (2) 
~ (+x?) V(x? +1) - 


To find sign of f(x) we consider 
xX 


g(x) = tan!x — aah 


' oe, 1 1 
(x)= (+x?) 


=> gi(x)>0 
g(x) is an increasing function 
Thus, g(x) > g(0) => g(x)>0 ...(3) 
Using (2) and (3), f'(x) > 0 
=> f(x) is increasing function 


1 
>0 
ot 


1 
Since = <e, we have f G < f(e) 
e 


—| +1 re 
e aw 


< (tan! e)? + 


2 
Je? 41) 


2 
Hence, [san +} + ee i (tan! e)? + = 


e241 V(e2 +1) 
© Example 21: Using the function 


f(x) = 2x — tan™x —In (x+vi+x), 


8). 4 on 
3} WB 6 


prove that nf 


@ Solution: f'(x)=2 >0VxeR 


I+x 1+x? 


and equality holds at x = 0 only. 
So, f(x) is increasing in (— 00, 00). 


; wT oT . . : 3 
Since ~*~ < 3 and f is an increasing function we have 


“et 
eB < 23-7 -In( v3 +2). 


Thus, In 2+3 < = =, 
V3 ) WB 6 


© Example 22: Prove that for 0 < p< 1 and for any positive 
a and b the inequality (a + b)? < a? + b? is valid. 


Hence, 


&Y Solution: By dividing both sides of the inequality by 
b? we get 


( + i) < 2] +1 

b b 

or (1+x)?<14-x?, (1) 
_ a 

where x = b 

Let us show that the inequality (1) holds true at any positive x. 

Consider the function 


f(x) =14+x?-(1 +x), x20. 
The derivative of this function 


1 1 
xP d+x)?P 
is positive everywhere, since, by hypothesis, 1 — p 2 0 and 
x>0. 


Hence, the function increases in the interval [0, °), i.e. 
f(x) = 1 + xP—(1 + x)P > f(0) = 0, 


f'(x) = px?! — p(1 + x)p'= P| 


Thus, 1 + x? > (1 + x)’, which completes the proof. 
If we put p = 1/n, then we obtain 


a+b < Ya + Yb, (n> 1). 
Inequalities Based on Non-Monotonous Functions 


©@ Example 23: Prove that the function 

f(x) = — 2x? + 21x? — 60x + 41 
is strictly positive in the interval (— 00, 1). 
©Y Solution: f(x) = — 2x3 + 21x? - 60x + 41 

f'(x) =— 6x? + 42x — 60 

= — 6(x? — 7x + 10) =— 6(x — 5) (x —2). 
The sign scheme for f'(x), x € R is as follows: 
2 as = 
a a 

For x © (-00,1) f(x) is strictly decreasing. 
So when x € (—0, 1), f(x) > f(1). 
We have f(1) =— 1+21-60+41 =0. 

For x € (-00,1) we have f(x) > 0. 


f(x) is strictly positive in the interval (—o, 1). 


@ Example 24: Prove 1 + cot x < cot a Vxe(0,7). | 


Y Solution: Consider the function 


f(x) = cot (=) —1-cotx,x € (0, 7). 


-1 
Then f'(x) = = cosec? (=) + cosec” x 
1 1 
= sin? x 2sin? (x /2) 


7 i 1 : 
~ 2sin?(x/2)| 2cos?(x /2) 


= —COS X 
Asin? (x /2)cos?(x /2) 


2 a <0Vx € (0, 7/2) 
sin* x 


>OV x € (n/2, 7). 
=> f(x) strictly decreases in (0, 7/2) and strictly increases in 
(1/2, 7). 
f(x) has least value at x = 71/2. 
f(x) => f(7/2) =0 


YY 


. x 
i.e. cot (=) =1+cotx 


which proves the desired result. 
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©@ Example 25: Find the smallest positive constant A such 
that In x < Ax? for all x > 0. 


@ Solution: Note that A > 0 
Consider the function f (x) = /n x — Ax? 


1-2Ax? 


1 
f'(xX)= = 2Ax = 


V2A V2A 
1 
(x) > <x< 
=> f'(x)>0 for 0<x ays 


1 
and f’ (x) <0 for x> aA 


Inx < Ax’ for x >0 
1 
Thi t also hold d fi = 
is must also hold good for x oA 


AY 1 
NOX <A 
Oo} Yon <** 3A 


7% -in JIA < : => In V2A >- 5 


1 
=e 1 
V20A =e? > Ae a. 


1 


The least value of A= =—. 
2e 


©@ Example 26: Find the least natural number a for which 
xtax?>2 Vxe (0,0). 


& Solution: Let f(x) =x + ax 
f'(x)=1-2ax? =0=> x= (2a) 1? 


f"(x) = 6ax*> 0 Vx €(0,0) (as ais a natural number) 


Thus, (2a)!3 + a(2a)°" > 2 
32 
=> a> = =} least natural number a= 2. 


27 


Alternative: 
X+ax?>2 > x?-2x?+a>0 
Let f(x) =x*°-2x*+a 
Since f(x) > 0 Vx €(0,0c) > min f(x) > 0 


For minimum f(x), f'(x) = 3x?-4x =0 => x=0,4/3 


£(4/3) > 0 <= 
(43)>0 => art. 


The least natural number a for which x + ax > 2 is 2. 
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b 
@ Example 27: If ax?+ —2c Vx © R* where a, b,c are 
x 


positive constants then prove that 27ab? > 4c3. 
: b 
© Solution: Let f(x) = ax?+ se8 


*. £'(x) = 2ax — = 
x 


3 
b 
If f'(x) =0 then x = (=) , which is a positive critical point. 


3 
b 
We can find that the least value of f(x) occurs at x = & 


b b 3 
Since ax? ++ —>c Vx € R*we should have (2) >0. 
x 


or 


27b’a = 4c3 => 27ab* = 4c?. 


Concept Problems: D 


1. Prove that f (x) = sin(cos x) in (0, 71/2) is strictly decreasing 
and g (x) = cos(cos x) in (0, 7/2) is strictly increasing. 
2. Letfand g be strictly increasing functions on the interval 


fg is also strictly increasing on [a, b] 
(i) If f(x) < 0 and g(x) < 0 on [a, b], is fg s ‘4 
increasing, strictly decreasing, or neither? Ex ae 
3. Suppose that f is continuous on [a, b] an t cis an 
interior point of the interval. Show that if <0 on 
[a, c) and f’(x) = 0 on (c, b], then f(x) in never less than 
f(c) on [a, b]. 
4. Suppose that f'(x) = 0 on (a, b) and f'(c) > 0 for some c. 
Prove that f(b) > f(a). 
5. Suppose f'(x) 2 0 on (a, b) and f(a) = f(b). Prove that f is 
constant. 


6. 


9. 


10. 


Suppose f '(x) = g'(x) on (a, b) and f(a) = g(a). 
e that f(x) 2 g(x) on [a, b]. Further, if f(b) = g(b), then 
e that f=g. 


[a, b]. Let f be differentiable at every value of x and suppose that 
(i) If f(x) > O and g(x) > 0 on [a, b] show that the product g) 


f(1) = 1, that f’< 0 on (— ©, 1), and that f’ > 0 on (1, ©). 

(i) Show that f(x) => 1 for all x. 

(ii) Must f’(1) = 0? Explain. 

Suppose that f is differentiable on [a, b] and that f(b) < 

f(a). Can you then say anything about the values of f'(x) 

on [a, b]? 

Prove that the following functions 

(Gi) y=e*-1-x, 

(ii) y=e*-1+4+x, 

(iii) y= 1 —x?/2 + x7/3—(1 + x) e“ are positive and increase 
steadily for positive x. 

Prove that 2x > 3 sin x —x cos x for all x <(0, 7/2). 


Practice Problems D 


11. () Suppose f is strictly increasing for x > 0. Let n be a 
positive integer and define g(x) = x" f(x) for x > 0. If 
f(x) > 0 on an interval [a, b] with a > 0, show that g 
is strictly increasing on the same interval. 


T 
(ii) Let g(x) = x"sin x forO <x < 3 where n is a positive 


integer. Explain why g is strictly increasing on this 
interval. 


12. Prove the inequality 
2x >3- e »x>1 
x 


13. 
14. 


15. 
16. 


17. 


Prove that sin x + tanx > 2x,0<x< 7/2 
Prove the validity of the following inequalities: 
2 


(i) ae <In(1+x)<x forx>0, 


ae x 
(ii) In (1 +x) > Te for x > 0, 


: . 1 
Prove sin x < x < 1—cosx +sin x for0 <x < ra 


Prove that the expression (x — 1) e* + 1 is positive for all 
positive value of x. 


Show that 2x tan! x > In(1 + x”) forall x ER. 


18. Show that e*— 1 > (1 + x).In(1 +x), if x > 0. 


x 
19. Show that tan-'x > i x2 


,if x € (0, 0), 


. 1 1 
20. Prove that cos x lies between | — _ x” and1— 5 x 4: aA < 


6.8 Concavity and Point of Inflection 


The figure represents the graphs of three functions each of 
which increases on the interval [a, b], but the difference in 
their behaviour is obvious. 


Y, Y, 


@ Oo} b (c) dx 


In (a) the graph of the function is “bending downward”; in 
(b) it is “bending upward”; in (c) it is bending upward on the 
interval (a, c) and downward on the interval (c, b). From 
the geometrical point of view, the meaning of the expressions 
“bending downward” and “bending upward” is quite clear. Let 
us now attach a strict mathematical sense to these expressions 
and give a criterion for finding out in which direction the graph 
of a function is bending. 


A curve is said to be concave up at a point P when in the 
immediate neighbourhood of P it lies wholly above the 
tangent at P. Similarly, it is said to be concave down when in 
the immediate neighbourhood of P it lies wholly below the 
tangent at P. 


An arc of a curve is said to be concave up or down if it lies 
entirely on one side of the tangent drawn through any point 
of the arc. 

It is of course supposed here that tangent can be drawn at 
each point of the arc, that is, there are neither corner points 
nor cusps on it. 

The definition of concavity is demonstrated in the figures 
below. Figure | represents a curve which is concave up and 
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21. Prove that, if x? < 1, In (1 + x) lies between x — se 


1 1 
and x= — x" 4, 
2 3 


22. Find the set of values of x for which /n(1 + x) > _ 
x 


Figure 2 represents a concave down curve. The curve in 
Figure 3 is neither concave up nor concave down, since it 
does not lie on one side of the tangent passing through the 
point P. 


Figure 1 Figure 2 


Figure 3 


Point of Inflection 


A point of a curve separating its concave up arc from a concave 
down arc is termed as point of inflection. 

At a point of inflection, the tangent intersects the curve. In 
the vicinity of such a point the curve lies on both sides of its 
tangent drawn through that point. 


Definition. Let f be a function and let c be a number. Assume 
that there are numbers a and b such that a < c < b and 


(i) fis continuous on the open interval (a, b), 

(ii) f has a tangent at the point (c, f(c)), 

(iii) fis concave up in the interval (a, b) and concave down 
in the interval (c, b), or vice versa. 


Then the point (c, f(c)) is called an inflection point or point of 
inflection. The number a is called an inflection number. 

The point P in Figure 3 is a point of inflection. 

We also speak about concavity of curves in a different way : 
an arc concave up (concave down) is said to be convex down 
(convex up). 

Finally, a concave down (i.e. convex up) arc is sometimes briefly 
called convex while a concave up (i.e. convex down) arc is 
simply referred to as concave. In what follows we shall use the 
first variant of the terminology. 
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Alternative Definition 


The graph of the function y = f(x) is said to be concave up on 
the interval (a, b) if it lies below all chords joining two points 
of the curve. See figure. 


Chord 


Tangent line 


Aconcave up curve lies above its 
tangent lines and below its chords 


Similarly, the graph of the function y = f(x) is said to be concave 
down on the interval (a, b) if it lies above all chords joining 
two points of the curve. 

The curve y = sin x is concave up for 

x € (2km, (2k + 1)7), k € I, and 

concave down for x € ((2k — 1)z, 2k), k € I. 


Testing a Curve for Concavity 


It turns out that the criteria for determining the type of concavity 


(up or down) bring into play the second derivative — and it is the 
sign of the second derivative which is the discriminating device. 
We consider a curve y = f(x) where the function f(x) is 
continuous together with its first and second derivatives f'(x) 
and f”(x). There is a simple relationship between the properties 
of the second derivative f(x) and the concavity of the curve 
y = f(x) which we shall establish without a rigorous proof by 
resorting only to some simple geometrical considerations. 
These considerations are based on the following proposition. 


On an interval of increase of the first derivative the graph of 
the function is concave up and on the interval of decrease of 
the first derivative it is concave down. 


For, if the derivative f'(x) increases, the slope of the tangent 
line to the curve also increases as the variable point of the graph 
traces it from left to right; then the tangent line turns as if it “lifted 
up” the curve preventing it from descending below the tangent. 
Therefore, the corresponding arc must lie above its every tangent 
and thus is concave. This situation is clearly demonstrated by the 
example of the arc CB of the curve depicted above. 


In the figure arc CB is concave up while the arc AC is concave 
down. 


On the contrary, if the derivative f'(x) decreases the slope 
of the tangent decreases. The tangent turns as if it “pressed 
down” the curve preventing it from lifting above the tangent. 
Therefore the arc must lie below its every tangent and thus 
is concave down. 


Sufficient Condition for Concavity 


Now we can take advantage of the basic theorem establishing 
the connection between the character of variation of a 
function and the sign of its derivative; as a function under 
consideration we take f'(x) whose derivative is (f’(x))’ =f"(x). If 
f£"(x) > 0 the derivative f'(x) increases and f"(x) < 0 it decreases. 
We thus arrive at the following theorem. 


Theorem If the second derivative f(x) is everywhere 
positive within an interval the arc of the curve y = f(x) 
corresponding to that interval is concave up. If the second 
derivative f(x) is everywhere negative in an interval, the 
corresponding arc of the curve y = f(x) is concave down. 


The student should know the following mnemonic rule (the 
‘rain rule’’): if the graph of the function on an interval is 
concave up, then y” > 0; if the graph of the function is concave 


down, then y" < 0. Writing these inequality in the form Y" , 


_y” we note that the signs of the inequalities correspond to the 
)A 
0 


directions of concavity of the curve (v upward, that is, “holds 
water”, and A downward, that is, “spills water’). 


In an interval where f "(x) is positive, the function f '(x) is 
increasing, and so the function f is concave upward. However, 
if a function is concave upward f"(x) is not necessarily positive. 
For instance, y = x* is concave upward over any interval, since 
the derivative 4x? is increasing. The second derivative 12x? is 
not always positive; at x = 0 it is 0. 

It should be noted that if the second derivative f(x) has constant 
sign, for instance, if it is positive, everywhere except at some 
separate points where it vanishes, the function f'(x) remains 
increasing and the corresponding arc of the graph of the 
function y = f(x) is concave up. 

In our foregoing investigation we supposed that the function 
f(x) in question was twice differentiable throughout the interval 
in question. If this condition is violated it is necessary to 
investigate f'(x) and f(x) in the vicinity of those separate 
point at which the derivatives donot exist. At these points also 
the concavity of the graph of the function may change. An 


example of this kind is the graph of the function y = vx , for 
which the point (0, 0) is a point of inflection. 


Hyper-Critical Point 

In general, a function is concave up and concave down in 
different parts of its domain. Suppose a function f defined in 
(a, b), is concave up in (a, c) and then concave down in (c, b), 
we are now interested in knowing what must have happened 
at x = c and how do we get c? To answer these questions, we 


should first define the term ‘hyper-critical points’ or critical 
points of the second kind or second-order critical points. 


A hyper-critical point of a function f is a number c in the domain 
of f such the either f"(c) = 0 or f"(c) does not exist. 


Steps for Finding Intervals of Concavity 


1. Compute the second derivative f'(x) of a given function 
f(x), and then find the hyper-critical points i.e. points at 
which f(x) equals zero or does not exist . 

2. Using the hyper-critical points, separate the domain of 
definition of the function f(x) into several intervals on 
each of which the derivative f "(x) retains its sign. These 
intervals will be the intervals of concavity. 

3. Investigate the sign of f"(x) on each of the found intervals. 
If on a certain interval f"(x) > 0, then the function f(x) is 
concave up on this interval, and if f(x) < 0, then f(x) is 
concave down on this interval. 


© Example 1: Find the intervals of concavity of the graph 
of the function y = x° + 5x - 6. 
@ Solution: We have f'(x) = 5x*+ 5, f"(x) = 20x’. 

f(x) exists for all x. Now f"(x) =0 at x =0. 
Hence, x = 0 is a hyper-critical point of the function. 
If x < 0, then f(x) < 0 and the curve is concave down and if 
x > O, then f(x) > 0 and the curve is concave up. 


Thus we see that the curve is concave down on the interval 


(—00, 0) and concave up on the interval (0, 0). 


S Example 2: Find the intervals in which the curve % 4 2 
y =x sin(In x), x > 0 is concave up or concave down. 
© Solution: We find the derivatives: _ 


y’ =sin(In x) + cos(In x), 


y"= = [cos(In x) — sin(In x)] = v2 Si (= —In x) : 
x x 


The second derivative vanishes at the points 

x, =e™ tht k= 0, +1, +2, .... 
The function sin(7/4 — In x), and together with it y”, changes 
sign when passing through each point x,. 
In the intervals (e*3"4, 7" +4) the curve is concave up, and 
in the intervals (e7*"*™4, e?k"*"4) it is concave down. 


Method for Finding Point of Inflection 


An important characteristic of a curve are the points separating 
its concave up and concave down arcs. 


Suppose the graph of a function f has a tangent line (possibly 
vertical) at the point P(c, f(c)) and that the graph is concave 
up on one side of P and concave down on the other side. Then 
P is called an inflection point of the graph. 


The concavity of the graph of f will change only at points 
where f(x) = 0 or f(x) does not exist—that is, at the hyper- 
critical points. 


If x = c is a hyper-critical point and the inequalities 
f"(c —h) < 0,f"(c + h) > O (or inequalities f"(c — h) > 0, 
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f"(c + h) <0) hold for an arbitrary sufficiently small h > 0, then 
the point of the curve y = f(x) with the abscissa x =c isa 
point of inflection. 


If f"(c —h) and f"(c +h) are of the same sign, then the point 
X =c is not a point of inflection. 


If the second derivative f"(x) changes sign as x passes through 
x = c (from the left to right) then c is a point of inflection, if it 
changes sign from — to + there is an interval of concave down 
on the left of the point c and interval of concave up on the 
right of it, and, conversely, if it changes sign from + to —, an 
interval of concave down follows an interval of concave up as 
X passes through c. 


For example, the second derivative of the function 
y=x+xis y” = 20x’, and y"(0)=0. 

We have y” < 0 for x < 0 and y” > 0 for x > 0. Consequently, 
the origin is a point of inflection of the graph of the given 


function, the interval of concave down lying on the left of it 
and the interval of concave up on the right. 


: Vertical 


H tangent f"(a) =0, 


_— Inflection —___ 
Point 


¥ ra) =0, 
! f@)«0 


Some inflection points 


& Note: 

1. A continuous function f need not have an inflection 
point where f”(x) = 0. For instance, if f(x) = x*, we have 
f"(0) = 0, but the graph of f is always concave up. 

Let us take the function y = x* + 5x*. Here 
y” = 20x? (x + 3), and y” = 0 for x =—3 and for x =0. As 
X passes through the point x = — 3, the second derivative 
changes sign, and thus x = — 3 is a point of inflection. 
When x passes through the point x = 0, the second 
derivative retains constant sign, and therefore, the origin 
is nota point of inflection; the graph of the given function 
is concave up on both sides of the origin. 


2. Ifx =c isa point of inflection of a curve y = f(x) and at 
this point there exists the second derivative f’’(c), then 
f"(c) is necessarily equal to zero (f"(c) = 0). 

3. The point (-1, 0) in y = (x— 1)%, being both a critical point 
and a point of inflection, is a point of horizontal inflection. 

4. Ifa function fis such that the derivative f"’ is continuous 


at x = c and f "(c) = O while f”’(c) # 0, then the curve 
y = f(x) has a point of inflection for x = c. 


6.38 DIFFERENTIAL CALCULUS FoR JEE Main anp ADVANCED 


5. It should be noted that a point separating a concave up 
arc of a curve from a concave down one may be such 
that the tangent at that point is perpendicular to the 
X-axis i.e. a vertical tangent or such that the tangent does 
not exist. 

This is demonstrated by the behaviour of the graph of 
the function y = x in the vicinity of the origin. In such 


a case we speak of a point of inflection with vertical 
tangent. 


6. Anumberc such that f”(c) is not defined and the concavity 
of f changes atc will correspond to an inflection point if 
and only if f(c) is defined. 


©@ Example 3: Find the inflection points of the graph of the 
function f(x) = x+- 4x3 + x —7. 


©Y Solution: Since f'"(x) = 12x? — 24x = 12x(x — 2), we 


have f"(x) =O > x=Oorx=2. 


Thus, the points (0, —7), (2, -21) are the only possible inflection d 


points. A 
Now since 12x(x — 2) < 0 for 0 < x < 2 and 12x(x - 2) > 0 for 
x <0 it is clear that (0, —7) is in fact an inflection point. 
Similarly, since 12x(x — 2) > 0 for x > 2 and 12x(x — 2) <0 
for 0 < x < 2, the change in sign guarantees that (2, —21) also 
is an inflection point. 


©@ Example 4: Find the points of inflection of the function 
f(x) = sin’x , x € [0, 27]. 
© Solution: f(x) = sin?x 

f'(x) = sin 2x 

f"(x) = 2 cos 2x 

7 nm 3n 

f"0)=0 >x= a? re 
Both these points are inflection points as sign of f(x) change 
about these points. 


f(x) = sin’x 


© Example 5: Find the inflection points of the curve 
y = (x —5) +2. 


: 5 
Y Solution: We find y= 3 (x — 5), 


10 
y" = 98x —5) - 
The second derivative does not vanish for any value of x and 
does not exist at x = 5. 
The tangent exists at x = 5. 
Since y" (5—h) <0, y"(5 +h) > 0, the point x = 5 is the abscissa 
of the inflection point Thus, (5, 2) is the inflection point. 


© Example 6: Find the points of inflection of the graph of 
the function y = 3/x + 2. 


Y Solution: We have 
—2 


5 
y’=—-—(x +2)? = —— 
9 93/(x + 2)° a) 


It is obvious that y" does not vanish anywhere. 
Equating to zero the denominator of the fraction on the right of 


Li, we find that y” does not exist for x = —2. 
__ The tangent at this point is parallel to the y-axis, since the first 
_ derivative y’ is infinite at x =—2. 


Since y” > 0 for x <—2 and y” <0 for x > —2, it follows that 
(—2, 0) is the point of inflection. 


& Note: We can draw acurve with a corner point separating 
its concave up and concave down arcs. 


th 
Xx 
We shall not include corner points of this kind into the class of 


points of inflection. There may of course exist a corner point at 
which the character of concavity of the curve does not change. 


See the figure below. 
A 
xX 


If f'(x) approaches oo from one side of a point x = c and —co 
from the other side, then the function f is said to have a cusp 
atx =Cc. 

Let f(x) = 2x°? + 5x, 


I = 3 2/3 =| -1/3 — 10 -1/3 
ray=2(2) x +3(2 x= 3 x8 (x +1) 


Cusp 


_ 10 ap 

is x? (2x — 1) 

Note that the graph is concave down on both sides of 
x = 0 and that the slope f'(x) decreases without bound to the 
left of x = 0 and increases without bound to the right. This 
means the graph changes direction abruptly at x = 0, and we 
have a cusp at the origin. 


© Example 7: Find the points of inflection of the curve 
y =2—|x°- 1]. 


&Y Solution: The given function can be written as: 
2-( -), x2zL 
y = 


2+(°-b, *<b 


— 5x4, x >1, 


Therefore, y'= | Fi 
5x*, x<l. 


At the point x = | there is no derivative. 
- 20x*, x>1, 


Further, =| ‘ 
20x?, x< 1; 


y" = 0 at the point x = 0. Hence we have to investigate three. 
intervals : (—00, 0), (0, 1), (1, 0). ay ” 


Sign scheme of y" 
= + _ 
—+—+-— 
0 1 
The point (0, 1) is a point of inflection, the point (1, 2) being 
a corner point. 


=] Example 8: What conditions must the coefficients a, b, c 
satisfy for the curve y = ax* + bx? + cx? + dx +e to have points 
of inflection? 


Y Solution: Find the second derivative: 
y” = 12ax* + 6bx + 2c 
The curve has points of inflection if and only if the equation 
6ax? + 3bx +c =0 
has different real root, i.e. when the discriminant 
9b? — 24ac > 0, or 3b*— 8ac > 0. 


© Example 9: Consider a curve C: y = cos"(2x — 1) anda 
straight line L : 2px —-4y +27 -—p=0 

Find the set of values of 'p' for which the line L intersects the 
curve at three distinct points. 


© Solution: y = cos (2x — 1) 


dy _ 2 
dx fl-(@x-1) 


-l 
— = 2)-1/2 
ee 


V 


Monotonicity 6.39 


dy _1_@-2x) _ 
az ~ 9 cae? 


a 
2 


1m). . . . ; 
The point (5.3) is a point of inflection of the curve is and 
it satisfies the line L. 


The line L is always passing through point of inflection of the 
curve C. 


1 
Slope of the tangent to the curve C at (3.2) 


dy 
dx 


=-2 
x=1/2 


As the slope decreases from —2, line cuts the curve at three 
_ distinct points and minimum slope of the line when it intersects 
_ the curve at three distinct points is 


Tl 
tL 
—- 
0-— 
2 


5 <[-n,-2) > p € [-27, 4) 


© Example 10: Prove the inequality 


ax(x-+1 
sin x + 2x > eee V x €(0, 7/2). 


Y Solution: f (x) = sin x + 2x 


2 
g(x)= 3X7 +X) 


f’ (x)=cosx+2 >0; f" (x) =-sinx <0 
Hence f is concave down and increasing. 
' 3 ‘i 3 
g' (x) = —Q2x+)) g" (x)= —(2) >0 
T T 


=> gis concave up and increasing. 
(<) =T+1 
2 
o( = -32 Fat) = T 
2 2n\ 2 2 
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From the graph, it is clear that f(x) = g(x) V x € (0, 77/2). 


©@ Example 11: Find equations of the tangent lines at the 
points of inflection of y = f(x) = x* — 6x? + 12x - 8x. 
Y Solution: f(x) = 4x3— 18x3 + 24x -—8 

£"(x) = 12x? — 36x + 24 = 12(x — 1) (x —2) 

f""(x) = 24x — 36 = 12(2x — 3) 


The possible points of inflection are at x = | and 2. Since 


f’"(1) #0 and f""(2) 4 0, the points (1, — 1) and (2, 0) are 


points of inflection. 
At (1, — 1), the slope of the tangent line is 


m = f'(1) = 2, and its equation is 


y=y,=m(x-x,)ory+1=2(x-1) 
or y=2x-3 TW, 
At (2, 0), the slope is f'(2) = 0, and the equation of the tangent 
line is y =0. 


@ Example 12: Let f’(x) > 0 and f"(x) > 0 where X, <X,. 


Y f(x,)+f(x2) 
2 


xX + Xo 
Then show that f 5 


©Y Solution: Since f(x) > 0 and f(x) > 0, the function is 
strictly increasing and concave up. A sample graph of f has 
been shown in the figure below. 


X, +X 


We know, x, < <X, 


aid (= +x, £(x,)+f(x,) 


5 is the midpoint of the chord 


joining A and B. 
Since the graph is concave up 


( Xj 2). f(x,)+f(x) 
2 2 


because ordinate of a point on the curve is less than that of a 
point on the chord at the same abscissa. 


Y, 


€ +X, ; f(x,) + ty) i (x,) f(x,) 
2 2 


(x,) f(x) 


Similarly, for a concave down graph as shown in the figure 
below, we have 


i 72), f(x,)+f(x,) 
2 2 


X, +X, X, +X, 
( 2 i( 2 ) 


fox.) 


é +x, fx) + fs) 
2 2 


(6) f0x,) 


@ Example 13: Prove that for any two numbers x, and x,, 
2x,+X, 


2e* +e” 5 


3 


© Solution: Assume f(x) = e* and let x, and x, be two 
points on the curve y = e*. 


2x, *X, 
3 


Let R be another point which divides P and Q in ratio | : 2. 


xX, 


The y coordinate of point R is and y coordinate 
2x, +x, 


of pointS ise 3 


Since f(x) = e* is always concave up, hence point R will always 
be above point S. 

2x,+x, 
oe 


©@ Example 14: If 0 < X, <X, <x, < 7 then prove that 


: X,+xX,+X sin x, +sin x, +sin x 
ati 1 2 315 1 2 3 
3 3 


Hence or otherwise prove that if A, B, C are angles of triangle 
then maximum value of 
3y3 


sinA + sin B + sin C is a 
© Solution: 


: X, +X, +X, 
sin 3-4 


sinx, + sinx, + sinx, 


B(x,, sinx,) p 3 


: 


C(x, sinx,) 
A(X,, Sin}x,) 9 


x 
4 
0 xX, KX, X: +x, +X, X; Pp. NY >) 


Let point A, B, C form a triangle y coordinate of Bric 


sin xX, +sin Xj +sin x3 
3 


(Xp +tX2 +X 
sin}|— 4, |. 
3 


G is and y coordinate of point F is 


again 


y | 


Monotonicity 6.41 
If A+B+C=T, then 
' (AtB**) sinA+sinB+sinC 
sin > 
3 3 
=> sin = % sin A +sinB+sinC 
3 3 
33 
=> a > sin A+ sin B + sinC 
=> maximum value of (sin A + sin B + sin C) 
= = . It is attained if A= B=C 
C Note: 
Let g(x) = f(x) 
Since g is the inverse of f , fog (x) = gof (x) =x 
1 
=> g'(X)= £'(g(x)) 
> eg (x)? 4 0 {as f(x) is increasing } (1) 


= 20) is increasing for all x € R. 
—? Bt I(x) i is mea for allx ER. 


rar 


» 


#0 Fe 


> g(x)=- (f" =o f"(g) g(x), for allx ER 


as g’(x) > 0, from(1) 
=> g(x) <0, f"(x)>0, given 
=>  g’(x) is decreasing for all x € R. 
d 
=> f-'(x) is increasing and dx {f1(x)} is decreasing. 


This means that if a function f is strictly increasing and 


_ (x) +X, 4+X, sin x, +sinx, +sin xX, concave up, then its inverse f"' is strictly increasing and con- 
Hence sin > 
3 3 cave down. 
_ Concept Problems E 


1. Letf bea function such that f(x) = (x— 1) (k—2). 

(i) For which x is f concave upward? 
(ii) For which x is f concave downward? 
(iii) List its inflection points. 

2. Show that the graph of the function y = x tan"! x is concave 
up everywhere. 

3. Is it true that the concavity of the graph of a twice 
differentiable function y = f(x) changes every time 
f(x) = 0? Give reasons for your answer. 

4. Show that the graph of the quadratic function y = Ax? + 
Bx + C is concave up if A > 0 and concave down if A < 0. 


5. Let f(x) = ax? + bx +c, where a, b and c are constants, 
a # 0. Show that f has no inflection points. 

6. Explain why a polynomial of odd degree (atleast 3) always 
has atleast one inflection point. 

7. Let f(x) =x\x|. Is (0, 0) a point of inflection of this graph? 
Show that f"(0) does not exist. 

8. Graph the function y = x’? and show that it has a point of 
inflection where neither the first nor the second derivative 
exists. 


9. Sketch the graph of f(x) = Vx? and identify the inflection 
point. Does f(x) exist at the inflection point? 
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10. Show that the function g(x) = x|x| has an inflection point 
at (0, 0) but g"(0) does not exist. 


11. Prove (without referring to a picture) that if the graph 
of f lies above its tangent lines for all x in [a,b], then 
f"(x) = 0 for all x in [a,b]. 


12. If fis a function such that f(x) > 0 for all x, then prove 
that the graph of y = f(x) lies below its chords; i.e., f(ax, 
+ (1 —a)x,) < af(x,) + (1 — a) f(x,) for any a in (0,1), and 
for any x, and x,, x, #x,. 
13. Assume that all of the functions are twice differentiable and 
the second derivatives are never 0 on an interval I. 
(a) Iffand gare concave up on I, show that f + g is concave 
up on I. 
(b) If f is positive and concave up on I, show that the 
function g(x) = [f(x)} is concave up on I. 


14. 


15. 


16. 


(c) If f and g are positive, increasing, concave up 
functions on I, show that the product function fg is 
concave up on I 

(d) Show that part (iii) remains true if f and g are both 
decreasing. 

(e) Suppose f is increasing and g is decreasing. show, by 
giving examples, that fg may be concave up, concave 
down, or linear. Why doesn't the argument in parts 
(iii) and (iv) work in this case? 

For any twice derivable function f on (a, b), prove that the 

function g(x) = f(x) + cx + d, where c and d are any real 

numbers, has the same concavity characteristics as f. 

If f(x) > 0 and g(x) > 0 for all x on I and if f and g are 

concave up on IJ, then is fg also concave up on I? 


Suppose f(x) > 0 on (a, b) and In f is concave up. Prove 
that f is concave up. 


Practice Problems E 


17. Find out whether the curve y = x* — 5x? — 15x? + 30 is 


concave up or concave down in the vicinity of the points _ 


(1, 11) and (3, 3). 
18. Prove that the curve y = x.Inx is everywhere concave 
19. Find the points of inflection of the curve 
2 ( 
x ( 


2 2 
a +x 


20. Determine the values of a, b and c if the graph of 
f(x) = ax? + bx?+ cis to have (—1, 1) asa point of inflection 
of f at which the slope is 2. 

21. An inflection point of a graph is called a horizontal 
inflection point if the slope there is zero. Find the 
horizontal inflection points of 
G) x, (ii) (K-a)’, 

(iii) (x — a)? + b. 

22. Find the ranges of values of x in which the curves 
(i) y =3x°— 40x? + 3x — 20 
(ii) y = (x? + 4x + 5)e* 
are concave up or concave down. Also find their points of 
inflection. 


23. Find the intervals in which the curve y = (cos x + sin x) 
e* is concave up or down for x € (0, 27). 


24. Use the given graph of f to find the following. 
(i) The intervals on which f is increasing. 
(ii) The intervals on which f is decreasing. 
(iii) The intervals on which f is concave up. 
(iv) The intervals on which f is concave down. 
(v) The coordinates of the points of inflection. 


25. 


26. 


27. 


28. 


29. 


[| iy 
ott tt tt tt 
SERERE AE BE: 


Find out whether the curve y = x? In x is concave up or 
concave down in the neighbourhoods of the points (1, 0) 


a(z =) 
an errs aii Tea [F 
e e* 


Find the equations of the tangent lines at all inflection 
points on the graph of 
f(x) = x*- 6x? + 12x?- 8x +3 


1 
Find the point of inflection of the graph of y = x? - a 

Xx 
Find the equation of the tangent line to the graph at this point. 


Show that the curve y = has three points of 


1+x 

14+x? 
inflection, and that they lie in a straight line. 
COS X 


Consider the function f(x) = 


Tt . F 
If 0<x,<x,< 5 consider two expressions 


ew 
cos| —— 
2 

d ; 


X, +Xy 


COS X, COS X5 
a an 


XxX Xo 


X, +X 
cos| ———= 
COSX,;  COSX, 2 
+ > : 


Xy Xo 


Prove that 
X, +X, 


Monotonicity 6.43 


30. Show that the curve y = e ™ has inflection at the points 


‘ 1 
for which x = + Ya" 


_ farget Problems for JEE Advanced 


© Problem 1: Prove that the function f(x) = x? sin(1/x) 
+ ax, where 0 < a< 1, when x 4 0, and f(0) = 0 is not monotonic 
in any interval containing the origin. 


@ Solution: We have f'(0) =a> 0. (using first principles) 
Thus the conditions of the theorem for increasing functions 
are satisfied. 

Hence, f is strictly increasing at x = 0. 

But for x #0, f’(x) = 2xsin(1/x) — cos(1/x) +a 

which oscillates between the limits a- 1 anda+lasx—>0. 
Since a — 1 < 0, we can find values of x, as near to 0 as we 
like, for which f'(x) < 0; and it is therefore impossible to find 
any interval, including x = 0, througout which f(x) is a strictly 
increasing function. 


© Problem 2: Let fbe the function defined by 

f(x) = (ax? + 2hx + b) / (px? + 2qx +n), 

for all x for which the denominator does not vanish. Prov : 

the stationary values of f are the roots of _ “y 

(pr — q?)A? — (pb + ra—2qh)A + (ab—h?)=0 , / 

© Solution: Since f(x) = (ax? + 2hx + b)/(px? + 2qx + 1), 
; 2{(ax + h)(px? + 2gx +r) — (px + q)(ax? + 2hx + b)} 

f (x) = ( 2 2 

px” +2qx +r) 


If f has a stationary point at x = x,, then f’(x,) = 0, 
i.e., (ax, + h)(px; + qx, + r)-(px, + q)(ax,” + 2hx, + b) = 0 


(1) 

Also, the value A of f at x = x, is given by 
A = (ax? + 2hx, + b)/(px? + 2gx, + 1), (2) 
From (1) and (2), we have 
(ax, + h) — A(px, + q) =0 ..(3) 
Also, we may re-write (1) as 
(px; + 2qx, + r)/(px, + q) = (ax, + 2hx, +b)/(ax,+ h), 
Le. (qx, +1)/(px, + q) = (hx, + b)/(ax, + h), 
ie. (hx, +b) — A(qx, +r) =0, (4) 
by using (3), 
Eliminating x, from (3) and (4), we have 

a-Ap h-Aq 

h-Aq b-Ar - 


i.e. (pr—q’)A?— (pb + 1ra—2qh)A + ab—h* = 0. 


© Problem 3: Find the intervals of monotonicity of the 
function y = 2x? — In |x|, x #0. 


&Y Solution: Let f(x) = 2x? — In |x| atl 
Case I: x < 0. 
f(x) = 2x? — In |x| = 2x? — In (-x) 
2 — 
(Osteo jp ed (2) 
2 4 : 7 sis 
Case Il: x > 0. 
f(x) = 2x? — In |x| = 2x?-In x 
1 
f(x) =4x- — 3) 
xX 


Thus when x <Oorx>0O, 


.(4) 


1 
when 4x?- 1 =0, x=t, 


2 


Sign scheme for is as follows 


Sn a ad 
al 0 a 
2 2 


Thus, f(x) will be a decreasing function in the interval 
(~~. -4) and C ,) 

and increasing function in (-. 0| and (0.4) ; 

@ Problem 4: If f(x) = {-c? + (b- 1)c —2}x 


+ [ (sin? x +cos* x)dx 
0 
is an increasing function V x € R then find all possible values 
of b, for any c € R. 


@ Solution: Given 
f(x) = {-c? + (b- 1)c— }x + [ (sin? x +cos* x)dx 
0 
f'(x) =-c? + (b—- 1)c — 2 + sin’x + cos*x 


=> f'(x)=(1 -sin’x) + sin’x -c? + (b- 1)c —2 
= sin*x — sin’x —c* + (b- 1)c-1 
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2 
1 
= (sin? *) c2+(b-—1)c ‘ 


We should have f '(x) >OVxeER 
sin x 


0-c?+(b- 1c > >0 


Ly Gee 30 
2 ie 


(since the least value of (sin?x — 1/2)? = 0) 
or e-(b- e+ 2 <0 forall c 
- D<0 > (b-19<5 
= QWs 2b-15 5 
=> 1-5 <b<1+V5 
Hence b € [1- J5,1+ V5]. 


© Problem 5: Find the intervals of monotonicity of the 

function f(x) =x Vax—x*,a #0 

Y Solution: y =x Vax —x? 
dy _ Pe 2 ak (a —2x) 
dx 2 


ax — x? 


dy x (3a—4x) 
> —=5.f" o 
dx 2 2vax—x? 


Domain: ax—x?>0=> x(x -—a) <0 


Case I Ifa >0, then x €[0, a] 
Case II If a <0, then x €[a,0] 
Critical point : X= ae 
Casel:a>0, Signoff'(xs) (oS 
f(x) is increasing in (0, 2) and decreasing in (= , a) 
Case Il: a < 0, Sign of f '(x) 
lel 


a Jat u 


f(x) is decreasing in (a, =) and increasing in (= , 0). 
© Problem 6: Find the intervals of monotonicity of the 


function f(x) = fa 
xX a 


@ Solution: y = *in~ 


x a 
dy a ho 1 1 
dx x? a ax/aa 
dy 
= 1 + = 1 —In x/a 
dx x? a x? x? 
x>0O if a>0 
Domain : ; 
x<0 if a<0 


Critical point : In (=) =1>x=ae 
a 
Sign of f'(x) 
a>0O 
a<0 
If a > 0, f(x) is increasing in (0, ae) and decreasing in (ae, ©). 
If a < 0, f(x) is increasing in (— 00, ae) and decreasing in (ae, 0). 


© Problem7: Find the number of real roots of the equation 
n 2 


— 


i X—D, 


=c, where b, <b, <..... <b. 


G Solution: Consider the function 


nal a a a2 
f(x) = : c= f+ 4 7 c 
(x) ars x—b, x-b, x—b, 
Fe Oe a re 
Bn =b,)? (x—-b,2 (x—b,)? 


SOV XER-={b, bynes By} 
=> f(x) strictly decreases in (—c0, b,), (b,,b,), 
Sr gh Di. ok We) 


_ Now, we have 


f(-00) = —c = f(00) 

f(b,-) =— 00 and f(b,*) = 00 
f(b,-) = — 00 and f(b,*) = 00 
f(b,-) = and f(b,*) = 00 


The plot of the curve y = f(x) is shown alongside. 


Hence, the number of real roots of the equation is n— 1. 


© Problem 8: If f: R > R and f is a polynomial with 
f(x) = 0 has real and distinct roots, show that the equation, 
[f'(x) ? — f(x). f"(x) =0 cannot have real roots. 


© Solution: Let f(x) =c(x —x,) (K—X,) w(K —X,) 
f'(x) 
f (x) 


1 1 1 
= + ee + 
X—X; X—-—X) X—-X 


f (x). £"%x) - [fo]? 
f? (x) 


Again Let h(x) = 


h’ (x)= 


1 : 1 1 
(x- x) (x- x) 
=> h’'(x)<0 => fcx).f"(x)-[f'@P <0 
Alternatively, a function f(x) satisfying the equation 
f(x)? — f(x) .f” (x) =0 is 
f(x) =c. e** which cannot have any root. 


@ Problem 9: Consider the function, 
f (x) =x3-9x?+ 15x +6 for 1<x<6 and 
min.f(t) forl<t<x,1<x<6 


g(a 


x-18 for x >6 


then prove that 

(1) g(x) is differentiable at x = 1 (ii) g(x) is discontinuous at 
X = 6 (iii) g(x) is continuous and derivable at x =5 (iv) g(x) is 
monotonic in (1, 5) 


Y Solution: f (x) = x3— 9x2 + 15x +6 
f(t)=C-—9t? + 15t+6 
f'(t) = 3? — 18t+ 15 =3 [t?-— 6t + 5] 
= 3(t—5) (t- 1) 
Hence f is increasing in (5, 6) and f is decreasing in (1, 5) 


i ee 
0123 4 5 6 


f(x)=x3—9x2415x46 1Sx<5 


Now g(x) = jf) =-19 5<x<6 
x-18 x>6 
x> 9x7 415x+6 1<x<5 
g(x) = 19 5<x<6 
x-18 x>6 


Hence, g is continuous and differentiable at x = 1 
g is continuous and differentiable at x = 5 

g is neither continuous nor derivable at x = 6 
g(x) is monotonic in (1, 5). 


@ Problem 10: Given f : [0, ©) > R be a strictly 
increasing function such that the functionsg (x) = f(x) — 3x 
and h(x) = f(x) — x? are both strictly increasing function. 
Then prove that the function F(x) = f(x) — x? — x is increasing 
throughout (0, 00). 


Y Solution: 3 F(x) =3 [f (x) -x?-x] 


Af (x) —3x] (Foo -x*} 
Ge ae 


+x°-3x?+3x-1+1 
3 F(x) =2 g(x) + h(x) + (x-1)3 +1 
= F(x)isincreasing V x € [0, «]. 


Alternative: 
Given f(x) is increasing 


Monotonicity 6.45 


=> f'(x*)>0 

g (x) =f (x) -3x 

g’ (&=f' (*)-3>0 >f'(*)>3 
also h(x) = f (x) —x? 

h’ (x) =f! (x) -3x?>0 => f' (x) > 3x? 
To prove that F (x) = f (x) — x?— x is increasing 
i.e F’ (x) =f’ (x)-2x-1>0 

F’ (x) >0 

f’ (x) >2x+1 


For in [0, 1), obviously f’ (x) > 3 > 2x + 1 and in (1, 2), 
3x’? > 2x + 1. Hence proved. 


© Pr oblem 11: Let f: (0, 00) —> (0, ©) be a derivable 


R function and F(x) is the antiderivative of f(x) such that 
4 * 2(F(x) —f(x)) = f(x) for any real positive x. Then 


prove that f is strictly increasing and lim 7G) =I. 


x30 =X 


© Solution: Given 2(F(x) — f(x)) = f 2(x) 


dF 
and an f (x) 


2 
Fp ~ + f(x) 
F’ (x) =f (x) - f(x) + £'(x) 
f(x) =f! (x) (1 + f(x) 
f(x) 5] 1 
1+f(x) ~~ 14f(x) 


f'(x)= > 0 (as f (x) > 0) 


Hence f is strictly increasing. 
lim ts) 


x30 =X 


= lim f'(x) using L’Hospital’s Rule 
xX—00 


1 
— lim | 1—-————_ 
= tn [ as; as x > 0, f(x) > 0 


©@ Problem 12: Find all possible values of 'a' for which 
f(x) = log (4ax — x’) is strictly increasing for every 


4 

=e) 
xe [2-2 
Y Solution: 


Case I: If 0 < a < 1 (obviously ‘a’ cannot be < 0) 
then for f(x) to be increasing 
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4ax — x* should be decreasing in & 2) 


2a 3/2 2 


3 3 
=> 5 ee Se => a< Zand a> 2 


1 3 
>ae 2 2 A 
Case Il: If a> 1 then for f (x) to be increasing 
4ax — x’ increasing in (3. 2) . 
=> 2a=2 => al but a¥l 


=> a>l 


Hence the final answer is ( =| U (0). 
#3 
@ Problem 13: For x € (0, 1), prove that x — = 


3 -1 
xX a : tan x 
x — —. Hence or otherwise find lim | ——— }. 
6 x>0 x 


3 
Y Solution: Let f(x) =x - * _ tan x 
3 


f'(x)=1-x?- 
®) 1+x? 


x? 


f'(x) =- 5 
1+x 

f'(x) < 0 for x € (0, 1) 

f(x) is strictly decreasing 


f(x) < f(0) 
3 


YY 


X 
=> x- — -tan'x <0 

3 

< 
=> x-— <tan’'x 

3 

Pe 

Similarly, g(x) = x — ao tan!x 


2 

xX 1 
‘(oel=— = 
B) D. 1+x? 
; x7(1—x’) 
BO) = 544%) 


g(x) > 0 for x € (0, 1) 
=> g(x) is strictly increasing. 
=> g(x) > g() 

3 
x 
— — -tan'x>0 
ar an'x 


<tan’x< . d 
_ & Solution: Given that or H(x) > 2 cx H(x) 
x 


(1) 


3 
X- - > tan'x (2) 


From (1) and (2), we get 
3 3 
x 
x— — <tan'x<x-— —. 
3 
x? tan! x x? 
Also, 1- < <1- 
3 x 6 


Hence by Sandwich theorem we can prove that 


=t 
lim '40__X =] but it mustalso be noted that as x > 0, the 
x>0 

x 


=] -l 


tan” x .., tan™ x 
value of ———— ——> | from left hand side i.e. ——— < 1 
x 
1 
li tan’ x | _ 
> tn, [mx] <n 


© Problem 14: If H(x,) = 0 for some x = x, and 
= H(x) > 2cx H(x) for all x 2 x,, where c > 0, then prove that 
x fr . 


H(x) cannot be zero for any x > X): 
d 
=> — H(x)-2cxH(x)>0 
dx 
d A ee. 
=> {ZH} ¢ * —2cxe ™ a.H(x) >0 
dx 
d 2 d 2 
—H(x)te ™ —H(x)i;—e™ }>0 
tak ; 1c 


{HO)-e >0 


—cx’ . 7 . : 
H(x) e is an increasing function. 


uy 


Y 


But, H(x,) = 0 and e ™ is always positive. 
=> H(,)> 0 forall x > x, 
=> H(x) cannot be zero for any x > x,. 


1 1 
@ Problem 15: Prove that aa(1+4]>- = x>0, 
—-xX 


2 
1 
Hence, show that the function f(x) = 1 + +) strictly increases 
in (0, ©). = 


Y Solution: Consider the function 


1 1 
g(x) = en(t42 > Vx>0. 


1-x 
-I/x? 1 - 1 
g(x)= iwt (l+x)* x(1+x) (l+x)° 
X 


-l 
~ x(1+x) 
g(x) strictly decreases in (0, 00) 


g(x) > lim g(x) =0 
x0 


<O0OVx>0 


YU 


which gives the desired result. 
Now, we have 


f(x) = [1+ 4) .x>0and 
x 
x x-l 
f'(x)= ( “| on{1 ‘) x{ ‘) (+) 
x xX X xX 
= Grlurers >O0Vx>0 
x x 1+x 


[using result (1)] 


=> f(x) strictly increases in (0, ©). 


©@ Problem 16: Using calculus establish the inequality, 


(x + y>)!> < (x? + y*)'*, where x>0, y>O and b>a>0O. w/ 


©Y Solution: (x’+ y)!® < (x*4 ys" 
b 1/b a 
> () “| ((2) a) 
¥y ¥ 


To prove that (t+ 1) < t®@+1 = [ 


[wy>0] oA 


=t>0] 
Let f(t) = (41) —t—1 


=> f'@=at! x ( - i -1] 


2, eo 
=at? 1+ ill 
t 


Now since 1+ — > 1 and Saal <0 
t b 


1 \o"! 
therefore | 1+ an <1. 
t 


Hence f’(t)<0O ie. f(t) is decreasing function 
So f(t) < f(0) but f() =0 

=> (t+1)”<t4+1. 

Hence proved 


1 x 
© Problem 17: Prove that f(x) = (i++) is strictly 


increasing in its domain. Hence, draw the graph of f(x) and 
find its range. 


Va ys. 
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&Y Solution: f(x) = (144) 


Domainers 30 
xX 


= *7,9 SGe,-1)U 0,0) 
xX 


: 1) 1 x -l 
Consider f'(x) = (++) én [1st }s = 
x 


> f(x)= fit) jn(1+4) | 


Now (+4) is always positive, hence the sign of f’(x) 
x 


1 
depends on sign of @n (+4) a 


x (x + i 

For x € (0, ©), g’(x) < 0 (1) 
=> (x) is strictly decreasing for x € (0, 0) 

a(x) > lim g(x) 


g(x) > 0. 
and since g(x) >0 => f'(x)>0 
For x € (0, — 1), g(x) > 0 ...(3) 


=> g(x) is strictly increasing for x € (— ©, -1) 
=> g(x)> lim g(x) 
=> g(x)>0 => f(x)>0 
Hence from (1) and (2) we get f'(x) > 0 for all 
x € (— 0, -1) U (0, ©) 
=> f(x) is strictly increasing in its domain 
For drawing the graph of f(x), its important to find the value 
of f(x) at endpoints + 00, 0, -1. 


tian [i+4) 2 
X—t00 xX 


and lim [+4] = 00 
x>-1 xX 
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So the graph of f(x) is 


From the graph, the range is y € (1, ©) — {e}. 


© Problem 18: Let R* be the set of positive real numbers. 
Find all functions f : R* + R* such that for all x, y € R*, f(x) 
f(yf(x)) = f(x + y). 

© Solution: First, if we assume that f(x) > 1 for some 


x € R*, setting y = gives the contradiction f(x) = 1. 


x 
f(x) - 
Hence f(x) < 1 for each x € R*, which implies that f is a 
decreasing function. 


If f(x) = 1 for some x € R*, then f(x + y) = f(y) foreach 


y € R*, and by the monotonicity of f it follows that f= 1. 


function, in particular injective. By the equalities ‘ 

f(x) f(yf(x)) = f(& + y) = fyf(x) +x + yC. - £))) — 

= flyf(x))) f(x + y(1 - £00) F(yfOQ)) 
We obtain that x = (x + y(1 — f(x))) f(yf(x)). Setting 
=i) 
fd) 


reeves 


f(z) = 
, we get f(z) ia 


for 


Combining the two cases, we conclude that f(x) = ; : 
+ 


each x € R*, where a = 0. Conversely, a direct verification 
shows that the function of this form satisfy the initial 
equality. 


Alternative : As in the first solution we get that fis a decreasing 
function, in particular differentiable almost everywhere. Write 
the initial equality in the form 


F(x + y) = £00) _ 52g) fF) =I 
y yf (x) 
It follows that if fis differentiable at the point x € R*, then there 
exists the limit lim Be a. Therefore f'(x) =—af?(x) for 
z>0 Z 


1 ' 
each x € R*,i.e. | 7. | = 4, which means that f(x) = . 
f (x) ax+b 


Substituting in the initial relation, we find that b = 1 anda 2 0. 


© Problem 19: Does there exist a continuously differentiable 
function f : R + R such that for every x € R we have 
f(x) > O and f'(x) = f(f(x)) ? 

Y Solution: Assume that there exists such a function. 
Since f'(x) = f(f(x)) > 0, the function is strictly increasing. 
By the monotonicity, f(x) > 0 implies f(f(x)) > f(O) for all x. 
Thus f(0) is a lower bound for f '(x), and for all x < 0 we 
have f(x) < f(0) + x. {(0) = (1 + x) f(0). Hence, if x < —1 then 
f(x) < 0, contradicting the property f(x) > 0. 

So, such a function does not exist. 


© Problem 20: Let f: R > R be areal function. Prove or 

disprove each of the following statements. 

(a) If fis continuous and range (f) = R then f is monotonic. 

(b) If fis monotonic and range (f) = R then f is continuous. 

(c) If fis monotonic and f is continuous then range (f) =R. 

@ Solution: 

(a) False. Consider function f(x) = x? — x. It is continuous, 
range (f) = R but, for example, f(0) = 0, 


2) 2-3 iene iy ft 
: ‘(3) aan and f(1) = 0, therefore f(0) > (3), (3) 


-< f(1) and f is not monotonic. 


« ) (b) True, Assume first that fis non-decreasing. For an arbitrary 
Let now f(x) < 1 for each x € R*. Then f is strictly decreasing 


numbera, the limits lim fand lim fexistand iin f< lim f. 


xa xa xa’ 


If the two limits are equal, the function is continuous at a. 
Otherwise, if lim f=b< lim f=c, we have f(x) <b for 


xa x>a’ 
all x < a and f(x) > c for all x > a; 
therefore range (f) C (-00, b) U (c, 00) U {f(a)} cannot 
be the complete R. 
For non-increasing f the same can be applied writing 
reverse relations or g(x) =— f(x). 
(c) False. The function g(x) = tan"'x is monotonic and 


continuous, but range (g) = (—7/2, 7/2) #R. 


© Problem 21: Let f: (a,b) >R, lim f(x) = 

xa 
lim f(x) =—0o and f'(x) + f(x) >—1 for x € (a, b). Prove that 
x >a 
b-—a2 7 and give an example where b—-a=T7. 
@ Solution: From the inequality we get 

f'(x) 
<(tanx f(x) +x) = 14 £2 (x) + 1=0 


for x € (a, b). Thus tan-'f(x) + x is non-decreasing in the interval 
and using the limits we get 

T T 

~+as-— +b. 

2 2 
Hence b — a2 7. One has equality for 


f(x) = cot x,a=0, b=7. 


© Problem 22: Let f € c' [a, b], f(a) = 0 and suppose that 
i €R,A>0, is such that |f'(x)| < AlfCx)| for all x € [a, b]. Is 
it true that f(x) = 0 for all x € [a, b]? 


© Solution: Assume that there is y € (a, b] such that 

f(y) # 0. Without loss of generality we have f(y) > 0. 

In view of the continuity of f there exists c € [a, y) such that 

f(c) = 0 and f(x) > 0 for x € (c, y]. 

For x € (c, y] we have |f '(x)| < Af(x). This implies 

that the function g(x) = In f(x) — Ax is not increasing in 
f'(x) 

(c, y] because of g'(x) = f(x) -A <0. 

Thus, In f(x) — Ax > In f(y) - Ay and f(x) > e**”’ f(y) 

for x € (c, y]. 

Thus, 0 = f(c) = f(c + 0) > e** f(y) > 0 

a contradiction. Hence one has f(x) = 0 for x € [a, b]. 

©@ Problem 23: Suppose that f(x) is a real-valued function 

defined for real values of x. Suppose that both f(x) — 3x and 

f(x) — x3 are increasing functions. Must f(x) — x — x? also be 


point x = aif f(a—h) < f(a) < f(a +h), where hisa Small 

positive arbitrary number. : 

2. A function f(x) is said to be strictly decreakiy out the 
point x = a if f(a—h) > f(a) > f(a + h), where his a small 
positive arbitrary number. 

3. A function f(x) is said to be non-decreasing about the 
point x = aif f(a—h) < f(a) < f(a +h), where h is a small 
positive arbitrary number. 

4. A function f(x) is said to be non-decreasing about the 
point x = aif f(a —h) = f(a) = f(a + h), where h is a small 
positive arbitrary number. 

5. Leta function fbe differentiable at x = a. 

(i) Iff'(a) > 0 then f(x) is strictly increasing at x =a. 
(ui) Iff'(a) < 0 then f(x) is strictly decreasing at x =a. 
(iii) If f'(a) = O then we need to examine the signs 
of f'(a—h) and f'(a + h). 
(a) Iff'(a—h) > Oand f’(a+h) > 0 then f(x) is strictly 
increasing at x =a. 
(b) Iff'(a—h) < Oandf'(a+h) <0 then f(x) is strictly 
decreasing at x =a. 
(c) Iff'(a—h) and f'(a+h) have opposite signs then 
f(x) is neither increasing nor decreasing (non- 
monotonous) at x =a. 

6. Assume that the function fis differentiable at x =a. 

(a) If x =ais the left endpoint, we check as follows: 

(i) If f'(a*) > 0, then f(x) is strictly increasing at 
X=a. 
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increasing on all of the real numbers or on at least the positive 
reals? 


©Y Solution: Let u =v. Suppose that u + v < 2. Then, since 

f(x) — 3x is increasing, 
f(u) — 3u = f(v) — 3v, 

=> f(u)-f(v) 2 3(u—-v) 2 (u+ v4 1) (u-v) 
=W-v+u-v 

> ftu)-u-w2f(v)-v-v 

Suppose that u + v = 2. Then, since f(x) — x? is increasing, 
f(u) — uw = f(v) — v? => f(u) - f(v) = w - v3 
=(u—v) (u?+uv+v’). 

Now 2[(u? + uv + v7) —-(u+v41)] 
=(u+v)?+(u—-1)7?+(v- 1-420, 


so that u?+uv+v?>u+v-+1 and 
f(u) — f(v) = (u—v) @t+v+4t1) 
=wW-vw+u-v> flu) -u-w = f(v)-v-v’. 
Hence f(u) — u — uw’ = f(v) — v — v? whenever u = v, so that 
f(x) - x= x? is increasing. 


(ii) If f'(a*) < 0, then f(x) is strictly decreasing at 
x=a. 

(iit) If f’(a*) = 0, but f'(a + h) > 0, then f(x) is strictly 
increasing at x =a. 

(iv) If f’(a*) =0, but f'(a + h) < 0, then f(x) is strictly 
decreasing at x =a. 

(b) If x =a is the right endpoint, we check as follows: 

(i) If f'(a) > 0, then f(x) is strictly increasing at 
X=a. 

(ii) Iff’(a) <0, then f(x) is strictly decreasing at x =a. 

(iii) If f'(a-) = 0, but f(a —h) > 0, then f(x) is strictly 
increasing at X =a. 

(iv) If f'(a-) = 0, but f(a —h) < 0, then f(x) is strictly 
decreasing at x =a. 


7. Necessary Conditions for Monotonicity 

(i) Ifa differentiable function f(x) increases in an interval 
its derivative f'(x) is non-negative: f'(x) > 0. 

(ii) Ifadifferentiable function f(x) decreases in an interval 
its derivative f(x) is non-positive: f'(x) <0. 

(iii) If a differentiable function f(x) does not vary in an 
interval (i.e. is equal to a constant) its derivative is 
identically equal to zero: f’(x)= 0. 

8. Sufficient Conditions for Monotonicity 

Let f(x) be a differentiable function on the interval 

(a, b). Then: 

(i) If the derivative f'(x) is everywhere positive 
(i.e. f(x) > 0) in the interval (a, b), then the function 
f(x) is strictly increasing in the interval (a, b). 
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10. 


11. 


12. 


(i) If the derivative f '(x) is everywhere negative 
i.e. f'(x) < 0) in the interval (a, b), then the function 
f(x) is strictly decreasing in the interval (a, b). 

(iii) If the derivative f'(x) is everywhere equal to zero in 
the interval (a, b), then the function f(x) does not vary 
in the interval (a, b) (i.e. it is constant). 


Monotonicity at points where f'(x) does not exist Consider 

a continuous function f(x) whose derivative f'(x) does not 

exist at x = c but exists in the neighbourhood of c. 

a) If f'(c) > 0 and f'(c*) > 0, then f(x) is strictly 
increasing at x =c. 

(ii) Iff'(c—h) > 0, f'(c) > 0, f"(c*) > 0, f’(c +h) > 0, 
then f(x) is strictly increasing at x = c. 

(iii) If f ‘(c-) < O and f '(c*) < 0, then f(x) is strictly 
decreasing at x =c. 

(iv) If f'(c —h) > 0, f'(c) <0, f(c*) < 0, f’(c +h) > 0, 
then f(x) is strictly increasing at x =c. 

A critical point of a function f is anumber c in the domain 

of f such the either f’(c) = 0 or f'(c) does not exist. 


Steps for finding intervals of monotonicity 
(i) Compute the derivative f'(x) of a given function f(x), 
and then find the points at which f’(x) equals zero or 


does not exist at all. These points are the critical points 


13. 


14 


J 


(i) If f(x) isa strictly increasing function then its negative 
g(x) =— f(x) is a strictly decreasing function and vice- 
versa. 

(ii) The reciprocal of a nonzero strictly increasing function 
is a strictly decreasing function and vice-versa. 

(iii) If f and g are strictly increasing functions then 

h(x) = f(x) + g(x) is also a strictly increasing function. 

If f and g are positive and both are strictly increasing 

then h(x) = f(x) x g(x) is also strictly increasing. 

If f is strictly increasing in [a, b] and g is strictly 

increasing in [f(a), f(b)], then gof is strictly 

increasing in [a, b]. 

If f is strictly decreasing in [a, b] and g is strictly 

decreasing in [f(b), f(a)], then gof is strictly 

increasing in [a, b]. 

If f is strictly increasing in [a, b] and g is strictly 

decreasing in [f(a), f(b)], then gof is strictly 

decreasing in [a, b]. 

If f is strictly decreasing in [a, b] and g is strictly 

increasing in [f(b), f(a)], then gof is strictly 

_. decreasing in [a, b]. 
If the second derivative f”(x) is everywhere positive within 


(iv) 
(v) 


(vi) 


(vii) 


(viii) 


__ an interval the arc of the curve y = f(x) corresponding to 


for the function f(x). oy’ 


(ii) 
definition of the function f(x) into several intervals 
on each of which the derivative f’(x) retains its sign. 
These intervals will be the intervals of monotonicity. 

(iii) Investigate the sign of f'(x) on each of the found 
intervals. If on a certain interval f'(x) > 0, then the 
function f(x) increases on this interval, and if f'(x) < 0, 
then f(x) decreases on this interval. 


Application of monotonicity in isolation of roots Suppose 
that 

(i) fis continuous on [a, b] and differentiable on (a, b). 
(ii) f(a) and f(b) have opposite signs, 

(iii) f'(x) > O on (a, b) or f(x) < 0 on (a, b). 

Then f has exactly one root between a and b. 


Using the critical points, separate the domain of — 


15. 


16. 


17. 


that interval is concave up. If the second derivative f"(x) 


is everywhere negative in an interval, the corresponding 
arc of the curve y = f(x) is concave down. 

A hyper-critical point of a function f is a number c in the 
domain of f such the either f"(c) = 0 or f”(c) does not exist. 
Suppose the graph of a function f has a tangent line 
(possibly vertical) at the point P(c, f(c)) and that the 
graph is concave up on one side of P and concave down 
on the other side. Then P is called an inflection point of 
the graph. 

Ifx=c is ahyper-critical point and the inequalities f"(c — h) 
<0, f"(c + h) > 0 (or inequalities f”(c — h) > 0, f"(c +h) 
<0) hold for an arbitrary sufficiently small h> 0, then the 
point of the curve y = f(x) with the abscissa x =c is a point 
of inflection. 

If f"(c — h) and f"(c + h) are of the same sign, then the 
point x = c is not a point of inflection. 


Objective Exercises 


SINGLE CORRECT ANSWER TYPE 


Which of the following conclusions does not hold true? 
(A) Y (B) Y 


ase 
increasing at 
x=a 


beeen 
increasing at 
x=a 


(C) Y 


increasing at 
x=a 


increasing at 
x=a 


If f(x) = sin’x —3cos’x + 2ax — 4 is increasing for all x = 0, 
then a is an element of 


(A) [-2, 0) (B) (-%, -2] 
(C) [2, 2) (D) (-%, 2] 
Let f(x) = sin”! (2202-) , where (x) is a decreasing 


function of x, then 

(A) f(x) increasing when | (x) | < 1 

(B) f(x) is decreasing when | (x) | < 1 

(C) f(x) is decreasing always 

(D) f(x) is increasing always 

Let f(x) = sin’x — (2a + 1) sin x + (a — 3). If f(x) < 0 for 


allx € jo. , then range of values of a is 


(A) [-3, 0] (B) [3, ©) 

(C) [-3,3] (D) (-, 3] 

Let f be a function such that f(x) and f'(x) have opposite 
signs for all x € R. Then 

(A) f(x) is an increasing function 

(B) f(x) is a decreasing function 

(C) | f(x)| is an decreasing function 

(D) |f(x)] is an increasing function 


If f(x) = sin in oe :}) then 
2 


(A) Domain of f(x) is (0.5 | 


(B) Range of f(x) is [-1,1] 

(C) f(x) is decreasing in its domain 

(D) f(x) is increasing in its domain 

The function f : R > R is such that 

f(x) =axt+ax+axet... 

4 x2nt 1. cot!x 

on. then the function f(x) is 
(B) many one into 
(D) many one onto 


where 0 < a, <a,<.....a 
(A) one-one into 

(C) one-one onto 

If f(x) is a differentiable real valued function satisfying 
f"(x) —3f'(x)>3 V x20 

and f'(0) =—1, thenf(x)+ x V x >Ois 

(A) decreasing function of x 

(B) increasing function of x 

(C) constant function 

(D) none of these 

Let f(x) = ax + sin 2x + b, then f(x) = 0 has 


(A) exactly one positive real root, ifa > 2,b <0 
(B) exactly one positive real root, ifa > 2,b>0 


10. 


11. 


12. 
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(C) infinite number of positive real root, if a <—2 

(D) None of these 

f:R—-R be a differentiable function V x € R. Ifa 
tangent drawn to the curve at any point x € (a, b) always 
lies below the curve, then 

(A) f'(x) < O and f"(x) > 0 V x € (a, b) 

(B) f'(x) > O and f"(x) <0 V x € (a, b) 

(C) f'(x) can have any value and f"(x) > 0 V x € (a, b) 
(D) none of these 

The set of value of a, for which the function f(x) = (4a — 3) 
(x + 5) + 2(a— 7) cot (x/2) sin?(x/2) does not possess any 
critical point is given by 
(A) (-00, —4/3) 

(C) (4/3, 2) 


(B) (-, -1) 
(D) (-00, -4/3) U (2, «) 


T 
If tan (m cos 8) = cot (m sin 8) 0 < 8 < = and 


f(x) = (cos 8 + sin 8)*, then f is 
(A) increasing for all x € R 
(B) decreasing for all x ¢ R 


_ (C) increasing in (0, 00) 


O ‘(D) decreasing in (0, 00) 


14. 


15. 


16. 


17. 


1 
If f(x) = x" sin 1/x + x™ cos then 
X 


(A) atleast one root of f’ (x) = 0 will lie in interval [1/7, 2/7] 

(B) atleast one root of f’ (x) =0 will lie in interval [1/z, 1/370] 

(C) atleast one root of f’ (x) = 0 will lie in interval 
[1/7, 1/270] 

(D) None of these 

Which one is correct ? 

(A) (1999) > (2000) 19° 

(B) (1998) < (1999)! 

(C) (100)! < (101)! 

(D) 267 > 2576 


Let f"(x) > 0 V x € Rand g(x) = f(2—x) + f(4 +x). Then 
g(X) is increasing in 

(A) (2, -1) (B) (—2, 0) 

(C) Cl, ©) (D) None of these 

Let f be differentiable on [a, b] when f(A) = f(B) = 0 and 
f'(C) =0,a<c <b. Then the incorrect statement is 

(A) If g(x) =k f(x) then g’/(C) =0 

(B) If g(x) = f(x —k) then g’(c +k) =0 

(C) If g(x) = f(kx) then g'(c/k) = 0 

(D) none of these 

Let f (x) and g (x) are two function which are defined and 
differentiable for all x > x,. If f (x,)=g (x,) and f(x) > g'(x) 
for all x > x, then 

(A) f (x) < g (x) for some x > x, 
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18. 


19, 


20. 


21. 


22. 


23. 


(B) f (x) = g (x) for some x > x, 
(C) f (x) > g (x) only for some x > x, 
(D) f (x) > g (x) for all x > x, 
The number of zeros of the cubic 
f(x)=x34+2x+k VkeR,is 
(A) 0 (B) 1 
(C) 2 (D) 3 
Let f, g and h are differentiable function such 
that g (x) =f (x)—x and h(x) =f (x)—x? are both strictly 
increasing functions, then the function 

v3 x? 

2 

(A) strictly increasing V x € R 
(B) strictly decreasing V x € R 


F (x) =f (x)- is 


1 
(C) strictly decreasing on [—. =| and strictly 


1 
increasing on [= 
3 


(D) strictly increasing on [—« 


x 


ace 
decreasing on | ——,0o 
V3 

Let f: R > R be areal function. Then 

(A) Iffis continuous and range (f) = R then fis monotonic 
(B) Iffis monotonic and range (f) = R then fi is continuous 
(C) If fis monotonic and continuous then range f(x) = R 
(D) None of these 

The number of inflection points on the curve represented 
parametrically by the equations x = t’, y = 3t + t} is 


(A) 0 (B) 1 
(C) 2 (D) 3 
Iff:R m4 ig is the function defined by 
f(x) = —; =< , then 
e* +e 


(A) f(x) is an increasing function 
(B) f(x) is a decreasing function 
(C) f(x) is onto 

(D) None of these 


Let f(x) be an increasing function and 


f(x) <—1 V x ER then g(x) = 


(A) increasing for all x 
(B) decreasing for x > 0 
(C) increasing for x > 0 
(D) None of these 


24. If f'(x? —- 4x + 3) >0 V x &€ (2, 3), then f(sin x) is 


25. 


26. 


27 


1 
and strictly C 


. 


28. 


29. 


increasing on 

(A) (nz, n7/2), n € I 

(B) ((2n + 1), (4n + 3) 7/2), n EI 

(C) ((4n - 1) 7/2, 2nt),n EI 

(D) None of these 

A function f(x) is given by x? f(x) + 2x f(x) -x +1=0 
(x # 0). If f(1) = 0 then f(x) is 

(A) increasing in (—00, 0), (1, 00) and decreasing in (0, 1) 
(B) increasing in (0, 1) and decreasing in (—9, 0),(1, 90) 
(C) increasing in (—90, 0) and decreasing in (0, 00) 

(D) increasing in (0, 00) and decreasing in (—00, 0) 


Let f(x) = xV4ax — x? , (a > 0). Then f(x) is 

(A) increasing in (0, 3a), decreasing in (—00, 0) and (3a, 4a) 
(B) increasing in (a, 4a), decreasing in (4a, 0) 

(C) increasing in (0, 4a), decreasing in (—0, 0) 

(D) none of these 


i N (x) = |x| — {x}, where {.} denotes the fractional part 
of x, then f(x) is decreasing in 


1 
(40 


» (49 
0 (43 


Which of the following statements is true for the 
function 


Vx, x21 
3 

f(x) = x, <x<l 
3 
—-—4x, x<0 
3 


(A) f is strictly increasing V x € R. 
(B) f'(x) fails to exist at 3 distinct values of x 
(C) f'(x) changes its sign twice as x varies from —©0 to 00, 


(D) f attains its extreme values at x, and x,, where 
X,x, >0 


If f(x) > 0, V x E R, f’@G) = 0 and g(x) = f(tan’x — 


2tanx + 4), O<x< af 
T 

(0 
TU 

(C) (0.2) 


then g(x) is increasing in 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


Let f be a function such that f’(x) = log,,, (log,(sinx + a)). 
If f is decreasing for all real values of x, then 


(A) a € (1,4) (B) ae (4, 0) 
(C) a € (2,3) (D) a &€ (2,0) 
If f(x) = x + sin x, g(x) =e*, ues Je+1=<6, 


v= sje—a/e—1, (> 1) then 

(A) fog(u) = fog(v) —(B) gof(u) < gof(v) 

(C) gof(u) > gof(v) — (D) fog(u) < fog(v) 

The length of the largest continuous interval in which the 
function f(x) = 4x — tan2x is monotonic is 

(A) 7/2 (B) 1/4 

(C) 7/8 (D) 7/16 

The number of solutions of the equation x* + 2x? + 5x + 
2cosx = 0 in [0, 271] is 


(A) one (B) two 
(C) three (D) zero 
If f(x) = x? + 4x? + Ax + 1 is a strictly decreasing function 


of x in the largest possible interval [—2, —2/3] then 


Bee (B) 4=2 
al (D) A has no real value 
aoa ; eae : f(1 — x*) where f(x) is an 


increasing function, then g(x) is increasing in the interval 
(A) 1, 1) \O- 


0 (Bs}H(B= 
(88) 


(D) None of these 


If f(x) = (ab — b? - 2)x + J (cos*O+sin* )d0 is a 
decreasing function of x for all x € Rand b € R, then 
(A) ae (0, V6) (B) ae (-V6, V6) 

(C) ae (V6, V6) ~(D) None of these 


Let f(x) be an increasing function and 


sin’ 0 cos’ 0 
2(0)=[. f(x)dx +], f(x)dx , 


then g(Q) is increasing in the interval 


ils 2c0 p) (-3.-3) 
(A) (B) a 


38. 


39. 


4 0. 
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TT Tl 
of) (49 


The number of solutions of the equation 
x? + 2x*+ 5x +2 cos x =0 in [0, 271] is 
(A) 3 (B) 2 

(©) 1 (D) 0 


If f(x) = ax? + bx? +.cx + d where a, b, c, d are real numbers 
and 3b? < c’, is an increasing cubic function and g(x) = 
af'(x) + bf”(x) + c’, then 


(A) J g(t) dt is a decreasing function 


} g(t) dt is an increasing function 
a 
x 


(B) 


J g(t) dt is neither increasing nor decreasing 
function 
(D) None of the above 


If the function y = sin(f(x)) is monotonic for all values of 


(C) 


x (where f(x) is continuous), then the maximum value of 


41. 


42. 


the difference between the maximum and the minimum 
values of f(x), is 


(A) 1 (B) 2x 
(C) 1/2 (D) None 
The interval in which f(x) = 3 cos* x + 10 cos? x + 


6 cos* x — 3, x € (0, 7), decreases or increases are 


nm 20 : 2 
(A) Decreases on (2) and increases on (0.3), (2.] 


™ . 1 
(B) Decreases on (Z.*] and increases on (0.2) 


T 20 
(C) Decreases on Ges and increases on 


us : Tt 
(D) Decreases on C 4 and increases on (Z.] 


Let f(x) be a differentiable function such that, f’(x) = 


Pe ee eer If f(x) is increasing for all values 


of x then 
(A) ae (5, 0) 


(C) ae (2.5) 


B 1,2 
( ) ae 2 A 
(D) None of these 


. The intervals of monotonicity of the function of 


the function f(x) = x? — In |x|, when (x # 0) is/are 
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44. 


45. 


(A) Increasing for all x > 0 and decreasing for all x < 0 


i 1 1 
B) Increasing when x € : | 0, and 
a : L=-e}l2y5] 


1 
i —=,0),| =, 
decreasing when x € ( 77) [ ~| 


(C) Increasing when x € 


decreasing when x € 2, 


aS 
2 


1 1 
Ll pao) 
V2 [s 
If a function f(x) is such that f(2) = 3, f'(2) = 4, then 
lim (x)] , (where [.] is G.I.F), is 
xXx> 


(D) Increasing when x € (- 


when x € 00, 


(A) 2 (B) 3 
(C) 4 (D) doesn’t exist 
Let f: R > R be a differentiable function such that 


f(f(x)) = a(x? + x), (a # 0), then 

(A) f(x) is strictly increasing 

(B) f(x) is strictly decreasing : 
(C) f(x) is either strictly increasing or decreasing 


46. 


47. 


48. 


(D) f(x) is non-monotonic. 
Let f'(x) denotes g(x), f(x) denotes g(g(x)), f3(x) denotes 
g(g(g(x))) and so on. If g(x) is an increasing function and 
lies between (0, 00), V x ER, then 

lim 
nol £"(x) 
(A) 0 

(C) does not exist 


is equal to 
(B) 1 
(D) none of these 


f(x) is an increasing, concave up function for all x € [a, b], 
then for any A > 0, (f is invertible) 


(A) b+anr ee (fo +4) 
1+2% 14+2% 
(B) b+anr aie (x +A) ) 
1+2% 142% 
(C) b+anr me [ +4F@) | 
1+2% 142 
(D) b+anr a & +A@)) 
( 1+2% 142% 
If g(x) = 2f(2x* — 3x”) + f(6x? — 4x? -3), V x € R, and 


f"(x) > 0, V x € R then g(x) is increasing in the interval 


1 1 
(A) (-2.-5)}- on (B) [-5.0}. ae 


(C) (0, 0) (D) none of these 
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49. 


50. 


51. 


52. 


Which of the following is/are true 
(A) (¢n eA bi > (fn oh 


(B) (¢n4)> <(én5)'™4 
(C) (n30)'"*! > (¢n31)"*° 
(D) (én 28)'"°° < (¢n30)'"78 


If x =c is acritical point of y = f(x) and y = g(x) then 
x =c is also acritical point of 

(A) f.g (B) f.g, 

(C) f+g (D) none 


Let g’ (x) > O and f' (x) < 0, V x ER, then 

(A) f (x + 1) > g(f(x- 1) 

(B) f(g(x - 1)) > f(g(x + 1) 

(C) g(x + 1) < g(f(x - 1) 

(D) g(g(x + 1)) < g(g(x - 1) 

Consider the function f : R + R defined as f (x) =x + sin x. 

Which of the following is/are the correct statement(s)? 

(A) The function is strictly increasing at every point on 
R except at 'x' equal to an odd integral multiple of 7 


53. 


54. 


where the derivative of f (x) is zero and where the 
function f is not strictly increasing. 

(B) The function is bounded in every bounded interval 
but unbounded on whole real line. 

(C) The graph of the function y = f (x) lies in the first and 
third quadrants only. 

(D) The graph of the function y = f (x) cuts the line y = x 
at infinitely many points. 

For the function f(x) = (x? + bx + c)e*, which of the 

following holds? 

(A) if f(x) > 0 for all real x = f'(x) > 0 

(B) if f(x) > 0 for all real x = f'(x) > 0 

(C) if f(x) > 0 for all real x = f(x) > 0 

(D) if f'(x) > 0 for all real x = f(x) > 0 


The function f (x) = (x + 2)! atx =—2 

(A) is monotonic 

(B) is differentiable 

(C) is such that no tangent can be drawn at this point. 
(D) changes its concavity. 


55. 


56. 


57. 


58. 


59. 


60. 


Let a function f : R  R be such that for any real numbers 

a < b, the image f ([a, b]) is a closed interval of length 

b-—a. Then 

(A) fis a continuous function 

(B) fis monotonous function 

(C) there are only two functions f(x) =+x+c,cisa 
constant 


(D) None of these 


Let f(x) = ax? + bx? + cx + d, where a, b, c, d are real 


and 3b? < c? is an increasing function and g(x) = af’(x) + 
xX 


bf" (x) + c?. If G(x) = f g(t) dt, a € R, then 
a 
(A) G(x) is a decreasing function 
(B) G(x) is an increasing function 
(C) g(x) is neither increasing nor decreasing 
(D) G(x) is one-one function 
Consider a real valued continuous function f (x) defined 
on the interval [a, b]. Which of the following statements 
does not hold(s) good? 
(A) a f(x) 20 ” [a, b] then 


Jrvows < je (x) dx, 


(B) If f(x) is increasing on [a, b], then f(x) is increasing 
on [a, b]. 

(C) If f (x) is increasing on [a, b], then f (x) > > 0 on iC b). 

(D) If f (x) attains a minimum at x =c where a<c<b, 
then f’ (C) = 0. 

If p’(x) > p(x) for all x = 1 and p(1) = 0 then 

(A) e* p(x) is an increasing function 

(B) p(x) . e* is a decreasing function 

(C) p(x) > 0 for all x in [1, 0) 

(D) p(x) < 0 for all x in [1, 0) 

Identify the correct statements: 

(A) If y=x +c, then dy = dx. 

(B) If y =ax + b, then Ay/Ax = dy/dx. 


(C) Ify is differentiable, then lim (Ay — dy) = 

Ax>0 
(D) If y = f(x), f is increasing and differentiable, and 
Ax > 0, then Ay > dy. 


5, 


If h(x) = 3f 5] + {33 — x?) V x € (3, 4), where 
£"(x) >0 V x € (-3, 4), then h(x) is 
(A) increasing in (3-4) 


(B) increasing in (-3.»] 


61. 


62. 


63. 


Monotonicity 6.55 


3 
(C) decreasing in (-s. -3) 


3 
(D) decreasing in 0, 3 


If f(x) = x* — x* + 100x + 2002, then 
(A) £(1000) > £(1001) 


(B) f (sa) Sf (=r ] 

2000 2001 
(C) f(x — 1) > f(x — 2) 
(D) f(2x — 3) > f(2x) 


If f'(x) = g(x)(x — a)’ where g(a) # 0 and g is continuous 
at x =a, then 

(A) f is increasing in the neighbourhood of a if g(a) > 0 
(B) f is increasing in the neighbourhood of a if g(a) < 0 

(C) fis decreasing in the neighbourhood of a if g(a) > 0 
(D) f is decreasing in the neighbourhood of a if g(a) < 0 


If composite function f,(f,(f,(...(f,(x)))) is an increasing 
function and if r of I, s are decreasing function while rest 


_ are increasing, then the maximum value of r(n — r) is 


= » 7 n2 =] . 

(A) , when n is an even number 
2 

@) 25 

i =] ‘ ; 

(C) , when n is an odd number 
4 
2 

(D) ~ , when n is even number 


64. 


65. 


66. 


Which of the functions have exactly one zero in the given 
interval 


(A) f) =x34+ +7, (-0, 0) 
x 
(B) g(t)= Vt + Vi+t—4, (0, 0) 


(C) 1(0) = 0 + sin? (2) - 8, (— 0, o) 


(D) r(8) = tanO — cot8 — 8, (0, 1/2) 

If f(x) and g(x) are two positive and increasing functions, 
then 

(A) (f(x))® is always increasing 

(B) If (f(x))*© is decreasing when f(x) < 1, 

(C) If (f(x))*© is increasing when f(x) > 1 

(D) If f(x) > 1, then (f(x))* is increasing 


If o(x) = ai[ 5 = }+r0- x*) VW x € (-3, 4) where 
£"(x) > 0 V x € (-3, 4), the (x) is 


3 
(A) increasing in 2’ at 
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67. 


68. 


69. 


(B) decreasing in [-3-3) 
: ae 3 
(C) increasing in (-3.0) 


(D) decreasing in fo 3] 


Let f(x) be an increasing function defined on (0, 0). If 
f(2a? + a+ 1) > f(3a’ — 4a + 1), then the possible integral 
values of a is/are 
(A) 1 
(C) 3 


Let f and g be functions from the interval [0, ©) to the 


(B) 2 
(D) 4 


interval [0, 00), f being an increasing function and g being 
a decreasing function, then 


(A) f{g(x)} 2f{gO)} (B) g{f(x)} < g{f(O)} 
(C) f{g(2)} < f(g(0)) (D) None of these 


If f(x) and g(x) are positive continuous function such that 
f(x) is an increasing function, g(x) is a monotonic function 
and it is given that 

1/2 1/2 
A= | f (x).g(x)dx > | f(x).g(1—x)dx, then 

0 0 


1 
(A) f(x) < f(1-x), Vxe (0 >| 
1 
(B) g(x)< gd -x), Vxe (o >| 
1 
(C) f(x) > f(1-x), Vxe & 7 


1 
(D) g(x) > g(1-x), Vx e c +] 


Assertion (A) and Reason (R) 


(A) Both A and R are true and R is the correct explanation 


of A. 


(B) Both A and R are true but R is not the correct explanation 


of A. 


(C) Ais true, R is false. 
(D) A is false, R is true. 


70. 


71. 


Assertion (A): Both f(x) = 2cos x + 3sin x and 
a -1 3 ‘ : 

(x) = sin’’ ——-tan™! = are increasing, for x € (0, 77/2). 
; ie” 2 : 
Reason (R) : If f(x) is increasing then its inverse is also 
increasing. 
Assertion (A): The function f(x) is x*— 8x? + 22x? — 24x 
+ 21 is decreasing for x € (2, 3) and (—0o, 1). 
Reason (R): f(x) is increasing for x € (1, 2) and 
(3, 00) and has no point of inflection. 


72. 


74. 


75. 


76. 


77. 


78. 


79. 


<cos 


Assertion (A): If (0) = 0, f’(x) = An(x + V1+x? ), then 
f(x) is positive for all x € R*. 
Reason (R): f(x) is increasing for x > 0 and decreasing 


for x < 0. 
xX +be * 


. Assertion (A): The function f(x) = coca is 


ce* +de * 
increasing function of x, then be > ad. 


Reason (R): f’(x) > 0 for all x. 

Assertion (A): Let f : R > R be a function such that 
f(x) =x? + x*+ 3x + sin x. Then, fis one-one. 

Reason (R): f(x) is one-one if and only if f(x) is strictly 
monotonous. 


Assertion (A): For 0 < x < . ; 


cos X sin (tan x) < sin (sin x) 


t 
Reason (R): ane 


os . . . Tl 
1s increasing function in (o. z) : 


Assertion (A): If 0 < x < tan! . , then 


~~ : 1 ; 
% Alcos(tan x).cos” sinx < 3 [cos (tan x) + 2 cos sin x] 


tan x +2sinx 
———— | <cosx. 


Reason (R): We know that AM = GM and if x 
€ (0.7) , tan x + 2 sin x > 3x and cos x is a decreasing 
function. 

Assertion (A): If x € tan! £2) then tan (sin x) > 


sin (tan x). 


Reason (R): tan [sin [san ) 


she 
2 


T oo. ; 
= tan > tan 4 while sin (tan x) < | and tan (sin x) 


ee 
4 

is increasing in the given interval. 
Assertion (A): Let a strictly decreasing function 
f: Rt > R* satisfy f(f(x)) = x for all positive x. Then 
lim f(x) =0. 
x30 
Reason (R): Since f is strictly decreasing and bounded 


below by 0, we see that lim f(x) exists and is some non- 
X70 


negative number. 
Assertion (A): (3.14)" > 73-4 


énx 
Reason (R): Let f(x) = ee f(x) is decreasing for x > e. 


Since e < 3.14 < 7, £(3.14) > f(z). 


Comprehension — 1 
Consider f, g and h be three real valued function defined on R. 


Let f (x) = sin 3x + cos x, g (x) = cos 3x + sin x and 

h (x) = f(x) + g°(x) 

80. The length of a longest interval in which the function 
y =h (x) is increasing, is 


™ 
A) — B 
are (B) 


wla ala 


T 
C) — D 
(C) 6 (D) 
81. The general solution of the equation h (x) =4, is 
(A) (4n + DF (B) (8n + D 


Tl Tl 
(C) Qn+ a (D) (7n+ DA 


where n € I 


82. The number of point(s) where the graphs of the two 
function, y =f (x) and y = g (x) intersects in [0, 7], is 
(A) 2 (B) 3 
(C) 4 (D) 5 


Comprehension — 2 


A cylinder of base radius 1 and height x is cut into two equal 


parts along a plane passing through the centre of the cylinder 


and tangent to the two base circles. Let f(x) be the ratio of 
surface area of each piece to the volume of the piece. 


83. The value of f(2) is 
(A) 24+3 2 (B) 3+ V2 


(C) 3+2V2 (D) None of these 


84. The complete interval on which the function f(x) is strictly 
decreasing, is 


(A) (0, ©) (B) (2, 4) 

(C) (1, ©) (D) None 
85. The value of lim f(x) is 

(A) 2 (B) 3 

© = (D) None 


Comprehension — 3 
Consider the cubic f(x) = 8x? + 4ax? + 2bx + a where a,b € R. 


86. For a= 1 if y = f(x) is strictly increasing V x € R then the 
largest range of values of b is 


wal] w(t] 


(C) Eo (D) (00, 06) 
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87. For b= 1, if y = f(x) is non-monotonic then the sum of all 
the integral values of a € [1, 100], is 
(A) 4950 (B) 5049 
(C) 5050 (D) 5047 
88. If the sum of the base 2 logarithms of the roots of the cubic 
f(x) = 0 is 5 then the value of ‘a’ is 
(A) -64 (B) -8 
(C) -128 (D) -256 
Comprehension — 4 


Let A= {1, 2, 3, 4,5} and B = {-2, - 1, 0, 1, 2,3, 4, 5}. The 
number of 


89. Increasing function from A to B is 


(A) 120 (B) 72 
(C) 60 (D) 56 
90. Non-decreasing functions from A to B is 
(A) 216 (B) 540 
(C) 792 (D) 840 
91. Onto functions from A to A such that f (4) 4 i for all 7, is 
(A) 4 (B) 120 
© 56 (D) 76 


~ Comprehension — 5 
If (x) is a differentiable function satisfying '(x) + 


20(x) < 1, then it can be adjusted as e*)’(x) +2e7*0(x) < e** or 
d 2 ex 

—] e* (x) - <0 

a Wo ) | 


Here e”* is called a integrating factor which helps in creating a 

function whose differential coefficient is given. 

92. If o’(x) + 20(x) < 
f(x) = e*(2(x) — 1) 
(A) is a decreasing function 
(B) is a increasing function 
(C) is a positive function 
(D) is a negative function 

“ 


1 for all x then the function 


93. If P(1) =0 and —~~ > P(x) for all x 2 1 then 


(A) P(x) > 0 a4 

(B) P(x) is a constant function 

(C) P(x) <0OVx>1 

(D) None of these 

94. If H(x,) = 0 for some x = x, and 7 H(x) > 2cxH(x) for 

x 

all x = Xo where c > O, then 

(A) H(x) = 0 has root for x > x, 

(B) H(x) = 0 has no roots for x > x, 


(C) H(x) is a constant function 
(D) None of these 
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MATCH THE COLUMNS FOR JEE ADVANCED 


95. 


96. 


97. 


98. 


99. 


(A) 


(B) 


(C) 
(D) 


(A) 
(B) 


(C) 


(D) 


(A) 


(B) 


(C) 


(D) 


(A) 
(B) 
(C) 
(D) 


(A) 


(B) 


Column-I 
1 
Let y = f(x) be gi by x= y= ,t>O0. 
ety = f(x) be given by x= —a.¥= Gp 


If f is increasing in (0, a), then the greatest value of a is 


1 3 
Given A= E ‘| , if A-A] is a singular matrix, then A? — 3A — 2 is equal to 


The number of solutions of the equation | x —1]°®* “8-° =(x — 1)’, is 
A ladder of length 5m leaning against a wall is being pulled along the 
ground at 2cm/s. When the foot of the ladder is 4m away from 

the wall, if the top of the ladder slides down on the wall at 


Semis then A is equal to 


Column-I 
When 5°” is divided by 8 then remainder is 


T 
Xx2> 
2 


If f'(1)=-2J2 and g’ ( J/2 ) =4, then the derivative of f(tan x) 


The value of lim | tan x —sin(tan™! (tan x)) is 


tan x +cos” (tan x) 


: qT. 
with respect to g(sec x) at x = a is, 


The length of the longest interval, in which the function 


; : _ . . an ; 
f(x) = 3 sin x — 4 sin*x is increasing: is 6 , then value of a is 


Column-I 
Let f"(x) >0 V x € Rand g(x) = f(4—x) + f(2 + x) then g(x) 
increases if x belongs to the interval 
The equation x? — 3x + a = 0 will have exactly one real root 
if a belongs to the interval 
If f(x) = cos x + ax + b is an increasing function for all 
values of x, then a belongs to the interval 
If f(x) = 2e* — ae* + (2a + 1) x —3 is increasing for all values 
of x, then a belongs to the interval 


Column-I 


The function f(x) = decreases in the interval 


>< 
(+x?) 
The function f(x) = tan"! x — x decreases in the interval 


; an). ; : 
The function f(x) = x — e* + tan (=) increases in the interval 


The largest interval in which f(x) = x? — In(1 + x?) is non negative is 


Column-I 


r=4n Jn p 


The value of lim }{” ———~——_ = — 


ne fal Ve(3vr+4vn) 2 


in its lowest form where p + q = 
No. of integral values of a for which the cubic f(x) = x? + ax + 2 is 
non monotonic and has exactly one real root. 


Column-II 


(P) 3 


2 
ars 


(R) 1 
(S) 2 


Column-II 
(P) -1 


(Q) 2 


(R) 1 
(S) does not exist 


Column-II 
(P) (—90, —2) 


Q) (-~, -1] 
(R) [0, 2) 
(S) [1, 2) 
(T) (2, ©) 
Column-II 
(P) (-90, -1) 
(Q) (2, 0) 
(R) (0, 2%) 


(S) C1, %) 
(T) (-1, ©) 


Column-II 


(P) 2 


(Q) 0 
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(C) The radical centre of three circles is at the origin. The equations (R) 1 
of two of the circles are x? + y* = 1 and x* + y>+4x + 4y-—1=0. 
If the equation of third circle passes through the point (1, 1) and 
(-2, 1) is x? + y? + 2gx + 2fy +c =0 then f—c= 
(S) 11 


(D) If x? + y*+z?-2xyz = 1, then the value of 
dx | dy ,. a& 


aa 2 2 


Review Exercises for JEE Advanced 


1. 


10. 


11. 


12. 


13. 


14. 


Find the critical points of the function 

Ja—2 

V8—a 
Determine the values of the number a for which the 
function f has no critical point. 

f(x) = (a? + a— 6)cos2x + (a— 2)x + cosl 

Let f(x) =a. 9* + 8(a— 1)3* + 2(a— 1) x In3. Find all values 
of a so that f(x) is an increasing function for x € R. 
Find the intervals in which f(x) = |x + 1| |x + 2] increases 
and the intervals in which it decreases. 


dt a : 
f(x) = 3 sina tan*x + (sin a— 1) tanx + 


17. 
18. 


A function f(x) is given by the equation, x’f’(x) + 2x f(x) _ 
—-x+1=0(x#0). If f(1) =0, then find the intervals of i, 
monotonocity of f. 
Prove that 


4a lee >(1+x)+ V2+2x +x? Vv XE € ] 


Find the interval to which b may belong. so that the 


V21—4b-b? ’ 
fea] x? + 5x + V6 1S 


i =|1- 
function f(x) ag 


increasing at every point of its domain. 

Let f(x) = 1 — x — x*. Find all real values of x satisfying 
the inequality, 1 — f(x) — f°(x) > f(1 — 5x). 

If f(x) = 2e* —ae* + (2a + 1) x —3 monotonically increases 
for every x € R then find the range of values of ‘a’ 

Find a polynomial f(x) of degree 4 which increases in the 
intervals (—00, 1) and (2, 3) and decreases in the intervals 
(1, 2) and (3, 0) and satisfies the condition f(0) = 1. 
Determine whether the function g(x) = tanx — 4x is 
increasing or decreasing in the interval-7 3 < x < 0. 
Show that, x?-— 3x?— 9x + 20 is positive for all values 
of x>4. 

If O< x <1 prove that y = x/nx — (x?/2) + (1/2) 
is a function such that d?y/dx? > 0. Deduce that 
xinx > (x?/2) — (1/2) . 

Find all numbers p for each of which the least value 
of the quadratic trinomial 4x?— 4px + p?—2p+2on 
the interval 0 < x < 2 is equal to 3. 


15. 


16. 


20. 


21. 


22. 


23. 


Find the greatest & least values of f(x) 


x : 1 
1 ~— Inx in| —, y3 
x tT ct | 


Use the function y = 


= sin 
(sin x), 0 <x < 7, to determine 


e 2 
1 1 
the bigger of the two (=) and (=) 


Prove el0sx — sinx Z — =i x 
_ co 


Show ‘that the pene cos X = x sin x has exactly one 


~ if0<x< 4. 
4 


» Tl 
solution i in the interval (0 ; ), 


. Find all the values of the parameter b for each of which the 


function f(x) = sin 2x — 8(b + 2) cos x — (4b? + 16b + 6)x 
decreases throughout the number line and has no critical 
points. 


+e? l+n° 
or 


? 


1 
Identify which is smaller 
T 


Find the points of inflection and the intervals of concavity 
of the graphs of the given functions. 

(Gj) y=x?—5x?+3x—-5 

(ii) y= (K+ 2)°+2x+2 


(iii) y = In (1 + x’) 
(iv) y= etan' x 
The graph of the second derivative f” of a function f is 


shown. State the x—coordinates of the inflection points of f. 
Give reasons for your answers. 


Let f be a function whose second derivative is of the form 
f"(x) = (x —a)‘ g(x), where k is a positive integer, a is a fixed 
number, and g is a continuous function such that g(a) 4 0. 
(a) Show that if k is odd, then a is an inflection point. (b) 
Show that if k is even, then a 1s not an inflection number. 
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24. 


25. 
26. 


27. 


28. 


Choose @ and B such that the point A (2, 5/2) becomes a 
point of inflection of the curve xy + ax + By = 0. Will it 
have some more points of inflection? What are they? 


Prove that e***4-**< Ae™+ (1-A)ee,0<A<1 


If A & ware positive numbers whose sum is 1, using graph 
of y = x’ prove that (A. + pl) (Ax,?+ px,”)— (Ax, + ux, 20 


If0 <x, <x, <x, < 7, then prove that 


‘ 2x,+x,+x 
sin ( ! a 2)» 


If f(x) is a monotonically increasing function V x € R, 
f"(x) > 0 and f"' (x) exists, then prove that 


2sin X; +SiNX, +SiNX; 
4 


PTO) +f x) tf 103) ps 7 
3 . 
3 


29. 
30. 


31. 


1 
Show that | - — <Inx<x-1 forx>0. 
x 
(i) Show that e* = 1 + x for x 2 0. 
1 
(ii) Deduce that e* > 1+x+ re for x >0 


(iii) Use mathematical induction to prove that for x => 0 
and any positive integer n, 


e214+x+t+ a4 weeteity Sara 
Prove that the inequality 
5e"3 < (3x2—7x +7) e*< sve 
is valid for x € [0, 2/3]. 


. Prove that the inequality 


1 3 
cos xX Vsinx <2?-3 4, 


Target Exercises for, JEE Advanced 


Find the critical points of the function : 


1 
= cos3x + 


(i) f(x) =2 sinacos x + [$< 
3 4 2: 


cosa 2 1 4 
A sin X+ 2 sin (m+ » 


(ii) f(x) = & (® : 


ile , 5 
Prove that w(x) = 5 sin x tan x — In sec x is positive and 


T 
increasing forO<x< 5. 


Find the intervals of monotonicity of the following 
functions: 


() fa) = fe +2007 -1at 


(ii) f(x)= J, (2V2 sin? t+ (2-V2)sin t—1} dt.x € [0,2m] 


Let f be defined and differentiable for every x > 0 and 
f'(x) > 0 as x + 00. Put g(x) = f(x + 1) — f(x). 
Prove that g(x) > 0 as x 00 
Let (i) f be continuous for x > 0 
(ii) f'(x) exist for x > 0 
(iii) f(0) = 0 
(iv) f’ be strictly increasing. 


~ 


If g(x) = ——, x > 0, prove that g is strictly increasing. 


10. 


15. 


" p Let f be differentiable on [a, b], f(a) = 0 and there is a real 


number A such that |f'(x)| < Alf(x)| on [a, b]. Prove that 
f(x) =0 V x € [a,b]. 

If f is a function such that f(x) > 0, f’(x) is continuous for 
all x and ax.f (x) =2 Jf) —2a f(x), (a.x # 2), show that 


ff (x po MO pot, 


Prove that the inequality 1< i < — <i holds true for 


€ [3/4, 2]. 
Let f be twice differentiable on [0, 00), f” bounded on (0, «) 
and let f(x) > 0 as x > oo, Prove that f’(x) > 0 as x > ©. 


sin 1x 
Prove that 7 << ———— 
x(_—x) 


<4when0O<x<l. 


. Prove that, if x’ < 1, tan-'x lies between 


iy and x — dg? gis 
3 3 5 


x-— 


. Prove that the following inequality: > z Sia 5 — 
. Ifx >-1 then prove that x? > (1 + x)[In(1 + x)]’. 
—_ Ind+x) = us 
. Show that y= = and y daxiniex both 


decrease steadily as x increases from 0 towards 00. 


1 
Show that y= decreases steadily from | to 


In(1+x) 


0 as x increases from — 1 towards ©. 


16. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


Show that x/(1 + x”) < tan!x < x for x > 0. Use this and 
Tt 1 1 

— =tan'> + tan "3 to prove that 4 eq < 10. 

4 2 5 3 

If f(x) is continuous for a <x < b, f"(x) exists and f"(x) > 0 
f(x)—f (a) 


X—-a 


for a < x <b, then prove that strictly increases 


fora<x<b. 
Find the range of values of ‘b’ so that for all real x, 


f(x) = i; (bt? +tsin t) dt is monotonic. 


For decreasing function fin the interval [1, 10] we define 
h(x) = f(x) — {f(x)}? + {f(x) }°. Show that y = max{h(x)} 


1 
is a tangent to the curve y = 5 [sin x + |sin x|] at infinitely 
many points, given that f(1) = 1. 
Using the graph x £n x for x > 0 prove that 
b at+b+c 
a’b’ct > (stb) if a, b and c are all positive real 


numbers. 


Let g(x) = if f(t)dt and f(x) satisfies f(x + y) = f(x) + fly) 
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24. (i) Let f(x) = e* — 1—-x for all x. Prove that f’(x) = 0 if 


25. 


26. 


x > 0 and f'(x) < Oif x < 0. Use this fact to deduce 
the inequalities e* > 1 + x, e* > 1 — x, valid for all 
x > 0. (When x = 0, these become equalities.) Integrate 
these inequalities to derive the following further 
inequalities, all valid for x > 0: 


2 2 
11 xX x x ce 
(i) > 1+x+ >, e*<1l-x+ Th 
a 3 2. 2 
dii) es > 1+x+—— T ae >1-x+3/+ ar 
(iv) Guess the generalization suggested and prove your 


result. 


Prove that : <n(ist]<4 if x > 0. 
i Pee 


8 
Prove that the derivative of the function f, defined by 
f(x) = e*(x? — 6x + 12) — (x? + 6x + 12), is never negative 
for any real value of x. 


Deduce that {eX(x — 2) + (x + 2)}/x?(e* — 1) < 1/6 for all 


_ real values of x other than x = 0. 


+2xy—1 V x,y € Rand f'(0) = V3+a-a* ies Ay 


that g(x) is increasing. 


The functions f(x) and g(x) are continuous for 0 < x > a 
and differentiable for 0< x <a, f(0)=0, g(0)= & and f" (x) 
and g'(x) are positive. Prove that \ 
(i) if f’(x) increases with x, then f(x)/x i increases with x, 
(i) Iff'(x)/g'(x) increases with x, then f(x)/g(x) increases 

with x. Prove that the functions 

io ts 
x 2 6 
sinx’ 1—cosx’ 


are strictly increasing 


x—sinx’ 
: : 1 
in the interval 0 < x < 50 : 


2 3 


x 
xX+ TE wen 


Let p,(x)=1 ae 


+(-1)"*_ for each 
n! 


positive integer n. 
(i) Show that e* > p(x) =—- 1 —x for all x > 0. 
(ii) Use the result of part (i) to show that e* < p,(x) =]-x 


1 
+ —x? for all x > 0. 
(iii) Use the result of part (ii) to show that e* > p,(x)=1-x 


1 
+o xX?- 


ig for all x > 0. 
2 6 


(iv) Continue one step at a time in like manner until you 
have shown that p,(x) < e* < p,(s) for all x < 0. Finally, 
substitute x = 1 in this inequality to show that e ~ 
2.718 accurate to three decimal places. 


ry. 


28. 


29. 


30. 


31. 


32. 


Prove that the inequality 


I I , 43 


sin(t/3+x) sin(n/3-x) 3 


is valid for x € [0, 70/3) 


Show that the graph of the general cubic y = ax? + 
3bx* + 3cx + d is centrosymmetric about its point of 
inflection. (A graph is said to be centrosymmetric about 
a point O if for every point P of the graph there is a 
corresponding point P’ such that the line segment PP’ is 
bisected by O.) 


Find the values of h, k and a that make the circle (x — h)* 
+ (y —k)*= a’ tangent to the parabola y = x? + | at the point 
(1, 2) and that also make the second derivatives d?y/dx? 
have the same value on both curves there. Circles like this 
one that are tangent to a curve and have the same second 
derivative as the curve at the point of tangency are called 
osculating circles. 


Obtain the equation of the inflectional tangents to the curve 
= (x? — x)/(3x? + 1). 


Show that the curve y = = has three points of inflection 


which lie on one “sei fe 


Show that the points of inflection of the curve y =x sin x 
lie on the curve y” (4 + x”) = 4x”. 
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33. 


Show that the curves y = x* + x°-x-— 1, and y =2 (x?- x? 
+x — 1) touch, and cross one another at the point of contact. 


34. 


Find all strictly monotonic functions 


2 
f : (0, 00) —> (0, 00) such that (5 7) 


Previous) Years Questions (JEE Advanced) 


B. 


Questions on Increasing and Decreasing Functions 


4. 


. FILL IN THE BLANKS: 


The larger of cos (In 9) and In (cos 8) 

if ee? <0 < TIS... eee [IIT - 1983] 
The function y = 2x?— In| x | is monotonically increasing 
for values of x # 0 satisfying the inequalities 
monotonically decreasing for values of x satisfying the 


inequalities.......... [IIT - 1983] 
The set of all x for which /n(1 + x) < x is equal 
1Osstiascienetstenesen [IIT - 1987] 


MULTIPLE CHOICE QUESTIONS WITH ONE 
CORRECT ANSWER 


Let f and g be increasing and decreasing functions, | 
respectively from [0, 0) to [0, 00). Let h(x) = 
h(O) = 0, then h(x) — h(1) is [IIT - 1987) 
(A) always zero (B) always negative : 
(C) always positive (D) strictly 1 increasin: 


If f(x) = { 


2 —|.-l<x< 
3x“ +12x-1,-l<x<2 ii f(x) is ra 
37-—-x,2<x<3 


[IIT - 1993] 
(A) increasing in [-1, 2] 
(B) continuous in [—1, 3 
(C) greatest at x =2 
(D) all above correct 
The function f defined by f(x) = (x + 2) e* is 

[IIT - 1994] 


] 


(A) decreasing for all x 
(B) decreasing in (—00, — 1) and increasing (—1, ©) 
(C) increasing for all x 
(D) decreasing in (—1, 00) and increasing (—co, — 1) 


In(w+x) . 


The function f(x) = [IIT - 1995] 


In(e + x) ” 
(A) increasing on (0, ©) 
(B) decreasing on (0, ©) 
(C) increasing on (0, m/e), decreasing on (7/e, 0) 
(D) decreasing on (0, 7t/e), increasing on (7/e, 0) 


If f(x) = and g(x) = where 0 < x < 1, then in 


sin X tanx x? 


this interval [IIT - 1997] 


f(e(x)). If 


10. 


11. 


12. 


(A) both f(x) and g(x) are increasing functions 
(B) both f(x) and g(x) are decreasing functions 
(C) f(x) is an increasing function 
(D) g(x) is an increasing function 
The function f(x) = sin* x + cos*x increases if 
[IIT - 1999] 


TU T 
(yeas | (By Ses 


(C) 2 <x< 


Copsider the following statement S and R 
oth sin x and cos x are decreasing function in the 


yy cae 
_ Interva 2° 


R : If a differentiable function decreases in an interval 

(a, b) then its derivative also decreases in (a, b). Which 

of the following is true [IIT - 2000] 

(A) both S and R wrong 

(B) both S and R are correct, but R is not the correct 
explanation for S 

(C) Sis correct and R is the correct explanation for S 

(D) S is correct and R is wrong 


Let f(x) = le (x — 1) (x —-2) dx. Then f decreases in the 
interval [IIT - 2000] 
(A) (0, -2) (B) (-2,=1) 

(C) (1, 2) (D) (2, ©) 

If f(x) = x e*!~, then f(x) is LIT - 2001] 


(A) increasing on [-1/2, 1] 
(B) decreasing on R 
(C) increasing on R 
(D) decreasing on [-1/2, 1] 


13. The length of the longest interval in which the function 


3 sin X —4 sin’ x is increasing, is [IIT - 2002] 
(A) 3 (B) 5 

3 
c= (D) x 


14. Let the function g : (— 2%, 0) > (-£. 5) be given by 


g(u) = 2 tan'(e") — . . Then, g is [IIT - 2008] 


(A) even and is strictly increasing in (0, ©) 
(B) odd and is strictly decreasing in (—00, 00) 
(C) odd and is strictly increasing in (— 00, 00) 
(D) neither even nor odd, but is strictly increasing in 
(—90, 00) 
15. The number of points in (—:, 00), for which 
x’? — x sin x —cos x = O is 
(A) 6 (B) 4 
(C) 2 (D) 0 [2013] 


C. COMPREHENSION 


Consider the function f(x) = 1 + 2x + 3x? + 4x3. 
Let s be the sum of all distinct real roots of f(x) and let t = |s|. 
[IIT - 2010] 


16. The real number s lies in the interval. 


3 
@ (4-5) 
1 
(D) (. | 


17. The area bounded by the curve y = f(x) and the lines 


x = 0, y = 0 and x =t, lies in the interval: 
3 
—,3 

(A) [ rl 

(C) Q, 10) 


18. The function f'(x) is 


1 1 
(A) increasing in (- | and decreasing in (-+. 


1 
(B) decreasing in (- -) and increasing in (-+: ‘ 


(C) increasing in (+t, t) 
(D) decreasing in (+t, t) 
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D. MULTIPLE CHOICE QUESTIONS WITH ONE OR 
MORE CORRECT ANSWERS 

19. Let h(x) = f(x) — (f(x))? + (f(x))° for every real number x. 
Then [IIT - 1993] 
(A) his increasing whenever f is increasing 
(B) his increasing whenever f is decreasing 
(C) his decreasing whenever f is decreasing 
(D) nothing can be said in general. 


E. SUBJECTIVE PROBLEMS 


20. Use the function f(x)= x'*, x > 0. to determine the bigger 
of the two numbers e” and 7°. [IIT - 1981] 


b 
21. If ax? + — 2c for all positive x where a > 0 and 
x 


b > 0 show that 27ab? > 4c?. [IIT - 1982] 


22. Show that 1 + x In(x + Vx?4+1) > Vi+x? for all 
x>0 [IIT - 1983] 


Ce a 
23. Show that 2sin x + tanx 23x where 0 <x < 3: 


[IIT - 1990] 


xe™ , x<0O , a 
. Let f(x) = 5. Where a is a positive 
X+ax°—-x", x>0O 

constant. Find the interval in which f'(x) is increasing. 


[IIT - 1996] 
25. Using the relation 2(1 — cos x) < x’, x # 0 or otherwise, 
prove that sin (tan x) > x, for V x € (0, 70/4) 


[IIT - 2003] 


26. If P(1) =0 and ee > P(x) for all x > 1 then prove that 


»< 


P(x) > 0 for all x > 1. [IIT - 2003] 


3x(x +1 
T 


27. Prove that for x € . 4 ,sinx+ 2x2 . Explain 


the identity if any used in the proof. [IIT - 2003] 


Previous Years Questions (JEE.[Main Papers) is, 


1. Statement-1: The function x?(e* + e~) is increasing for 
all x > 0. 
Statement 2: The function x?e* and x?e~ are increasing 
for all x > 0 and sum of two increasing functions in any 
interval (a, b) is an increasing function in (a, b). 
[2013, online] 


2. Let f(x) = sin‘x + cos*x. Then f is an increasing function 
in the interval 


[2016, online] 
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The function defined by f(x) = x? — 3x? + 5x + 7, is 

(a) increasing onR 

(b) decreasing on R 

(c) decreasing on (0, 0) and increasing on (—9, 0) 

(d) increasing on (0, 0) and decreasing on (—«, 0) 
[2017, online] 


x d-x 
Ja2+x2 fb? +(d-r 


b and d are non-zero real constant. Then 


Let f(x) = 


, X € R, where a, 


(a) fis adecreasing function of x 
(b) fis neither increasing nor decreasing function of x 
(c) f' is not a continuous function of x 


(d) fis an increasing function of x [2019] 


If the function f given by f(x) = x3 — 3(a — 2)x? + 3ax + 7, 
for some a €R is increasing in (0, 1] and decreasing in 


[1, 5), then a root of the equation shia a =0(x#1l)is 
(x -1 

(a) 6 (b) 5 

(c) 7 (d) —7 [2019] 


6. Ahelicopter is flying along the curve given by y—x*”=7, 
(x => 0). A soldier positioned at the point (> ; 7] wants to 
shoot down the helicopter when it is nearest to him. Then 
his nearest distance is 
(a) t (b) BAe 

aaa: 3\3 
7 V5 
(c) 6\3 (d) eS [2019] 
7. The shortest distance between the point (3. 0| and the 
curve y = Vx , (x > 0)is 
v5 5 
(a) > (b) 5 
3 v3 
om a 201 
on 3 @) [2019] 
Or 


Concept PROBLEMS—A 
1. 


(i) neither increasing nor decreasing 

(i) strictly decreasing 

(iii) strictly decreasing 

(iv) strictly increasing 

Both strictly increasing at x =a 

strictly increasing both at x = 0 and x= 1. 


1. 
Decreases at x, = aA increases at x, = 2 and x, = e; 


non-monotonous at x, = 1. 

(i) decreases (ii) non-monotonous (decreases then 
increases) (iii) non-monotonous (increases then decreases) 
strictly increasing at x = 0; non-decreasing at x = l, 
constant at x = 2. 
Strictly increasing 

(1) non-monotonous 
(iii) strictly decreasing 


(ii) strictly increasing 


Concept PRoBLEMS—B 


1. 


(a) False (b) False 


False 
i) True (ii) False 
No 8. increasing 


g is discontinuous at x = 0. 


. (i) strictly increasing (ii) non-monotonous. 
. 7/4 12. non-monotonous 
. Strictly decreasing 


. Increasing 15. Decreasing 
.azl 17. No 
- (i) (1, %) (ii) (—00, 1) 


PRACTICE PROBLEMS—A 


24 


27. 
31. 


34. 


39. 


. decreasing 


PRACTICE PROBLEMS—B 


2 x=1,9 
3. i) 0,-1+ V5)/2~~ Git) Oz =. 4 (iii) nw, nel 
4. @) {+1,0} (ii) {0} 
(iii) {0 , In 2} 5. n/2,nel 
6. Gi) {3}; (ii) {1} 


7. (i) (5, 1/24 2nn,n © —N,-/2+2nm,m € N} 
(ii) { 2, (1/2 + 27%m)/6, m= 1,0,-1, -2,...; 


=(- 1/2 + 2nn),n=3,4, 5, ...} 


8. (i) 2nnt [x=cos! 2).nel 


Gi) Ee p Ssin -2<as2 


9. on, 0 10. (=. f)ve 00) 
2 3 


Concept PRoBLEMS—C 
1. (i) | increases in (— b/2a, ©), decreases in (— 0, — b/2a), 
(ii) increases in (— ©, 00), 
(iii) increases in (—1, 1), decreases in (-00,00) 
(iv) increases in (—00, 00) 
(v) increases in (271n — 27/3, 271n + 2710/3), decreases in 
(2mn + 27/3, 271n + 4707/3), n € I, 


1 


srs) ,nE I, decreases 


(vi) increases in f 


in (- ©, — 2), [scossces| ,ne€I,n#40Oand 
(2, 2) 
(vil) increases in (0, 2/ In 2), decreases in (— 00, 0) and 
(2/In2, 00), (h) increases in (0, n), decreases in (n, °©). 
(vili) increases in (0, n), decreases in (n, ©). 
2. (i) decrease in (—o«, —1) and (0, 1), increases in 
(-1, 0) and (1, 7); 
(ii) decreases in (—090, —1) and (1, ©) increases in (—1, 1); 


site’ ‘ 3 : 3 
(iii) increases in (—©0, 1) and (. 3) , decreases in (3. »). 


3. 2-43 <i) md Gis =: 
4. (-00, 1/4) 7. (i) 


One 


PRACTICE PROBLEMS—C 


9. (i) increases in (— 0, — 1/2), (11/18, ©); decreases in 


(— 1/2, 11/18) 


Monotonicity 6.65 


(ii) increases in (0, 2); decreases in (— 0, 0), (2, 00) 
(iii) increases in (e, ©) ; decreases in (0, 1), (1, e) 


wg , 5 ; : 5 
(iv) increases in —— ; Increases in 0,4 : Ot Qn]. 
3 3 3 3 


10. (i) increases in [1, 3] ; decreases in (— ©, 1], (3, 0) 
(ii) increases in (— 00, — 2] , [0, 00) ; decreases in [— 2, — 1), 
(-1, 0] 
1 
(ili) increases in [-5. 1 ; decreases in (-~.-5] »[1, 0) 


(iv) increases for x € R 


u. (i) Io, 7a aoe us (2k+In x 
| 7 12 4 6 4 6 


«<0, 


Qm+)n 7m (2m+3)n 7 ISO, 
4 6 4 6 


sal 2 a 
(ii) , 
| (4k+3)n (4k +1)n 


12. decreases in (—00, 2) and increases in (2, 00). 


if (-00,3-,J1+1/(3e) and 
(4.3+ i+¥) 


14. {cos | cos 3, sin | sin 3}, it increases. 


Concept ProBLEMsS—D 
2. strictly decreasing 
5. Leta<x <b. f(a) < f(x), f(b) = f(a), hence f(x) = f(a). 


7. Yes. 8. nothing can be said 


PRACTICE PROBLEMS—D 


21. Consider the inequality relating the expressions which 
are reciprocal of the left hand and right hand sides of the 
initial inequality. 


22. (-1, 0) U (0, 0). 


Concept PRoBLEMS—E 


1. (@ Co, 1) and (2, 0), (ii) (1, 2) 
(iii) 1, 2 

3. No 7. No 
x =0; No 15. No 


16. f" > f?2>0, sof” >0. 


PRACTICE PROBLEMS—E 


17. Concave down in the neighbourhood of the point (1, 11), 
concave up in the neighbourhood of the point (3, 3). 


19. x=0,+ a3 
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20. a=-2/3,b=-2,c=7/3 
21. (i) (0, 0), (ii) (a, 0), (c) (a, b) 
22. (i) Concave up in (—2, 0) and (2, 00); concave down in 


23. 


24. 


25. 


26. 
27. 


(—00, —2) and (0, 2). Points of inflection at (—2, 198), 
(0, —20), (2, —238). 
(ii) Concave up in (0, —1) and (1, ©) ; concave down in 
(I, 1). Points of inflection at (—1, 2e) and (1, 10/e). 
Concave up in (0, 7/4) and (57/4, 271) and concave down 
in (7/4, 57/4). 
(i) (0, 6), (8, 9) (i) (6, 8) 
(iii) (2, 4), (7, 9) (iv) (0, 2), (4, 7) 
(v) (2, 3), (4, 9/2), (7, 4). 
1 2 
Concave down in the vicinity of the point (=. -3) ; 
concave up in the neighbourhood 


of the point (1, 0). 
y=2x,y=3 
(1, 5/6) ; 15x — 6y = 10. 


OBJECTIVE EXERCISES : 


1. B aE @ 3. B 
4.C 5. C 6. BC 
7.C 8. B 9 A 
10. C li. D 2B \\ 
13. B 14. A 15. C 
16. D 17. D 

18. B 19. A 20. B 
216°C 22. D 23. C 
24. C 25. A 26. A 
27. A OBC 29. D 
30. B 31. C 32. B 
33. D 34. A 35. B 
36. B 37. D 38. D 
39. B 40. A 41. C 
42. D 43. C 44, D 
45. C 46. A 47. C 
48. B 49, BC 50. C 
51. BC 52. BCD 53. AC 
54. AD 55. ABC 56. BD 
57. ABCD _—58. AC 59. AB 
60. ABCD 61. BC 62. AD 
63. CD 64. ABCD 65. BD 
66. ABCD 67. BCD _ 68. BC 
69. ACD 70. A 71. A 
72, A 73. D 74. C 
75. B 76. B 77. A 
78. B 79. A 80. B 


81. A 82. C 83. B 
84. A 85. B 86. C 
87. B 88. D 89. D 
90. C 91. A 92. A 
93. A 94. B 

95. (A)-(R) ; (B)-(S) ; (C)-(S) ; (D)-(P) 


96. 
97. 
98. 
99. 


(A)-(R) ; (B)-(R) ; (CH(P) ; (D)-(Q) 

(A)-(ST) ; (B)-(PT) ; (C)-(PQST) ; (D)-(RST) 
(A)-(PS) ; (B)-(PQRST) ; (C)-(Q); (D)-(T) 
(A)-(S) ; (B)-(P) ; (C)-(Q) ; (D)-(Q) 


REVIEW EXERCISES for JEE ADVANCED 


1. 


2. 


r™~~x e 
- increases in 


{mn + tan! Jeoseca—1,n € I} for a € [2, m] U (27, 8). 
For a [7, 270] the function has no critical points. 


3.5<a<-2.5 
If n is even, limit does not exist. If n is odd limit is 0 


ss 


(2 -3} and (—1, ©) ; Decreases in 


(—00, —2) and (-3.-1] 
Increasing in (—00, 0), (1, 00) decreasing in (0, 1) 
[-7, -1] U [2, 3] 
(-2, 0) U (2, &) 
a2 0 
. f(x) = a(x* — 8x3 + 22x? — 24x) + 1, a € (- ©, 0) 
. Decreasing 


. oe ee be Sl 


- (1/6) + (1/2) In3 , (70/3) — (1/2) In3. 


. ba 3-45, bS—14+ 43. 
1+e? 
e 
; , ' 250 
- @) point of inflection (3. 2), concave down in 


—0o 3) concave u in (3 =) 
ae 3 p gee 


(ii) There is no point of inflection. The graph is concave up 
(iii) points of inflection (+1, In 2); concave down in 
(—00, —1) and (1, 90), concave up in (-1, 1) 


1 tan" os 


(iv) point of inflection Plas concave up in 


(—00, 1/2) , concave down in (1/2 , %). 


Monotonicity 6.67 


22. x=1,7 3. x>-1 
24. a =— 20/3, B = 4/3. The points (— 2,— 5/2) and(0,0) are 4. A 5 D 
also points of inflection. 6. D 7B 
8. C B 
TARGET EXERCISES for JEE ADVANCED 10. D 11. C 
12. A 13. A 
1. @ \ mnt cos( een i forae (0, 7/6] 14. C 15. C 
16. C 17. A 
U [57/6, 4); {7tn, n € I} fora © (1/6, 57/6) 18. B 19. AC 
20. e” 


(ii) {rm nn + >cos! aoe n i for 


TT 
ae 1.3]; mn,n él} forae |= : 
ae Ga 


3. (i) f decreases in (—2, —1) and (0, 1) and increases in 
(—co, —2), (—1,0) and (1, «). 


(ii) f decreases in (o.2},(= = )ana( 2,27 and 


QUESTIONS FROM PREVIOUS 
YEAR’S (AIEEE/JEE MAIN PAPERS) 
1. () 2. (c) 


6) 6° 4 
Sy (a) 4. (b) 
increases in (=.= Jana( 32,7) Nets (c) 6. (c) 
-_ oii ov 7. @) 
29, h=—4,k= 2 a= OM aay 
2 2 > 
J] 


30. x+y=0,x-2y+1=0. 
34. f(x) = Cx, C> 0. 


PREVIOUS YEAR'S QUESTIONS 


(JEE ADVANCED) 


1. cos (In 8) 
2. increases in (-3.0}.(5-] and decreases in 


HINTS & SOLUTIONS 


Objective Exercises Solution 


SINGLE CORRECT ANSWER TYPE 


1. By Observation It is an increasing function 
Hence, B is correct Hence, C is correct 
2. £(x) =sin? x —3cos” x + 2ax —4. 8. £"(x)—3f’(x) >3.f/(0) =-1 
f’(x) = 4(sin 2x) +2a = 0 g(x) =f(x)+x 
=> a€[2,0) g(x)=f(x)+1 
Hence, C is correct g"(x) =f"(x) 
a 2 ” , 
3. f(x)=sin™ sub =2tan7! (x) if|o(x) KI Now £"(x)>3(f(x) +1) 
1+9°(x) on 
2 f’( . 1 — 
, , X)+ 
f (x) =—,--x9 @)<0 . : 4 
1+0°(x) Integrating = f’(x)+1 >e***>0 
So, f(x) is decreasing when | 6(x)| <1 = s(x) >0 
Hence, B is correct _ Hence, B is correct 
4. f(x)= sin? x — (2a+1)sinx +(a—3) R 9 ~ £(x) =ax+sin2x+b 


f’(x) =cos x(2sin x —1—2a) f’(x) =a+2cos2x 


If a>2, f’(x)>0, f(x) is increasing 
f(0)=b 


atx=0, f(x)=a-3<0 >a<3 


T 
at x =—, f(x)=-a-3<0 >-3<a 
2 ba, Hence, A is correct 
Hence, C is correct 


5. If f’(x)>0, f(x) is increasing & always —ve Bly Tshoule bacencaye Un 


. Hence, C is correct 
If f(x) <0, f(x) is decreasing & always +ve 


X . 9X 
As f(x) is T &-ve 3|f(x)|is ) & +ve i. EG) = Cee Po) 2g cor im > 


see ies an f(x) =(4a—3)(x +5) +(a—7)sin x 
6. f(x)=sinsin™ log,, x 
; f’(x) = 4a—34+(a—7)cosx 

= logy). x only if -1<log, x <1 


= 4a-—3>-(a-7) or 4a-3<a—-7 


. 1 
Domain of f(x) x€ Fa Sa>10 or 3a<—4 


Range of f(x) =[-1, 1]. a>2 ora<-% 
-1 1 
f’(x) =——_-x— <0 4 
- log2 x 2e(-= Fen 


Hence, B, C is correct ‘ 
a" Hence, D is correct 
2n+1 1 


7. f(x) = aX tajxX° te + aga iX —cot x 


12. tan (mcos@) =cot(msin0), 0<O0< 7 


f(x) =a, +3a,x? +---+(2n+1a,, x" + 5 
1+x 


Tt . 
f(x) >0 =eaeoe a =< nang 


13. 


14. 


15. 


16. 


17. 


> cuedae = 
2 
=> f(x)=2~* 


f’(x)=-2* <0 


Hence, B is correct 


' ; 19. 
f(x)=x" sol: } ea cs 5] 
x 2x 


f Die 0, f pale 0 

T 3m 
Using Rolle’s Theorem, f’(x) = 0 will have atleast 1 root. 
Hence, B is correct 


Letf(x) =x". 


f’(x) = xl/x (l- sau 


f’(x) <0, Vxe (e,) 
= f(x) is decreasing 
As 1999 < 2000 

£(1999) > £(2000) 
(1999) > (2000)“"" 
(1999)2 s (2000)!2, 


21. 


Hence, A is correct 

If f’(x)>0=> f’(x) is increasing function 
g(x) =f(2-x)+f(4+x) 

g(x) =f’'(44+x)-f'(2—-x) >0 

=> 4+x>2-x 


2x >-2 
x>-l 

Hence, C is correct. 
Differentiating the options 
Hence, D is correct. 
f (Xy)=g(Xo) & f(x) >8(x) 
As rate of change of f(x) is larger than g(x) 
f(x) > g(x) Vx >Xq 


22. 


Hence, D is correct 


18. 


20. 


Monotonicity 6.69 


f(x)=x?+2x+k 
f’(x) =3x7+2>0 


f(x) is increasing function, so, f(x) has exactly one root. 


Hence, B is correct. 


2 
F(x) = (x) Be 
2 
F(x) =f’(x)- 3x AD) 


Now, g(x) =f(x)—x 
g(x) =f'(x)-1>0 (ID) 
As h(x) =f(x)-x? 
h'(x)=f'(%)-3x" 


= f’(x)-3x’ >0 CID) 


Now, for xeER, 3x <1 or 3x? 


Hence f’(x) — 3x >0 


Hence, A is correct. 


Conceptual 


Hence, B is correct 


x=? & y=3ter 
Gx int & MH3432 
dt dt 
2 
dy 3 (Itt 
dx 2 t 


dy 3 (2t)—(1+t”) 1 


x 
dx? 2 t- 2t 
_3(t?-1 

4 2 

2 = + = + 
ie i es a a a 
dx? -l 0 1 


Hence, C is correct 


a ee 5 
e* -e 
i= 
z ae 2 
e* +e * 7 
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23. 


24. 


25. 


8x«e* 


(e* + i) 
Hence, D is correct 
h(x) =fog(x), h(0)=0 
If x increase, h(x) decreases 


he p(x) = h(x? - 2x? +2x)—n(4) VY x€(0,2] 


f'(x)= 


as x > 0 
p(0) = h(0° - 2-0? +2-0)—n¢4) 
=0-h(4) 
= —h(4) 
As p(x) is decreasing function. 
=> p(2)= n((2)° 7X 2.2) —h(4) 
= h(4)—h() 
=0 
= p(x) € (0,—h(4)) 
Hence, A is correct 
f’(x?-4x+3)>0 V xe (2,3) 
Now x? —4x +3 =(x—3)(x-l) 


For x €(2, 3), x7-4x+3 is increasing function 
from (—1,0) 


Now, let g(x) =f (sin x) 
g(x) =f’(sin x)cosx 
Hence, C is correct 


x7f’(x) +2xf(x)-x+1=0 


dy 2 x-1 
dx x x 
Integrating 
2 2 - 
x°y=](x-D dx >x*y = —~-x+— 
y=J(x-1 yan tt 
_ x? =2x4+1_ (x-1)’ 


2x? 2x 


26. 


ay x? (2(x = 1) -(x-1)?2x 


dx 2(x?) 
x(x-l) x-l 


Hence, A is correct 


f(x) = xvV4ax — x? 


f’(x) = V4ax—x? + ae" 2) 
V4ax — x? 


= 6ax — 2x? _ 2x(a—x) 
V4ax —x? x(4a-x) 


_ So, increasing in (0, 3a) & decreasing in (3a, 4a) 


28. 


29. 


9 £(x) = ae 


x20 
—-x—{x} x<0 


—-x—{x}, x <0 


: be x20 


For xe [-+} {x}=1+x 


so, f(x) =-x-l-x= -—2x-l 
Hence, A is correct 

1 

—, xe2l 

Wx 
f’(x) =33x",  O<x<i 


x74, x <0 


f’(x) changes its sign at x =0 & —2 
Hence, C is correct 
f’(x) > 0 => f’(x) is increasing 


g(x) =f (tan? x-2tanx +4) 


g(x) =f’(tan” x—2tanx +4)(2tan x sec” x —2sec?” x] 


= f’((tan *—1)’ +3)2sec” x(tan x —1) 


As f’(tanx —1)* +3) is+ve 


30. 


31. 


32. 


33. 


, : Tw 
=>g(x)>0ifxe 5 
Hence, D is correct 
f’(x) = log); log; (sin (x) +a)) <0 
log, (sin(x)+a)) >1 
sin(x)+a >3 
a>3-sinx 


a>4 


Hence B is correct 


f(x)=x+sinx, g(x) =e * u=vVct+ —~Je 


ysaie—s/e=1 
gof(x) =e (xtsinx) 
gof’(x) ==—(1+cos x)e 75" <0 


=> gof(x) is decreasing function 


Now let h(x) = Vx —Jx-1 
1 1 
Wx 2x1 
vxVx-1 vx Vx—1 (Wx-1+Vx) 


= h(x) isdecreasing 


h’(x) = 


=>v>r 

gof(u)>gof(v) Hence C is correct 
f(x) = 4x —tan2x 

f’(x) =4—2sec? 2x 


=-4tan* x 
=> xe (0,7/2) 


But for continuity of f(x) — 1/4 is largest interval 


Hence, B is correct 
f(x)= x? +2x? +5x +2cosx 


f’(x) =3x? +4x+5-2sinx 


Min value of 3x7 +4x +5 is = 
=>f(x)>0 

£(0) =2 & f(c0)=09, f(-20)—o0 
There is no root in [0,271] 


Hence, D is correct 


34. 


35. 


Monotonicity 6.71 


f(x) =x? +4x7 4+Ax41 


f’(x) =3x7+8x+A<0 


—2 
roots are —2 & = 


A 
Product = ar 


>h=44 


Hence, A is correct 


g(x) =f (2x? =1)+ f(1-x’) 


1 
2 
g (x)= i -1] -xf’(1- x?) 


= x(f’(2x?-1)-£’(1-x”)} 


For g(x) to be increasing function, 


- Forx > 0, 2x?-1>1-x? 


~~ 3x2-230 


36. 


For x < 0, 1k? Sox 1 


3x? -2<0 

[2 
xe}]—,/—,0 

3 
Hence, B is correct 

= _h2 _ * 4 - 4 

f(x) =(ab b 2)x+]. (cos 6+sin @)d0 
f’(x) =ab—b* —2 +cos* x +sin*x 
=ab—b*—2 +1—2cos? xsin?x 
=ab—b?-1 — 2cos” xsin?x 


1 
= ab—b* ~1-—(sin’ 2x) 


= bP -ab+><0 VbeR 


>a7- 6<0 


= ae (v6, V6) 


Hence, B is correct 
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37. 


38. 


39. 


40. 


41. 


42. 


g'(0) = (f(sin? 9) —f (cos” 6)) sin 20 
In [-F9} sin20<0 & sin’ ®<cos” 8 
& f(sin? 0) <f(cos” 0) 


So, 2(0) >0 


Hence, D is correct 
Same as Q.34 


Hence, D is correct 

f(x) =ax? +bx? +cx+d 
f’(x) =3ax? + 2bx +c >0 
= 4b*-12ac <0 & a>0 
= b’ -3ac <0 


b? <3ac &a>0, 3b? <c? 


Now 
h(x) = [ g(t)dt 
h’(x) = g(x) 


= a(3ax” +2bx +c] +b(6ax + 2b) +c? 


b2 
=3a7x7 + 2abx ++ 6abx + ay 3b" 


> [Jaen 2) >0. 


Hence, B is correct 

y =sin (f(x) 

dy ; 
—=cos(f (x))xf'(x) 
dx 


For y to be monotonic, Max value of difference of max & 
min value of f(x) can be zm. 


Hence, A is correct 


f(x)= 3cos* x +10cos* x + 6cos” x —3 
f(x) =—6sin x (2cos? x +5cos” x + 2cos x} 
=—3sin 2x (2cos” x +5cosx +2] 


=—3sin 2x(cos x +2)(2cos x + 1) 


Hence, C is correct 


log; log,,4(cosx +a) > 0 


1 
cosx+a<— 
4 


43. 


44, 


1 
a<—-—COSs xX 
4 


a<——- 


Hence, D is correct 


9 x? -Inx, x20 
f(x) =x°-In|x 
ies a x <0 
2 
ox 12% a >0 
f'(x)= * 7 
ie = x <0 
x +X 


Hence, C is correct 


lim [f(x)]=3 


x32t 


lim [f(x)]=2 


x2? 


_ Hence, D is correct 


45. 


46. 


47. 


£(E(x) = a(x? +x) 


ff (x)x f(x) =a (ox" +1) 

As f(x) is differentiable function & f’(x) can never be 
equal to zero. 

Hence, C is correct. 


lim 
no F(x) 


lim 
neo gogo... g(x) 
As g(x) is increasing function from (0,°°) 


lim g(x) > 


Xoo 
Hence, A is correct 
f’(x)>0 & f7(x)<0 


Let pt p that divides a, binratiol:A 
aes b+aar 

Be ek 

f(b) +Af (a) 


Their corresponding f(x) = 
1+ 


=> value at ptp=f 
ag orn 


b+aa 
of < 
Gra) 


Hence, C is correct 


a] 


f(b) +Af (a) 
1+A 


48. 


g’(x) = 2(6x? — 6x) 
’(2x? —3x? )+(12x-12x7)+£’(6x? —4x3 -3| 


g’(x) = (12x? -12x) ies ~3x?)-£'(6x? 4x3 -3)| 


=12x(x-1)|f’(2x° 3x?) —f’(6x? 4x? 3)| 
For increasing, 

If xe (1,00) 

35° —3x? > 6x" —4x° -3 

6x? —9x7+3>0 


$3 41S) 


Monotonicity 6.73 


x € (1,09) 

If xe (0,1) 

6x” — 4x3 —3 < 2x? —3x? 
2x? -3x7+1>0 

no soln 

If x <0 


9° 35" 4150 


xe [-3] 
2 


Hence, B is correct 


/_ Multiple Correct Answer Type for JEE| Advanced 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


f(x) — x/* 


f’(x)<0 V xe(e, 0) => f(x) is decreasing 


& f(x) >0 V xe (0, e) => f(x) is increasing 

Hence, B, C is correct 

Conceptual *«) 
C is correct .° SS 
g(x) > 0 = g(x) isincreasing ~N 


f’(x) <0 = f(x)is decreasing 
Hence, B, C is correct 
f(x) =x+sinx 


f’(x) =1+cosx 


Hence, B, C, D is correct 
f(x)= (x? +bx+c)e* 

f(x) =e* (x? +bx+c+2x +b) 
Hence, A, C is correct 

f(x) =(x+2)'8 

f’(x) msg 4228 

3 
f(x) at > 2*/-2° >0 
f”(x) =~ (x42) 


f’(x) changes its sign at x = —2 
Hence, A, D is correct 
f(x) =+x+ec (Linear function) 


Hence, A, B, C is correct 


57. 


58. 


56. Similar to ques 40. 


f(x)= ax? +bx* +ex+d 


) 


= b? —3ac <0 


b? <3ac & a>0, 3b? <c? 


Now 
h(x) = J eat 
h’(x) = g(x) 


=a (3ax? +2bx + c)+b(6ax +2b)+ c? 


2 
2 3a7x? + 2abx-+ 7+ 6abx +2" + 3b2 


B 


Hence, B is correct 


2 
>[ ios P >0 


A) f?(x) may or may not be larger than f(x) & increasing 
B) If f(x) is < 0, f(x) can be decreasing 
C) It is not necessary 
D) It is not a mandatory conclusion. 
Hence, A, B, C, D is correct. 

P(x), 

p(x) 
Integrating => p(x) >e*** 

=>p(x)>0 Vxe[L-) 


Now> y=e p(x) 
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y (x) =e (p(x) —p(x)) >0 (x)= 3x2 : Ls 
e “p(x) is increasing . 
Hence, A, C is correct f(x) is T in (-c,0°) 

59. Conceptual B) g(x)= Jtasivt =4 


Hence, A, B is correct 1 1 


2 g(x) =—=+——— > 0 
60. noes S| f(3-x?) avt 2vi+t 


g(x) is increasing in (0, ©) 


2 
wooea {5 | (3 °)] C) re) =orsin"( 5] 8 


For h(x) to be increasing (8) =14 to (> 0 
3 3 


2. 
if x <0, ge Oe 


r(9) is an increasing function 


= 4x*-9<0 D) 1(8) = tan@—cot8-6 
xe (-%, 0) r’(0) = sec” 6+ cosec” 0-1 
2 . 
For ee ee ee ~~ = tan” @+cosec” 8 
7 __ 1(0)is an increasing function 
4x?-9<0 Hence, A, B, C, D is correct 
x €(%, 4) 65. Conceptual 
Hence, A, B, C, D is correct . \ ' ee nome 
61. f(x) =x? —x? +100x +2002 66, Similar to Q.61 
f’(x) =3x” —2x +100>0 Ay Hence, A, B,C, D is correct 
f(x)is increasing function 67. As f(x) is increasing function 
Hence, B, C is correct => 2a*+a+1>3a*—4atl 
62. f’(x) = g(x)(x—a)” a? —5a <0 
f(x) is increasing if g(a) > 0 a(a—5) <0 


& f(x) is Cee if g(a) <0 exe Oe: 22 io; 3,4} 
Hence, A, D is correct 


63 Wisnnieeven Hence, B, C, D is correct 


68. Conceptual 


5 has to be decreasing Hence, B, C, is correct 
j 69. Asf(x) is increasing function 
: n 
= Maximum value of r(n—r) = ri f(x)<f(l-x) V. xe(0, 1/2) 
When n is odd, &f(x)>fdl-x) Vo xed/2,1) 
n-l ; 1/2 1/2 
5 has to be decreasing As J, f(x)g(x)dx > I, f(x)gd —x)dx 


=> g(x) is increasing function 


(ne Din=1) 27-1 
= => g(x) < g(l—x) Vx € (0, 1/2) 


4 4 
Hence, C, D is correct Hence, A, B, C is correct 
70. A:f(x) =2cosx+3sinx 


f’(x) =3cos x —2sinx 


= Maximum value of r(n—r) = 


64. A) f(x)=x° $7 
x 


72. 


73. 


74. 


75. 


= 13cos(x+@) where cosa = 


f(x) =sin | 


zs: 


Xx 
Vi3 


Hence, A is correct 
71. A: f(x) =x*-8x°+22x?-24x+21 


tan 


2 


f’(x) = 4x3 —24x? +44x-24 


=4(x? -6x? +11x-6] 


=4(x-1)(x?-5x+6] 
= 4(x -1)(x —2)(x -3) 


Hence, A is correct 


£(x) =In[x +vi+x? }>0 


As f(x) is increasing function 


f(0) =0, so, f(x) is +ve for x € R* 
&E(x)<0 ifx<0 


Hence, A is correct. 


(qe +be 
ce* +de * 
P ae*—be* ae*—b 
f (x)= x —x = 2x 
ce’ —de ce“ -—d 
2x 
—b/ 
e*—d/c 


Hence, D is correct 


f(x) =x° +x? 4+3x+sinx 


f’(x) = 3x? +2x+3+cosx 


Min value of 3x7 +2x +3 = 


So, f(x) >0 


=> f(x) is one-one function 


Hence, C is correct 


sin X 


As f(x)= 


f’(x)= 
(x) = 


So, f(x) is decreasing function 


X cos X —SiINX 


<0 


76. 


77. 


Monotonicity 6.75 


= f(tanx)<f(sinx) 
=> COs X Sin (tan x) < sin (sin x) 
Hence, B is correct 


A: Use A.M, G.M inequality for costan x, cossin x, 
cossin Xx 


cos tan x + 2cos sin x 


en: 
> (cos tan x cos” sin x} 


3 
cos tan x + 2cossin x tan x +2sin x 
& 5 < cos ae ak 


AS tanx >x>sin x 
tan+ 2sin x 
= cos ae <cOS X 


Hence, B is correct 
A: f(x) = tansinx 


£’(x) = (sec? sin x) cos x >0 


; => Min value of f(x) = tansin tan! a > tan =1 


78. 


79. 


Let g(x) =sin(tan x) <1 


So, tansin x > sintan x 
Hence, A is correct 
A: As f |f(x)=x & f(x) is decreasing function 


=> lim f(x) > 0 


X— oo 


Hence, B is correct 


ie 
x 
ee 
f'(x)=—5~ <0 Vxe (e~) 
x 


So, f(x) is decreasing V x € (e,°°) 
Hence, A is correct. 


80. 


f(x) =sin3x +cos x, g(x) =cos3x +sinx 
h(x) =£7(x)+g7(x) 
= 2+2(sin 3x cos x + cos 3x sin x) 
= 2(1+sin 4x) 
h’(x) = 8cos4x 
For cos x, longest interval can be ‘7’ 


T . : ~~ 
For cos x, — is longest interval where it is +ve. 
4 


Hence, B is correct. 
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81. 


82. 


h(x) = 2(1+ sin 4x) = 4. 
=> sin4x =1 
=> 4x =(4n +> 
— (4n+1)a 
8 


Hence, A is correct 
f(x) = g(x) 


sin 3x +cos X = cos3x +sin x 


sin 3x — sin X = cos 3x —cos x 


cos 2x sinx = —sin 2x sin x 


=> sin x(cos 2x +sin 2x) =0 


> sinxsin( 42x J 0 


=> either sinx =0 orsin aaa li 0 


e26q ee 
8 8 


Hence, C is correct 


Comprehension-2: 


The new surface generated by cutting will be an ellipse. 


whose major axis = Vx7 +4 
Vx? +4 
2 


Surface area = 7(1+x)+ R 
Vx° 44 
2 


x/2 


(1+x)+ 


f(x)= 


Volume of piece = = 


83. 


84. 


85. 


f(2)=3+ V2 
Hence, B is correct 


: -2| ¥x*+442 
i(x)= 


2 
x x? 44 


+2 1<0 


Hence, A is correct 


X— eo x 


2 Vx° +4 
imo) tn | apg * | 
Xoo X 


=3 
Hence, B is correct 


Comprehension-3: 


86. 


87. 


88. 


- £8f8x2+x4+]4 2 -2 
AN 12 


)* 2 
1 > 
=8| /3x +2b 
ma 3 


f(x) =8x? +4ax? +2bx +a, a,beR 


f(x) =8x°+4x? +2bx +1 
f’(x) = 24x? +8x+2b 


3 


> a»-2 >0 
3 


=>b> Z 

3 
Hence, C is correct 
f(x) = 8x? +4ax*+2x+a 
f’(x) = 24x” +8ax+2=0 
=> 64a” —8(24) >0 
= a*-3>0 


= a€ (¥3,0) U (-29,-V3) 
a can take 2, 3, 4,---100 


Hence, B is correct 


Let roots be a, B, Y 


+ apy=-2 


Taking log on both sides 
log, a+ log, B+log, y=log,(—a)-3 =5 
= -a=2° =-256 


Hence, D is correct 


Comprehension-4: 

A ={1,2,3,4,5}, B= {-2,-1,0,1,2,3,4,5} 
89. Increasing function form A to B 

"CoS "C,=56 

Hence, D is correct 
90. Non decreasing functions from A to B 


es Oa?) 


Hence, C is correct 


91. No of onto function A to A, such that f (i)#i is equivalent 


to dearrangement of 5 distinct things = 44 
Hence, A is correct 
Comprehension-5: 


2x 
92. f(x) -2| «400 - = | 


Hence A is correct 


Monotonicity 6.77 


- Let p(x) bey 


Integrating it using integrating factor. 
e “y>=0 
=> y20 


Hence, A is correct 


. LetH(x)=y 


d 
ae 2cxy >0 
dx 


Integrating it 
e*y>0 
H(x)>0 


Hence, B is correct 


95. 
1 
— ee G40? : 
OY afer allt >0 ms Ne 
cx . (&, : 
The possible value of x are (0, 1). = 
B) a-a=[ : Js sng 
2 2-Kr 
=> (1-A)(2-A)-6=0 
=> 7 -31-4=0 
X=4or-1 
= ?-31-2=2 
log; x? —log, g 
C) |x-1| 


For x >1 

= x =2 is one solution & 

log; x? —log, g-7=0 

= 2log; x—2log; x-7=0 

= 2(log; x) —7 (log, x)-2=0 


+ / 
=> ieee = 6 
4 
x a tN 65 


4 


x= 24 24065 


are two values of x. 


D) x?+y? =I’. where y = VI° —x? 


96. A) 57° = (25)! = (8x341)1 


It gives remainder 1 when + by8 


. tan x —sinx 
B) lm 5 =1 
tan x +cos* (tan x) 


xt 
Cc) h(x) =f(tanx) 
r(x) = g(sec x) 


dh(x) _ dih(x) dx 
d(r(x) dx d(r(x) 


f’(tan x) sec? x 


g’(sec x) sec x tan x 


-2V2xV2 _ 


fic lie Kase 


4 
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97. 


98. 


D) f(x) <sin3x is increasing 


When 3x € ma 
2 2 


Longest interval —» a 


AR, BOR, C>~P, D>Q 


A) g(x) =f(4-x)+f(2+x) 
g(x) =f'(2+x)-f’(y—x) >0 
=>2+x>4-x 
x>1 
B) f(x)=x?-3x+a 
P=. =3 
=3(x?-1) 
aéR for only one root of f(x) =0 
C) f(x) =cosx+a?x+b 
f’(x) =a’ — sinx >0 
=>a’>1 
=> aeé(—,—-1] U [l,-°) 
D) f(x)=2e* —ae *+(2a+1)x -3 
f’(x) =2e* +ae* +2a+1>0 
Vall positive values of ‘a’ 


AST, B-PT, C—PQST, D—RST 


x 
A) f(x)= 5 
1+x 
Lx }=0%" ee 
ou ] oR 4G 


(1+x?)" 
=> x € (—00,-1) U (1,00) 


B) f(x)= tan’! x—x 


2 
<0 


; x 
P(x)=- 
{4x2 


=>xeR 
C) f(x) =x-e" tan 


f’(x)=1-e* >0 


x € (-c0, 10] 


D) f(x) =x* -In(1+x°] 


f(x) =3x7] 1- = 
1+x° 


_ 3x° 
14+x° 
+ - + 
rs a a at 


=> f(x) isnon negative for x € (—1,°) 


APS, B—>(PQRST), ¢ > (Q), D> (T) 


1 1 4 1 
99. A) lim = dx 
) Mt eon +4)? J vx GVx +4)? 
Put x=t 
oe ee ee 
40 3t4+4)? 3 3t+4 310 4 
JA 2 
10 q 
ptq=ll 


B) f(x)=x°+ax+2 


f(x) 3x? +a= 0 => x = +0 where j= - 


f jo] -<f |-o]>O0—a>-3 


Hence a = —2, -1 
C) eqn of circle = x? + y? +2gx +2fy-1=0 
As it passes through (1, 1) & (-2, 1) 
=>2¢+2f+1=0& 
—4¢+2f+4=0 
Solving, g = A f =-l 

2 

f—c=0 
D) As x? +y* +27 +2xyz=-1 

= sin! x+sin” y+sin” Z=n/2 


Differentiate 
dx dy dz 


+ + = 
Vi-x2 Slay? Vi-22 


0 


1. ; Vva-2 
f(x) =—sina tan? x + (sina —1) tan x +~—— 

3 8-a 
, oo 2 2 : 2, 
f'(x) =sina tan“ x sec” x + (sina —1)sec* x 
= sec” x(sin asec” x — 1) 


For critical pts, 


sec” x = cosec x 

tan” x = cosecx —1 

x =nm+tan | (cosec x —1), ae [2,m)U (27,8) 
For [%,2%] > f(x) #0 or not defined 

f(x) =(a? +a-6)cos 2x +(a-2)x +cosl 
f’(x) =-2(a’ +a-6}sin 2x +a-2 
=(a—2)(—2(a+3)sin 2x +1) 


>a42&sin2x# 


2(a+3) = 
ae ° ew 
=>-l< < ‘ 
2(a+3) XN 
e P “yy > | 
2a+7 2at+5 > 
=> > > ( ) 
2(a+3) 2(a +3) Oy 
+ - + 
jp ———orxr 
Pel 5 
2 2 


f(x) =a-9* + 8(a —1)3* + 2(a—1)x In3 


f(x) = (a-9*)(2In3) +8(a-1)3* In3+2(a—l)In3 


=2In3[a-9* +4(a —1)3* +(a-1| 


If a>l>f’(x)>0 
If a €(0,1) 


2: 
2In3|a-(3°) +2-244-p3*+a-1|>0 


= at? +4(a—l)t+(a—1) > 0 fort € [0,-) 
=> case-1 D<0 
16(a—1)? —4a(a-1)<0 
= 4(a—1)[3a—4] <0 
>aed 


Monotonicity 6.79 


case-2 both roots are negative 
(i) D>0 


>a eé(0,1) 
GCE—) co 

2a 

aed 
Ifa<0O 
a-t? +4(a—I)t+(a—1) > 0 will hold only 
(i) D20>4(a-NGa-4) 20 


y 


> 
Nr Hes a €[1, 0) Ans 


f(x) =|x+1||x+2| 


(x+D(x +2), 
=4— (x +2)(x+1) 
(x+D(x +2) 


x<—2 
2<x<-l 


x2 -l1 


f(x) is increasing for 


xe (2G ps 


& decreasing for 


3 
—oo, —2 -—,-l 
X € (-c9, ru 5? 


y =f) 


Review Exercises fon JEE;ADVANGED) Solution  — 


>aed 


-l 


x°f’(x) + 2xf(x)-x +1=0 
yg 
dx x x2 


Integrating, 
2 
2 Xx 
x“y = | (x—-1) dx = —~-x+c 
y=J@-) d= 


At x=1, y=0 
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=> f(x) is increasing for x € (—, 0) UCL, ©) 


6. Take f(x)=x+vl+x? 
xeal+x* 


f’(x) = > 0 for x > 0 
1+x? 


=> f(x) is increasing function Vx > 0 


Now e* >1+x 
= f(e*)>f(1+x) 


=>e*+Vl+e* >1+x4+V24+2x+x" 


Hence proved. 


2 
roy-[ Ee see 


b+1 


V21—4b—b? 


f’(x) =3|1- x7 +5>0 
b+1 
= _ 12 
N21 Mab ay 
b+1 
(b+1)-V21—4b—b? 
=> >0 
(b+1) 
(b+1)* -(21-4b-b*) 
=> >0 
(b+)(b+1+V21-4b-b? | 


_ (b+5)(b—2) 
(b+1)(b+1+V21-4b-b? ] 
& b> +4b—21< 0 = (b+ 7)(b-3) <0 
Solving (I) & (ID) 
be (-7,-1) U(2,3) 


>0 


8. Let f(x) =1-x-x? 
f’(x) =-1-3x”? <0 
=> f(x) is decreasing function 
So, for 1— f(x) —f3(x) > f (1-5x) 
>1-5x>1-x-x? 


=>x?-4x>0 


13. y=xlnx=2-45 
2 


=> x(x —2)(x+2)>0 
=> x €(-2,0)U (2,0) 


f(x) = 2e* —ae * +(2a+1)x-3 
f’(x) = 2e* +ae* +(2a+1) >0 
=>a20 

d 


» mo Da a(x-1)(x-2)(x-3) 
dx 


SY ~ a(x} 6x? +11x-6) 


dx 
4 2 

y=a 7 oe ei 6x }+c 
4 3 pi 


y=a(x* 8x7 429%? —24x)+1 


 & aE (—~,0) 


. g(x) =tanx—4x 


g’(x) =sec”? x -4 
=> (x) <0 V xe(-4. 0} 


= g(x) is decreasing 


. f(x) =x>—3x? -9x +20 


f’(x) =3x* -6x-9 


=3(x? -2x-3) 
iii = + 
+ - + 
— Apt 


For x >4, f(x) > 0 > f(x) is increasing 

At x =4, f(4)=0 

=> f(x) is always positive for all x > 4 
a 

2 


14. 


2 
= 250 Vx € (0,1) 
dx 


dy 
> = is increasing function 
x 


Volieet atx =1=0 
dx 


=> “ <0 &y is decreasing function 
Xx 


2 
> arene, 
2 2 


x 1 
=> xInx > —-— 
2 2 


Hence proved. 

f(x) =4x* —4px +p? —2p+2 
f’(x) =8x—4p 

f(x) = (2x—p)’ +2(1-p) 
Case 1: If 2>p>0 


2(1—p) =3 
2-2p=3 
P=-1/2 


This is not valid. 
Case 2: If p>2 
(4—p)? +2(1-p) =3 


p’—10p+15=0 


+ 
p= EN 54/10 


Case 3: If p<0 


p? -—2p+2=3 
p’—2p-1=0 
+ 


p=1-y2 
= p=1- V2 or 5+ 10 


15. 


16. 


17. 


Monotonicity 6.81 


: —Inx 


y=sin- 
x41 


Put x = tan@ = dx =sec” 6d0 


=> y =0-Intan® 


dy _ 1 1 
dé sin 8cos@ 
sin 20 


dy _ sin 20-2 1 
dx sin 20 sec? 6 
ro sin 20-2 <0 

2tan@ 


=> y is decreasing function 


SF ee gee In : 


yy 
=—+Invy3 
6 avs 


Y min =F -iny3 


sin x 


y = (sin x) 


dy 


— = (sinx)*"™* 
ae (sinx)" "| 


cos x Insinx +cos x] 


sin x 


=(sinx) “(cos x)(Insin x +1) 


1 
y is decreasing function from (0 sin”! *) 
e 


bale , ; td 
& is increasing function from (sin Ne, 5 
e 


1/2 
So, bigger value is (= as compared to (2 


e 
Let f(x) =e*(1-x) 
f’(x) =e*(1—-x)-e* 
=-xe*<0 Vxe€(0,~) 


f(x) is decreasing 


=> f(cos x) < f(sinx) 
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= e°5* (1—cosx) < e"* (1—sin x) 


<* = 6x-10=0 
cos X—sin x 1—sin x 
>e 
1—cosx _5 
x =— 
18. f(x) =cosx—xsinx 3 
, . : : : : 5 250 
f'(x) =—sin x —sin x — x cos x Point of inflection aca 
=— (2sinx+xcosx)<0 
f(x) is decreasing Vx € (0,7 / 2) Concave up >=] 
um) —-T 
f(0) =1, ers Concave down > (—°°,5/3) 
“ 6 
So, f(x) has exactly one solution in (0, 1/2) ii) y=(x+2) +2x+2 
19. f(x) = sin 2x -8(b+2)cosx — (4b? +16b+6)x S =6(x +295 42 
x 
f(x) = 2.cos 2x +8(b+2)sin x -(4b” +16b+6) <0 ; 
OY _30(x +2)! 
a) . 2 so ) 
=2-Asin x +8(b+2)sin x —(4b +16b+6)<0 dx 
d? 
= 4sin? x —8(b+2)sinx +4b? +16b+4>0 As “wil not change its sign, hence, there is 
le x 
= (2sin x — 2(b+ 2))” —4(b+2)° +4(b? +4b+1)>0 no point of inflection. 
= (2sin x —2(b+2))?-12>0 iii) y =In(1+x?) 
= 4((sinx -(b+2)) -3)>0 nr jpn 
XN = : 
= sinx —(b +2) > V3 or sinx—(b+2)<-J3 I+x 
\) 2 2 
=> b<sinx -2- 3 orb>sinx —2+J3 lees )-4x 
=. 
= b<-3- 3 orb>-14+ V3 (14x? 
2 2 
2(1- 
20. f(x) =-*% _2{i-x’) 
2 
1+x? 
(gy 21-2 = BDAY (1+x°) 
x2 x2 Point of inflection = (1, In 2), (—1,1n 2) 
2 7 2 4 Concave up > (—I, 1) 
a : ’ Concavedown > (—,—1) U (1,2) 
: _ tan" x 
f(x) is increasing for x € (1,0) I 
tan x 
= f(e)<f(m) poe 
3 7 Lax? 
=> inn is greater than si 1 : 
g& e y= : 5 [e“ *(1-2x) | 
1+x 
21. i) y=x?-5x74+3x-5 ( ) 


ne = 3x? -10x +3 Point of inflection > & ean" 
x 


=(x-3)3x-l=0 Concave up > (—<, 1/2) 


1 
>x=3, x=1/3 Concave down + & ~| 
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22. Point of inflections are 1 & 7 as for x € (0,1) 
2 
ues is changing its sign. f(x) is decreasing 
dx f(m—e) <f(0) 
23. f’(x) =(x—a)* g(x) ene) _4 8-2) 44 1 <Q 
a) If kis odd, f(x) will change its sign at x =a. Hence proved 


Hence, x = a is point of inflection. 


b) Ifk is even, there is no point of inflection 6. ax? + ux? _(ax, +yx,) 
24. x’y+oax+By=0 (a) 
: => Ax? +Ux5 —V x? =k — 20x) X> 
xy, +2xy+a+By, =0 I 
yy + 2xy+0.+ By, ” => AU—A)x? + (1p ) x3 -2Apx,x, 


2 _ 
X“y,, +2xy, + 2xy, +2y+By,, =0 = Au (x? +x} -2x)x, 


(2y + 4xy,) 


2 
x +B = Au(x,;-x,) 20 


Hence Proved 


Yi 


For point of inflection > y+2xy,=0 (ID) 


5). 27. Let 4 points P,Q,R,S ony =sinxas 

Put | 2, 5 in eq (I), eq (a) vet 
a P(x ,sinx,), Q—(x,,sinx,), R >(X3,sinx; ), 
kee | P9680), Q—¥ (42 8x), R (44.80%) 


7 (10+ a) an ey S— (x4,sinx4,) Where 0<x,,X,X3,X4< 7 
1=- py eo 
4+ 
B Now, centre of Quad PQ R S be 
a ( \) y Xj +X,+X,+X, sinx,+sinx,+sinx,+sinx, 
20+ 40458 =0 (qv) 4 + 
fonidhy, = JS = sol +X ts +X4 p ——— +sinx, 
8 


=> 80+80 = 20+58 Now, put x4, =x 
> A el 


60+ 8a = 5B (V) (2x, +X5 +X; 2sin x, +sinx, +sin x; 
From (IV) & (V) =n 4 4 4 
20 4 
a= =P =] Hence proved. 
28. y=f(x)> 


Put o, B, from y,, =0 


we get [-2-3] & (0,0) are other 
2 C (x3,f(x3)) 


points of intersection 


25. Prove > e™*) s re™* +(1-A) 
Now, f(x) =e —Ae* +A-1 
f’(x) =he™ —Ae* S 
=he* es - 1) <0 wx SED 
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Now, In f7'(x), P(f(x,),x,), 0(f(x2),x2), R(£(K3),x 7 2 
(Cees) OE a) Xa RE) A) Integrating | "e*dx > | ea dx 


be three points where P(t" (x1),%1}. 
x x’ 
=>e* >14+x+—+— 
Q(£'(x2).x2) &R(f"(x3),x5) 2 3 
. Recurring this process for n times, 
Now centroid of APQR > 
2 3 n 


[Peer tat) aes ee + 


ris +... 
: : RB hb 


= Sede ata) (state) 31. f(x) =(3x?-7x+7)}e* 

3 3 f’(x) = (3x? -7x+7+6x—7)e* 
Hence proved. ‘etheciyes 

= (X(9K — e 


29. For yee i 
Xx 


Minimum value of y (x = 1) =0 


ms ae! 1 
= Inx >1 : .~) =O Des eee 
Now, y =Inx-x+l 

1 1-x 


are a AS 5 
- x (CY => f(x) has greater value a 


f(1/3) =5el? 


Max value at x =1>0 
Inx<x-l fa/3)=>e 


Hence proved 
2/3 


11 
2B 
30. i) f(x) =e* -1-x = 5e!? < f(x) <Ze 
f’(x)=e* -1 
be ; - ; 32. Prove thatcos xVJsin x < 2/3734 
~~ is increasing function, bet Gee Jaa 
e -l-x>0 
2 
e x i f’(x) =—sin xVsin x + as 
uy Y= Ee See ge 2./sinx 


cos? x —2sin” x 


y =e*-1-x>0 
2/sin Xx 


= y is increasing function V x 20 


2 3cos? x —2 


= e* eres +1 
2 2./sin x 


eee ee f cos N2 v2, vi=2 
3} v3 V 3 


Integrating IN e*dx > i 1+ xdx 


v2 = g2g-314 


2 
x - 
= e* >14+x+— ~ 33/4 
2 
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Target, Exercises for JEE 


: 1 Put cos2x =t 
1. i) EOD = 2S CONR a O08 Se + 5 


4da—a +2 
pede e 2 a =} (5 fe 


4 2 
a(4—a)>0 


1 
=> ae (0,4) =< (4-cosat veos? a } 


f’(x) =—2sinasin x —sin3x 


. . . . 1 
= —2sinasin x —3sinx + 4sin° x cos 2x =r conn cosa) 
= (+sinx)(4 sin? x —3—2sina] 
cosa 
5 cos 2x =1 or cos2x =1-— 
Asare( EE) asin? x -3-2sina 20 
: : =>x=ntornn Bea i Vae ie 
=> sinx =0 = 2 5 
=>x=nt 
T 
Forae} —,3 |= cos2x =1 
wena (05 [4] =) é 


Sam 


w(x) = aan x tan x —Insecx 


either sin x = 0 or 4sin’x —3—2sina =0 


2 3+2sina 


=>x=nnt or sin*x= ri ° eo 
aN 
2 1-—2sina AY 
=>xX=nt or cos” x =—— 
, © 
een) 


, 1 : 2 1 
GS ae oe Ose 


sin x 


(sec x+1-sec x) 


>xX=nnt or x=nt + Nae ( 
2 2 


2 
Now for sec* x —secx +1 


cosa 


7 . 1. 
ii ri )sinax-+ since 4) >D<0= sec? x—-secx+1>0 


wa 


f(x)= (1 


oo , T 
(35 * |e 443 = yx) >0 vxe(05| 


=> f(x) is increasing & f(0)=0 


As 2a—a? +320 
=>a*—2a-3<0 => f(x) is always positive for x € (0,°°) 


=> (a—3)(at+l) <0 . 
3.. 4) f(x) =f” (t? +2t)(t? -1)ae 


————— f’(x) = (x? +2x}(x? -1) 
= x(x+2)(x-1)(x+])) 


= ae [-1,3] 


- + 
Fa=2[1-S ost + oxen 4) +2 es ee eee 
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ii 


wa 


f(x) is increasing in (— -,—2)U(-1, 0) UC, ~) 


& decreasing in (—2, —1) U(O, 1) 


f (x) = |, (2v2 sin? t+(2—2)sint-1)dt 
f’(x) =2V2 sin? x +(2—J2)sinx -1 
= (2sin x —1)(J2 sinx +1) 
Put sinx =t 
+ - + 


—| 1 
2 2 


6 


: _ (uu Sn 5x 71 
& increases in| —, U ; 
6 6 4 4 


i Tt 5x 5n 
Now, f(x) decreases in | 0,— JU U 


As g(x) =f(x+)-f(x) 


g(x) =f(x +1)-f() 


As x 3 &, f’(x) 30 


As x 309, 9’(x) 0 


AS X 4, 
=> XK oo, 
=> XK 90, 


f(x +1) > f(x) 
f(x+1)-f(x) 30 
g(x) > 0 


f(x) 


g(x) =—— 
».< 


z xf (x) —f(x) 


g(x) 2 


Let h(x) = xf’(x)—f(x) 


h’(x) = f(x) + xf’(x)-f’(x) 


h’(x)=xf’(x)>0 V x €[0, ~) 


=> h(x) is increasing 
= Min value of h(x) = h(0) =0 
=> xf’(x)-f(x)>0 


= 9'(x)>0 


= g(x) isstrictly increasing 


Apply LMVT in (0, x) 
f(x) 


Si (x)= 
= |£(x) [=| xf’) < | Axfx)) | 
Apply LMVT in (0, x,) 

= |f(x)|< esites) 
Recurring this, 


If Is janx” 


(xn) 


As f(x)is bounded & > 0 


mex | 


=| f(x) |< 0 
= f(x) =0 


Take g(x) =ax,/f (x) 


o 20 = OO a fF 


2, 1F (x) 
__ axf’(x) + 2af (x) ‘ 
2,/F (x) 7 


= g(x) isincreasing function 


=> g(x) 2 g(1) 
=> ax./f(x) >a,/f (1) 
+s Je 2 EO 

x 


x? 


2x-1 


Let f(x) = 


_ 2x(2x—-1)-2x? 
(x=)? 


f’(x) 


_ 2x(x-1) 
(2x -1)" 


for 3.2 => 
4 


3 9 A 
f — j= — — — 
(| ge ete 


9. Using LMVT 


i oej= f(x) where X, € (0,x) 
As x; >, X oo 
as X 09, f(x) > 0 


=> f(x)30asx 90 


sin TUX 


. Letf(x)= 
um oo x(1-x) 


_ 1x(1—x)cos 7x —sin mx(1— 2x) 


f’(x) 


(x(1—x))” 
For f’(x)=0 


mx (1— x) cos 1x — sin tx(1— 2x) =0 
=>x=0Oor ba 
2 
=> lim f(x) < f(x) <f(1/2) 
n->0 


= jim oe™ ctx) <4 
x0 x(—x) 


=> n<f(x)<4 


11. f(x)=tan! xaxtox? 


ae 
ie 3 


f’(x)= 


- 9=3—3%" 42% 42x" 
(1+x?)3 


7” 2x3 -3x? +2x 


7 3(1+x") 


7 x (2x? -3x +2} 


7 3(1+x") 


f(x)>f(0) V xe[-Ll]] 
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1 


. 1 
=> tan XOX+5Xx" 20 


-1 1 5 
=> tan XPX-GX 


2 3 
Let x Sin gee 
g(x) as 
2 
ee 1 : 142% 3x 
1+x 3 5 


_ 15-15-15x? +10x +10x? —9x? —9x* 


15(1+x") 


_ -9x*+10x? —24x? +10x 
15(1+x"} 


: =x (9x? -10x? +24x-10] 


15(1+x") - 


c \ ‘Let h(x) = 9x3 —10x? +24x -10 


h’(x) = 27x” —20x +24>0 
=> V x e(-1,1) 


g(x) < g(0) as g(0) ismaximum value 


2 3 

= x x 
an =e ee 2a 

3 5 


x x3 


= tan! x <x-—-+— 
3 5 


x 7 1 
ax-+b ax +b/x 


Apply AM 2GM_ for x € (0,2) 


12. f(x)= 


1 1 
=_ = 'S 
A(x) ax+b/x 2Jab 
13. Let f(x) = 
(1+x)Indi+x) 
; (1+x)Ind+x)—xd0+Ind+x)) 
f(x) = ; 
(1+ x)Ind+x)) 
Ind+x)-x : () 
(1+ x)Indi+x)) 
idee 
x 
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, x/1+x—-In(1+x 2)\_ 952 
o’(x)= : ( ) coe 1 (1+x ) 2x 
x 2 2 
~(1+x)Ind +x) re (14x?) 
eae x : x)In(i+x a 
x° +(1+x) 9x2 
Now h(x) = In(1+x)-x - (14x?) = 
h(x) =— rar 
x+l => f(x) is increasing function 
“ _ f(x) >f(0) V x €(0, ) 
—_—+-_$_____}-_» 
-l 0 | x 
tan x > 5 
14+x 
h(x) has maximum value at x =0 
-1 
=> 
h(x) <h(0) i <tan  x<x, x>0 
=> h(x) <0 14 
SiiRye0 NO 
=> f(x) is decreasing 2 (1 1 
= f(x)<f(0)=1 Wala fe () 
r(x) =x—(1+x)Ind+x C3” 
aaiaiania OO 2 tan Gls (1) 
r(x) =1-1-In(1+ x) =-In(/+x) <0 y 1 3) 3 
= r(x) <r(0) =0 x ; Adding both eqn (I) & (II) 
g(x) <0 Q . a a. ert a - Je 
g(x) <g(0)=1 LO 10 2 3 6 
_, Ind+x) x ab 14 p10 
x (1+ x)In(1+ x) 5 3 
=> x* >(1+x)(In(1+x))* 17. As f(x) >0 > f(x) is increasing function 
14. Same as Q.13 Using LMVT, 
1s. y= 1 ot f (x)= EQS) jeaisoati increasing function 
, In(l+x) x X—a 
a ae 18. f(x) = J (bt + tsin t) at 
dx (In(l+x))? 1+x_ x? 
f’(x) = bx? +xsin x 
(1+x)(In(1+ x))* —x? 
ae 5 = x(b+sin x) 
x°(_+x)dn(1+ x)) 
. « For Monotonic > b> 1 
As (1+x)In(di+x)° —x* <0 (Proved in Q.13 
een mr 19. h(x) =F(x)- (£00)? + FOO)" 


dy — 6 h(1) =1 


dx 
h(x) = f(x) (1-2 (x) + 3E (x) ] <0 
= Y isadecreasing function for x € (—1, ©) from (1, 0) 


h(x) is a decreasing function 


y = max{h(x)}=h()=1 


16. f(x) =tan' x- ; 
1+x 


1 
Now as y= o> x+|sin x |] 


1/2 x=n/6 
= y =1 is tangent at infinitely many 
points 
20. y=xInx 


d 
OY —44Inx 
x 


lim xInx 50, lim xInx 4 oo 
x>0° X00 


1 
At x =—,y=— 
e e 


a+b+c alnat+bInb+clnc 


Centroid of AABC > (a 


(Ss } alna+blnb+clnc 
3 3 


ee wee nS] a Ina* +Inb? +Inc® 
3 


fa hag at+b+c 
=( ; <a*bco 


C(c,clnc) 


(0,0) 


A(a,alna) 


Gas 


21. g(x) =f(x) 
AS 
F(x) = tim £8 -FOO 
h>0 h 


(I) 


22. 


MoNoTONICITY 


h30 h 
f’(x) = f’(0)+2x 
Integrating wrt x. 
f(x) =x? +f/(0)x +1 
D=(f'(0)) -4 
= ga <1 
=~(a -a+l) <0 
=> f(x)>0 
=> 2'(x)>0 
= g(x) is increasing function. 


f 
i) gy = 


giny = FW=FO) 


» n(x) = xf (x)—f (x) 


h’(x) = xf (x) >0 
=> h(x) >h(0)=0 
=> 9(x)>0 


= g(x) increases with x. 


f(x) 

g(x) 

g(x)f (x) - fg) 

g(x) 

Let r(x) = g(x)f’(x)-f(x)g’(x) 
(x)= g(x)f"(x)-f(x)g"(x) > 0 
=> 1(x) is increasing 
= 2(x)f (x) -f(x)g’(x) > 0 
=> h(x)>0 

f(x) 


ii) h(x)= 


h’(x)= 


=> 


is increasing 


AS is always increasing. 


sin X 


2 
‘ : x 
Using above relation, 
l—cosx 


23. i) Let f(x)=e *-1+x 


f’(x)=-e *+1>0 


6.89 


(I) 


is also increasing & soon. 


f(x) > £ (0) 
e *>1-x =p,(x) 
ee +K +X 
ii) Integrate i. e “dx > [) 1-xdx 
2 


= x 
=>-e eae 


2 x 
=e * <l-x+— 
2 

xX 

0 


2 
III) Integrate J e * <f[txe 8} 


IV) Continue integrating for p,(x) & pg(x) & putx =1 
to gete = 2.718. 


24. i) f(x)=e*-1-x 


f’(x) =e* -1 

f(x) >0 Vxe(0,~) 

& f(x) <0 VxeE (—~,0] 
Now, f(x) >f(0) V x20 


e* >1+x 


Now, put x =—x 


e *>l-x, Vx<0 
ii) J, etdx > Jo d+x) dx 
e*-1l>x4¢ 
2 
x x? 
e’ >l+x+— 
[2 
AS = > [i-x 
aig" 
2 


a x 
e * <1-x+— 
2 


2 
X yx x »« 
ra) Joe dx > J [ise Jas 
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2 3 
ise 
2 {3 
2 3 
aa ee cae ale 
2 {3 
- xX 
xX 
As fe dx < J 1 mary idx 
0 
2 3 
Se * HH <¢o 4" 
2 {3 
2 3 
eo Siang 
2 |B 
IV) Generalising, we get 
Di. 8 
x" Xx 
e* =14+x+—+—+---00 
2 8B 
< x3 
& e > =1+x+—-—+ 
[2 [3 
25> te <in(ist}<? itxso 
+x x 
peasy 
x 


behind — = 
ee 


f’(t)= i 


~1+t (+t? 


=> f(t)isincreasing function. 


> Ofor all values of t > 0 


so min value at t = 0 
>f(0)=0 


=> nies aiedbasansauetewsiedecysenebazonseanyeaaiaees (1) 
1+t 


Now, let f(t) =Ind+t)-t 


fos 4 
l+t 
= 
=—— <0 
1+t 


=> f(t) is decreasing function, f(0) = 0 
=> In(+t)-t<0 
=> In(l+t)<t 

So from (1) & (2) 


t 
—  <In(l+t)<t 
1+t 


1 1 1 
> <In] 14 < 
1+x x x 


Hence proved. 


26. f(x) =e* (x? 6x +12)—(x? +6x +12} 


27. 


f’(x) =e* (x? -6x +12} e* (2x-6)—2x-6 
=e* (x? -4x+6)-2(x+3) 

f(x) =e* ((x-2)? +2)-2(x +3) 

£”(x) =e* (2x —4) +e* (x? —4x+6)-2 
=e" (x? —2x+2)~2 
=e*((x-1)? +1)-2 

f’"(x)=e* (x? —2x +2)+e* (2x -2) 
=e*x*>0 

=> f”(x)is an increasing function from (—z, °°) 


=> f(x) =Oatx =0 


f’(x) will have minimum at x = 0 


=> f/(0)=0 
=> f(x)>0 


e*(x—2)+(x+2) _ 


Now, ga (c* -1) g(x) 
x°(e*-1)[e*-D-+1] uk 
-(x° (e*) +2x(e* -1))[e"-a4x+2)] 
g (x)= r 


(x? (c* -1)) 
Atg’(0)=0 at x=0& 
g(x) < g(0) 
4 eh +e*(x-2)41 
”) 5 2x(e 1) #x2(e") 


(Apply L-Hospital Rule) 


lim =o 
x0 2(e* -1] + 2xe* +x7e* + 2xe* 


a @jek 
24+2+2 6 6 


f(x)= : + : 


_ ({ 7 . { 1 
sin} —+X sin} ——-xX 
Ge) oO) 


_ sin(w/3—x)+sin(m/3+x) 


- 27 : 
sin? a sin? Xx 


_ 4/3 cos x 
3—Asin? x 


28. 


Monotonicity 6.91 
At x = 0, f(x) is maximum. 
f(0) = 4v3 
3 
y = ax? +3bx? +3cx +d .(T) 


y’ = 3ax” + 6bx + 3c 
y” = 6ax + 6b 


—-b... ; : 
=> x =— is point of inflection 
a 


If a function is centro symmetric 
= f(x) =-f(-x) 
= we need to do transformation of axis 
so that point of inflection becomes zero 
(2b? —9abe + 27a7d) 
X,=X+—, y,= 5 
3a 27a 
Putting x, y in eq (1) 


NY ) (2b° —9abe +27a°d) aie a eb x as 
oy ae ' 3a 


29. 


27a? 


{x ~a 
a 


upon solving 


3 aS | 
y,; = ax; +] ——— kx, 
3a 


which satisfies g(—x, ) = —g(x,) 


Hence, yiscentrosymmetric about its point of inflection 
As circle is tangent to parabola at (1,2) 

= (1-h)?+(2-k)*>=a*(D 

As (x—h)* +(y—-k)? =a” 


2(x—h) +2(y-k) SY =0 
dx 


dy _ h-1 (ID) 
dx 2-k 
AS y=x°+l 


&. =2x=2 (ID 
dx 


from (II) & (IID) 
h-1=2(2-k) 
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30. 


Putting this into eq (I) 
4(2—k)* +(2—-k)? =a’ 


dy h-x d 
As = 4 tie aiye 
ik yok or (y—k) acre h)=0 


Again differentiating it 


2 2 
dy d°y 

+ k +1=0 
(| (y ee 


a 2 
& +2(y-k)+1=0 
dx 


2 
A] +2(y-k)+1=0 
y—-k 


(h-1)? +2(2—k)? +(2-k)* =0 SL 
Ae 9a". a . at 
> +—=0 
5° 5 W§ 5 
3 
ee a 
55 
5 2a 
=>a‘| 1+—— |=0 
| i] 
- = 4 85 
2 
= 5N h=-4, ee 
2 
ex 
3x? +1 
dy (3x? +1)(3x? -1)—-(x? -x)(6x) 
~ 2 
de (3x? +1] 


_ 9x4 -1-6x* +6x? 
(3x? +1) 


~ At(41,0),m = : =>y= 


_ 3x4 +6x?-1 
(3x? +1) 
(3x i i) (12x +12x) 
dy — 2(3x? +1) (6x) (3x4 +6x2 -1) 


dx? Gx + i) 


2 


For Point of inflection, = =0 
x 


=> 12(3x? +1)x{ (3x? +1)(x? +1)—3x* ~6x? +1] =0 
=12(3x? +1)x(-2x7+2}=0 


=>x=0,+1 &y=0 


At (0,0), m=—-l1=>/y+x=0]-— Eqn of tangent 


+ 


N|* 
Nie 


=> — Eqn of tangent 


x+l 


y= 
<4 


dy (x= +1)-(x+ D(2x) 


- (x? 41) 


= ~x? —2x+4+1 
(x? +1) 


ey (x? +1) (-2x-2)+2(x? +1) (2x)(x? +2x-1) 


2 4 
dx (x? +1) 
For point of inflection, 
= 2(x? +1)[-(x? +1)(x+1)+2x3 +4x? -2x|=0 
=> 2(x? +1)(x? +3x? —3x-1]=0 
=> x? +3x?-3x-1=0 
= (x-1)(x? +4x+1)=0 
=> x=1&x=-24+ 3 
A: For x=l> y=1 
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_ 2(.2 452 
B: For no-2+ f= y= aan (x +y)=4x 
ie 33. y =x +x? —x-1, y= 2(x?-x? +x-1] 
—/3-1 
C: For x =-2-v3 > y= 
i 3443 y=(x?-1)(x+), y=-2(x-D(x?-1) 
di bs J3-1-8+43 Point of Contact > 
an (8-4/3)3 -3) = (x? -1)(x +1) =-2(x-1)(x? -1] 
7 53 -9 1 = (x?-1)@Gx-1 =0 
4(2-/3)v3(1-v3) 4 1 
B B ii 
—V3 -1-8-4)3 
Slope of AC = 
epee a0 BY-3—NB) ya $x° =x] 


___V3(5+3V3) 
4/3(2+/3)0+ V3) 4 


OF Peng 4 
dx 


d 1 . 
&Y at x =1,-1,— are 4,0,0 respectively. 
Hence, A, B, C lie on the line. dx 3 
: Cond 5S = 
32. y=xsinx . oie 2x” +2x-2 
=> ay 
in ease nar a 4x 6x? +2 
dx NY 
() 
d°y - On dy | 8 respectivel 
—; = cos x +cosx—xsinx =2cosx—xsinx _ KN ae atx =1, i are 0, ae P y. 
dx ° > bs 
a Both curves cross one another. 


Now, point of inflection lies on y = x sin x (® 
& 2cosx—xsinx =0 — 


=> xsinx=y&y=2cosx 


x2 
34. Asf (= =X 


: x? \( 2xf(x)—x7f’(x) 
f =1 
f(x) £7 (x) 


Previous Years Question) Solution (JEE Advanced)) 


> Ay? +(xy)” = 4x? 


f(x) =cosIn x —Incos x 


n/2 Tw 


Now,e ““ <0< 


nb oi 
2 2 


0<cosln8<cosInz/2 
As, —l<cos@<1l 
—oo<Incos6<0 


=> Incos6@<0 


From (1) & (2) 


(1) 


(2) 


cosIn @ > Incos® 


y =2x"-In|x| 
dy 4. 1 Ox+DQx- 
dx x x 


1 -1 
Critical points are 0,—,— 
2. 2 


f(x) increases in (- 7 0} U & Jana decreases in 


(2 } (0) 
2 2: 
f(x)=logd+x)-x, x>-l 


—x 


f(x) = 


1+x 
f'(x)>0 Vxe(-l, 0) 
f’(x)<0O for x>0 
Also, f(0) =0 
=> f(x) <f(0) 
log(l+x)-—x $0 
=>log(i+x)<x Vx20 
Since g is decreasing in [0,°°) 
Forx 2y 20, g(x) <g(y) 
Also, g(x), g(y) € [0,°°) & f is increasing from [0,-) 
For g(x) € [0, °°) 
g(x) $ g(y) 
or f (g(x) <f(g(y)) where x 2 y 
or h(x) S$ h(y) 
Thus h(x)isdecreasing in [0,°°) 
=> h(x)<h(O) forx 20 
h(x)<O0 Vx20 
Also h(x)20 Vx20 
=>h(x)=0 Vx20 
=>h(x)-hd)=0 Vx20 
Hence, A is correct 
ra=[ +12x-1, -1<x<2 

37 -x, 2<xs<3 
Inxe[-l,2], f(x) =6x+12=0 
x=-2 
f(2\=35; £(2*}=35 


= f(x)is continuous. 


; 6x+12 -Ilsx<2 
f'(x)= 
-1 2<x<3 
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f’(2")=24, f’(2*)=-1 
=> f(x) is not derivable at x = 2. 
Also £(2*)<£(2) & f(2-) < £(2) > x =2 is maxima. 


Hence, D is correct 

f(x) = 2x? -15x* +36x +1 

f’(x) = 6(x — 2)(x —3) 

f(x) is increasing in [0, 2] & decreasing in [2, 3] 
Therefore, f(x) is many one. 

f(O)=1, f(2) =29, f(3) =28 

= Range =[I, 29] 

= f(x) is many one onto function. 

Hence, D is correct 


log(e+x) log(aw+x) 


f’(x)= T+ xX e+x 
4 (log(e+x))” 


K Mg (log(e +x))(e+x)—(1+x)log(m+x) 


(m+x)(e+ x)(log(e+x))” 
Since, log is an increasing function & e<T. 
log(e+ x) < log(+ x). 
=> (e+ x)log(e+ x) < (e+ x) log(m+ x) 

<(m+x)log(n+x) Vx >0 

=> f’'(x)<0 
=> f(x) is decreasing for x € (0, °°) 
Hence, B is correct 


xX 


f(x) =——,0<x<l 
sin X 
; sinx—xcosx  cosx(tanx—x) 
f(x) = zi = 3 
x x 


>f(x)>0 Vxe(0,1] 


=> f(x) is increasing function. 


x 
g(x) = 

tan x 
a(x) _ tan x —xsec” x _ sin2x—2x 25 


tan” x 2sin* x 
=> g(x) is decreasing function 


Hence, C is correct 


10. 


11. 


12. 


13. 


4 


f(x) =sin* x +cos X a9. deed 
4 4 


f’(x) =—-sin4x 

Now f(x) >0, 

=> -sin4x >0 
1 1 


=>-—<x< = 
4 2 


Hence, B is correct 
‘ . (Tt ; : 
As sin x & cos x in | —, 7 | are decreasing function 
2 


Therefore, S is correct 
Let us f(x) =sinx 


f’(x) =cosx 


Now f(x) is increasing in (0, ») 14. 

but f’(x) is decreasing in (0, 5) 

Therefore, R is wrong 

Hence, D is correct 

f(x) = Jee ~2)dx . 
15. 


For decreasing function, f’(x) <0 
e*(x -1)(x —2) <0 
=> xe (1,2) 
Hence, C is correct 
f(x)=x Xk" 
f’(x) =e*4™ 4(1-2x)x eX 0 
= —e*"-9) (2x +:1)(x -1) 


sign scheme of f (x) 


bos era (ead) 
=> g(X) is increasing in at 


Hence, A, is correct 


f(x) =x? +bx—b 16. 
f(x) =2x+b 

dy =b+2 

dx 


x=l 


MoNoTONICITY 


y —1=(b+2)(x—-1) > Eqn of tangent 


x int = j= 6 
b+2 


y int =(0, -b-1) 


Area 


— 1](b+ (b+) _ 
2} (b+2) 


=> b*+1+2b=—-4b-8 


=> b?+6b+9=0 
= (b+3)’ =0 
b=-3 


Hence, C is correct 


y= 3sin x —4sin? x =sin3x 
d 

a 3cos3x 

dx 


Largest interval for cos x tobe negative is 7 


Hence, A is correct 


g(4) = 2tan eM 


g(-W) = 2tane" ae 


2 T 
=2cot bet —— 
2 


=| Zotaa te +2 
2 2 


T 7 
=——2tan et 
2 


=—g(H) 
So, g(W)isan odd function 


2 
ise? 


Hence, C is correct 


>0 


g (UW) = 


Comprehension 


f(x) =14+2x43x? +4x3 


f(x) is increasing function 


CG} 


f(x) =12x7+6x+2>0 xeR 
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i> aoe _ _l/x 
=> f(x)has only one root lying in a) Me Ee 


1 
Hence, C is correct = logf(x) =—logx 
X 


Differentiating wrt x . 


1/x 


17. A=g(t)= | f(x)dx 
2 x 


= f(x)= 


(1—log x) 
Star ar at a 8 
t(1-t*) 


1-t 


Obviously,forx >e, f(x) <0 


=> 


= f(n)<f(e) 


g(t) =f(x) >0, x >0 
14 


=> g(t) is increasing V t >0 => 1 <e° 


1 3 => <e” 
—|<A<g]— 
21. gta se VY x>0,a>0,b>0 
15. 4.2 52). qeichtiesin| =, 3 a 
256 4 


16 


; n Let f(x) =ax*+—-c 
Hence, A is correct ) x 


: b 
18. f’(x)=12x? +6x+2 ee, = f(x) = 2ax-—> =0 
£"(x) =24x +6 YY? 2 
~@~Y =| oq 
For f(x) >0 . 
Ped f"(x) = ee 
ee 
5 V3 
For f(x) <0 f”} | — =6a>0 
2a 
1 
x< “al 5 1/3 
. Therefore, at x = & , fis minimum 
Hence, B is correct 2a 
2 3 b = b 
19. h(x) = f(x) -£2(x) + 3(x) re at ees 
7 (Y%a) 
h(x) = £’(x)[ 1-2 (x) +38?) | a 
b 
a +b 
Let f(x)=t => a(Pa}+b > 
173 
=> 3t7-2t+1 will always be positive (64,) 


Taking cube on both sides 


27b° 2a. oa 
Hence, A, C is correct : x= >C 


So, sign of h’(x) will depend only on f(x). 


27ab? > 4c? 


22. F(x) = 1x In x tx? +1) Vx? 41 
£(x) =In[x +Vi+x?] 
as x +x? 4+1>1 for x >1 
=>f(x)20 
=  Forx 20,f(x)=f(0) 
1+xIn(x+x?-+1)—V1+x? 20 
= 1+ xin(xe yx? 41)2 hex? 


23. f(x) =2sinx+tanx —3x 
f’(x) =2cosx+sec” x -3 
= sec” x (2cos" x —3cos” x +1) 


= (sec? x}(1—cosx)?(1+2cos x) 
, Tl 
>f(x)20 V a 


Thus f (x)is increasing function 
=> f(x)=f(0) 
orf(x)20 


=> 2sinx+tanx >3xVxe jo.2| 


xe™ x <0 
24. f(x)= i 
X+ax° —-xX™, x >0 
: axe™ +e, x <0 
f(x) = ; 
14+ 2ax —3x‘, x>0 


ax 2. ax 
fie 2ae™ +a°xe™, x<0O 
2a —6x, x >0 


For f’(x)=0 
aie ifx <0 orx=— ifx>0 


a 
f’(x) increases in (5 
a 3 


+ — 
ppt 
2 a 
a 3 


~ 2cos* x 


. f(x) =sinx +2x- 


MoNOoTONICITY 


25. Given that 2(1—cos x) < x’, x #0 


Let f(x) =sin(tan x)—x 
f’(x) =cos(tan x) sec” x —1 


_ cos(tan x) — cos” x 


cos” Xx 


x? 
Using (I), cos x > is 


Put x = tanx 


tan? x 
=> cos tan x > | ———_— 
Use (II) in eq (I) 

i= en? X —cos” x 
f’(x)> 


cos” Xx 


sin? x cos 2x 


>0 v xe|0, | 
4 4 


Therefore, f’(x) is increasing function. 


= f(x) =f(0) 
=> sintanx-x 20 


=> sin tanx >x 


dP(x) 


. Given ——— > P(x) 
dx 


=> GEO) pi) >0 
dx 


Multiplying by e*, we get 
<(e*p(x)} >0 

=>e “p(x) is an increasing function. 
=e *P(x)>e 'P(1) 

=>e* (P(x) >0 

=>P(x)>0 Vx>1 

3x(x +1) 


Picea Oxad 
T 


f"(x) = =tinx= 20) <0 
T 
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= f’(x) is a decreasing function = f’(x) changes its sign from +ve to -ve . 


Also, For xe o. <I f(x) =0 f(x) 


(id) |aeeeresss ~~ 
3 | 


6x 
=> cosx = + 2 
Tt 


T 
6x 3 (0.0) by 
As graph of cos x & =, 2 intersect only once. 
=> f(x) 20 
, : Tt 
= f(x) =0 has one root in (0.5 ied aSU 
T 
Also, f(x) has a point of Maxima. 
Previous Years Questions (AIEEE/JEE MAINS) 
1. Statement 1 > f(x) = x?(e*+e~*) Ka a, Cig a X:X 
7 = x -x x x “< a oe 
f'(x) = x*(e* — e-*) + 2x (e* +e) Ory. ee: 
x -x be Pa et 
e ps for x > 0 Ny eg 
=> f'(x)>0 “s) id= = 
Ow 2 5 x).(d —x) 
So, f(x) is always increasing. - Nd be +(d-x) D+ udeee 
Statement 2 > f(x) = x°e* & g(x) =x’e*ls : og > + 5 ; jal Sm 
increasing for x > 0 A) Y b'+@d-x) 
=> g(x) = f(x) + g(x) is increasing for x > ow x a? b? 
: 3/2 3/2 

Hence, C is correct. (a? i x) (v? (ds x)*) 


2. f(x)= sin* x +cos* x ; 
f(x) =1—2sin? xcos” x f (x) will depend on value of a & b. 
Hence, option B is correct. 

5. f(x) =x? -3(a—2)x” +3ax+7 
f (x) = 3x? —6(a—2)x +3a 


F(x) =1-S(6in 29)? 


f (x) = —2sin 2x cos 2x = —sin 4x >0 


=> sin4x <0 : 
=>1<4x<2n x= 1isaroot for f (x)=0 
Tt Tt => 3-6a+12+3a=0 
> <x<t 
4 2 =>a=5 
Hence, C is correct. = f(x) =x?-9x7415x+7 
3. f(x) =x? —3x? +5x+7 f(x)-14. x?-9x?4+15x-7 
; Now 2 = 2 
f (x) =3x? -6x+5>0 (x-1) (x-1 
=> f(x) is always increasing. (x- I)(x? —8x+ 7) 
Hence, A is correct. = Fi 
(x-1) 
4 fw=7 Ata (<=I)(«-(a-7) 
: x —1)(x-1)(x- 
Va24+x? Jeo + (d=x) — =x-7 


Hence, C is correct. 


P(x,y) A(1/2,7) 


=> (x+1)(3x-l=0 
>x=-lor 1/3 


ee -14(4) 
= 3 


7 


1 — 
AB 6 V3 


Hence, C is correct. 


Let P(x,, y,) ony = vx 


Hence, A is correct. 
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MAXIMA AND MINIMA 


7.1 Introduction 


The notion of optimizing functions is one of the most important 
application of calculus used in almost every sphere of life 
including geometry, business, trade, industries, economics, 
medicines and even at home. 


To control the ideas of greatest or least, highest or lowest. ihe 


farthest or closest, etc., we introduce the technical te 
maximum and minimum as applied to functions. However, t te 
terms maximum and minimum without further 

turn out to be insufficient to cope with all types of o} Spin 
problems. 


ification 
ytimizing 


For example, when a stone is thrown upward, it attains a 
maximum height and a minimum height, and the story ends 
there; whereas, when a rubber ball is tossed up, it attains a highest 
point, descends to a lowest point, but then bounces up again to 
attain another "maximum" height, then falls, bounces up again 
to still another "maximum" height, and continues this rise and 
fall process until it comes to rest. These "maxima" in quotes 
are "local" maxima in the sense that only when restricted to 
competition in the time interval from bounce to bounce are they 
guaranteed to be the maximum in the strictest sense of the word. 
A similar situation shows up in the oscillation of a pendulum 
which is slowly coming to rest. In this case the bob of the 
pendulum reaches extreme right and left positions over 
intervals of time. Of course, the first extreme right position 
would be the undisputed maximum, while the first extreme left 
position would be the undisputed minimum; but the extreme 
positions of each subsequent interval of swing qualify as 
maxima and minima only relative to the corresponding time 
interval of swing. 

In view of the above illustrative situations we are led to 
introduce the adjectives local and global to distinguish the two 
type of extreme positions. But the only characteristic which 


distinguishes the local from the global will be the domain of 
validity. In fact, the local concept will merely be the global 
concept if a small part of the given domain is considered. 


In ter graph, the global maximum is the y-coordinate 
of t ghest point of the graph. But the local maxima are 


Norinnes of the locally highest points of the graph, namely, 


points which are highest in competition with only the points 
of the graph contained within a suitably thin vertical strip centred 
at the highest point. Similar remarks hold when minimum and 
lowest replace maximum and highest, respectively. 


7.2 Concept of Local Maxima and 
Local Minima 


Let y = f(x) be a function defined at x = a and also in the 
neighbourhood of the point x = a. Then, f(x) is said to have 
a local maximum at x = a, if the value of the function at x =a 
is greater than the values of the function at all points in the 
neighbourhood of x = a. 

Mathematically, f(a) > f(a — h) and f(a) > f(a + h) where h > 0 
is a small positive arbitrary number. 


f(a-h) f(a) f(ath) f(a) 


fet) (fer 


= : es 


a-h a ath 


In other words, a function f(x) is said to have a local maximum 
at x = aif f(a) > f(x) V x € (a—h, a+h) — {a}, where his a 
small positive arbitrary number. 

Similarly, f(x) is said to have a local minimum at x = a, if the 
value of the function at x = a is smaller than the values of the 
function at all points in the neighbourhood of x = a. 
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Mathematically, f(a) < f(a —h) and f(a) < f(a +h) where h > 0 
is a small positive arbitrary number. 


worker 


a-h a ath 


In other words, a function f(x) is said to have a local minimum 
at x = aif f(a) < f(x) V x € (a—h, a +h) — {a}, where his a 
small positive arbitrary number. 


Note: 

(i) The above definition is applicable to all functions 
continuous or discontinuous, differentiable or non- 
differentiable at x = a. 

(ii) Ifthe graph of a function f attains a local maximum at the 
point (a, f(a)), then x =ais called the point of local maximum 
and f(a) is called the local maximum value. A similar 
terminology is used for local minimum. 

(iii) The local maximum and minimum values of a function are 


also known as relative maxima or relative minima as these © 
are the greatest and least values of the function relative to - 


some neighbourhood of the point in question. 


(iv) The generic terms for maxima and minima of a function 


are extremum (plural extrema) or extreme values ‘of the 
function. The term ‘extremum’ or 'turning point’ is used 
both for local maximum or minimum values. 

(v) Alocal maximum (minimum) value of a function may not 
be the greatest (least) value in an interval. 

(vi) A function can have several local maximum and minimum 
values, and a local minimum value may even be greater 
than a local maximum value. 

Here is a function, defined on the interval [a, b], which 

has a local maximum at x = Xx, and x = X,, 

has a local minimum at x = x, and x = x,, 

Note that the minimum of the function at x = x, 
is greater than the maximum of the function at 
x = x,. At x =b, the value of the function is greater than 
any local maximum of the function in the interior of the 
interval under consideration. 


Y 


(vii) Usefully we deal with functions having only a finite 
number of extrema in a given finite interval. 
Consider the function f(x) = x sin 1/x, x # 0, f(0) = 0. In 
every interval containing the point 0, it is continuous and 
has an infinite number of points of extrema. 

(viii) If a function is strictly increasing or strictly decreasing 
at an interior point x =a it cannot have an extremum at 
X = aand vice versa. 


@ Example 1: Test f(x) = {x} for the existence of a local 
maximum and minimum at x = 1, where {.} represents the 
fractional part function. 


& Solution: 


Clearly x = 1 is a point of discontinuity. 

f1)=0 
Now, f(1 — h) > O and f(1 + h) > 0, ie., the value of the 
function at x = | is less than the values of the function at the 


/ neighbouring points. 
_ Thus, x = 1 is the point of local minimum. 


0<|x|<2 


© Example 2: Let f(x) = i. 
1 x=0 


Examine the behaviour of f(x) at x = 0. 
©Y Solution: The graph of y = f(x) is shown below: 


Y 
2 


1 


2 0 2X 


f(x) has local maxima at x = 0 because f(0) = | is greater 
than every other value assumed by f(x) in the immediate 
neighbourhood of x = 0. 


& Note: When speaking of a maximum or a minimum at a 
point x =a, we usually mean a strict extremum. In such a case, 
there exists a neighbourhood of the point of extremum x = a 
for all whose points (except the point a itself) there holds the 
strict inequality 

f(x) < f(a) for the point of maximum 
or the strict inequality 

f(x) > f(a) for the point of minimum 
If we relax our definition, and the signs > and < in these 
inequalities are replaced, respectively, by = and <, the point 
xX =a is called a point of non-strict extremum. 
Consider the graph of a function in the neighbourhood of the 
point x = a as shown in the figure: 


f(a) f(at+h 
few SORE 
=H a rea 
We observe that in the given figure, 
f(a—h) < f(a) =f(a+h). 
Here, we say that the function has a point of local maximum 
(non-strict) at x = a. 
The function shown below has a point of local minimum (non- 
strict) at x = a, since f(a — h) = f(a) < f(a +h). 


If f(x) is constant in the neighbourhood of the point 
x =a then it said to have both a local maximum and a local 
minimum at x = a. 

Thus, a function f(x) is said to have a local maximum at x =a 
if f(x) < f(a) V x € (a—h, a+h), when h is a small positive 
arbitary number. 


f(x) > f(a) Vx € (a—h,at+h). 


Extremum at End Points 


A point (a, f(a)) is called an endpoint of the graph of the 
function f if there exists an interval (a, B) containing a such 
that the domain of f contains every number of the interval (a, a) 
and no number of the interval (a, 8), or vice versa. 


If x = a happens to be an endpoint of the function, then we 
compare f(a) with appropriate values of the function in either 
the left or right neighbourhood of x = a. 

Consider a function f(x) defined in the interval [a, b]. 

Then, the function is said to have a local maximum at the left 
end point x = a if f(a) > f(a + h), where h is a small positive 
arbitrary number. 

It is said to have a local minimum at the left end point x =a 


if f(a) < f(a+h). 


x=a 
Local minimum 
at left endpoint x =a 


The function is said to have a local maximum at the right end 
point x = b if f(b — h) < f(b). 

It is said to have a local minimum at the right end point x = b 
if f(b — h) > f(b). 


e Example 3: Let f(x) = 


And, it is said to have a local maximum at x =a if 
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x=b 
Local maximum 
at right endpoint x = b 


However, if a function is not defined at its endpoint then there 
is no extremum at such a point. 


We can see from these figures that endpoints (provided the 


function is defined) are almost always points of local maxima 
or minima. 


Consider f(x) = ./4_ x2. 


Clearly, f(—2) = 0 and f(2) = 0 are local minima of f, since 0 
is the least of all the values of the function in the right 
neighbourhood of x = —2 and the left neighbourhood of x = 2 
respectively. 


|x—I]+a, x<l 


. If f(x) has alocal 
2x+3,x21 


~ minima atx= 1, then find all possible values ofa. 


x<l 
x21 


1-x+a, 


1 . f — 
Y Solution: f(x) ee 


Since f(1) = 5, the local minimum value of f(x) at x = 1 
will be 5. Hence 5 should be smaller than every other 
value assumed by f(x) in the immediate neighbourhood 
of x = 1. The function increases above 5 in the right 
neighbourhood of x = 1. In the left neighbourhood of 
x = 1, the function is decreasing. So the left hand limit of the 
function should be either equal to or greater than 5 to have a 
local minimum at x = 1. 


f(1-) > f(1) 
=> a25. 
@ Example 4: If a<b<c<d and x € R then find the 


points of extrema of the function, 
f(x) = lx-al + lx—b| + Ix-c| + lx-—d| 


Y Solution: f(x) = |x—al + |x—bl] +|x—cl +|x-d| 


4x-(a+b+c+d) X<a 
2x-at+(b+c+d) ax<x<b 
_~|c+d-(a+b) b<x<c 
2x-(a+bt+c)+d cx<x<d 
4x-(a+b+c+d) x2d 
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The graph of y = f(x) is shown below: 


a b c d Xx 


We can observe in the figure that the function has a local 
minimum or maximum (non-strict) at each x between b and c 
ie. b <x <c. It has a local minimum at x = b and c. 

X =a is nota point of extremum because the function is strictly 
decreasing at x = a. Similarly the function is strictly increasing 
atx =d. 


© Example 5: If lim f(x) = lim[f(x)] (a € R), where [-] 
xa xa 
denotes greatest integer function and f(x) is a non constant 


continuous function, then show that f(x) has a local minimum 
atx =a. 


© Solution: Clearly lim[f(x)] is an integer and LHL and | 
x>a ( 


RHL should be same for existence of lim f(x). The function 


xa 


should approach an integer from both sides of x = a. wy” 


Let lim[f(x)] =n (m € J) then limf(x) =n. 
xa xa 


n 
a 


Clearly the function should be just greater than n on both sides 
of x =a since f(x) is continuous at x = a. 
.. f(x) has local minimum at x = a. 


@ Example 6: If f(x) = (sin?x—1)" (2 + cos?x), then prove 


that x = 1/2 is a point of maximum, if n is an odd positive 
integer. 


Y Solution: We have f(x/2 ) = 0. 
If x = a is a point of local maximum , then 
f(a—h) < O and f(a+h) <0 
=> f(n/2—-h) < 0 andf(z/2 +h) < 0 
f(m/2 — h) = (-ve)" .. 1) 
f(n/2 + h) = (-ve)" 4) 
= f(a/2 —h) and f(m/2 + h) are negative when nis odd. So, 
f(x) has local maximum at x = 1/2 when n is odd. 


Note that both f(2/2 —h)and f(z/2 + h)are positive if n is even 
in which case the function has a local minimum at x = 7/2. 
So , f(x) has maxima or minima at x = 7/2 according as n is 
odd or even . 


7.3 Fermat Theorem 


It appears that at the maximum and minimum points the 
tangent lines are horizontal and therefore each has slope 0. The 
following theorem says that this is always true for differentiable 
functions. 


Fermat Theorem. If a belongs to an open interval in the domain 
of f, if f(a) exists, and if (a, f(a)) is a point of local extremum 
(either a maximum or a minimum), then f'(a) = 0. 
Geometrically, Fermat theorem says that if there is a tangent 
at a highest point or lowest point of the graph and further if 
the point of contact is not an end point of the graph, then the 
tangent line is necessarily horizontal. 

Proof : Geometrically this theorem is obvious. We shall prove 
it, only in the case that (a, f(a)) is a local maximum point, since 
a similar proof (with the inequalities reversed) is valid for a 
local minimum point. 


Since (a, f(a)) is a local maximum point, f(a — h) < f(a), and 
_ f(a +h) < f(a) for all positive h in some open interval contain- 


ing 0. Thus f(a — h) — f(a) < 0. 


f(a—h)-f(a) 
ah 


Since h is positive, >0 and 


lim f(a—h)-fa) >0 
ho0 —h 


and, 


f(a+h)-f(a) <¢ and 
——— 


lim f(a+h)-f(a) z 
h>0 h 


0 


Since f'(a) exists, the two limits above must have a common 
value which is f’(a). Thus f’(a) is both greater than or equal to 
zero and also less than or equal to zero. The only number which 
satisfies both of these conditions is zero, hence f(a) = 0. This 
completes the proof. 

This theorem is instrumental in discovering both local and 
global extrema. 


© Example 1: Suppose x? + ax? + bx + ¢ satisfies 
f (-2) =— 10 and takes the extreme value ie where x = F . Find 
the value of a, b and c. 


Y Solution: f(x) = x? + ax?+bx+c 
f (-2)=-8+4a-2b+c=- 10 
4a—2b+c+2=0 1) 
f' (x) = 3x? + 2ax+b 


f'(2/3)=0 by Fermat theorem 


3 : 2a{ =) b=0 ae b=0 
$24), tba 0 => ae the 


9 
=> 44+4a+3b=0 (2) 
Also f(2/3) = a0 
27 
4 2b 
This gives es + i +—+c= 30 
279 3 27 


8 + 12a + 18b + 27c = 50 

12a + 18b + 27c = 42 

4a+6b+9c= 14 ..(3) 
Solving (1), (2) and (3) we get 

a=-—1,b=Oandc=2. 


@ Example 2: Given that the function f(x) = (x — p+ 
(x — q)? + (x —r)*has a minimum, find the corresponding 
value of x. 
Y Solution: We have, 

i@)=(@=p)/+ @=q? + (=1)" +-(1) 
It is a differentiable function for x € (— , 0). Hence 
by Fermat theorem, a minimum can be attained when 
f '(x) =0. 
Differentiating (1) w.r.t. x, we get 


f(x) = 2(x — p) + 2(K- q) + 2K -n) -Q) 


f'(x) = 0 when 
2(k —p) + 2(k-q) + 2(x-n)=0 


1 (A) 
=> 3x-(ptqtn=0 =a a ee aie): ey 


Since a single value of x is obtained, without further 
investigation we can say the minimum is attained at 


1 
X= —(p+qtnt). 
3 


@ Example3: Check whether the function f(x) =1—2x?, 
x € [-1, 0] satisfies the conditions of Fermat theorem. 


©Y Solution: The given function is strictly decreasing in 
[-1, 0] and consequently attains maximum at x = — | and 
minima at x = 0. 

Since, these points are not interior points of the interval 
[-1, 0] we can not apply Fermat theorem to assert that f'(-1) 
=f'(0)=0 

In fact f '(—-1) = 4 and f '(0) = 0. We see that f '(0) = 0 but this 
inference could not have been drawn using Fermat theorem 
(which is not applicable in this problem). 

If f(x) = 0 at x =a, then we say that x = ais a stationary point 
of the function f. Also, f(a) is then said to be a stationary value 
of f. We say so because the rate of change of the function is 
zero at such a point. 


@ Example 4: If f(x) = x3 + ax? + bx +c has stationary 
point at x =— | and x =3. Finda, b,c. 
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@Y Solution: Since f(x) has stationary point at x =— 1 and 
x =3, 

f'(-1)=0=f') 

f'(x) = 3x? + 2ax +b 

f'(-1)=3-2a+b=0 

(3) =27 + 6a+b=0 

=> a=-3,b=-9,ceER. 


©@ Example 5: Show that the function f defined by 

f(x) = x* — 2x? + 3x — | has a stationary point in the interval 
(-1, 2). 

Y Solution: We have f '(x) = 4x3— 6x2 +3 

and f '(-1) =— 7, f (2) = 11. Since f ' is continuous in [—2, 3], 
f has a stationary point a in (-1, 2). 

Evidently, f'(a) = 0. Thus, a is root of the equation 
4x} - 6x? +3 =0. 

We find the set of values of x for which f’ (x) = 0 and carry out 
investigation to locate the points of extrema. 

However, vanishing of f'(c) is only a necessary condition and 
not a sufficient condition for x = c to be a point of extremum. 
Consider the graph of y = x3. We can see that f'(0) = (3x?) 
= 0 but x = 0 is not a point of extremum. 


x=0 


w/ Indeed, no matter how close the point x is to origin, we will 
always have x? < 0 when x < 0 


and x? > 0 when x > 0. 


The graph is rising for x < 0 and also for x > 0, as shown in 
the figure. 


Thus, Fermat theorem tells us that a local extremum of a 
differentiable function f can occur only at a stationary point, 
but it does not say that a local extremum must occur at each 
stationary point. 

The converse of Fermat's theorem is false in general. 
Furthermore, there may be an extreme value at x = a even 
when f '(a) does not exist. 

Theorem Suppose that fis a function defined on an interval 
containing the number x = a. If the function has a point of local 
extremum at x =a, then either f(a) = 0 or f’(a) does not exist or 
a is an endpoint of the interval. 


Critical Points 

Critical points are interior points in the domain of the function 
where either f'(x) = 0 or f'(x) does not exist. 

In Fermat theorem we have considered the critical points at 
which the derivative is equal to zero i.e stationary points. Let 


7.6 DIFFERENTIAL CALCULUS FoR JEE Main AND ADVANCED 


us now deal with the critical points at which the derivative 
does not exist. 


©@ Example 6: Find the critical points of the function 
f(x) = 4x3 — 6x? — 24x + 9 if (i) x € [0, 3] (ii) x € [-3, 3] 
(iii) x € [-1, 2]. 
©Y Solution: f'(x) = 12(x?- x — 2) 
= 12(x —-2) (x +1) 

f(x) =0 

=> x=-lor2 
(i) Ifx e [0,3], x =2 is the critical point. 
di) If x € [—3, 3], then we have two critical points x =— 1, 


(iii) If x € [— 1, 2], then there is no critical point as both x = 1 
and x = 2 become endpoints. 


G& Note: Critical points are always interior points of an 
interval. 


© Example 7: Find the number of critical points for f(x) = 
max (sin x, cos x), x € (0, 27). 


&Y Solution: The graph of y = f(x) is shown below : 


cosx  sinx 


cos.x 


4 @ 


We can see from the figure that 


Tt 
f'(x)=Oatx= > and 
2 
: Tm St 
f'(x) does not exist atx = —, ra 
Thus, the critical poi f fi = el 
us, the critical points of f(x) areX=7 oe 4 


Hence, f(x) has three critical points. 


t Problems 


In each of following cases, identify if x =a is point of local 
maxima, minima or neither of them. 


_ GConcep 
1. 


© Example 8: Find the critical points of the function f(x) = 
|x? — 2x| and find whether these points are points of extrema. 


©Y Solution: We have f(x) = |x? — 2x| 


f(x) = | 
f(x) = | 


f(x) = 0 at x = 1 and 
f(x) does not exist at x = 0, 2. 


x° Dx x <0,x 22 


* 02x22 


2x—-X 
2(x-1) 


2d-x”) O0<x<2 


x <0,x >2 


Thus, the critical points of f(x) are x = 0, 1, 2. 
Note that x = | is also a stationary point. 
The graph of y = f(x) is shown below: 


I 


~ Sy 
From the graph, we can see that x = 1| is a point of local 


> wad 


nxt 


maximum and x = 0, 2 are points of local minima. 


B Note: It is also quite possible for a continuous function f to 
have no local extremum at a point a where f'(x) does not exist . 


For example, the function y = ‘/x has no derivative at x = 0. 
(y'— cas x > 0). Thus, x = 0 is a critical point of the function 
where the derivative does not exist. At this point the function 
has neither a maximum nor a minimum because f(0) = 0, 
f(x) < 0 for x < 0, f(x) > 0 for x > 0. 

We see that f(x) is strictly increasing at x = 0 and hence, has 
no extremum at x = 0. 


A 


2. Draw the graph of the following functions and locate the 
points of extrema : 
i si 1 
(i) y=|x?-1| (ii) y=2- 
|x+1| 
(iii) y = |x + 1] +2 |x| 
3. Find the points of extrema of the function 
f(x) = 2|x — 2] + 5|x — 3]. 
x+l, x<2 
4. Let f(x) = Ja x =2 , Find ‘a’ if f(x) has local 
a-x, x>2 
maximum at x = 2. 
5. Find the points of extrema for the function 


y = |x —2| + |x -al. 


(x +a)" 


COS X 


x <0 


x>0° find possible values of 1 such 


6. Iff(x)= | 
that f(x) has local maxima at x = 0. 

7. Show that f(x) = 1- (x — 1)'*has a critical point at x = 1, 
but the function has neither a maximum nor a minimum 
atx=1. 

8. The greatest integer function f(x) = [x], defined for all 
values of x, assumes a local maximum value of 0 at each 


7.4 The First Derivative Test 


From what has been discussed in the previous section, it 
follows that not for every critical point does a function have a 
maximum or a minimum. However, if at some interior point 
the function attains a maximum or a minimum, this point is 
definitely critical. And so to find the extrema of a function, do 
as follows: find all the critical points, and then, investigating 
separately each critical point, find out whether the function 
will have a maximum or a minimum at that point, or whether 
there will be neither maximum nor minimum. 


Usually the behaviour of a continuous function y = f(x) at a 


critical point x = a can be determined from the algebraic sign | 
of the derivative near a. Consider the following graphs i in thy 


neighbourhood of a critical point x =a: 


(i) Iff'’ changes from positive to negative at a (f "> bs for 
x <aandf’' < 0 for x > a), then f has a local maximum 


value at a. 
local max local max 
f>0 1 f<0 f>0 1 f<0 
a a—§<——. 
(a) f(a) = 0 (b) f(a) does not exist 


(ii) If f’ changes from negative to positive at a (f' <0 forx <a 
and f’ > 0 for x > a), then f has a local minimum value at a. 


local min 
oe 


<0! f's0 local min} f'>0 
a 
(b) f(a) does not exist 


(iii) If f ‘ does not change sign at c (f ' has the same sign on 
both sides of c), then f has no local extreme value at c. 


no extremum 


(a) f(a) = 0 (b) 


f(a) does not exist 
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point of [0, 1). Could any of these local maximum values 
also be local minimum values of f ? Give reasons for your 
answer. 

9. Ifa function fis continuous in an interval I and if f’(a) > 0, 
f'(b) < 0 for some a, b in I, then prove that f has a critical 
point in I. 

10. Suppose f is differentiable on [a, b], and f'(a) < k < f'(b) 
or f’(a) > k > f(b). Prove there exists c € (a, b) such that 
f'(c) =k. 


The First Derivative Test 


Suppose that x = a is acritical point of a continuous function 

y = f(x). 

(i) If f(x) changes sign from positive to negative at x = a, 
then f has a local maximum at x = a. 

(ii) If f(x) changes sign from negative to positive at x = a, 
then f has a local minimum at x = a. 

(iii) If f(x) does not change sign at x = a (that is, if f(x) is 
positive on both sides of x = a or negative on both sides), 
then f has no local maximum or minimum at x =a. 

In part (i), when the sign of f(x) changes from positive to 


‘negative at x = a, f is increasing on the left of x = a and 
_ decreasing on the right of x = a, it follows that f has local 


maximum at x = a. 
It is easy to remember the first derivative test by visualizing 
the above diagrams. Informally, the derivative test says, "If the 
derivative changes sign at x = a, then the function has either 
a local minimum or a local maximum." To decide which it is, 
just make a crude sketch of the graph near (a, f(a)) to show on 
which side of x = a the function is increasing and on which 
side it is decreasing. 
Mathematically, if x =a is a critical point of the function f(x) 
and the inequalities 

f'(a—h) > 0, f'(a+ h) <0 
are satisfied, where h is a small positive arbitrary number, 
then the function f(x) possesses a maximum at the point x = a. 
If f(a—h) <0, f'(a+h)>0, 
then the function f(x) possesses a minimum at the point x = a. 
If the signs of f’(a — h) and f'(a + h) are the same, then the 
function f(x) does not possess an extremum at the point x = a. 


Saddle Point 


Let x = a be a Stationary 
point of the function y = f(x) 
i.e. f'(a) = 0. If f'(x) has 
the same sign on either 
side of x = a, then f has a 
saddle point at x = a. The 
point (a, f(a)) is known as 
a saddle point, as it can 
be envisioned as a level 
resting spot on the side of 
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an ascending or descending portion of a functional curve. A 
saddle point is a special case of point of inflection. 

For example, if f(x)=tan*x, then f'(x)=3tan?x sec”x andf'\(0)=0, 
f'(0 —h) > 0, f(0 +h) > 0. 


Hence, the graph is rising for— _ < x <Oand also for0<x< _ : 


The origin is a saddle point of f. The function has a point of 
inflection at x =0. There is no extremum at x = 0 on the graph of f. 


© Example 1: Let f(x) = 2 In (x—2)—x?+. 4x41. 
Investigate the function for extremum at x = 3. 
© Solution: The function f(x) = 2 In (x — 2) —x2+ 4x +1 
is defined for x > 2. Let us find its derivative : 
‘ 2 2(x —1)(3-x) 
f'(x) = x 2k t4= so 
The point x = 3 is a critical point of the given function. 
Sign scheme of f '(x) 
7 = 

o—_+———_ 

2 2 
On the interval (2, 3), the derivative f'(x) is positive and, 
consequently, on the interval the function increases. 
And on the infinite interval (3, 00), the derivative f’(x) is negative 
and, therefore, the function f(x) decreases on that interval. 
The point x = 3 is a point of local maximum. 


G Note:) By considering the function f defined as 
1 
f(x) =x? [2 + sin | , if x #0, f(0) =0, 


it can be seen that the conditions of the first derivative test are 
sufficient but not necessary. In fact, fis derivable everywhere, 
f'(x) does not change sign from negative to positive as x passes 
through 0 and yet f has a minimum at x = 0. 

We have considered the critical points at which the derivative 
is equal to zero i.e. the stationary points. Let us now deal with 
the critical points at which the derivative does not exist. 

2 


3/2 
The function f(x) = fs") has no derivative at x = 0, 


gue g 
since f '(x) = { = | x 3 approaches infinity at x = 0, 


but the function has a maximum at this point. 


-l 0} 1 x 


We can see from the figure that f(0) = 1, and f(x) < 1 for all x 
different from zero. 


Let f(x) = 3x — |x| The given function has no derivative at the 
point x = 0. Since for all x < 0, f(x) < f(0), and for all x > 0, 
f(x) > f(0), the given function has no extremum at the point x = 0. 


We cannot say that the change of sign of the derivative always 
helps in determining maxima/minima. 
For example, let 
x“, x <0 
f(x) = 45, x =0 
2sinx,x >0 
: 2x, x <0 
> f(x)= 
09) — |2cosx, x >0 


f'(x) does not exist and f is discontinuous. 


Here also the derivative is changing sign from negative to 
_ positive, but x = 0 is not a point of minimum. On the contrary, 
it is a point of maximum since f(0) = 5 and f(0—h) < f(0) and 


f(0+ h) > f(0). 
This type of difficulty appears in case of discontinuous 
functions. 


Test for Local Maximum/Minimum When f(x) Is Not 
Differentiable at x =a 

Case 1: When f(x) is continuous at x = a and f'(a’) and f'(a*) 
exist and are non-zero, then f(x) has a local maximum or 
minimum at x = a according to the following : 

If f'(a-) > 0 and f'(a*) < 0, then x = a is a point of local 
maximum . If f(a’) < 0 and f'(a*) > 0, then x = a is a point of 
local minimum. 

Case 2: When f(x) is continuous and one or both of f'(a-) and 
f(a‘) are either zero or does not exist, then we should consider 
the signs of f'(a — h) and f'(a + h), where h is a small positive 
arbitrary number. 

If f'(a—h) > 0 and f(a + h) < 0, then x = ais a point of local 
maximum . If f'(a —h) < 0 and f'(a + h) > 0, then x =aisa 
point of local minimum. 

Case 3: If f(x) is discontinuous at x =a, then we should find 
about the existence of local maxima/minima using the basic 
definition of local maxima/minima i.e. compare the values of 
f(x) at the neighbouring points of x =a. 

We should find the values of f(a"), f(a*) and f(a). If f(a) is the 
greatest of all these values, then there is a local maximum at 
a. If f(a) is the least of all these values, then there is a local 
minimum at a. 


It is also advisable to draw the graph of the function in the 
vicinity of the point x = a, because the graph would give us 
a clear picture about the existence of local maxima/minima 
atx =a. 

If f(a) is undefined, then there is no question of extremum at 
Xx=a. 


@ Example 2: Test the function f(x) = (x — 2)?3 (2x + 1) for 
extrema at x = | and 2. 


1 


g ion: (x)= =: 
© Solution: We find f'(x) = 5 a 


Oo 

~ 
| 

= 


The critical points are x = | (the derivative is zero) and x = 2 
(the derivative does not exist). The function is continuous. 


The inequalities f'(1 — h) > 0, f'(1 +h) < 0, 
f'(2—h) <0, f'(2 +h) > 0 hold at a sufficiently small h > 0. 
Consequently, at the point x = | the function possesses a local 


maximum and at the point x = 2 it possesses a local minimum 
since f’(2 —h) < 0 and f'(2 +h) > 0. 


x>+x?+10x, x <0 
x20° 


Investigate the function for extremum at x = 0. 


© Example 3: Let f(x) = | 


—3sin x, 


© Solution: Clearly f(x) is continuous at x = u but non- 


differentiable at x = 0. We have 


cee | >> 
jg aw th S108 LY, 


Ojai Og 
h0 —h h—>0 -h 
But f'(0*) = lim f(-h) = f(0) = lim —3sinh =H 
ho = h noo hh 


Since f\(0-) > 0 and f'(0*) < 0, x = 0 is the point of local 
maximum. 
Alternative : 

f(x) is continuous at x = 0. 


3x* +2x-10 
PCU= 3cos x 


x <0 
x>0 
f'(0-) = -10 and f’(0-) = 3 
Thus, f(x) is non-differentiable at x = 0 
=> x=0isacritical point. 
Also the derivative changes sign from negative to positive. So 
x = 0 is a point of local minima. 
x <0 


. Investigate the 
2sinx, x >0 


x2, 
© Example 4: Let f(x) = | 
function for extremum at x = 0. 


©Y Solution: We sketch the graph of f(x) in the vicinity of 
x = 0. We see that x = 0 is a point of local minimum. 
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Alternative: 


eZ 
f'(x) = 


2cosx, x >0 
f'(0) does not exist but f is continuous at x = 0. 
x = 0 is a critical point where f '(0~) = 0 and 
f'(0*) =2 > 0. On the left of x = 0, f '(O—h) < 0. 
Thus, the derivative changes sign from negative to positive. 
Hence, x = 0 is a point of minimum. 


@ Example 5: Test the function f(x) = 1 — (x — 2) for 
extremum atx =2. 


x <0 


4 
eee a 


ow Solution: We find f(x) = = (x 2)-15 = 


. “The derivates does not exist at x = 2 (critical point). 
__ The one-sided derivatives at x = 2 do not exist. 


But f '(2—h) > 0 and f '(2 + h) < 0, where h is a small positive 
arbitrary number. 

Hence, we infer that the function possesses a local maximum 
atx =2. 


@ Example 6: Investigate the following functions for 


extrema: 
) —2x, x <0, 
x)= 
@) 3x45, x>0 
Ix 43. ee 0, 
) £(x) = ; 
(ii) F(X) | i HO 


: : are 2, 0 
© Solution: (i) Though the derivative f '(x) = , = : 
, xX> 
exists at all points, except the point x = 0, and changes sign 
from minus to plus passing through the point x = 0, there is no 


minimum here because f(0 — h) < f(0) = 5. 


Y Y 
5 4 
3 
0 x 0 x 


Figure (a) Figure (b) 
This is explained by the fact that the function is discontinuous 
at the point x = 0. 
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(b) Here the derivative f'(x) =4x(x # 0) also exists at all points 
except at x = 0, and it changes sign from minus to plus when 
passing through the point x = 0. Nevertheless, we have here a 
maximum but not a minimum, which can readily be checked. 
It is explained by the fact that the function is discontinuous at 
the point x = 0. 
TUX 

cos —,x >0 
© Example 7: Let f(x) = yi 

xta,x<0 
values of a if x = 0 is a point of local maximum. 


. Find the 


©Y Solution: We draw the graph of with different values of a. 


(©) we 

Clearly, f(x) increases before x = 0 and decreases after x = 0. 
f(0) =a. 
Note that in figure (a) for a = 0, x = 0 is the not point of 
maximum. The graph of y = x + a must shift atleast 1 unit 
upwards, for x = 0 to be the point of maximum. 
For x = 0 to be the point of local maxima, 
we have f(0) = _ f(x) 

x70" 


=> f(0)> lim cos( =] 
x>0° 2 
Hence, a> 1. 
@ Example 8: Let 
a amy a? —-9a-9, if x <2 
2x —3, ifx >2 
Find the value of 'a' for which f(x) has local minimum at x = 2. 
© Solution: We have, 
: oo x<2 
= | 2x-3, ifx>2 


Given f(x) has local minima at x = 2. 


Since, f(x) = 2x — 3 is strictly increasing for x = 2 
lim f(x) = f(2) 
x2 


=> lim f(2-h21 {°° fQ)=2x2-3=1} 
h-0 


lim {|2—h—2|+a?—9a-9} >1 
h-0 


a’—9a-10>0 
(a+ 1)(a—10)>0 
a<-—lora210. 


Yu Y 


©@ Example 9: Given a continuous function 


[2 - sins at x #0, 
cos 7 atx =0 
r i 


Show that f(x) has a minimum at the point x = 0, but is not 
monotonic either on the left or on the right of x = 0. 


©Y Solution: For x # 0, f(x) > 0, and f(0) = 0, hence f(0) is 

a minimum. 

For x > 0 the derivative f(x) = 2 — sin— + Eee is 
=~ %% xX xX x 


) 


_ positive at the points X = Seah and negative at the points 
gy. m™m 


—— ‘ : . _ 
(Qn +1)n° Hence, f is not monotonic on the right of x =0. 


The case x < 0 is investigated analogously. 


Extremum at Endpoints 
Let y = f(x) be continuous at the endpoint of the interval [a, b] 
At a left endpoint a: 


If f’ < 0 (f’ > O) for x > a, then f has a local maximum 
(minimum) value at a. 


ocal maximum local minimum 
f'<0 


At right endpoint b : 
If f' <0 (f' > 0) for x < b, then f has a local minimum 
(maximum) value at b. 


ra 
Vv 
jo) 


| 


fed) 


<0 local maximu 


\ 


v2 
Vv 
° 


local minimum 


| 
| 


© Example 10: Find the extrema of the function 
f(x) = 3x —(x- 1)? atx =1. 


© Solution: Since (x — 1)°” is real only if x > 1, the 
domain of f is the set [1, 00). Thus x = | is the left endpoint of 
the graph of f. Note that f is continuous a x = 1. 


3 
We have f'(x) = 3 — a (x- 1)”. 


Since f ‘(1 +h) > 0, x = 1 is a point of local minimum. 


Steps for Finding the Extrema of a Function 
Defined in an Interval 


Let f(x) be defined and continuous on a certain interval (a, b) 

and have a derivative everywhere in the interval (a, b) except 

possibly at a finite number of points, and have a finite number 
of stationary points. Then, in order to find the extrema of the 
function, it is necessary: 

(i) To find the critical points of the function f(x), 1.e. the points 
at which either f'(x) = 0 or f(x) does not exist; 

(ii) To investigate the sign of the derivative f'(x) in a certain 
neighbourhood of each critical point. And, if , as x passes 
through such a point, f(x) changes sign, then f(x) has an 
extremum at this point. 

If minus is changed to plus, then the function has a local 


minimum at this point; if the sign is altered from plusto minus, __ 
then a local maximum is the case. But if the sign of f'(x) remains _ 
unchanged as x passes through the point under consideration, | 


then the function f(x) has no extremum at this point. 


©@ Example 11: Find the local minimum and maximum 
values of the function f(x) = 3x*-4x*- 12x*+5. | 


©Y Solution: f’(x) = 12x (x — 2) (x + 1) 
f'(x)=0 >x=-1,0,2. 


The critical points are : x, =— 1, 0 and x, = 2. 
Sign scheme of f’(x) 
— + = + 
—$—— et 
-l 0 2 


f'(x) changes from negative to positive at—1, sof(—1)=0isalocal 
minimum value by the first derivative test. 

Similarly, f’ changes from negative to positive at 2, so 
f(2) = —27 is also a local minimum value. f(0) = 5 is a local 
maximum value because f(x) changes from positive to 
negative at 0. 


®& Note:) In case of continuous functions, points of maxima 
and minima are found alternately. 


©@ Example 12: Show that f(x) = x3 — 6x? + 12x — 8 does 
not have any point of local maxima or minima. 


©Y Solution: f(x) = x3 — 6x? + 12x —8 
f"(x) = 3(x2—4x +4) 
f"(x) = 3(x — 2) 
f'(x)=0 >x=2 
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Clearly f’(x) does not change sign about x = 2. f'(2*) > 0 and 
f'(2-) > 0. So f(x) has no point of maxima or minima. In fact, 
f(x) is a strictly increasing function for x € R and x =2isa 
saddle point or point of inflection of the function. 


GB Note: It will be clear from this example that neither 

maxima nor minima values can arise from the vanishing of 

such factors of f(x) that have even indices. 

@ Example 13: Find the extremum of the function 
2 

f(x) = x3(x-3),x eR. 


©Y Solution: We find the derivative of the given function: 
—  5x-6 
f ® = 3a and determine the critical points. 


f(x) =O0ifx= 5 and f'(x) does not exist at x = 0. 


6 
Thus, the critical points are : x, = 0 and x, = 5° 


Note that f is continuous everywhere. We now investigate the 
sign of the derivative f'(x) in a certain neighbourhood of each 
critical point and tabulate the results : 


+ - + 

Sign of f'(x) 0) 6 

5 

x f'(x) f(x) 
—0 <x <0 + increases 
x=0 does not exist local maximum 
6 
O<x< 5 - decreases 
6 

x= 5 0 local minimum 
6 . 
5 <x <0 + increases 


©@ Example 14: Find the local maximum and minimum 
values of the function g(x) =x +2 sinx,0<x<2 17. 


@ Solution: To find the critical point of g, we differentiate: 
g'(x)=1+2cosx 


So. g'(x) = 0 when cos x = -5 ‘ 


The solutions of this equation are 27/3 and 41/3. 
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Because g is differentiable everywhere, the only critical points 
are 27/3 and 47/3 and so we analyze g in the following table. 


Interval g'(x)=1+2cosx g(x) 


O0<x<2 7/3 + increasing on 

(0, 2 2/3) 

decreasing on 

(2n/3 , 41/3) 
increasing on 

(4n/3 , 27) 

Because g'(x) changes from positive to negative at 27/3, the 
first derivative test tells us that there is a local maximum at 
2n/3 and the local maximum value is 


2n/3 <x < 4n/3 - 


4n/3 <x <2n + 


21 2m 
2n/3) =— +2 sin — 
g(2n/3) : : 


es +2{B)- 28.5 ~ 3.83 


Likewise, g(x) changes from negative to positive at 42/3 and so 


ety eta 
3 3 


aon + 8). 3 2.46. 


3 2 


The specification of the change of sign of the derivative as X 
passes through the boundaries of the intervals of monotonicity, 
that is through the points x,, indicates which of these points are 
points of maxima and which points of minima. It may also 
turn out that some of the points x, are not points of extremum. 
This is the case when the function has the same character of 
monotonicity in two adjoining subintervals (x, ,, x,) and (x,, 
X,,,) Separated by the point x,, i.e. when the derivative has the 
same sign in them. In this case x, is not a point of extremum 
of the function (for instance, for the function y = x’, the point 
x = 0 belongs to this type). 


The substitution of the critical numbers x = x, into f(x) yields 
the corresponding values of the function : 
f(x,), £(x,), .... » f(x) 

As has been already mentioned, not all the them are necessarily 
extreme. If the values f(x,), f(x,), ....f(x,) have been computed 
and the endpoint values f(a) and f(b) have also been found, the 
character of variation of the function becomes clear without 
investigating the sign of the derivative. For, since we know 
that the function has no extrema within each of the subintervals 
(a, X,), (X,, X,), --, (X,, b) and thus is monotonous on them, 
the comparison of the values of the function at the end points 
of each subinterval indicates directly whether the function 
increases or decreases on that subinterval. 

It depends on the circumstances which of the techniques 
should be used. It is sometimes more convenient to consider 


the sign of the derivative in the subintervals, but sensually we 
are interested in the values of the function at the critical points 
the second approach may prove preferable. 


© Example 15: Find the extrema of the function 
f(x) = 39x? — x?. 


Y Solution: The function is defined and continuous for 
all x. Now, 


1 

f'(x) = (ze - | ‘ 
From the equation f'(x) = 0 we find the roots of the derivative: 
x=H1. 
Furthermore, the derivative goes to infinity at the point x = 0. 
Thus, the critical points are X,= -l, X,= 0, X,= 1. 
The substitution of the critical points into f(x) yields the 
corresponding values of the function : 

f(-1) = 2, f(0) = 0, f(1) = 2. 
The endpoint values are f(— 00) =— 0, f(00) =— 0. 
Thus, f increases from f(— ©) =— oto f(-l) = 2 and then 
decreases from f(-1) = 2 to f(0) = 0. Hence, the function has 


_ amaximum at x =—1. 
/ ") Similarly, f decreases from f(— 1) = 2 to f(0) = 0 and then 


increases from f(0) =0 to f(1) = 1. Hence, the function has a 
local minimum at x = 0. 

Further investigation shows that the function has a local 
maximum at x = 1. 


@ Example 16: If the function f(x) = ax e* has a local 
maximum at the point (2, 10) then find a and b. 


Y Solution: f(2) = 10, hence 2ae* = 10. 


=> ae*=5 (1) 
f' (x) =a [e* — bx e*] =0 
f'(2)=0 


=> a(e>—2be*)=0 

=> ae*(1-2b)=0> b= 1/2 

From (1) if b= 1/2,a=5Se or a=0 (rejected) 
a=5e and b=1/2. 


©@ Example 17: Find the extremum of the function 


f(x) = V¥2x?-x+2 
Y Solution: We find the derivative 
4x-1 


1 
f(ixy)= = 
ee DI? a= 4D 


(1) 
Then we equate the derivative f’(x) to zero : 
1 4x -1 


2 J2x?-x+2 
From this we find a critical point: x = 1/4. 


The denominator of expression (1) is positive for all x € R. 
Consequently, the function has no other critical point except 
for x = 1/4. 


It can be seen from expression (1) that 

f'(x) > 0 for x > 1/4 and f’(x) < 0 for x < 1/4 
i.e., when the derivative passes through the point 
x = 1/4 it changes sign from minus to plus. Consequently, 


x = 1/4 is a point of local minimum, with f(1/4) = v15/8. 


©@ Example 18: Find the points of extrema of the function 
f(x) =2+x'*,-Il<x<l 
=4-x7,1<x<2 
=2x-5,2<x<3 
=0,x=3. 
Also sketch the curve y = f(x). 


Y Solution: The function is continuous at all points except 


x=2. 
f(x) =4x3,-1<x<1l 
=—2x,1<x<2 
=2,2<x<3. 


Thus, the critical points of f(x) are 

x = 0 (points where f'(x) vanishes) 
and x = 1, 2,3 (points where f'(x) does not exist) 
Now, we have 


f'(0-) < 0 and f'(0*) > 0 2) 
= local minima at x = 0 oKN 
f'(1-) > 0 and f(1*) <0 *\ve 
and f(1-) = f(1) = 3, f() =3 ©®. ” 
= local minima at x = 1. Wy 


Since f is discontinuous at x = 2, we use the basic definition 
test rather then the first derivative test. 
and f(2-) = f(2) = 0, f(2 —h) > 0, f(2*) =-3 
=> noextremum at x =2. 
At the end points, we have 
f(-1) > f(-1*) => local maxima at x =—- 1 
and f(3) < f(3-) => local maxima at x = 3. 
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The above results can be easily understood from the graph 
shown above. 


©@ Example 19: Let f(x) = |ax — b| + clx|, where a > 0, b> 0, 
c > 0. Find the condition if f(x) attains the minimum value 
only at one point. 


b-(at+c)x, x<0O 
© Selittion: f(x) = 4b+(c—a)x, oe’ 
A , a 
we (a+c)x +b, x>— 
r a 


minima at x= 
several points 


x= 0 gives minima 


The figures clearly indicate that for exactly one point of 
minima, we must have a#c. 


Goncept, Problems B 


1. Prove that the function 2x3 — 3x? — 36x + 10 has amaximum 
when x = — 2, and a minimum when x = 3. 

2. Find the local maximum and minimum value of 
f(x) = (k- 1) (K- 2) (x -3). 

3. Find the local maximum and minimum value of 
f(x) = 2x3 — 21x? + 36x — 20. 

4. The graph of the derivative f' of a function f is shown. 
(i) On what intervals is f increasing or decreasing? 
(ii) At what values of x does f have a local maximum or 

minimum ? 


5. Prove that the function 4x?— 18x? + 27x —7 has no maxima 
or minima. 

6. Show that 5 is a critical point of the function 
g(x) = 2 + (x — 5) but g does not have a local extremum 
at 5. 
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7. Find the points of local maxima or minima of the following 10. 
functions : 
Gi) f(x) =(x- 1)? (x +2) ia 


(ii) f(x) = sin 2x —x 
(iii) f(x) = x3 +x?4+x41. 
8. Fora certain curve 
d 
Y= (x= 1) (27 (K-33 (&- 4)" 
dx 
Discuss the character of the curve at the points 
x=1,x=2,x=3,x=4. 
9. Prove that if at the point of a minimum there exists a right 


hand derivative, then it is nonnegative, and if there exists 
a left hand derivative, then it is non-positive. 


12. 


Determine the points of extremum of the function 
y = [3x - 1]-x?. 
A differentiable function f has only one critical point x = 5. 


Identify the relative extrema of f at the critical point if f 
(4) =-2.5 and f '(6) = 3. 


1/x* (x > 0), 


a Geo US? 


Show that the function y = | 


minimum at the point x = 0, though its first derivative does 
not change sign when passing through this point. 


Practice Problems A 
13. Find the extrema of the given functions : 19. Find the points of maximum and minimum of the curve 
@) y= 2x*— 3x? (ii) y=- xx" +2 N wen 
(iii) y= x —In (1 + x?) _ dy 


14. Find the points of extrema of the followings functions: 


(i) f(x) = 3 = x| + |2 + x| + 5 = x| Ce) 20 
*.@) 
2x? +3 x <0 a ow 
® ~~ | 
4 x= 0 (A) \ 21. 
(ii) f(x) = [x+3 0<x<I Sy 
4-x x>1 


15. The graph of the first derivative f' of a function fis shown. 

(i) On what intervals is f increasing ? 

(ii) At what values of x does f have a local maximum or 
minimum ? 

(iii) On what intervals is f concave up ? 

(iv) What are the x-coordinates of the inflection points of f? 


16. Prove that the function f(x) = x!°! + x! + x + 1 does not 


have an extremum. 
2 


-1 
17. Prove that the function can a maximum value 


= , and a minimum value 0. 


18. Show that the function f, defined by f(x) =x°— 5x*+ 5x? 1, 
has a maximum value when x = 1, a minimum value when 


x = 3 and neither when x = 0. 


22. 


23. 


24. 


25. 


(Fo = = 2 Ox 3)! Gx -4)* (4x5). 


Let f(x) = sinx (1 + cosx), x € (0, 27). Find the number of 
critical points of f(x). Also identify which of these critical 
points are points of maxima/minima. 


Discuss the extremum of 


l+sinx, x<0O 
f(x) = x?-x+1 x20 at x = 0. 


Prove that the function 


2 sin? fi #0, 
eee x“ sin“(1/x) for x 
0 for x = 0. 


has a minimum at the point x = 0 but not a strict minimum. 
A certain function y = f(x) has the property that 
y'=sin y + 2y +x. Show that at a critical point the function 
has a local minimum. 


If =(x—a)’"(x—b)?*!, where n and p are 


dy 
dx 
positive integers, show that x = a gives neither maximum 
nor minimum values of y, but that x = b gives a minimum. 


Suppose f is a differentiable function with 
_ (2x1) én(2x? -3x +2) 
(x-2)° , 
Find all critical numbers of f and determine whether each 


corresponds to a local maximum, a local minimum or 
neither. 


f'(x) 


26. Find constants A, B, C and D that guarantee that the graph 
of f(x) = 3x* + Ax? + Bx? + Cx + D will have horizontal 
tangents at (2, -3) and (0, 7). There is a third point that 
has a horizontal tangent. Find this point. Then, for all three 
points, determine whether each corresponding to a relative 
maximum, a relative minimum or neither. 


7.5 The First Derivative Procedure 
for Sketching the Graph of a 
Continuous Function 
Step 1. Compute the derivative f'(x) and determine the critical 
points of f, that is, where f'(x) = 0 or f '(x) does not exist. 
Step 2. Substitute each critical point into f(x) to find the 
y-coordinate. Plot these critical points on the coordinate plane. 
Step 3. Determine where the function is increasing or 
decreasing by checking the sign of the derivative on the intervals 
whose endpoints are the critical points found in step 2. 
Step 4. Sketch the graph so that it rises on the intervals where 
f'(x) > 0, passes through the critical points, and has a horizontal 
tangent where f'(x) = 


© Example 1: Sketch the graph of f(x) = 2x3 + 3x? 
p grap 


Y Solution: We begin by computing and ares the: 


derivative: 

f'(x) = 6x? + 6x — 12 = 6(x + 2)(x - 1) 
We see that f '(x) exists for all x, and from the fQsrod form 
of the derivative we see that f '(x) = 0 when x = —2 and when 
x = 1. The corresponding y-coordinates are found as follows : 

f(—2) = 15; critical point (2, 15) 

f(1) = -12; critical point (1, -12) 
Next, to find the intervals of increase and decrease of the 
function, we plot the critical points on a number line and check 
the sign of the derivative at values to the left and right of —2 
and 1. We find that fis increasing and decreasing, as indicated 
in the figure. 


The arrow pattern in figure suggests that the graph of f has a 
relative maximum at (—2, 15) and arelative minimum at (1,—12). 
We begin the sketch by plotting these points on a coordinate 
plane. We put a "cap" at the relative maximum (—2, 15) and a 
"cup" at the relative minimum (1, —12), as shown in figure (a). 
Finally, we note that because f(0) = —5, the graph has its 
y-intercept at (0, —5). 

We complete the sketch by drawing the curves so that it 
increases for x < —2 to the relative maximum at (—2, 15), 
decreases for —2 < x < 1, passing through the y-intercept 
(0, —5) on its way to the relative minimum at (1, —12), and 
then increases again for x > 1. The completed graph is shown 
in figure (b). 


—12x—5. ~~ 


Maxima AND Minima 7.15 


27. Let f(x) = x! JAx +B ,where A and B are positive 
constants. Find all critical numbers of f and classify the 
corresponding value of f as a relative maximum, a relative 
minimum, or neither. 


Local max. Ca, Y 


(2,15) oS 
Function Function 
increasing decreasing 


Function 
increasing 


(b) Final graph 


@ Example 2: Determine where the function f(x)=(¢nx)/x 
is increasing and where it is decreasing. Sketch the graph 
of f. 

© Solution: f is defined only for x > 0. 


x(1/x)—(/nx).1  1- ¢nx 
f(xy = 2A (eow) 1 _ I-A 
x 


x 

Because x? > 0 for all x > 0, it follows that f'(x) = 0 only when 
én x= 1; thus e is the only critical point of f. We use the first 
derivative test and look at the sign of f '(x) to the left of e (at 
x = 1, for example) and to the right (at x = 3, for example). 
We see that 

f'(x) > 0 for x < e and 

f'(x) < O for x >e. 
Thus, f is increasing to the left of e and decreasing to the right, 
as shown in the figure. 
We now have most of the information we need to sketch the 
graph of f. In particular, we know that the graph lies entirely to 
the right of the y-axis (because f is defined only for x > 0) and 
that it rises to a relative maximum at x = e, after which it falls 
indefinitely. 
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. nx é 
Moreover, because we obtain —— = 0 only for x = 1, it follows 
x 


that the graph crosses the x-axis on the way up but not on the way 
down, and this causes us to suspect that the graph must "flatten 
out" in some way as x — 0. 

But what happens at the two "ends" 
x — Ot and as x > 0? 

As x approaches 0 from the right, /n x decreases without bound 
and f(x) = ( /n x)/x does the same, so the graph approaches the 
negative y-axis asymptotically. As x increases without bound, 
we have seen that f(x) decreases, but by how much ? The graph 
cannot cross the x-axis a second time because fn x = 0 only for 
x = I, so the graph must "flatten out" in some way. Using limits 
we find that f(x) > 0 as x > «, 


of the graph, as 


Maximum (e,! ) 
e 


@ Example 3: Sketch the graph of f(x) = cos?x + cosx Xo ‘ Note that at (0, 0) the curve has a vertical tangent. 


on [0, 27] 


© Solution: The derivative of f is 
f'(x) = —2cos x sin x — sin x ‘ 
Because f(x) exists for all x, we solve f '(x) = 0 to find the 
critical points : 
—2cos x sin x —sinx =0 
sin x(2cos x + 1) =0 
: 1 
sinx=0 or cosx=-—— 
2 
The critical points on the interior of the interval [0, 27] are 


20 4n 
X= "3 , ™ and 3 


2m 
Because f 5 7 


corresponding to these are 


2n 1 4nd 
3° 4 , (1, 0) and 3° 4 


Next, we plot the critical points on a number line and determine 
the sign of the derivative f '(x) in each interval, as indicated 
in the figure. 


— , f(x)=0 Pe ss oes int 
q° m)=0, an 3)" 4? e points 


— + = + 
O 2n/3 7 4n/3 20 


The sign scheme in the diagram indicates that we have relative 


minima at (= : J and (= i ;) and arelative maximum 


at (7, 0). We plot these points on a coordinate plane and 
place "cups" at the relative minima and a "cap" at the relative 
maximum. Finally, we sketch a smooth curve through these 
points, obtaining the graph shown in the figure. If the curve 
is defined over a particular interval, then one should also plot 
the endpoints. 


The graph of f(x) = cos’x + cosx 


© Example 4: Sketch the graph of f(x) = 


Y Solution: f(x) = x*3— 4x" 


x!8(x — 4). 


v3 4-2/3 _ 4 

3 3 
We see that there is a relative minimum at (1, —3) and no 
extremum at ©, 0). We plot the critical points on a coordinate 
plane with a "cup" at (1, -3). Finally, we pass a smooth curve 
through these points, obtaining the graph shown in the figure. 


4 2 
Fx)= 5% x F(x =1) 


© Example 5: Find the points of maxima/minima of 
f(x) = x? — 12x and also draw the graph. 


© Solution: f(x) = x- 12x 
f(x) = 3(x? — 4) = 3(x — 2) (x + 2) 
f(x)=0 > x=+2 
+ = + 
3. 
—2 2 
Maxima Minima 
For tracing the graph let us find the maximum and minimum 


values of f(x). 
f(- 2) =16, f(2)=- 


© Example 6: Find the values of a for which all roots of 
the equation 3x* + 4x? — 12x* + a = 0 are real and distinct. 


©Y Solution: Consider the function 
f(x) = 3x* + 4x3 - 12x? +a. 
Then f(x) = 12(x? + x? — 2x) = 12x (x — 1) (x + 2). 


From the sign scheme for f’(x), we can see that the shape of 
the curve will be as shown below. 


x=0 


xX 
x= 2 x=] 


For four real and distinct roots, the two minima must lie below 
the x-axis and the maxima must lie above the x-axis. 
Thus, we have f(—2) < 0 
le. 48-32-48 +a<0 (1) 
le. a< 32 


and f(1) <0 


ie. 3+4-12+a<0 (2) CO 


le. a<5 
and f(0) > 0 


Taking intersection of inequalities (1), (2) and (3) we havea 
€ (0,5). Por te 


© Example 7: Let f(x) =x) + 3(a—7) x2 + 3(a?—-9) x— 1. 
If f(x) attains maxima at some positive value of x, then find 
the possible values of a. 


© Solution: We have 
f(x) = x°+ 3 (a—7)x? + 3(a?-9) x-1 

and f(x) = 3x?+ 6(a—7)x +3 (a—-9) 
There are two critical points. 
Let a, B be roots of f(x) = 0 and let a be the smaller root. 
Examining sign change of f"(x). 

+ - + 

—__+—__+—> 
o B 

Also, we have f(—90) = —o0 and f(00) = co 
From the above facts, the graph of the curve y = f(x) can be 
drawn as shown below. Thus, if the maxima occurs at some 
positive value of x, then the minima must also occur at some 
positive value of x. 


maxima 


minima 
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This basically implies that both of roots f’(x) = 0 must be 
positive and distinct, which it possible if discriminant D > 0 


=> (a-7)>a?-9 
=> -14a+58>0 


=> a<29/7 . CL) 
and product of the roots > 0 
Pes >0 
2A 
=> a-9>0 
=> a<-3ora>3 ..(2) 


and sum of the roots > 0 
=> a-7<0 
=> ax<7 ...(3) 
Drawing the number line for inequalities (1), (2), (3) 


ee O a 
29/7 


AY —3 2 
7 


Y ) 


~ and taking intersection, gives 
ie. a>O NY 


329 
a € (-0, -3)U | » 7 |: 


©@ Example 8: For what values of ‘a’ the point of local 
minima of f(x) = x? — 3ax? + 3(a? — 1)x + 1 is less than 4 and 
point of local maxima is greater than —2. 


&Y Solution: f'(x) = 3(x?— 2ax + a?- 1) 


Clearly roots of the equation f’(x) = 0 must be distinct and lie 
in the interval (—2, 4) 


D>O>aeER .- (1) 
f'(-2) >2 > a*+4a+3>0 
=> a<-3ora>-l (2) 
f'(4) >0 > a*?-8a+15>0 
=> a>S5ora<3 (3) 
and — 2 < B <4>5-2<ax<4 


From (1), (2) and (3) -I <a< 3. 


Alternative: 

f(x) = 3(x - (a- 1) (k-(a+ 1) 

Clearly -2<a+1<4and—-2<a-1<4. 
=> -l<a<3. 
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Practice Problems B 


1. Find the extrema of the function 
y= xv2- x” and draw its graph. 

2. Find the points of local minima of the function, f(x) = 
4x3 —x lx— 2, x € [0, 3]. 

3. Find the values of ‘a’ so that f(x) = e** + (6 — 2a)e* + 6ax 
has all its point(s) of extremum in (0, 1). 

4. Determine the points of extrema of 
f(x) = |x — aj? + |(x - b)}| 

5. Prove that the function f(x) = 3x* — 4x? + 6x? + ax + b has 
only one local minimum. 

6. Find the least integral value of a for which the 


2 2 (ge De? e (a= Dx 42 


; a 
function f(x) = —x 
possess a negative point of local minimum. 
7. For what real values of a and b are all the extreme values 
of the function, f(x) = a’x? + ax” — x + b negative and the 
local maximum is at the point x, = —1? 


8. For what real values of ‘a’ are all the extrema for the 
5 
function f(x) = za + 2ax*-9x+b are positive and 


the function has a lgcal maximum at the point x = —5/9. 
9. Let f(x) = 5 + —. Find local maximum and local 
x 


minimum value of f(x). Can you explain this discrepancy 
of locally minimum value being greater than locally 
maximum value? 


10. If f(x) = 4x? -—x?- 2x + 1, 
(x) Min{f(t):0<t<x,0<x<l 
.. ai 
3-x l<x<2 


examine the differentiability of g(x) and find its points of 
extrema. 

11. Construct a function which has a local maximum point, 
with local maximum point defined as in this section, but 
would not have a local maximum if the definition were 

: changed to demand f(a) > f(x), x #a, instead of f(a) > f(x). 


7.6 Second Derivative Test 


The second derivative is useful in testing whether at a stationary 
point there is a local maximum or local minimum. _ : 
For instance, let x = a be a stationary point for the function f and 
assume that f’’(a) happens to be negative. If f”’ is continuous in 
some open interval that contains a, then f’’(a) remains negative 
for a suitably small open interval that contains a. This means 
that the graph of f is concave down near (a, f(a)), hence lies 
below its tangent lines. 

In particular, it lies below the horizontal tangent line at the stationary 
point (a, f(a)), as illustrated in the figure. Thus, the function has a 
local maximum at the stationary point a. 


Ya Horizontal tangent 
at (a,f(a)) 


a X 


Graph is concave down 
near (a, f(a)). 


This observation suggests the following test for a local 
maximum or minimum. 

If f(a) = 0 and f’’(a) < O the tangent to the graph of the function 
has a horizontal tangent at the point a and is concave down 
in the vicinity of that point; therefore x = a is a point of local 
maximum. 


_ Similarly, if f(a) = 0 and f”(a) > 0 the tangent to the graph of 
_ the function y = f(x) at the point a is horizontal, and the graph 


is concave up in the vicinity of that point; therefore x = ais a 
point of local minimum. 


The Second Derivative Test 

Let x =a be a stationary point of a function f (i.e. f(a) = 0) in an 
open interval (a, 8), that is, assume a < a < B. Assume also 
that the second derivative f” exists in (a, 8). Then we have the 
following: 

(i) If f" is negative in (a, B), f has a local maximum at a. 
(ii) If f” is positive in (a, B), f has a relative minimum at a. 
The two cases are illustrated in the figure. 


a a B a a B 


(i) Local maximum at a ii) Local minimum at a 


Proof Consider case (i), f” < 0 in (a, B). The function f” is 
strictly decreasing in (a, B). But f’(a) =0, so f’ changes its sign 
from positive to negative at a, as shown in Figure (i). Hence, 
f has a local maximum at a. The proof in case (ii) is entirely 
analogous. 


Special Case of the Second Derivative Test 


If f’’ is continuous at a, and if f’’(a) # 0, there will be a 
neighbourhood of a in which f” has the same sign as f'’(a). 
Therefore, if f’(a) = 0, the function f has a local maximum at a 
if f(a) is negative, and a relative minimum if f(a) is positive. 
This test suffices for many examples that occur in practice. 
Geometrically, it tells us that locally the highest (lowest) 
points of a graph are attained when the tangent line is 
horizontal and the graph bulges upward (downward) at the 
point of contact. 


Let us take the function f(x) = x° + 5x". 

Here f(x) = 5x? (x + 4), and f'"(x) = 20x? (x + 3) 

f'(x) = 0 at x = — 4 and x = 0. We now apply the second 
derivative test at these stationary points. 

Consider the sign scheme of f'"(x) 


- + + 
—_—_t>——__+—_—_> 


-3 0 
f (x) is negative in the neighbourhood of x = — 4 and positive 
in the neighbourhood of x = 0. 
When x passes through the point x =—4, the graph of the given 


function is concave down on both sides of the point, therefore 
x =—4 is a point of local maximum. 


When x passes through the point x = 0, the graph of the given | \) 
function is concave up on both sides of the origin, mere 


x = 0 is a point of local minimum. 


B Note: : 

If we apply the special case of the second derilelye test we 
have: 

Atx=—4, f"(-4) = 20(-4)? (-4+ 3) =— 320 < 0. 
Therefore x = —4 is a point of local maximum. 

At x = 0, f (0) = 20(0)? (- 4 + 3) = 0. Here the special test 
cannot be applied. We need to consider the sign of the second 
derivative in the neighbourhood of x = 0 as done above. 


G Note:) When it is relatively easy to find the second 
derivative and if the roots of this function are easy to find, 
then the second derivative test provides a quick means for 
classifying the stationary points. However, if it is difficult to 
compute f"(a), it may be easier to first derivative test. 

Now, consider the function f(x) = x° + 5x?. 

f '(x) = 5x? (x + 3), and f (x) = 10x (x? + 3) 

f (x) =0 atx =—3 and x =0. 

We apply the special case of the second derivative test: 
Atx=-3,f"(-3) <0. 

Therefore x = — 3 is a point of local maximum. 

At x = 0, f "(O) = 0. Here, again the special test cannot be 
applied. We need to consider the sign of the second derivative 
in the neighbourhood of x = 0. 


We have y” < 0 for x < 0 and y’’ > 0 for x > 0. 
When x passes through the point x = 0, f (x) = 10x (x? + 3) 
changes sign from negative to positive. Consequently, the 
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origin is a point of inflection of the graph of the given function, 
the interval of concave down lying on the left of it and the 
interval of concavity on the right. 


G& Note: The second derivative test is not applicable to such 
critical points where the first derivative does not exist. We can 
conclude this from the following figures: 


C 


x=a 
The function is not differentiable at x = a. We observe that it 
has a local minimum at x = a, even if the concavity is changing 
when x passes through the point x = a. 


xX=a 


Here also function is not differentiable at x = a. We observe that 
it does not have a local maximum at x = a, even if the graph is 
concave down on both sides of x =a. 


©@ Example 1: Using the second derivative test, find the 
extrema of the function f(x) = 2 sinx + cos 2x. 


©Y Solution: Since the function is a periodic one we may 
confine ourselves to the interval [0, 27]. 
We find the first and second derivatives : 
f' = 2 cosx —2 sin2x = 2 cosx(1 — 2 sin x) ; 
f" =—2 sin x —4 cos 2x. 
From the equation 2 cosx(1 — 2 sinx) = 
points on the interval [0, 27]: 
x, = 1/6, x, = 1/2, x, = 50/6, x, = 30/2 
Now we find the sign of the second derivative at each critical 
point: 
Since f"(/6) = — 3 < 0, f(x) has a maximum f(1/6) = 3/2; 
f"(n/2) = 2 > 0, f(x) has a minimum f(2/2) = 1 ; 
f"(52/6) = —3 < 0, f(x) has a maximum f(57/6) = 3/2; 
f"(3n/2) = 6 > O, f(x) has a minimum f(37/2) = -3. 


0 we get the critical 


©@ Example 2: Find the points of extrema of the function 
f(x) = 12x5 — 45x* + 40x? + 40 using second derivative test. 


Y Solution: We have 
f(x) = 12x> — 45x* + 40x? + 40 
f'(x) = 60x* — 180x3 + 120x? = 60x? (x — 1) (x — 2) 
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and f"(x) = 60(4x3 — 9x? + 4x) = 60x(4x? — 
The stationary points of f(x) are x = 0, 1, 2 
At the stationary points, we have 
f’(0) = 0 > more investigation is required. 
f’(0 —h) < Oand f"(0 + h) > 0 
x = 0 is not a point of extremum since the concavity is 
changing in the neighbourhood of a stationary point. 
f"(1) = 60 (4-9+4)<0 
=> local maxima at x = | and 
f""(2) = 60(32 — 36 + 8) > 0 
=> local minima at x = 2. 


9x + 4). 


© Example 3: Find the points of maxima and minima of 
the function f(x) = sin 2x +2 cos x, x € [0, 27]. 


Y Solution: We have 
f(x) = sin 2x + 2 cos x 
f '(x) = 2(cos 2x — sin x) 
and f(x) =— 2(2 sin 2x + cos x) 
=— 2cos x( 1 +2 sin x) 
The stationary points of f(x) are given by 
cos 2x — sinx =0 
=> 2sin’x + sinx—1=0 


[. O<x<2n] 


Now, we have 


if se =—2 cos z j1+2sinZ] <0 
6 6 6 


. Tt 
= local maxima at x = a 


5 
(=) =—2 cos (=) egal! 
6 6 6 


= J3 (1+1)>0 


moe 5 
=> local minima at x = —. 


=> more investigation is required 

To determine the nature of the stationary point 

x = 37/2, let us check the sign of f(x) in the neighbourhood 
of 37/2. 


pO ae eee ell eatin | eg 
2 2 2 


x = 3n/2 is not a point of extremum since the concavity is 
changing in the neighbourhood of a stationary point. 
Alternatively, we may use first derivative test as follows. 


ra aa Ca aca 


= [-cos2h+cosh]>0 [-. 


cos 2h < cos h] 


and) ey | cons | ah |e ek 
2 2 2 


= 2[-—cos2h+ cosh] >0 


Since f'(x) does not change sign as x passes through 37/2, there 
is no extremum at x = 37/2. 


©@ Example 4: Find the extrema and the points of inflection 
of the function y = (x + 1)? (x -2). 

Y Solution: Let us find the first derivative: y’ = 3(x?- 1). 
The roots of the first corvauve are x, =-I, x, = 1. Let us now 


find the second derivative : y" = 6x. Then we find the eae 
of the second derivative at the stationary points : y" (-1) =-6 


‘ CC 0, ie. y has a local maximum at x = 1; y"” (1) =6>0, ie. y 
¢ ") has a local minimum at x = L. 


We shall now find the inflection point, for which purpose 
we Shall equate the second derivative to zero: 6x = 0, i.e. 
x= 0. 

To the left of the point x = 0 we have y"’ (0 —h) <0, the curve 
is concave down , and to the right of the point x = 0 we have y” 
(0 + h) > 0, the curve is concave up; consequently, the point 
with the abscissa x = 0 is an inflection point. 

In conclusion we note that when determining points of inflection 
and intervals of concavity we use the same rules as in the case 
of the determination of points of extremum but apply these rule 
not to the given function itself, but to its first derivative. 

Our investigation show that to an interval of increase of the 
first derivative there corresponds an interval of concavity of 
the graph of the function and to an interval of decrease of the 
first derivative an interval of convexity; accordingly, a point of 
extremum of the first derivative is that of a point of inflection 
of the graph of the function. 


© Example 5: Find the extrema of the function 


y = 2x +39x?. 


Y Solution: hi find the derivative 


ra = #1) atl 
Equating the derivative y' to zero, we get the stationary point: 


¥x41=0. x,=-1. 


yi=2+—= 


It is possible to test the behaviour of the function at the point 
x =—1 by means of the second derivative test: 


2 
3xa/x , 
Here, y" < 0 for x = —1 and, hence, x = —1 is a point of local 
maximum of the function. 


" 


an, 


Observing the denominator of the expression of y' in (1), we 
find the point where there is no derivative. This gives the second 
critical point (but not stationary point) of the function: x =0. 
Here it is not possible to apply the second derivative test. We 
apply the first derivative test. 

For x = —h, we obviously have y' < 0 ; for x = h we have y' 
> 0. Consequently, x = 0 is a point of local minimum of the 
function y, andy, = 0. 

We could have as well applied the first derivative test at x =— 1. 
From (1) we have : ifx =—1 —h, where h is a sufficiently small 
positive number, then y' > 0; 

but if x =—1 +h, then y' < 0. 

Hence, x =—1 is a point of local maximum of the function y, 
andy =1. 


max 
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Le. p=a 
Also, f " (2a) = 24a — 18a = 6a 
f (x) will be minimum at x = 2a 
i.e. q=2a 
Given, p =q >a’=2a > a=2. 


©@ Example 7: Suppose f(x) is real valued polynomial 
function of degree 6 satisfying the following conditions: 

(a) f has minimum value at x = 0 and 2 

(b) f has maximum value at x = | 


f(x) 
a 0 
(c) forallx, tim 1 in| 0 2 1) =2. 
x70 
x 1 
1 0 < 
Determine f(x). 
. : f (x) 
Y Solution: The determinant = 1 + = 
x 
1/x 
lim in{1+ 22) =5 
—) x? 


m Ab 
=>. ‘The coefficients of x, x?, x and the constant term in f(x) 


If it is difficult to determine the sign of the derivative y', one | _ should be zero in order that the limit may exist. Let us assume 
can calculate arithmetically by taking for ha sufficiently small — £0) = = ax® + bx? + cx* 


A> eet 


positive number. aN ) 


@ Example 6: If the function f(x) = 2x3 — 9ax? + 12a’x + », 


where a > 0, attains its maximum and minimuny gy p and q 
respectively such that p? = q, then find a. AL 


© Solution: We have, f(x) = 2x? — 9ax? + 12a’x + 1 
f '(x) = 6x? — 18ax + 12a7=0 


lim +. @ f 
x30 * Pa < x 
=> In& = lim (x) = 2 
x70 x 
. ax®° + bx? +cx? 
=> tim ri =2>c=2 


x >0 x 


f(x) = ax® + bx? + 2x* 
f' (x) = x3 (6ax? + 5bx + 8) 


=> 6[x’-3ax + 2a’]=0 f' (1) =O and f’ (2) =0gi 
2 2 2 _ 2 =O an = 0 give 
ee oes oe eee eee 6a + 5b +8 =Oand 24a + 10b+8=0 
=> x(x -2a)- a(x - 2a) =0 
=> (x-a)(x-2a)=0 > x=a,x=2a 2 12 
> a=3Z;b=- 
Now, f"(x)=12x-18a 3 5 
f" (a) = 12a—-18a =—6a <0 2 Dé au 
f(x) will be maximum at x =a eae ta mee 
_ Concept Problems (e 
1. ae extrema of the function and also find the extreme i yeiec th 3/52 
hi re ‘ , . Uiez 3. Find the points of extrema of the following functions: 
Gj) y=x' (a—x) Gi) y=x+ vi-x (i) y =2sin x + cos 2x, x € [0, 27] 
(iii) y= x!” (ii) y= (x - 2)? (2x + 1) 


2. Find the points of extrema of the following functions: 


x? 


Gi) y= a —2x?+ 3x+1 


4. Suppose the derivative of the function y = f(x) is y’ = 
(x — 1)° (x — 2). At what points, if any, does the graph 
of f have a local minimum, local maximum, or point of 
inflection? 
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5. (i) Show that both of the functions f(x) =(x—1)*and g(x) 8. Let x, be the abscissa of the point of inflection on the curve 


= x*— 3x? + 3x — 2 have stationary points at x = 1. y = f(x). Will the point x, be a point of extremum for the 
(ii) What does the second derivative test tell you about function y = f(x) ? 
the nature of these stationary points ? 9. Prove that in any twice differentiable function between 
(ii) What does the first derivative test tell you about the two points of extremum there lies atleast one point of 
nature of these stationary points ? inflection, provided it is not a constant function. 
6. (i) Show that f(x) = 1 —x° and g(x) = 3x*—8x*bothhave 49, Taking the function y = x? + 8x? + 18x? + 8 as an 
stationary points at x = 0. example, verify that between the abscissas of the 
(ii) Can we determine the nature of these stationary points inflection points of the graph of a function can be no 
using the second derivative test? points of extremum. 


7. Prove that if the graph of a function is everywhere concave 
up or everywhere concave down, then this function cannot 
have more than one extremum. 


Practice Problems (E 
11. Find the extrema of the function and also find the extreme 16. Let f(x) = 2x — 3x. Prove that the function has extrema 
values : atx =0, 1. 


(i) f(x) = xe*™* 17. Consider the function f(x) = (¢nx)/ Vx . 


ws Find the intervals on which f is increasing or 
decreasing. 

ai Find the local maximum and minimum values of f. 

(iii) Find the intervals of concavity and the inflection 
points. 


(ii) f() = ha (iv) fx) = = 


12. 


G) f(x)=x (+ 1) («-3) 18. Suppose f" is continuous on (—%, 00). 


. 1 1 Ue (i) Iff'(2) =0 and f"(2) =—5, what can you say about f ? 
(ii) f(x) = cos x + 7 998 2x — ao i: aad (ii) If f'(6) = 0 and f"(6) = 0, what can you say about f? 
(iii) f(x) = x? fn x 
: ; : x+1 
(iv) f(x) = sin 3x — 3 sin x 19, Find the value of x at which f(x) = Tea increases 
13. Find the points of extrema of the following functions: most rapidly. x" +1 
i #2 x —3x+2 20. Use implicit differentiation to show that a function 
x2 4 Oy a] defined implicitly by sin x + cos y = 2y has a critical point 
. es F ; o whenever cos x = 0. Then use either the first or second 
(il) f(x) = a’ sec’ x + b* cosec* x, “5 <x< >? a,b>0 derivative test to classify these critical points as relative 


maxima or minima. 


21. Let f be a function that is differentiable at 0 and satisfies 
f(1) =-1. If y = f(x), suppose 


(iii) f0) = 3 Px? — x? 


(iv) f(x) = fx -1? + {«+0? 


14. Prove that the function 10x° — 12x° + 15x* — 20x? + 20 dy _ By” +x 
has a minimum value when x = 1, and no other maxima dx y’ +2 
or minima. 
1 (i) Find an equation for the tangent line to the graph of 
15. For whata does the function f(x) =a sinx + 3 sin 3x have an f at the point where x = 1. 


(ii) Note that the origin is a critical point. What kind of 


T 
extremum at x = = ? Willit be a maximum or a minimum? : ; . : 
3 relative extremum (if any) occurs at this point ? 


7.7 Higher Order Derivative Test 


It was noted that if at a certain point x = a we have f'(a)=0 
and f"(a) =0, then at this point there may be either a maximum 
or a minimum or neither. 


One way of solving the problem is to test the sign of the second 
derivative on the left and on the right of the point x = a. 


Another way is to use the first derivative test. 


Now we will show that it is possible in this case to investigate 
by means of Taylor's Theorem. 


First we observe that the second derivative test can also be 
obtained when considering the Pa series : 


f(x) = f(a) + f(a): (k-a)+ > ; (a)\(x—a)y +... ...(1) 


Let f'(a) # 0. For example, let f’(a) > 0. For x close to a, the 
quantities (x — a)’, (x —a)°, ... may be neglected when compared 
with (x — a). We obtain 

f(x) = f(a) + f(a) - (k-a) 
or f(x)- f(a) =f'(a) : (x-a) ...(2) 


From this equation we see for x > a, f(x) — f(a) > 0, that is 


f'(a) < 0. But if f(a) = 0, then we cannot neglect the term a as 
compared with (x — a)’, we get, from (1) “A 


1 
f(x) = f(a) + mT f'"(a) (x — a)? 


From this we see that for f(a) > 0, f(x) > f(a) irrespective of 
whether x < a or x > a. Hence, f(a) is less than any adjacent 
value of f(x) and therefore f(a) is a minimum value of the 
function. If f(a) < 0, then f(x) < f(a) and f(a) is a maximum 
value of the function. 

It may however happen that f’’(a) = 0. How do we investigate 
the values of the function near x = a in that case? We then 
have to take the next derivatives of the function f(x). If f’"(a) 
# 0, then, neglecting (x — a)*, etc., as compared with (x — a)’, 
we get from (1) 


f(x) = f(a) + — 7 pa) (x—ap 


The difference f(x) — f(a) changes sign depending on whether 
xX > aor x < a. For x =a we have neither a maximum nor a 
minimum. 

But if f(a) = 0 and f(a) # 0, then 


1 
f(x) = f(a) + evi f® (a) (x — a) 
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The sign of the expression f(x) — f(a) is the same for x < a and 
for x > a; it is determined by the sign of f(a). 

If f(a) > 0, then we have a minimum; if f(a) < 0, then a 
maximum. Now we can guess that if for x =a the first nonzero 
derivative is of odd order (first, third, fifth, etc.), then there is 
neither a maximum nor a minimum. But if the first nonzero 
derivative is of even order (second, fourth, etc.), then we either 
have a maximum or a minimum depending on the sign of the 
derivative. 


@ Example 1: Test the functions (i) y = (x — 1)4 


(ii) y = x* + 2x° possible extrema. 


Y Solution: 


(i) We find the derivative : y'= 4(x — 1) ; (x - 1)? =0;x=1is 

a stationary point. The second derivative y" = 12(x — 1)? 

is equal to zero at x = 1. The third derivative y" = 24(x — 1) 

also vanishes at x = 1. The fourth derivative y® = 24 > 0. 

Therefore, in accordance with the above dicussion, we 

infer that at the point x = 1 the function possesses a 
—minimumy, = 0. 


ac) For the function y = x* + 2x? the critical points are 
f(x) > f(a). But if x < a, then f(x) < f(a). Therefore, whenx=a 
there is neither a maximum nor a minimum. Similarly when - 


represented by the solutions of the equation y' = 4x? + 
10x? = 0 that is , x, =O and x, =-0.4. 

At x, = 0 we have 

y"(O) = 12x? + 40x? |,_, = 90, 

y"'(O) = 24x + 120x?|_, = 0, 

y® = 24 + 240x | _, = 24. 

Thus, at x, = 0 the first nonzero derivative has an even 
order (four and is positive). Hence, x, = 0 is a point of 
local minimum of the function. 


At x, =—0.4 we have 
y"(-0.4) = 12x? + 40x? | 
Consequently, at x, =—0.4 the first nonzero derivative has 


an even order (two) and is negative. Therefore x, =—0.4 
is a point of local maximum. 


=- 0.64 < 0. 


x=-0.4 


©@ Example 2: Prove that x°- 5x*+5x?— 10 has a maximum 
for x = 1, a minimum for x = 3, and for x = 0, it has neither a 
maximum nor a minimum. 


Y Solution: Let f(x) = x5 — 5x* + 5x3— 10. 


For a maximum or minimum of f(x) it is necessary that 
f'(x) = Oi.e., 5x*— 20x? + 15x? =0 


=> 5x? (x?-4x + 3) =0 => 5x? (x -3) (x-1=0 
=> x=0,1lor3. 
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Thus f(x) is stationary at x = 0, | and 3. 

Now f''(x) = 20x? — 60x? + 30x. 

We have f’"(1) = 20 —- 60 + 30 =- 10 <0. 

Hence f(x) has a maximum value at x = 1. 

Again f"(3) = 540 — 540 + 90 = 90 > 0 

Hence f(x) has a minimum value at x = 3. 

Further we have f'’(0) = 0. So we find f’’’(x). We have 
f'""(x) = 60x? — 12x + 30 which is nonzero when x = 0. 


Hence at x = 0, f(x) has neither a maximum nor a minimum. 


For greater generality, we assume that not only f"(x), but also 
all derivatives of the function f(x) up to the nth order inclusive 
vanish at x = a; 

f'(a) = f"(a) =....f".(a) = 0 
and f"* (a) #0 
Further, we assume that f(x) has continuous derivatives up to 
the (n +1)" order inclusive in the neighbourhood of the point 
xX =a. 


(1) 


Write the Taylor’s expansion series for f(x), taking account 
of equalities (1); 


-a)"™ (n+l) 
n+l)! : (5) 


f(x) = fa) 4 ~ (2) 


where € is a number that lies between a and x. 


OC 


Since f"* (x) is continuous in the neighbourhood of the point — 


a and f"* (a) # 0, there will be a small positive number h such 
that for any x that satisfies the inequality |x —a|<h, it will be true 
that f° + (x) # 0. And if f"* (a) > 0, then at all points of the 
interval (a —h, a +h) we will have f"* (x) > 0; if f°* (a) <0, 
then at all points of this interval we will have f+? (x) <0; 
(x—a) 


n+l 
£6) 


f(x) - fa) = “pi 


A 


and consider various special cases. 
Case 1: n is odd. 


(a) Let f™* (a) < 0. Then there will be an interval 
(a—h, a+h) at all points of which the (n+ 1)th derivative 
is negative. If x is a point of this interval, then & likewise 
lies between a — h and a + h and consequently, f"* ?(€) < 
0. Since n+ 1 is an even number, (x —a)"*!>0 for x # 
a, and therefore the right side of formula (3) is negative. 


Thus, for x # a at all points of the interval (a — h, a + h) 
we have f(x) — f(a) < 0 and this means that at x =a the 
function has a maximum. 

Let f"* (a) > 0. Then we have f"*(€) > 0 for a sufficiently 
small value of h at all points x of the interval (a—h, a +h). 
Hence, the right side of formula (3) will be positive; in 
other words, for x # a we will have the following at all 
points in the given interval : 

f(x) — f(a) > 0 

and this means that at x = a the function has a minimum. 


(b) 


Case 2: n is even. 

Then n + | is odd and the quantity (x — a)"*! has different signs 
for x <aand x >a. 

If h is sufficiently small in absolute value, then the (n+ 1) 
th derivative retains the same sign at all points of the interval 
(a—h,a+h) as at the point a. Thus, f(x) — f(a) has different 
signs for x < a and x > a. But this means that there is neither 
maximum nor minimum at x =a. 

It will be noted that if f"* (a) > 0 when n is even, then f(x) < 
f(a) for x <a and f(x) > f(a) for x > a. 

But if f"* (a) < 0 when n is even, then f(x) > f(a) forx <a 
and f(x) < f(a) for x > a. 

The results obtained may be formulated as follows : 


The Higher Order Derivative Test 

If at x =a we have f '(a) = f"(a) f(a) =0 

and the first nonvanishing derivative f"* (a) is a derivative of 
even order, then at the point a 

f(x) has a maximum if f"* ?(a) < 0 

f(x) has a minimum if f"* (a) > 0 

But if the first nonvanishing derivative f* (a) is a derivative 
of odd order, then the function has neither maximum nor 


my minimum at the point a. Here, 


f(x) increases if f"* (a) > 0 
f(x) decreases if f"* (a) < 0. 


@ Example 3: Test the function 
f(x) = x* — 4x3 + 6x?- 4x + 1 
for maximum and minimum. 


Y Solution: We find the critical values of the function 
f(x) = 4x3 — 12x? + 12x —4 = 4(x3 — 3x? + 3x - 1) 

From equation 4(x? — 3x? + 3x — 1) =0 

we obtain the only critical point x = 1 

(since this equation has only one real root). 

We investigate the character of the critical point x = 1: 
f"(x) = 12x?- 24x +12=0 forx=1 
f"(x) = 24x — 24=0 for x = | 
fO(xK) = 24>0 for any x 

Consequently, for x = | the function f(x) has a minimum. 


©@ Example 4: Find whether x = | is a point of maximum 
or minimum of the function 
f(x) = 8x° — 15x* + 10x?. 


@ Solution: We have f(x) = 40x‘ — 60x} + 30x? 
= 20x(x — 1)°(2x + 1). 
f(x) = 0 for x = 0, 1, -1/2. 
For x= 1, f"(1) =0. 
f'"(x) = 20(1 6x? — 18x) 
f"(1) #0. 
The first non vancing derivative is a derivative of odd order. 
The function has neither a maximum nor a minimum at 
x=1. 


©@ Example 5: Find points of local maxima or minima of 
f(x) = x° — 5x* + 5x3- 1 
Y Solution: f(x) =x? + 5x3 — 5x? — 1 
f'(x) = 5x? (x — 1) (k-3) 
f'(x) =0 => x=0,1,3 
f(x) = 10x (2x? — 6x + 3) 
Now, f"(1)<0= Local maxima at x = 1 
f"(3) >0 => Local minima at x = 3 


and, f""(0) = 0 
so, f’"(x) =30 (2x?- 4x + 1) 
f'”"(0) = 30 


=> Neither maxima nor minima at x = 0. 


G Note: It was very convenient to check maxima/minima 
using the first derivative test by examining the sign change 
of f'(x). 

f'(x) = 5x? (x — 1) (x-3) 


4} 
0) 1 3 
max. min. 


Since, there is no sign change of f’(x) atx=0, it isnotapoint level 
Consider x= 0 + 3t, y= - 3t + 2. 


of extremum. 


© Example 6: Investigate the function 
x x” 
2! 3! 


y =cosx—1+ 


for an extremum at the point x = 0. 
2 

. i x 

Y Solution: y'=- sinx + x — ‘i 


y'(0)=0; 

y" =—cosx + 1—x; y"(0) =0; 

y" =sinx —1; y"(0) =-1 40. 
And so, the first non-zero derivative at the point x = 0, is a 
derivative of the third order, i.e. of an odd order. This means 
that there is no extremum at the point x = 0. 


7.8 Extrema of parametric functions 


Consider a function defined parametrically : 
x=x(t), y= y(t) 
Suppose that we are interested in finding the points of extrema 
of this function. 
We can eliminate the parameter to get y as a function of x. 
For example, consider 
t+2, t<0 


=ttly= 
* as es t>0 


On elimination of t, we get 


x+l, x<l 
y* 3-2x, x>1l 


Maxima AND Minima 7.25 


If we draw the graph of y = f(x) we can apply the basic 
definition of local maximum to claim that the function has a 
local maximum at x = 1. 


Y, 


1 xX 


First Derivative Test for Parametric Functions 


Assume that the function is continuous. 
We find the critical points : 

dy _ dy/dt 

dx dx/dt 


We find values of t, where dy/dx is zero or does not exist. 
Then we find the sign scheme of dy/dx on the number line of t. 
Now, we convert the sign scheme of dy/dx on the number 
line of x. 


If x = x(t) is a strictly increasing function of t, then the sign 
scheme in x is same as the sign scheme in t. Ifx = x(t) is a strictly 
decreasing function of t, then the sign scheme in x is obtained by 
reversing the number line in t. 


2 
dy _t-l =Oatx=-l,1. 
dx 4] 
Sign scheme of dy/dx int : 
+) = it y; 
—] ] 
x =t?+ 3tis a strictly increasing function of t. 
x(-l) =— 4, x(1) =4 
Sign scheme of dy/dx in x : 
+) = sty, 
—4 4 
L.Max  L.Min. 


Hence, x = — 4 is a point of local maximum and x=4 
is a point of local minimum 


Now, consider x = 1—-t3, y= 6t-?? 


dy _ 23-1) 
dx  -3t? 
The critical points in terms of t are 0 and 3. 
. . — — + 
Sign scheme of dy/dx in t: H : a: 


x(0) = 1, x (3) =—2b 
X = x(t) is a strictly decreasing function of t. 
+ = — 
‘ es ae 
Sign scheme of dy/dx in x: 26 1 
x = | is not a point of extremum. x = —26 is a point of local 
maximum. 
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Let x =-2t+ cos st y=t'- 6t’+ 8t 


dy _ 4(t-1)*(t+2) 


dx a in = 
2 
The critical points are t = —2, | 
+ _ _ 

Sign scheme of dy/dx in t : re a 
Sign scheme of dy/dx in x : Hx 
x =— 2 is not a point of extremum. x = 3 is a point of local 
minimum. 


Second Derivative Test for Parametric Functions 


Assume that the function is differentiable. 
dy _ dy/dt 
dx dx/dt 
First we get the stationary points : we find the values of t = t, 


d d 
where =i) but +0 
dt dt 


d ; ‘ : 
If at = 0, then this test is not applicable. 


d’y _ yx-xy 


Ye) |e 
d’y yx-xy y 
dx? | _ (x) (x)? 
7 t=t, t=t, 
2 2 
Now, aE >0, if ae >0 , then x = x(t,) is a point 
dx dt 


t=t, t=t, 


of local minimum. 


a2 
Further if a <0 , then x = x(t,) is a point of local 
t 


tt, 


maximum. 

Consider x = tan't + 1, y= (n(4-t’) 
dy 
—=0 t=0. 
at > 0 


We confirm that at t = 0, ~ #0. 


. Py}, ody 
The sign of —| __is same as sign of — 5 
t=0 tt t=0 
2 2 
Sys ATs)! 2 
dt? (4-07)? |_, 


Hence, x = x(0) = 1 is a point of local maximum. 


©@ Example 1: Find the extrema of the function y = f(x) 
represented parametrically as 


( = b(t) =t° —5t? —20t+7 


y = w(t) = 4t? —3t? —18t +3 (-2<t <2). 


@ Solution: We have 
o'(t) = 5t* — 15t? — 20. 
In the interval (—2, 2), o'(t) #0. 
Now, we find y'(t) and equate it to zero 
w(t) = 12? — 6t- 18 =0 
=> t,=—l andt, = 3/2. 
These roots are interior points of the given interval of the 
parameter t. 
Further, y"(t) = 24t-— 6; 
w"Cl) =-30<0, w"(3/2) = 30> 0. 
Consequently, the function y = f(x) has a local maximum 
y = 14 att =-1 (Le. atx =31) and 
a local minimum y = — 69/4 at t = 3/2 
(i.e. at x =—1033/32). 


7.9 Operations on functions having 


SS points of extrema 


1. If y= f(x) has a local maximum at x = a then y =— f(x) has 
a local minimum at x = a and vice-versa. 


; ™ : 
For example, y = sin [« -3) has a local maximum at 


3 : _ 
x= ri . Hence, y = sin{ © 7 x) has a local minimum at 
_ 3n 
x=. 


Similarly, y = log, (x? — 4x) has a local minimum at x = 2. 

Hence, y = log, ,, (x — 4x) has a local maximum at x = 2. 
2. If f(x) and g(x) both have a local maximum (minimum) 

at x =a then y = f(x) + g(x) also has a local maximum 

(minimum) at x =a. 

If f(a—h) < f(a) >f(at+h) 

g(a—h) < g(a) > g(a +h) 

then f(a—h) + g(a—h) < f(a) + g(a) > f(at+h)+ g(a+h) 

For example, y = cosx + e! has a local maximum at 

x = 0 because both y = cosx and y = e*' have a local 

maximum at x = 0. 

For similar reasons, y = (x — 1)*° + |x? — 1| has a local 

minimum at x = 1, and y = 2sin*x — 3|cosx| has a local 


. ™ 
maximum at x = 5" 
Note: If f and g both have a local minimum at x = a only, 


it does not mean that y = f(x) + g(x) has only one point of 
local minimum at x = a. 


: x+l, x <0 ; 
Consider, f(x) = z: <20 and g(x) = x’: 
f and g both have a local minimum at x = 0. 


x+l1, x<O 


(f+ g)(x) = {s i 


+x, x20 


We can check that f+ g has two points of local minima: 
x =0, ae : 
2 


However, if both f and g are differentiable, and they have a 
local minimum at x = a only, then y = f(x) + g(x) has only one 
point of local minimum at x = a. 


fit g' = + 
a 
We have a similar result in case of local maximum. 


3. We have no comments for product and quotient of 
functions, in general. 


Let fand g be twice differentiable functions each having — © Solution: Here it is simpler to find the extrema of the 


a point of local maximum at x = a. If f(a) > 0 and g(a)>0, 


then we can prove that y = 
atx =a. 

We have f'(a) = 0, f"(a) < 0 and g (a) = 0, g "a: < 0. 
y = f(x). gx) 


f(x). g(x) has a local may 


OY gig a8 
dx f'g+g'f=0 atx=a. 
as 
=f"g+e"f 
dx* 
d2 " 
ay =f"g +8f£<0 
dx? - + ak 


Hence, y = f(x). g(x) has a local maximum at x = a. 

We can apply this result to y = (1 — x*)cosx at x = 0. 

4. Composition 

Let f and g be twice differentiable functions. 

(i) Ifg has a local maximum (minimum) at x = f(a) then gof 
also has a local maximum (minimum) at x = a. 
Let y = (gof)(x) 
Assume that g has a local maximum at x = f(a). 
y' = g'(f(x)) f(x) = 0 at x =a, since g'(f(a)) = 0. 
y"=s"(F@ EO)? + g&).£"@) 
Atx=a, y"= g"(fla))(F(a))°< 0 as g"(f(a)) < 0. 
Consider f(x) = x*+ 1 and g(x) =2x— x’. 
According to the above result, gof has a local maximum at 
x = 0, because g has a local maximum at x = f(0) = 1. 
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If we use f(x) = 1 — x* then gof = 1 — x®. Again gof has a 
local maximum at x = 0. 

If we use f(x) = x* + 1, then gof = 1 — x*. We have the 
same result. This implies that the monotonic behaviour of 
f does not affect the result. 

(ii) If f has a local maximum (minimum) at x = a and g is 
increasing at x = f(a), then gof has a local maximum 
(minimum) at x = a. 

Let y = (gof)(x) 
y' = g'(f(x)) f(x) = 0 at x =a, since f '(a) = 0. 
y"= s"(F@)E'CO) + gi(fex)E"@) 
At x =a, y"= g'(f(a))f"(a)< 0 
as g'(f(a)) > 0 and f"(a)< 0. 
The above result can be verified for y = /n(cosx) at x = 0. 

(iii) If f has a local maximum (minimum) at x = a and g is 
decreasing at x = f(a) then gof has a local minimum 
(maximum) at x = a. 

Thus, y = cot"!(2x — x’) has a local maximum at 
x=1. 

'- 3 Example 1: Find the local maximum and minimum 

= 
+ 8x? —18x? 460° 


values of the function f(x)= — 
3x 


function g(x) = 3x*+ 8x3— 18x? + 60. 

g'(x) = 12x? + 24x? — 36x = 12x(x? + 2x — 3), 

g"(x) = 12(3x? + 4x — 3), 
The critical points are : x, =—3, x, =0,x,=1 
The character of the extrema is readily determined from the 
sign of the second derivative g" (—3) > 0; hence at the point 
x, =—3 the function g(x) has a minimum, and the given function 
f(x) obviously has a maximum f(-3) =—2/3, 
g" (0) < 0; hence, at the point x, = 0 the function g(x) has a 
maximum, and f(x) a minimum f(0) = 5/6; 
g"(1) > 0; hence at the point x, = 1 the function g(x) has a 
minimum, and f(x) a maximum f(1) = 50/53. 


5. Even/Odd Functions 
(3) An even function has an extremum at x = 0. 


Y 
O xX 
ag 
O xX 
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Y 


O x 


Note that odd function cannot have an extremum at 
x=0. 


Concept Problems 


(ii) If an even function f has a local maximum (minimum) 
at x =a then it also has a local maximum (minimum) at 


xX=-a. 
For example, y = x* — 2x? has local minimum at 
x =+ | anda local maximum at a= 0. 


(iii) If an odd function f has a local maximum (minimum) at 
x =a then it has a local minimum (maximum) at x = —a. 
For example, y = sin x has a local maximum at x = 1/2 
and a local minimum at x = —n/2. 


D 


1. Suppose f'(c)=f"(c)=0 but f"(c) #0. Prove f(c) is neither 
a maximum nor a minimum. 

2. Suppose f'(c) = f"(c) = f’"(c) = 0, but f(c) > 0. Prove 
f(c) is a minimum. 

3. Investigate the following functions for an extremum at the 
point x =0: 
(i) f(x) =sinx —x + x?/3 


(ii) f(x) =sinx-x+ = - 7 


I/x ; 
e’*,if x #0 
(iii) f(x) = , : 
0, if x =0 | 
* a Nod 
4. Suppose that f" is continuous and f(c) = f"(c) = 0, but 
f"(c) > 0. Does f have a local maximum or minimun vat c? 
Does f have a point of inflection at c? (WW) ” 
5. Find the points of extremum of f(x) represented as x = 2 
t+sint, y=t-3t. 
6. Show that y = tan'(cos3sinx) has a local maximum at 
T 


2 is 


x = 0 and local minima at x = + 


7.10 Global maximum and minimum 


Definition. A function fhas an absolute maximum (or global 
maximum) at x = a if f (a) = f(x) for all x in D, where D is the 
domain of f. The number f(a) is called the maximum value 
of fon D. 


Similarly, fhas an absolute minimum at x = a if f(a) < f(x) for 
all x in D and the number f(a) is called the minimum value 
of f on D. The maximum and minimum values of f are called 
the extreme values of f. 


The figure shows the graph of a function f with absolute 
maximum at d and absolute minimum at a. Note that (d, f(d)) is 
the highest point on the graph and (a, f(a)) is the lowest point. 
The maximum of a function occurs at the highest point on its 
graph and the minimum occurs at the lowest point. 


7. Find the points of extrema : 
(i) y = €n(x* — 2x? + 3) 
(ii) y = n(x? — 3x+ 2) 


(iii) y = V3x? —2x°* 


_ 1 Tm 3m 
= —~, , x€|]--, — 
cosx +2 9° 9 


y=x>-3x+2 


Show that the odd function y = sin3x — 3sinx has a 


ee Te ; 
local mininimum at x = a and a local maximum at 


9. If f(x) = x° — 5x? + 10x has a local minimum at x = 2 
then find the kind of extremum at the stationary point 
x=-2. 


Now consider the graph of another function : 


f(x) has local maxima at x = c, e, b and local minima at 
x =a, d, f. It can also be easily seen that f(b) is the greatest 
value and hence it is the absolute maximum and similarly f(d) 
is the absolute minimum. 

Also we have to be careful about the fact that a function has 
absolute maximum or minimum value when it actually achieves 
these values. 


2x-1 
4-x 


1<x<2 


(i) Let us take graph of f(x) = eee 


This function has a absolute minimum at x = 4 and f(4) = 0 
is the global minimum value but the absolute maximum 
value is not defined, even if the value of the function can 


be made as close to 3 as we may please. The function is not 


able to attain the value of 3 at any x. 
3-—2x 
(ii) Also consider the graph of f(x) =41 


O<x<l 


x-l 25x oP) 


f(x) has absolute maximum at x = 0 and f(0) = 3. It has 
the absolute minimum value of | which is attained at all 
points in the interval [1, 3]. 

(111) The discontinuous function defined by 


x? for x #0 


h(x) = , 


has an absolute maximum on the closed interval [—1, 1] 
butnoabsolute minimum, 
as shown in the figure. 

Incidentally, this graph 
also illustrates the fact 
thata functionmay assume 
an absolute extre-mum at 
more than one point. In 
this case, the maximum is 
at (—1,1),(0, 1) and (1,1). 


for x =O 


Y 


Maximum MaximumMaximum 


-1 No minimum | 
The discontinuous function h has 


a maximum, but not a minimum 


on the closed interval [-1,1] 


1<x<2°aQ 
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Now, consider the graph ofa function which does not have 
either absolute maximum or absolute minimum. 


O| ab c dx 
Function has no global 


maxima and minima. 
Range : (f(a), f(d)) 


Extreme Value Theorem 


If f is continuous on a closed interval [a, b], then f attains an 
absolute maximum value f(c) and an absolute minimum value 
of f(d) at some numbers c and d in [a, b]. 

The Extreme Value Theorem is illustrated in Figure 1. Note 
that an extreme value can be attained at more than one point. 
Although the Extreme Value Theorem is intuitively very 
plausible, it is difficult to prove and so we omit the proof. 


Figure 1 


This theorem does not apply if the function is not continuous; 
neither does the theorem apply if the interval is not closed or 
not bounded. 

Figures 2 and 3 show that a function need not possess extreme 
values if either hypothesis (continuity or closed interval) is 
omitted from the Extreme Value Theorem. 


Figure 2 


This function has minimum value f(2) = 0, but no maximum value. 


2X 


Figure 3 


This continuous function has no maximum or minimum 
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The function f whose graph is shown in Figure 2 is defined on 
the closed interval [0, 2] but has no maximum value. (Notice tht 
the range of fis [0, 3). The function takes on values arbitrarily 
close to 3, but never actually attains the value 3.) This does not 
contradict the Extreme Value Theorem. 


The function f shown in Figure 3 is continuous on the open 
interval (0, 2) but has neither a maximum nor a minimum value. 
The range of fis (1, ©). The function takes on arbitrarily large 
values. This does not contradict the Extreme Value Theorem 
because the interval (0, 2) is not closed. 


© Example 1: In each case, explain why the given function 
does not contradict the Extreme Value Theorem. 


7 2x if O<x<l 
(@) f=) 1 if 1<x<2 
(b) g(x) =x? 0n0<x <2. 


© Solution: 

(a) The function f has no maximum. It takes on all values 
arbitrarily close to 2, but it never reaches the value 2. The 
Extreme Value Theorem is not violated because f is not 
continuous on [0, 2]. 


Oo} 05 1 15 2X 
f does not have a maximum value 


(b) Although the functional values of g(x) become arbitrarily 
small as x approaches 0, it never reaches the value 0, so 
g has no minimum. The function g is continuous on the 
interval (0, 2], but the Extreme Value Theorem is not 
violated because the interval is not closed. 


g does not have a minimum value 
(but it does have a maximum value.) 


The extreme value theorem guarantees that both global extrema 
are attained by continuous functions on a closed interval. 

Note that the Extreme Value Theorem (like the Intermediate 
Value Theorem) is an existence theorem because it tells of the 


existence of minimum and maximum values, but does not show 
how to find these values. 

We will now address methods for determining the locations of 
absolute extrema under the conditions of the Extreme Value 
Theorem. 

If f is continuous on the finite closed interval [a, b], then the 
absolute extrema of f can occur either at the endpoints of the 
interval or inside the open interval (a, b). If the absolute extrema 
happen to fall inside, then the following theorm tells us that 
they must occur at critical points of f. 

Theorem If fhas an absolute extremum on an open interval 
(a, b), then it must occur at a critical point of f. 

Proof Iffhas an absolute maximum on (a, b) at x,, then f(x,) 
is also a local maximum for f; for if f(x,) is the largest value 
of fon all of (a, b), then f(x,) is certainly the largest value for 
fin the immediate vicinity of x,. Thus, x, is a critical point of 
f. The proof for absolute minima is similar. 

Thus, an absolute maximum is also a local maximum. Being 
the largest value overall, it is also the largest value in its 
immediate neighbourhood. Hence, a list of all local maxima 
will automatically include the absolute maximum if there 


is one. Similarly, a list of all local minima will include the 
h absolute minimum if there is one. 


© Example 2: Find the greatest and least values of 


f(x) = x? — 12x, x € [- 1, 3] 


&Y Solution: The possible points of absolute maxima/min- 
ima are the critical points and the endpoints. 

f(x) = 3x?- 12 

x = 2 is the only critical point in [— 1, 3]. 
The points of local maxima/minima are x =— 1, 2, 3. Examining 
the values of f(x) at these points, we can find the greatest and 
least values. 


f(x) 
11 
| -16 
| 9 


[| Al» 


The minimum value of f(x) is—16 and the maximum value is 11. 


Procedure for Finding Global Maximum/ 
Minimum of a Continuous Function 

Global maximum/minimum in [a, b] 

In order to find the global maximum and minimum of a 
continuous function f(x) in [a, b] : 

Find out all the critical points of f(x) in (a, b). 
Letc,,c,,...,¢, be the different critical points. 


Find the value of the function at these critical points. Let 
f(c,), f(c,), .... , f(c,) be the values of the function at the 
critical points. 


Let M, = max {f(a), f(c,), f(c,), ...., f(c,) , f(b)} 

and M, = min {f(a), f(c), f(c,), ..., f(c,), f(b)} 
Then M, is the global maximum (greatest value) of f(x) in [a, 
b] and M, is the global minimum (least value) of f(x) in [a, b]. 


@ Example 3: Find the absolute maximum and minimum 


1 
values of the function f(x) = x? — 3x?+ 1, = o%= 4. 


© Solution: f(x) =x3-3x?+1,xe |-3-4]. Since f is 


continuous on a closed interval, it must have both absolute 
maximum and minimum values. 

f'(x) = 3x? — 6x = 3x(x — 2) 
Since f'(x) exists for all x, the only critical points of f 
occur when f(x) = 0, that is x = 0 or x = 2. Notice that 


oe os ens : 1 
each of these critical points lies in the interval [-3-4] . 


the values of f at these critical numbers are 
(0) = 1, (2) =-3 
The values of f at the endpoints of the interval are 


(5) ae 
2 8° 


f(4) = 17 


is f(2) =-3. ee KAN 
Note that in this example the absolute maximum occurs at an 
endpoint, whereas the absolute minimum occurs ata critical 
point. 7 


© Example 4: Find the maximum and minimum values of 
f(x) = 2x? — 3x? — 12x + 15 on the closed interval [0, 3]. 


&Y Solution: The derivative of f is 

f'(x) = 6x? — 6x — 12 = 6(x — 2) (x + 1) 
So the critical points of f are the solutions of the equation 
6(x — 2) (x + 1)=0 
and the numbers c for which f'(c) does not exist. 
There are none of the latter, so the critical of f occur at x =—1 
and x = 2. The first of these is not in the domain of f; we discard 
it, and thus the only critical point of fin [0, 3] is x =2. 
Including the two endpoints, our list of all values of x that yield 
a possible maximum or minimum value of f consists of 0, 2, 
and 3. We evaluate the function f at each: 


(0) = 15, < absolute maximum 
f(2) =—5, < absolute minimum 
f(3) = 6. 


Therefore the maximum value of f on [0, 3] is 
f(0) = 15 and its minimum value is f(2) =—S. 
© Example 5: Find the greatest and the least value of the 


function f(x) = sx - = x* 46x on the interval [1, 4]. 
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@Y Solution: The function f(x) is defined and has a deriv- 
ative for allx € R. 
We find the derivative of the function : 

f(x) = x?- 5x + 6 =(x —2) (x— 3). 
The function f(x) has two critical points x = 2 and x = 3. Both 
points belong to the interval [1, 4]. Consequently, the least 
value of the function on the interval [1, 4] 

= min {f(1), f(2), f(3), f(4)} 


(23 28. 07 32) 3 
Tae iG 6 6 6 B 


The greatest value of the function on the interval 


[1,4] = max {£(1), £2), £3), £14)} = =. 


© Example 6: Find the global maximum of 

f(x) = 1 + 12)x| — 3x? on [-1, 4]. 
@ Solution: If is derivable on R — {0}, since |x| fails to be 
derivable precisely at 0. Thus 0 is a critical point. Moreover, 
—1 and 4 are the end points. 
Since f (x) = (1 + 12x — 3x2)' = 12 — 6x if x > 0 and 
f '(x) = (1-12x — 3x?)' = -12 — 6x if x < 0, we see that 


_ fx) =0>x=+2. 
Comparing these four numbers, we see that the absolute 6 


: On excluding —2 since it falls outside the domain the set of 
maximum value is f(4) = 17 and the absolute minimum value 


critical points and end points is {0, —1, 4, 2}. 

Since f is continuous on the closed interval [—1, 4] we are 
assured by the Extreme Value Theorem that both global 
extrema are attained. 

Comparing f(0) = 1, f(—1) = 10, f(4) = 1, and f(2) = 13, we 
have max f= 13 and min f = 1. Notice that the maximum is 
attained at a stationary point while the minimum is attained at 
both an end point and a point of non-derivability (see figure). 


© Example 7: Find the absolute extrema of f(x) = x24 
(5 — 2x) on the interval [—1, 2]. 

©Y Solution: To find the derivative, we write the given 
function as f(x) = 5x73 — 2x°. Then 


10 10 10 
f(x) 5 x3 _ 5 x23 = 3 


x8 (1-x) 


f'(x) = 0 when x = 1 
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Even though f(0) is defined, we note that f'(x) does not exist 
at x = 0 (notice the division by zero when x = 0). Thus, the 
critical numbers are x = 0 and x = 1. 
Values at endpoints : f(—1) =7 
f(2) = 277 = 1.58 

Values at critical points : f(0) = 0 

f(1) =3 
The absolute maximum of f occurs at x =—1 and is f(—1) = 7. 
The absolute minimum of f occurs at x = 0 and f(0) = 0. The 
graph of f is shown below. 


©@ Example 8: Find the greatest value of the function 
f(x) = 2.3°* — 3. 4 + 2.3* in the interval [- 1, 1]. 


©Y Solution: f’ (x) = 2.3*./n3 [3.3-4.3x +2] 


fis strictly increasing in [-1, 1]. 
Hence, f(x) is greatest when x = | and f(1) = 24. 


@ Example 9: Find the maximum value of the fiction 
1 : 
f(x) = 3 X— sin x for 0 <x <4. 
© Solution: The maximum occurs either at 0 or 47, or at 


a root of the derivative, 


1 
f(x) = — —cosx. 
(x) 5 


; 1 
Thus, f(x) = 0 if cos x =a 
In the range 0 < x < 4n, the roots of the derivative are 
_ mu Sx 7x IIn 
ae le aa 
Hence, there are six possible places where the maximum 


can occur. To eliminate some of them, consider the second 
derivative, f’(x) = sin x: 


”(Z)=17(E)=sinZ > o, 

3 3 3 

fe) ag A ae ery 
3 3 3 


The value 52/3 and 1127/3, for which f’’(x) is negative, 
are candidates for the maximum. The others, 2/3 and 


7n/3, are candidates for the minimum; eliminate them. 


Hence the maximum of f(x) occurs at one of the points 
Sx ll1n 


> 37 3? 


1 : : 
We evaluate f(x) = 5 X—sin x at each of these points : 


f(0) = 0, 
(=) 5 _ Sm Sm ‘ V3 
3 6 sin 6 a 
(42) lin . lin lin VB 
f = —sin = + : 
3 6 3 6 2 
1lln T 
f(4n) = 20 = 6 +6: 


lin V3 


The largest of these is f(117/3) = ee 


Darboux Theorem 


If f(x) is differentiable fora<x <b, f'(a)=a, f'(b) =8, and 
y lies between o and B , then there is a & between a and b for 


_ which f'(€)=y. 
_ Proof: Suppose, for example, that a < y< B, and let 


2 am X 
=32.35m3](e*-2) ‘seal oN 


W(x) = (x) — yx — a) 
Then y(x) is continuous, and therefore attains its lower bound 
in (a, b) at some point € of (a, b). this point € cannot be a or 
b, because 

viay=a-y<0, wb) =B-y>0 
Hence w(x) has a minimum at a € between a and b, and 


w'(S) = 0, ie. '(§) = 7. 
Global Maximum/Minimum in (a, b) 


We know that a continuous function may or may not have 
absolute extrema on an open interval. However, certain 
conclusions about the existence of absolute extrema of a 
continuous function f on a finite open interval (a, b) can be 
drawn from the behaviour of f(x) as x > a* and as x > b-. 


The method for obtaining the greatest and least values of f(x) 
in (a, b) is almost same as the above method, however with 
a caution. 

Let y = f(x) be a continuous function and c,, c, .. 
critical points of the function in (a, b). 

Let M, = max. {f(c,), f(c,), f(c,) .... f(c,)} 

and M, = min {f(c,), f(c,), f(c,) ... f(c,)} 


Now if lim f(x) and iim f(x) are less than or equal to M, then 
xa 


. c, be the 


f(x) would have a siete maximum M_ in (a, b). 
If lim f(x) and lim f(x) are greater than or equal to M.,, then 
xa" x>b 


f(x) would have a global minimum M, in (a, b). 


This means that if the limiting values at the endpoints are 
greater than M, or less than M.,, then f(x) would not have global 
maximum/minimum in (a, b). 


©@ Example 10: Let f(x) = 2x? — 9x? + 12x + 6. Find the 
global maximum and minimum of f(x) in [0, 2] and (1, 3). 
Y Solution: f(x) =2x3- 9x? + 12x +6 
=> f'(x) = 6x*— 18x + 12 = 6(x? - 3x + 2) 
= 6(x — 1)(x - 2) 
Clearly the critical point of f(x) in [0, 2] is x = 1. 
Now, f(0) = 6, f(1) = 11, f(2) = 10. 
Thus, the global maximum of f(x) in [0, 2] 


=f(1)=11 
and the global minimum of f(x) in [0, 2] 
= f(0) = 6. 


Now consider the interval x € (1, 3) 
x = 2 is the only critical point in (1, 3). 
f(2) = 10, lim f(x) =11 and lim f(x) =15 
xol x93 
Thus, the global minimum of f(x) in (1, 3) 
= f(2) = 10. 


Since the greatest value 15 is a limiting value, the global 


maximum does not exist in (1, 3). 


@ Example 11: Find the extrema of the function fs) = x! | 


— 2x’+ 5 in the intervals (i) -2 <x < 1, and 
(1) -2<x<1 


©Y Solution: 

(i) Since f(x) is a polynomial function, f’(x) exists for all x 
in the domain. We must find all x in —2 < x < | at which 
f(x) = 0. 

f(x) = 4x3 — 4x = 4(x3 — x) = 4x(x + 1) (x — 1), and so 
f(x) = 0 in-2 <x <1 only at x =—1 and x =0. 
That is, —1 and 0 are the critical points of f. 
We evaluate f(—1) = 4 and f(0) = 5. 
Now we evaluate f at the endpoints. 
f(1) = 4 and f(-2) = 13. 
The greatest and least of the values computed above are 
13 and 4 respectively. 


Thus, f(—2) = 13 is the maximum value of f(x) for 
—2 <x <1 and f(-1) = fC) = 4 is the minimum value of f 
for -2 <x <1. See figure 1. 
Notice that there is a local maximum at x = 0 that fails 
to be a maximum relative to the entire interval —2 <x <1. 
(ii) The graph of fis similar, except that fis not defined when 
x =—2 and x = 1. (See Figure 2 and compare it to Figure 
1.) Using the above information , we see that f does not 
have a maximum at x = —2 since it is not defined there. 
However, f has a minimum at x =—1. 


Maxima AND Minima 7.33 


Figure 1 


Y 


f(x) =x" 2x4 5 
2<x<l 


x 
Figure 2 


@ Example 12: Determine whether the function 


f(x) = 


(0, 1). If so, find them and state where they occur. 
@Y Solution: Since fis continuous on the interval (0, 1) and 


1 
lim f(x) = lim — = lim =—00 
x>0° x>0° x“ —x x>0° x(x-1l) 
1 . 1 
7 f(x) = lim = lim = 
30 x0 x2_x x20 x(x-1l) 


the function f has an absolute maximum but no absolute 
minimum on the interval (0, 1). The absolute maximum must 
occur at a critical point of f in the interval (0, 1). We have 


2x— 
7», so the only solution of the 


(x? —x) 
equation f"(x) = 0 is x = 1/2. Although f is not differentiable 
at x = 0 or at x = 1, these values are doubly disqualified since 


Ea) ==> 
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they are neither in the domain of f nor in the interval (0, 1). 
Thus, the absolute maximum occurs at x = 1/2, and this absolute 
maximum is 


Global Maximum/Minimum on Infinite Intervals 


We observe that a continuous function may or may not have 
absolute extrema on an infinite interval. However, certain 
conclusions about the existence of absolute extrema of a 
continuous function f on (—00, 00) can be drawn from the 
behaviour of f(x) as x + — 00 and as x > © (See Table). 


Table 
Conclusions on functions continuous everywhere 


(i) lim f(x) =00 lim f(x) = 0 


x—-00 x00 


ys 


fhas an absolute minimum but no absolute maximum on — ) j 
_ Therefore, f has an absolute minimum of —1 at x =—1. 


(—00, 00), oN 


(i) lim f(x) =o 


x7-00 


lim f(x) =—0o 
x70 


f has an absolute maximum but no absolute minimum on 
(—<o, 00). 


(iii) lim f(x) =-0o lim f(x) = 00 


x70 


y, 
> 
fhas neither an absolute maximum nor an absolute 


minimum on (—00, 00) 


(iv) lim f(x) = 0 lim f(x) = —0o 


x70 


Y 
xX 
fhas neither an absolute maximum nor an absolute 
minimum on (—90, 00). 


@ Example 13: Determine by inspection whether 
f(x) = 3x‘ + 4x3 has any absolute extrema. If so, find them and 
state where they occur. 


Y Solution: Since f(x) > « as x > 0. Thus, there is an 
absolute minimum but no absolute maximum. The absolute 
minimum must occur at a critical point of f. Since fis differ- 
entiable everywhere, we can find all critical points by solving 
the equation 


f(x) = 0 => 12x37 + 12x? = 12x’ (x + 1) =0 
from which we conclude that the critical points are x = 0 


and x = —1. Evaluating f at these critical points yields f(0) = 0 
and f(-1) =-1 


f(x) = 3x* + 4x? 


©@ Example 14: Find all absolute extrema of the function 
f(x) = x? — 3x? + 4 on the interval 


(a) (00, 0) (b) (0, 0). 


Y Solution: 


(a) Because fis a polynomial of odd degree, it follows from 
the discussion that there are no absolute extrema on the 
interval (—so, 0). 


(b) Since lim (x° — 3x?+ 4) =00 


we know that f cannot have an absolute maximum on the 
interval (0, 00). However, the limit 


lim (x3 -3x?+4)=4 
x>0° 


is not infinite, so there is a possibility that f may have an 
absolute minimum on this interval. In this case it would 
have to occur at a stationary point. which suggests that we 
look for solutions of the equation f(x) = 0. But, 


f’(x) = 3x* — 6x = 3x(x — 2) 


so f has critical points x = 0 and x = 2. However, the only 
critical point inside the interval (0, 0) is x = 2. Since 
f'"(x) = 6x — 6 we have f"(2) = 6 > 0, so a relative minimum 
occurs at x = 2 by the second derivative test. Thus, f(x) has 
an absolute minimum at x = 2, and this absolute minimum 
is f{(2) =0. 


f(x) = x7 -3x?+4,x>0 


© Example 15: Find the global maximum of 


f(x) = 


©Y Solution: fis derivable on R. 
2x 
(x? +1)? 
The only critical point is 0. Thus, ifthere is a maximum it must 
be f(0) = 0. To verify that it is indeed the maximum we show 

directly that f(x) < f(0) for allx eR: 
(= 4h 


—_l|< ——S 
1<0 3 <0 


f(x) =— =0 > x=0. 


Swv<O0SXER. 


Observe that the only application of the Fermat theorem wis) 


to locate a prospective maximum. But this could have been 
accomplished directly by inspection. \ 


© Example 16: Find the global minimum P the function 
f(x) = cos x + |x|. 


Y Solution: fis derivable on R — {0} since both cos x and 
|x| are derivable on R — {0} and is not derivable at 0. 

Thus x = 0 is a critical point. To obtain other critical points, 
we note that 

for x > 0, f'(x) = (cos x + x)'= sinx+ 1, and 

for x < 0, f(x) = (cos x — x)'=-sin x- 1, 

so that f(x) = 0 > -sinx + 1 =0 or-sinx-—1=0 

=> x= 2/2 + 2nn, n any integer. Thus the critical set consists 
of 0 and +n/2 + 27n (n is any integer). Since f(0) = 1 and f(+ 
m/2 + 2nn) = |+ 2/2 + 27n| > | we see that f(0) = 1 is the global 
minimum. 


©@ Example 17: Find the greatest value of 
f(x) = (Qax—x? — 5a?) in [ —-3, 5] depending upon the 
parameter a. 
1 


©Y Solution: Given f(x) = Ca 


Tes =— x?+ 2ax — 5a” has a maximum value at x = a. 
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Hence f(x) has the minimum value at x = a. 


a 


The graph is symmetrical about x = a and the interval 
[—3, 5] is symmetrical about x = 1. 


If —-3 <a< 1, the greatest value of f(x) occurs at x = 5. 


f(5) = —————_ 
©) 10a—25—5a* 
If 1 <a<5S, the greatest value of f(x) occurs at x =—3. 


f-3) = “(9 46a+5a2) ° 


Global Maximum/Minimum of Parametric Curves 


Suppose that a curve C is given parametrically by the equations 
x = f(t), y = g(t) (a<t<b) 

where f and g are continuous on the finite closed interval [a, b]. 

It follows from the Extreme Value Theorem that f(t) and g(t) 

have absolute maxima and absolute minima for a < t < b. This 

means thata particle moving along the curve cannot move away 


from the origin indefinitely—there must be a smallest and largest 
_ x-coordinate and a smallest and largest y-coordinate. 
Geometically, the entire curve is contained within a box 


determined by these smallest and largest coordinates. 


@ Example 18: Suppose that the equations of motion fora 

paper airplane during its first 10 seconds of flight are 
x=t-3sint, y=4-3cost (0<t<10) 

What are the highest and lowest points in the trajectory, and 

when is the airplane at those points ? 


@Y Solution: The trajectory is as shown in the figure. We 
want to find the absolute maximum and minimum values of 
y over the time interval [0, 10] and the values of t for which 
these absolute extrema occur. The absolute extrema must 
occur either at the endpoints of the closed interval [0, 10] or 
at critical points in the open interval (0, 10). 
To find the critical points, we must solve the equation dy/dt =0, 
which is 

3 sint=0 
Thus, there are critical points in the interval (0, 10) at 
t = 1, 27, and 3x. Evaluating y = 4 — 3 cost at the endpoints 
and the critical points yields 

y=4-3cos0=4-3=1 

y=4-3 cos n=4-(-3)=7 

y=4-3 cos 2n=4-3=1 

y =4-3 cos 3m =4-(-3)=7 

y=4-3 cos ~6.517 
Thus, a high point of y = 7 is reached at times t= 2 and t = 32, 
and a low point of y = | is reached at times t = 0 and t = 27. 
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GB Note: If fis a periodic function, then the locations of all 
absolute extrema on the interval (—00, 00) can be obtained by 
finding the locations of the absolute extrema for one period 
and using the periodicity to locate the rest. 


Global Maximum/Minimum of Discontinuous 
Functions 

A function may attain its greatest and least values at its (i) 
critical points (11) end points. 

After having found all the above points, find the value of the 
function at those points. At points where f(x) is discontinuous, 
we also need to find the one-sided limits. The largest and the 


smallest values among these, are respectively the greatest and — 
least values of the function, provided it is a function's valugk ) 


and not purely a limiting value. 


©@ Example 19: Find the greatest and least values of 
f(x)=-x, -l1<x<0 
=2-(x-l), 
Y Solution: From the graph of the function shown below, 
we can see that the greatest value of the function is 2. How- 
ever, we can see that as x — 0, f(x) approaches 0 but is not 
equal to 0 and hence the least value does not exist. 


ag 


0<x<2. 


Alternative: 
We have 
f(x) =-x,-I<x<0 
=2—-(x-1),0<x<2 
and f'(x) =-1,-1<x<0 
=-2(x-1),0<x<2 
The critical points x = 0, 1 
and the end points x =— 1, 2 
Now we have f(—1) = 1, f(1) = 2 and f(2) = 1. 
Since f is discontinuous at x = 0, we also need to find the 
limiting values of f(x) as x > 0. 
we have f(0-) = 0, f(0*) = 1 and f(0) = 1. 
The largest and the smallest among the above six values are 
2 and 0 respectively. 


m va J 


Hence, the greatest value is 2 but the least value does not exist 
since the function approaches 0 but is never equal to 0. 

x? —x?410x —5 »x<il 
@ Example 20: Let f(x) = ; 

—2x +log,(b” —2), x >1 


Find all possible real values of b such that f(x) has greatest 
value at x = 1. 


2 10 
f(x) = 3x?- 2x + 10= 3}x° =4 } 


2 
= 3 (x *| ee >0 
3 9 
f(x) is increasing for x < 1. 


Now for x > 1, f'(x) =-2 <0 
So, f(x) is decreasing for x > 1. 


Now f(x) will have greatest value at x = 1 if 
lim f(x) <f() 
xo" 


iinet) <5 


‘ lim f —2(1 + h) + log,(b?— 2)} <5 


"D+ log (bt - 2)<5 => log(b?-2)<7 
0<b’-2 <2’ 
2<b*< 130 


b € [-V130, -V2) U (V2, V130]. 
@ Example 21: Let 


; (b°-b* +b-1) 
+ ,0<x<l 

f (x) = (b? +3b+2) 
2x -3 l<x <3 


Find all possible real values of b such that f(x) has the 
smallest value at x= 1. 
©Y Solution: Obviously f is decreasing in 0 <x <1 and 
increasing in [1, 3]. Also f (1) = 
Note that f (1) < f (I— h) in order that f(x) has the smallest 
value at x = 1. 

lim f(1—h) > £() 


(b? +1)(b-1) — 
h0 (b+1)(b+2) | 


lim—(1—h)? + 


OP DOED 5 ache (-2,-1) UV [1,©). 
(b+1)(b+2) 


° 
F 


The First Derivative Test for Global Extrema 


If fhas only one critical point c in (a, b), then the first derivative 
test can tell us that f(c) is the desired extreme value and can even 
determine whether it is a maximum or a minimum value of f(x). 
Let f : [a, b] > R be continuous on [a, b] and derivable on 
(a, c) U (c, b), then 
Gi) iff'>Oon(a,c) andf'<0on(c, b) 

=  f(c) =max fon [a, b]; and 
(1) 1f f'<0 on (a, c) and f'>0 on (c, b) 

=> f(c)=min fon [a, b] 
Theorem If a function is continuous on an interval and 
derivable on the interior except possibly at an interior point 
c, then the positivity [resp. negativity] of the derivative to the 
left of c and the negative [resp. positivity] of the derivative to 
the right of c implies that the functional value at c is the global 
maximum [resp. minimum]. 
Proof We apply the concept of monotonicity to [a, c] 
and [c, b]. For (i), if f' > 0 on (a, c) and f' <0 on (c, b), then f 
is strictly increasing on [a, c] and strictly decreasing on [c, b]. 
Therefore, for x © [a, c] we have f(x) < f(c), and for 
x € [c, b] we have f(c) > f(x). 
Thus f(c) = max f on [a, b]. Similarly for (ii). 


It is easy to see that the theorem extends to the case in which | >>” 
the domain of f is an unbounded interval (say) Ion which f' 


>O0onI O(c, ©) and f'<0 onI A (-~, c). Then min f= ~ fe). 
Similarly, for the case of the global maximum. 5 


slope < 0 slope > 0 
f'>0 


lowest point 


i (c,f(c)) 


<0 


Let us find the global extrema of f(x) = (x — a)? on R. 
Since f'(x) = = (x — a)? on R — {a}, clearly f'> 0 on (a, ©) 


and f' < 0 on (-%, a). Therefore by the above theorem the 
minimum value of f = f(c) = 0. 


@ Example 22: Find the absolute maximum value of 


f@) = 2Inx 
&Y Solution: f(x) is defined on the open interval (0, ~). 
2 
Because f '(x) = a = .Inx= 2 (1 —Inx), 
x 


there is a single critical point at x = e. Note that 
Ifx <e, then Inx <1, so f'(x) >O0ifx<e; 
Ifx>e, then In x > 1, so f'(x) <O0ifx>e. 
Therefore the first derivative test implies that f(e) = 2/e is a local 
maximum value of f. The figure shows the graph of the function. 
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Indeed, because f is increasing in 0 < x < e and decreasing 
for x > e, it follows that 2/e is the absolute maximum value 
of f. 


© Example 23: Let f(x) = ax? — 4ax + b (a > 0) be defined 
in 1 <x <5. Suppose the average of the maximum value and 
the minimum value of the function is 14, and the difference 
between the maximum value and minimum value is 18. Find 
the value of a? + b’. 


©Y Solution: f(x) = ax? — 4ax + b (a > 0) 
f' (x) = 2ax —4a=0 
x= 2 
Also, f' (x) = 2a(x — 2) 
=> For x e (1, 2), fis strictly decreasing and for x € (2, 5), 
fis strictly i increasing. 


N Hence, the minimum occurs as x = 2. 


f (2) =4a-8a+b 

f(2)=b-4a 

The maximum will occur at f (5) and 
f (5) =25a—20a+b=b+5a 
M=b+5a 

m=b-4a 
M-m=9a= 18 >a=2 


M+m 


Also =14 >M+m=28=2bta 


=> b=13 
Hence, a= 2 and b= 13 
a+ b?=4+ 169 = 173. 


Fork Extremum Theorem 


Assume that f is a continuous function defined on an interval 
I. The interval I can be finite or infinite interval. If f has a 
unique local extremum in I, then that local extremum is also 
an absolute extremum on I. 


Proof To see why this is so, look at the figure, where 
f is assumed to have a unique extremum, a local maximum 
at c. 


Consider any other number d in I. The graph moves downward 
on both sides of c. So, if f(d) were greater than f(c), then, by the 
Extreme Value Theorem for the closed interval with endpoints 
c and d, f would have an absolute minimum at some point u 
between c and d. (u could not be equal to c or d.) Then f would 
have a local minimum at u, contradicting our hypothesis that 
f has a local extremum only at c. We can extend this argument 
to the case where f has a local minimum at c by applying the 
result we have just obtained to — f. 
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c u dX 


Remark: Suppose that we want to maximize or minimize the 
function fon the open interval I, and we find that f has only one 
critical point in I, a number c at which f'(c) = 0. Iff"(x) has the 
same sign at all points of I, then the above theorem implies that 
f(c) is an absolute extremum of f on I— a minimum if f"(x) > 0 
and a maximum if f"(x) < 0. This absolute interpretation of the 
second derivative test can be useful in applied open-interval 
maximum-minimum problems. 


© Example 24: Find the maximum value of x In 1/x in 
0<x<o., 


©Y Solution: Let f(x) =x In 1/x =—x Inx 
Then f'(x) =—1 —Inx 
f'(x)=0>x=Iee. 
Now f''(x) =— I/x 
f"(1/e) =-e <0 
Therefore f(x) has a local maximum at x = I/e. 


Using Fork extremum theorem, since x = 1/e is the only aan ty 
Xd minimum value of g(x) — f(x) on the interval is nonnegative. 


of extremum, the absolute maximum value of 
f(x) = f(1/e) = 1/e Ine= Ie. 
©@ Example 25: Ifx > 0, let f(x) =5x? +Ax>,1 wher Ais 
a positive constant . Find the smallest A such that -£Q%) = 24 
forallx>0. 
©Y Solution: f’ (x) =10x-—5Ax~and 

f" (x) =10+30Ax*>0 
i.e. f' (x) =0 gives a minima . 


A A 1/7 
> D>x= (+) ‘ 


Since A > 0, we get only one minima and no maxima. 


=> x’ 


V/7 
Hence the smallest value of f(x) will be at x -(4) : 


2/7 S/T 
A A 
16. 1K) = s_( 5 | a( 5 =24 


BIT 2/7 T12: 
A A 
ot, (4) +2(4) =2%4 = A=2(3) 
5 2 7 


© Example 26: Find the coordinates of the point on the 
parabola y = x? which is nearest to the point (3, 0). 


Y Solution: Let (x, y) be any point on the parabola 
y=x? (1) 

Let s be the distance of (x, y) from (3, 0). 

Then s? = (x — 3)? + (y — 0)? = (x —- 3)? + y’ 

=(x—3) + x4, [from (1)] 

Now s is maximum or minimum according as s* is maximum 

or minimum. 

Let u=s?=(x—3)? +x". 

Then du/dx = 2 (x —3) + 4x°. 

du/dx =0 => 2(x-3) +4x?=0 

=> 2x'+x-3=0 giving x=1. 

Now d’u/dx? = 2 + 12x? >0, when x= 1. 

Hence x = | is a local minimum. 

When x = 1, we have from (1), y= 1. 

Using Fork extremum theorem, since x = | is the only point 

of extremum, the absolute minimum value occurs at x = 1. 

Thus the required point is (1, 1). 

One way of proving that f(x) < g(x) for all x in a given interval 

is to show that 0 < g(x) — f(x) for all x in the interval; and one 

y of proving the latter inequality is to show that the absolute 


© Example 27: Prove the inequality ex > 1 + x when x # 0. 


@Y Solution: Consider the function f(x) = e* — (1 +x). 

In the usual way we find that this function has absolute 
minimum f(0) = 0. 

Hence, f(x) > f(0) when x # 0, 

and so e* > 1 + x when x #0. 


© Example 28: Prove that e* < 1/(1 — x) for—-0<x<1 
with equality only for x = 0. 

Y Solution: Let f(x) = (1 —x)e*. 

Then f(x) > 0 on (— %, 1), f(1) = 0, 

and f(x) > 0 asx >- ©, 

Also f(x) =— xe’, 

so f'(x) > 0 for x < 0, f(0) = 0, f(x) < 0 for 0 <x < 1. This 
proves that f has a maximum at x = 0, f(x) < f(0) = 1, with 
equality only for x = 0. 


mConcept Problems 


1. Examine the graph of following functions in each case 
identify the points of global maximum/minimum and local 
maximum / minimum. 


@) Y. (ii) 
3 H 


(iii) 


2. For each of the numbers a, b, c, d, e, r, s, and t, state 
whether the function whose graph is shown has an absolute 
maximum or minimum, a local maximum or minimum, 
or neither a maximum nor a minimum. 


Determine from the graph whether the function has any 
absolute extreme values on [a, b]. 


oe 


What are the maximum and minimum values of the 
function y = |x| on the interval— 1 <x <1? Notice that the 
interval is not closed. Is this consistent with the Extreme 
Value Theorem for continuous functions? Why? 

Use the graph to state the absolute and local maximum 
and ee values of the function. 


Ltt dye fol | 
Rea NaeE 
PALTV VAL 
FRNVEEER 
BRRRERERR 
STITT TTT 


Consider the function f(x) = x* only for x in [-1, 2]. 

(a) Graph the function f(x) for x in [-1, 2] 

(b) What is the maximum value of f(x) for x in the interval 
[-1, 2]? 

(c) Does f'(x) exists at the maximum? 

(d) Does f'(x) equal 0 at the maximum? 

(e) Does f'(x) equal 0 at the minimum? 


13. 


14. 


15. 


16. 


17. 


18. 


~ (iii) y = sin 2x x | 
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Let f(x) = 2x? — 9x? + 12x +6 

(1) Find the possible points of local extrema of f(x) for 
xeER. 

(ii) Find the number of critical points of f(x) for 
x € [0, 2]. 

(iii) Find absoluble maxima/minima value of f(x) for 
x € [0, 2]. 

(iv) Prove that for x € (1, 3), the function does not has a 
global maximum. 

Find the maximum and minimum values of f(x) = x? 

In x, x € [l,e]. 

Find the maximum and minimum values of f(x) =x + sin 

2x, x € [0,27] 


. Show that the graph of x*— 12x has a local maximum point 


but no absolute maximum point and that it also has a local 
minimum point which is strictly local. 


. Find the greatest and the least values of the functions on 


the given intervals. 


(i) y=x+2Vx, [0,4] 
Gi)Gy= x° - 5x44 5x3+1, 1, 2] 


T TU 
2°2 


. Find the absolute maximum and minimum values of f on 


the given closed interval, and state where those values occur. 


@ 10) = SSH 
(ii) f(x) = 1+ |9— x’, [-5, 1] 


2 
(iii) f(x) = a 5.<1) 


Draw the graph of function f(x) = 2 |x — 2| + 5 |x — 3] 

(x € R). Also identify points of local extrema and also find 

the global maximum/minimum values. 

Apply Fork extremum theorem to obtain the global 

extrema of the following functions : 

(i) (x-1)/ («K-2y onR 

(ii) x(1 — 27x?) on [0, 0). 

In each part, determine whether the statement is true or 

false, and justify your answer. 

(i) Iffis differentiable on the open interval (a, b), and if 
fhas an absolute extremum on the that interval, then 
it must occur at a stationary point of f. 

(ii) if fis continuous on the open interval (a, b), and if f has 
an absolute extremum on that interval, then it must occur 
at a stationary point of f. 

Does every polynomial of odd degree n > 3 have atleast 

one critical point? a global maximum or minimum 

Suppose that f is continuous on [a, b] and differentiable 

on (a, b) and that f'(x) is never zero at any point of (a, b). 

Explain why the maximum and minimum values of f must 

occur at the endpoints of the interval [a, b]. 

Can you show that the function f must have an absolute 

minimum value if Jim f(x) = lim f(x) = % and f is 


continuous on the open interval (a, b)? 
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19. Let f: RR be a continuous function such that lim 
X—-00 


f(x) =0= lim f(x). Prove that if f is strictly negative 
x70 


somewhere on R then f attains a finite absolute minimum 
on R, and that if fis strictly positive somewhere on R then 
f attains a finite absolute maximum on R. 


Practice Problems D 


20. Find the maximum and minimum values of 
1 Tt 
f(x) = sin x + —cos2x, xe] 0, —]. 
(x) = sin x 5 | = 


21. Find the maximum and minimum values of f(x) = {(1— x’) 
(2x? + 1)}!?, x © [-1, 1]. 

22. Find the greatest and the least value of the following 
functions on the indicated intervals : 


‘ _ 4 1 1 
(i) f(x) = tan x— 5 Inxon Pana 
(ii) f(x) =2 sinx + sin 2x on [o 3x] 


2x? += for -2<x <2,x#0 


(iii) £(x) = 
1 for x =0 
23. Find the absolute maximum and minimum values of 


_ 4x -2, x<l 17 
Te Ve a\e— 3, a et Fear Py 


24. Prove that the function f(x) =3 |x|+4|x—- 1], has a minimum 
value, and that this value is 3. 
25. Find the greatest and the least value of the function 


f(x) = Vi-2x4+x? —Vi+2x+x?,xeR. 


26. Find the largest and smallest values of each continuous 
function on the closed, bounded interval. 


: 9—-4x if x <1 
) aa) —x?+6x if x21 oe Be 


7.11 Boundedness 


The number M is called the least upper bound of the function 
y = f(x) ona set X if 

(i) V x € X the inequality f(x) < M holds true, 

(ii) V M'<M there exists. x' € X such that f(x') > M'. 
Remark Condition (i) signifies that the number M is one of 
the upper bounds of the function y = f(x) on the set X. 
Condition (ii) signifies that M is the least of the upper bounds 
of the function y = f(x) on the set X, i.e. there is no number M', 
smaller than M, which is an upper bound. 

The least upper bound of the function y = f(x) on the set X is 
designed as sup f(x), the supremum of f(x). Ifthe function y = F(x) 


—t?-t4+2 if t<1 


3-t esi ON) 


(ii) f(t) = 
27. Find the set onto which the derivative of the function 
f(x) = x (In x — 1) maps the ray [1, 2). 
28. Find the greatest and least values of the given functions 
on the indicated intervals. 
(i) f(x) =x + cos’ x, x € [0, 1/2]. 
(ii) f(x) = tan x + cot 2x, x € [n/6, 1/3]. 
64 27 
——+ 
sinx cosx 
value but no maximum value on the interval (0, 7/2). Find 
the minimum valune. 


has a minimum 


29. Show that f(x) = 


30. Show that the absolute minimum value of 


——7 »X> 8 occurs atx = 4(2 + 42), 

(8—x) 

. An object moves along the t-axis with position 
s(t) = t* — 2t? — 12t? + 60t — 10. Find the largest value of 
its velocity on [0, 3]. 


s f(x) = xo + 


32. The parametric equations of a curve are 
x = 2t (t? +3) —3t’, y =2t (t?+ 3) + 3t®. Find the maximum 
slope of the curve and the corresponding point on it. 

33. Find the intersection of the sets onto which the derivatives 
of the function 
y= = = » Y=<V6x+5 map the interval [0, 1]. 

—_ 

34. Show that e*/x > e for all x = 0 and that e*/x = e only for 

x=1, 


35. Prove Inx <x-—1 for x > 0 with equality only for x = 1. 


is unbounded from above on the set X, then we write sup f(x) = 0. 
The greatest lower bound, in f(x), the infimum of f(X) is defined 
by analogy. The difference sup f(x) — inf f(x) is the oscillation 
or span of the function y = f(x) on the set X. 

1 


1+x? 


© Example 1: Prove that the function y = is 
bounded for x € (—%, 0). Find the least upper and the greatest 
lower bound of the function and find out whether it possesses 
a maximum and a minimum value. 


Y Solution: Since x?>0, we have 1 + x?> 1 and, conse- 
quently, V x € (— ©, 0) there hold inequalities 


1 
05 5 <1. (1) 


It follows that the function y = is bounded on (—, 00). 


1+x? 


It is clear that : 
1+x 


es 0 as x > o, and therefore this 


function can assume values arbitrarily close to zero. It is 


1 
natural to assume that inf ia =0. Let us prove this using 
+X 


the definition of the greatest lower bound. We must show that 
the following two conditions are fulfilled: 


1 


1+x 


(i) VxEe(-~, 0), > 0, 


2 


(ii) V m> 0, there exists x' such that <m., 


+x" 


Condition (1) is fulfilled by virtue of the left inequality (1). We 
shall prove that condition (ii) is also fulfilled. We specify an 


arbitrary m > 0. If m = 1, then the inequality <mis 


l+x” 


fulfilled by virtue of (1) for all x'. Let m < 1. Then = -1>0. 
m 


Goncept Problems 


{> 


1? 


2. Find out whether the following statement is true : "A function 


1. Cana function unbounded ona set X be continuous a 
set if : (a) X is a closed interval, (b) X is an open inter\ 


bounded from above (from below) on a s has the 
absolute minimum (absolute maximum) on this set". 

3. Find out whether the following statement is true :""A function 
continuous and bounded on an open interval attains its least 
upper and greatest lower bounds on that interval". 


4. Find out whether the following statement is true : "If a 
function does not have an absolute minimum (absolute 
maximum) on the closed interval [a, b], then it is 
discontinuous on this interval". 

5. Find out whether the following statement is true : "A function 
discontinuous on the closed interval [a, b] does not attain its 
least upper and greatest lower bounds on this interval". 

6. Find out whether each of the following statements is true: 
(a) "A function y = f(x) bounded on the closed interval 

[a, b] has absolute maximum and absolute minimum". 


Maxima AND Minima’ 7.41 


We take, as x', any number such that x' > a2 —1. Then x” 
Vm 


1 1 
> —-1b1+x"> —and, consequently, <m, and 
m m 


lex 
this is what we wished to prove. 


Thus inf =0. 


2 


== 


1 
We can prove by analogy that sup ; =1. We take note 
+X 


now of the fact that the function y = ; assumes a value 
+ 


2 
x 


of 1 (for x = 0) but does not assume a value of 0 for any x 


( 0 v x]. 
1+x 


Therefore, this function has a maximum value 1 on 
(— 2, 20) but does not have a minimum value. 
=~) 


KY 
XS 


(b) "A function continuous on the closed interval [a, b] 
has absolute maximum and absolute minimum". 


7. Find out whether the following functions are bounded : 
(a) y=x’ on [-S, 10], 
(b) y=x’ on [-5, ~], 
(c) y=x cos (1/x) on (— %, 20) 


QVC-D for #1, 
(d) y={ * 


on (0, 2), 
0 for x=l1 Oe) 


(e) y=2" on (0, 1). 
8. Let the function f(x) be defined on a set X and assume that 
V x € X there is a neighbourhood in which f(x) is bounded. 


Does it follow that f(x) is bounded on X if: (a) X is an 
open interval, (b) X is a closed interval? 


9. Prove that if. function is differentiable but unbounded on 
an open interval, then its derivative is also unbounded on 
that interval. Give an example showing that the converse 
statement is not true. 


Practice Problems E 


10. Prove the boundedness of the function. 


(a) y= - **_ on the half-open interval [0, «0), 
+X 
(b) y= = on the number line (— 0, «), 


ee 
(c) y=xsin = on (— 0, 0), 


(d) y=tan"! 2* on (— ©, 0), 
(e) y=xe~* on (0, «). 

11. Find the least upper and the greatest lower bound of the 
following functions and mention whether they are attained: 


(a) f(x) = — 


1+x? 


on (0, %), 
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(b) f(x) =x’ on [—5, 10], 
(c) f(x) = tan"! 2* on (— 0, 00) 
(d) f(x) =sin x + cos x on [0, 7], 
(e) f(x) =2" on (0, 1). 
12. Find the oscillations of the following functions : 
(a) f(x) =x? on (- 1, 2) 
(b) f(x) = sin (1/x) on (0, €), where ¢ is an arbitrary 
number 


7.12 Algebra of Global Extrema 


(i) Iftwo functions f and g attain their greatest (least) value 
at x =a then y = f(x) + g(x) also attains its greatest (least) 
value at x =a. 

For example, the greatest value of y = cos x + 


1 
is 2 when x = 0, since both cosx and — 
x? 4+] x“ +1 


attain their greatest values at x = 0. 

(ii) If f and g are nonnegative functions which attain their 
greatest (least) values at x = a, then y = f(x). g(x) also 
attains its greatest (least) value at x =a. 


For example, y = (1 + sin x) sin’x attains the 1 
_ It is easy to see that f'(y) = V2 1+ |>0, for y € [1, 
y 


; Tt 4 
maximum value of 2 at x = 5 : a 


(iii) Iffis non-negative and gis positive so thatfattains its greatest 
(least) value at x=a and g attains its least (greatest) value at 


g(x) 


x=atheny= attains its greatest (least) value at x =a. 


1+sin x 


For example, y = attains the maximum value 


2+cos 2x 


of2atx=—, 
2, 
y= a attains the minimum value at x = 0, and 
3+cos 27x 
he mini lue is ——~=+ 
the minimum value 341 2° 
(iv) If f(x) is continuous on [a, b] and g(x) is continuous on 
[m, M], where m and M are the absolute minimum and 
the absolute maximum of f on [a, b] 
then max gof = max g(x) 
x € [a, b] x € [m, M] 
and min gof = min g(x) 
x € [a, b] x € [m, M] 


©@ Example 1: Find the greatest and the least value of the 


TT 
on the interval 0 4 : 


: sin 2x 
function F(x)= a err 


Y Solution: Using the formulae 


‘ Tl 
sin +X 


4 \-% 


(sin x + cos x), 


(c) f(x) =x sin (1/x) on (0, 1), 
(d) f(x) =x |sin (1/x) | on (0, 1). 

13. We designate the greatest lower and the least upper 
bound of the function f(x) on a set X as m [f] and M[f] 
respectively. Let f(x) and f,(x) be defined and bounded 
on X. Prove that 
m [f, + f,] =m [f,] + m [f,], and 
M[f, + f,] < M[f,] + M[f]. 


sin 2x = (sin x + cos x)*— 1, 
we represent the given function as a composite function 


F(x) = f(g(x)), 


2 
—1 

where f(y) = 2 of » Y=g(x) =sin x + cos x. 
y 


Let us find the greatest and the least value of g(x). The critical 
points of g(x) are the roots of the equation 

cos x—sinx =0 
from which only x = 77/4 lies in the interval [0, 1/2]. Comparing 
(0), g(1/4), and g(n/2), we infer that the interval [1, af is 


the range of g(x). 


/2 ]. Consequently, the function f(y) increases on the 


interval [1, 2 ] and attains its greatest and least values at 
the right and left endpoints of the interval, respectively : 


min_ f(y) =f(1) =0. 
yell.Vv2] Z 


The same values are the greatest and least values of the initial 
function F(x) as well. 
max F(x)=1, min F(x)=0. 
xe[0,2/2] xe[0, 7/2] 
© Example 2: Find the least and greatest values of the 
function f(x) = sin (cos (sin x)) on the closed interval [7/2, 7]. 


Y Solution: Let 7/2 < X,<X, <7, then 0 < sin x, <sin x, 
< 1, and the points sin x,, sin x, lie in the first quadrant since 
1 < 2/2. Since the function cos x decreases on the interval 
[0, 2/2], we have 

0 < cos (sin x,) < cos (sin x,) < 1. 
But the points cos (sin x,) , cos (sin x,) also lie in the first 
quadrant and the function sin x increases on the interval 
[0, 2/2], therefore 

0 < sin (cos (sinx,)) < sin (cos (sin x,)) < 1. 
that is, the function f(x) = sin (cos (sin x)) is increasing on the 
interval [1/2, 1], consequently, the minimum value of f(x) on 
this interval is equal to f(7/2) = sin (cos 1), while the maximum 
value to f() = sin (cos 0) =sin 1. 


@ Example 3: Find the minimum value of the function f 
(x) = 8% + 8% + 4(454+ 4%), V x eR. 


1 1 
@ Solution: f(x) = [s + x] + a4 a =) 


. 1 1 . 
Both the functions 8* + and 4% + rs attain then least 


values at x = 0. 
Hence, the minimum value of f(x) = 1+ 1+4(1 + 1)=10. 


@ Example 4: Find the minimum value of the function 
30 «3 


5 me 1 
f(x) = x? +x? - a{s + ) for all permissible real x. 
Xx 


& Solution: f(x) = x37 + x3?_-4 [x + *) 


Xx 


te) = [Vis ) = ave : 


car 
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: (e+ ze) -2| 


Let Veta =t(x>0) 


(Note?) y=x+ é => 2forx>0O < —2 forx<0 
x 


Let g(t) = -3t-4?'+8 

Now g(t)= t—4t?-—3t+8 where t € [2, o] 
g'(t) =3? —8t-—3 =(t-—3)Gtt+ 1) 
g'(t)=0>t=3 (t¥-1/3) 
g"(t)=6t-8 
g"(3)=10>0= g (3) 1s the absolute minimum. 
g (3) =27-9-36+8=- 10. 

Hence f= g(3) =—10. 


ConceptiProblems G 


1. Let h = fg be the product of two differentiable functions 
of x. 
(i) Iffand g are positive, with local maximum at x = a, 


and if f’ and g’ change sign at a, does h have Joga) 


maximum at a? ° 

(ii) If the graphs of f and g have inflection | pay 
x =a, does the graph of h have an indcteeyy t at a? 
In either case, if the answer is yes, give of. If the 
answer is no, give a counter example. 

2. Let hand g have relative maxima at x,. Prove or disprove: 
(a) h+g has a relative maximum at x,. 

(b) h—g has a relative maximum at x,. 

3. Suppose f(x) and g(x) are both continuous for all x and 
differentiable at x = c. Show that if c is a critical number for 
both fand g, then it is also a critical number for the product 
function fg. Ifa relative maximum occurs at c for both fand 
g, is it true that a relative maximum of fg occurs at c ? 

4. Find whether the following statements about continuous 
functions are true in general : 


Cy 


ww? 


If f and g are both differentiable and f and g both have 


Wt relative extremum at c, then so does f+ g. 


(ii) If f is strictly increasing for x > c and strictly 
decreasing for x <c, then f'(c) = 0. 


1 1 
(iii) If f'(0) = 0, f' (-3} <0, and f (5) > 0, then f has 


a relative minimum at (0, f(0)). 
(iv) If f and g are each strictly increasing on an interval I, 
then f— g is also strictly increasing on I. 
5. Find the greatest and the least values of the continuous 
functions given below in the indicated intervals. 


(i) fxy= e* 9 in 5, 5] 


(ii) £(x) = cos 3x— 15 cosx +8 in E =). 


6. Find the greatest and least values of the function tan (cos x) 
on the interval [1/2, 7]. 


Practice/Problems F 


7. Find the values of x where f attains its maximum. 
(i) f(x) =cosx + cos 2 x 
(ii) f(x) = 2sin*x — 3|cosx|. 
8. Show that for every real number x, 
1 < x? -4x+9 
5 x? +4x+9 
9. Investigate the following functions for extrema : 
: 4x 
Qi) f(x) = 


x7 4 


<5. 


.. 14 
ii) f(x) = ————_ 
@) fe) x* — 8x? 42 


(iii) f(x) = 3/2x3 +3x? -36x 


10. Find the global maximum and minimum values of the 


functions : 

fx) = 4x 

® ®=a5 
14 


x* —8x?42 


(il) f(x) = 
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(iii) f(x) = 42x? +3x? —36x 
11. Find the greatest and the least value of the function: 
1 1 
sinx +4 


f(x) = xeR. 


> 
cos x —4 


12. Find the least value of the function 
2+cosx ‘ 


f(x) = (228) on the interval [0, z]. 


sin X 


7.13 Miscellaneous Methods 


There are several problems in algebra and geometry in which 
it is required to find the range of certain proposed functions in 
real variables. This investigation can often be conducted in an 
elementary manner. Not all problems in maxima and minima 
require calculus for their solution. 


1 
As an example, it is obvious that if f(x) = ——z, then 
f(0) = 1 is the only maximum value of f. Ix 


It is to be noticed that some important problems of maxima 
and minima can be solved by elementary algebraical methods, 
without recourse to calculus. 


© Example 1: Find the the minimum value of 
f(x) = 2x? — 3x + 2. 


Y Solution: The function f(x) = 2x? — 3x + 2, 
may be put in the form am™) 
f(x) = 2 (x? -3x/2 + 1)=2(x-3/4P+7/8 
Hence the function has the minimum value 7/8, corresponding 


tox= 2 : 
4 
b 
©@ Example 2: Find the least value of y = ax+—, a, b, x>0. 
x 


‘ . b ; . 
@Y Solution: The function ax + — may be written in the 
x 


2 
b 
form vx) +2vab, from which it is obvious that 


the expression can never be less than 2./ab , the value it 


attains when ./ax = ip ,orx= [e. 
x a 


This is because the square of a real quantity is essentially 
b.. 
positive and therefore any value of x other than x = ,/— will 
a 


give to the expression a greater value than 2/ab . 
Hence, the least value is 2/ab . 


© Example 3: Find the minimum and maximum values of 


_ 3x*-4x43 
the expression —.————— for real values of x. 


3x> +4x+ 
3x? -4x4+3 _ 


© Solution: Let — 
3x~ +4x+3 


13. Prove that the inequality Fac >—-7/9 holds true 
xe[—1, 7 


for the function f(x) = cos x sin 2x. 


14. Find the greatest and the least value of the function 


f(x) = (x — 1? Vx? —2x +3,x e [0, 3] 


Then 3 (1 - y) x?-4(1 + y)x +3 (1 -y) =0. 

Ifx be real, we must have D > 0i.e.4 (1 + y)?-9(1 —y)y’ > 0, Le. 
(Sy — 1) (5—y) must be positive. 

Hence y must lie between the values 5 and = 

Therefore the maximum value of the expression is 5 and the 


ase ee | 
minimum value is = 


@ Example 4: For x > 0, find the smallest value of the 
4x? +8x +13 


function f (x) = a 


@ Solution: We have f(x) 


_ 4x7 48x413_ 4K +1? +9 
6(1+x) 60.+x) 


2 3 2 3 
= —(x+)+ > =.= =2 [A.M.2G.M. 
3 ( ) 2(x +1) 3 2 


: 9 
Equality occurs when (x + 1)? = ri 


> xtl= . Le. X= : and the minimum value =2. 
2 


©@ Example 5: If the sum of two positive quantities be 
given, when is their product a maximum? 


© Solution: Let x + y =a, a constant, 

then 4xy =(x + y)?-(x-y)?=a-(x-y)”. 

The right hand side has its maximum value when 
(x — y)* has its minimum, i.e. when x = y, for being a square 
it cannot be negative. 


2 
: _ a 
Thus the maximum value of xy is a 


This may be shown geometrically as follows : the problem is to 
divide a given line AB in such manner that the rectangle of the 
segments is as great as possible. Let C be the centre and P any 
other point of the line. Then 

rect. AP. PB + sq. on CP =sq. on AC = rect. AC . CB, 

i.e. the rect. AP . PB is less than the rect. AC . CB. 

Hence the point of division is the mid-point, or the line must 
be bisected. 


@ Example 6: A cylinder is inscribed in a frustum of 
a paraboloid of revolution about the x-axis, of the curve 
y’ = 4ax, . For the volume of the cylinder to be the greatest, 


prove that the height of the cylinder is one-half that of the 
frustum. 

©Y Solution: y? = 4ax, (1) 
Let h be the length of the axis, and x the abscissa of the end of 
the cylinder nearest the origin. 

Volume of the cylinder 


2 
= ny*(h o=n?(p ) ..(2) 


Now the sum of the quantities y? and 4ah — y’ is constant; their 
product is therefore greatest when they are equal, i.e. when 

y? = 2ah, or x = 1/2h .(3) 
The height of the cylinder is therefore one-half that of the 
frustum. 


@ Example 7: Ifx+y+z+w be constant, when will xyzw 
have its maximum value? 


Y Solution: So long as any two, say x and y, are unequal 
we can without altering z and w (and thus keeping x + y con- 
stant) increase xy, and therefore also xyzw by making x and y 
more nearly equal. Hence xyzw does not attain its maximum 
value until x = y = z= w. This is called virtue of symmetry. 


The same argument obviously applies to the product of any 4 


number of quantities whose sum is constant. 


If we are searching for the maximum value of such an pei )’ 


as xyz’, say, with condition x + o +z=a, we 


proceed thus xy’z* = 2733. x.=.2°.-.-.— and is se a 


=a; and by the 


maximum, where x + | 


Mage Mp 
2 2 


preceding work we are to make , from whence 


2 43.6 
. ; 3a 
the maximum value is 


oa 
© Example 8: In any triangle, prove that the maximum 


value of cos A cos B cos C is : ; 


Y Solution: Since 2cos A cos B cos C 

=cos A {cos (B— C)-—cosA}, 
and therefore as long as B and C are unequal we may increase 
the expression by making them more nearly equal and keeping 
their sum constant. Thus, cos A cos B cos C does not attain its 


. ’ . . 1 
maximum value until A= B=C= - , and then its value is 3° 


©@ Example 9: What are the greatest and least values of a 
sin x + b cos x? 
©Y Solution: Let a=c cos a and b=csina, 
b 
so that c? =a* + b? and tana = — 
a 
Thus a sin x +b cos x =c sinx cosa +c cos x sina 
= Va>+b° sin(x +a), 
and as the greatest and least values of a sine are | and 
— 1, the maximum and minimum values required are 


Va? +b? and— 


a> +b” respectively. 
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Ifa student is required to find the maximum or minimum value 
of a function of two or more variables, where the variables are 
connected by one or more relations, then change the function 
into a function of one variable by using the relation(s), and then 
work with the resulting function of one variable. 


© Example 10: If x, y © R and satisfy the equation 
xy(x? — y’) = x? + y* where x #0 then find the minimum 
possible value of x? + y’. 
©Y Solution: Ifx=rcos 6 and y =rsin® then 
x? + y>=1’. Hence we have to minimise r’. 
Now in the given equation substituting 
x =rcos 0 and y=rsin 0, 
we get r>=4 cosec 40 


© Example 11: Suppose that the temperature T at every 
point (x, y) in the plane cartesian is given by the formula 
T=1-x’?+2y? 
Show that the minimum temperature along the line 
xty=l,is -1. 
G@ Solution: T=1-x’+2y* wherex+y=1 
\ T=1-x?+2(1-x) 

yy” = [ax 901 + ox) 

T=x?-4x4+3 

=(x-2/-1 
T. =-1. 


© Example 12: The range of the function 
f(x) = V4—x? +vx?-1. 

©Y Solution: Let x?=4 cos’0 + sin’6 
then (4— x’) =3 sin’@ and (x*— 1) =3 cos’0 
f(x) = V3 | sin | +V3 | cos0 | 


1 1 
3} —+—= 6 
(5 i ad =e 
Hence, the range of f(x) is [v3, V6] . 


© Example 13: A particle is moving on the curve defined 
parametrically by the system of equation 

x = 1 —2 cos*t and y = cos t. 
If the particle is closest to the origin when t= cos"'(a) for 0 
<t< 71/2, then find the value of 'a' 


&Y Solution: Distance 'd' from the origin is = xt y 


=> Vain = 3 and y 


max. 


2 


= J-2cos? t)? +cos’ t 


> d= \4cos* t-3cos” t+1 


2 
= 2 eesti ras Maes 
8 14 64 


This is a quadratic in cost, this will be minimum when cos*t= 8 
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V6 


> a=—. 
4 


©@ Example 14: Find the minimum value of f (x, y) = x?- 
4x + y? + 6y when x and y are subjected to the restrictions 
O<x<landO<y<l. 


Y Solution: We have f (x, y) = x? + y?— 4x + 6y 
Let (x, y) = (cos 9, sin 9), then 0 € [0, 2/2] and 
f (x, y) = f(0) = cos? 6 + sin’0 — 4 cosO + 6 sin 8 
f'(0)=6cos0+4sin09>0OV 0 eé [0, 2/2] 
f' (6) is strictly increasing in [0, 1/2] 
f (8) ,,=f0)=1-4 +0=-3. 
Alternative: 
f (x, y)=(x-2) +(y +3) - 13. 
So, to minimize f over the unit square is the same as minimizing 
the distance from a point in this square to the point of 
coordinates (2, — 3). 


The closest point in the square to (2, — 3) is then (1, 0). So 
f (1, 0) =—3 must be the minimum. 


© Example 15: Find the least and the greatest value of 
f(x, y) = x? + y? — xy where x and y are connected by the 
relation x? + 4y’ =4. 
©Y Solution: Here x? + 4y?=4 

.- 4 
= “y= 

42 

Let x = 2 cos 0, y= sin 8 
Hence, f(x, y) = x? + y?— xy 

= 4 cos’ 0 + sin’ 0 —2 sin 8 cos 0 


1 
=2(1+cos oars (1 —cos 20) — sin 20 
-(2-3] cos 20 — sin 20 + a 
2 2 
a cos 20 — sin 20 + 2 
2 2 
Since we know that a sin 8 + b cos 9 lies between 


_VJa? +b? to Va? +b? 
the maximum and minimum values 


3 ay 3/ 
of [$<0s20-sin20 are (3) +1 and— (3) +1 
2 2 2 
. v13 v13 
1.e. i: geal 


Hence, the greatest value of f(x, y) 


Vi3 5 _Sea8 


2 2 2 


13 


and the least value of f (x, y) = 


5 — 
2 2 2 
© Example 16: Find the maximum and minimum values 
of x? + y? where ax” + 2hxy + by”= 1. 


&Y Solution: Let x =rcos0, y = rsinO . 
Then x? + y* =r’, r°(a cos’0 + 2h sinO cos0 + bsin’0)=1 
Now the problem reduces to that of finding the extreme values 


1 
of 1’, where — =acos’0 + 2hsinOcosO + bsin*0 
P r 


(When (x, y) lies on ax* + 2hxy + by* = 1, then r # 0. hence it 


yy, is meaningful to talk of 1/r) 
Let us now define a function f as 


f(8) = acos”0 + 2hsinOcosO + bsin’0 , 
for 9 € [0, 27]. ...(1) 

Since 1? has a maximum or a minimum according as 1/r? has 
a minimum or a maximum, therefore, the extreme values of 
r’ are the same as the extreme values of f, a maximum value 
of r? being a minimum value of f, and a minimum value of r? 
being a maximum value of f. 

We can write (1) as. 


f(0) = = (a+b) + . (a— b)cos20 + hsin20, 


: (a + b) + p cos(20 — a) (2) 


where p cosa = 5a —b), p sina =h ...(3) 
The extreme values of f occur when 20 — a = kn. Then 
f(0) = Farbep, 
1 1 ie 
= sor + 5 {(a —b)? + 4h?} 7, 


Hence the maximum value of x? + y’i.e. 1’ is 


[ : (a+b) {(a—b)? + 4h?}!7]" and the minimum value of 


1 
2 


x’ + y7is [54 +b)+ 5 lay + 4h2} 127, 


Maxima and Minima of Functions of Several 
Variables 


We give a few indications concerning the extension of some of 
the preceding results to functions of two or more independent 
variables. 
In the first place let us seek for the maxima and minima of a 
function. 


u= (x, y) (1) 

A first condition is that we must have simultaneously 
Oy yg wi(2) 
Ox oy 


where the differential coefficients are "partial’. 

For if u be greater (or less) than any other value of the function 
obtained by varying x, y within certain limits, u will be a 
maximum (or minimum) when y is kept constant and x alone 
is varied. This requires in general that Of/Ox = 0. Similarly, u 
must be a maximum (or minimum) when x is kept constant 
and y alone varies; this requires that Of/dy = 0. 

As before, these conditions, though necessary, are not sufficient. 
The further examination of the question, in its general form, 
is beyond the scope of the text; but it often happens that 


the existence of maxima and minima can be inferred, and > 
the discrimination between them effected, by independent _ 


consideration. The conditions (2) then supply all that is 
analytically necessary. 


©@ Example 17: Find the cuboid of the least surface area 
for a given volume. / 


©Y Solution: Let x,y,z be the edges, and a} the given vol- 


ume. Since xyz =a’, (1) 
the function to be made a minimum is 
a’ a 
u=xy+yZ+Zzx=xy+t paar (2) 


The conditions Ou/Ox = 0, Ou/dy = 0 give 
xy = a3, xy? =a}, 
the only real solution of which is x = y =a, which implies, z =a. 


It appears from (2) that, x and y being essentially positive in 
this problem, there is a lower limit to the surface area of the 
parallelepiped. And the above investigation shows that this 
limit is not attained unless the figure be a cube. 


Maximum and Minimum for Discrete Valued 
Functions 


© Example 18: Find the largest term in the sequence 
a= 2 (n € N). 


"  n*+10 


& Solution: Consider the function 


f(x) = —~—,x>0 
3 
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(x? +10) —2x? 
Then f '(x) = ——>———— 


(x? +10)? 
2 AD Ge) > Ofor0<x< V10 
(x* +10)? 


<0 for x > Vi0 
=> f(x) is strictly increasing in (0, V10 ) 
strictly decreasing in (/10 50) 


=> f(x) has greatest value at x = V10 = 3.16.. 


Hence, the given sequence has the greatest value either at 
n=3o0rn=4. 


3 4 
Now, we compare a, = 19 and a, = 26 


3: ; 
Thus, a, = 19 is the largest term of the given sequence. 


© Example 19: In how many parts an integer N > 5 should 
be dissected so that the product of the parts is maximized. 


@ Solution: Using A.M. > G.M. 


n 1/n 
re 2 (KX jee x) 
n 
Xp +X t+...+ XK, 
> XX... MS |= —=— = 
m2 n 
Therefore maximum value of X, X, Xj... x, is obtained 


when x, = X,=X, 
> the parts are ‘all jie 

Now X, +X, +X, +... +x =N. 
Now, function to be maximized 


; (= +X5 +... 
is 


+X 
a which is a discrete function of n. In 
n 


order to arrive at some possible neighbourhood we make it 
continuous first. 
Thus changing the variables n to x, we write 


(2) 
f(x) = x} 
For maxima f"(x) = 0 ie. f"(x) = f(x) G (=) -1) ‘ 


N 
f'(x) = 0 for x = = 


N N 
The nearest integer | or =] + 1 where [. | denotes 


the greatest integer function. 


N N 
We compare f ([*) and f ({* J") to get the maximum 


value. 
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© Example 20: A manufacturer determines that the 
demand for n lamps priced at p rupees each is given by the 


function n = f(p) = 60 — 2 p where p is an even integer, 


0 <p < 120. The range of f(p) is a set of integers that are on 
the interval 0 < n < 60. Suppose that the lamp manufacturer 
has determined that the cost of producing n lamps is (140 + 
25n) rupees. How many lamps should be manufactured to 
maximize profit ? 


&Y Solution: The total profit F(n) obtained by producing n 
lamps at p rupees is 
F(n) = np — (140 + 25n) 

= n(120 — 2n) — (140 + 25n) 

=—2n? + 95n— 140. 
We consider the function G(x) = —2x” + 95x — 140, 0 <x < 60, 
and observe that whenever x is an integer, n, G(n) = F(n), and 
thus all points (n, F(n)) are on the graph of G(x). 
Observe also that G (5) = —93, but F (5) is undefined. Since 


95 
G'(x) =-4x + 95 > Oifx< i a = wesee 


a3 4 266 
—SXKS S 
4 


: ; 9 
Hence, G has its maximum at x = £ : 


G(x) =-2x’ + 95x — 140 


The dots on the graph indicate some points on the graph of G(x) 
corresponding to integer values of s; that is, for integers n, they 


_ Concept Problems 


are the points (n, G(n)) = (n, F(n)). We find G(23) = F(23) = 987 
and F(24) = G(24) = 988. Since G(24) is larger, a maximum 
profit of 988 rupees results from the production of 24 sets. 

It is necessary only to consider F(23) and F(24), since the 
function G(x), hence the function F(n), is increasing for x < 23 
so that no value of n < 23 can possibly exceed F(23); a similar 


remark holds for n > 24. Finally, since n = 60 — : p, we see that, 


for n = 24, the price that must be charged to yield a maxmum 
profit is 72 rupees. 


©@ Example 21: A bus company will charter a bus that 
holds 50 people to groups of 35 or more. If a group containes 
exactly 35 people, each person pays 60 rupees. In larger 
groups, everybody’s fare is reduced by 1 rupee for each 
person in excess of 35. Determine the size of the group for 
which the bus company’s revenue will be the greatest. 


Y Solution: We wish to maximize the revenue : 
Revenue = (Number of People in the Group) (Fare 

Per Person) 
Let x be the number of people in excess of 35 who take the 
trip. Then, 


Number of people in the group = 35 + x 


Fare per Person = 60 — x 


~ Let R(x) be the revenue for the bus company : 


R(x) = (5 + x) (60 — x) = 2, 100 + 25 x — x? 
Next, find the domain : We note that there must be at least 
25 people (x = 0) and at most 50 people (x = 15); thus 0 <x < 15, 
but because x represents the number of people, it must be an 
integer. 
The critical numbers are found by solving 

R'(x) = 25 - 2x =0. 
Because the derivative exists throughout the interval, the 
only critical number is x = 12.5. But x must be an integer, 
so x = 12.5 is not in the domain. To find the optimal integer 
solution. observe that R is increasing on (0, 12.5) and 
decreasing on (12.5, 15) 
It follows that the optimal integer value of x is either x = 12 
or x = 13. Because 

R(12) = 2,256 and R(13) = 2,256 
we conclude that the bus company’s revenue will be greatest 
when the group contains either 12 or 13 people in excess of 


35 — that is, for groups of 47 or 48. In either case, the revenue 
will be 2,256 rupees. 


H 


1. Find the least value of the following functions : 
G@) y=2log,,x—log, 0.01 for x > 1 


(ii) y = 2cosx + sec?x in 0. 4 
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5. What if any, is the maximum or minimum value of 


x 
2. Find the greatest value of y= —; ,a>0,b>Oforx>0. 250 
ax” +b y, where y =x? +——,x>0? 
3. Ifa+b+c=4,a, b,c, = 0 then find the maximum and x 
minimum value of ab + be + ca. 6. Ifx +y=4, find the maximum value of x’y*, x > 0, 
4. Find the greatest and the least values of y>0. 
in? (= +x} sin?(Z x] 
y=sin’ | 3 3 
Practice Problems G 
7. Under the condition that 3x + y=80, maximize the product 13. Find the greatest and least values of the function 
xy? when x = 0 and y = 0. a2 Be 
1 = —+— (0<x<1) 
8. (i) Show that 5 is the number that exceeds its own square x I-x 
by the greatest amount. 14. Show that PA? sin A + PB? sin B + PC? sin C has its 
(ii) Which nonnegative number exceeds its own cube by minimum value when P is at the incentre. 
the greatest amount ? 15. Find the maximum value of xyz, having given 
(iii) Which nonnegative number exceeds its nth power 29 2 
(n > 0) by the greatest amount ? SJ al = =|. 
2 b Cc 
9. If f(x) =2x?+ —,0<|x]s2 fon . 
x . Find the largest term in the sequence 
=1,x=0 an 
then find the least value of f(x). i sa AR 
/ n> + 200 
10. Show that if a, b, c and d are positive intege 
(Ww 17. Find the highest and lowest points on the graph of 
24 24 24 24 \ 
ao — ED) 96 ww x? + dy? — 2x — l6y + 13 =0 
fiche (i) Without using calculus. 
2 1 os : 
11. Prove that the function y = = cannot have values piste aug 
ae) 18. Show that (2, 2) is the point on the graph of the equation 
greater than 3/2 and values smaller than 1/2 for any real y = x? — 3x that is nearest the point (11, 1). 
values of x. ; : 
. . ; 19. Examine 2x? — 4xy + 3y?— 8x + 8y —1 = 0 for maximum 
12. Determine the relationship among the numbers a, b and c oe 
: : and minimum values of y. 
in order that the function f defined by f(x) = (x —a)(x —b)/ 
(x —c) has (— ©, 00) as its range. 
ee as 3. Ify=f(x) is the quantity to be maximized or minimized, find 
7.14 Optimisation Problems those values of x for which f'(x) = 0 or f’(x) does not exist. 
Working Rule 4. Test each value of x to determine whether it provides a 
1. When possible, draw a figure to illustrate the problem mere ore te or ae oe same The ae" Weols 
and label those parts that are important in the problem. is scuba vee est or Second nee Bele 
Constants and variables should be clearly distinguished. 5. If the function y = f(x) is defined for only a limited range 
2. Write an equation for the quantity that is to be maximized of values a <x <b then also examine x = a and x = b for 
or minimized. If this quantity is denoted by ‘y’ , it must possible extreme values. 
be expressed in terms of a single independent variable x. 6. If y = f(x) is to be maximized (minimized), then choose 
This may require some algebraic manipulations. Also find the greatest (least) value out of the local maxima (minima) 


the domain. found above. 
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We can also apply the Fork Extremum Theorem discused 
earlier in case the function has a single critical point. 


©@ Example 1: Represent the number 26 as the sum 
of three positive terms the sum of whose squares is the 
least, if it is known that the second term is thrice as large 
as the first. 


Y Solution: We designate the unknown terms as x, y, z. 
By the hypothesis, the terms we have introduced satisfy the 
following system of equations : 
X+y+z=26, (1) 
y =3x. 
Using (1), we express the unknowns y and z in terms of 
X: y=3x,z=26-A4x. ..(2) 
Let us now form a function whose minimum is to be found: 
S(x) = x? + 9x? + (26 — 4x)’. 
In this case, domain of the argument is determined from the 
condition that all the terms be positive. Solving the system of 
inequalities x > 0, 26 —4x > 0, 
we find that the required interval is (o. 2 . We have thus 


reduced the problem to seeking the minimum of the function 


13 
S(x) on the interval C = 


The only critical point of the function S(x) on the interval. 


1 
(o. 2) is the point x = 4. 


When passing through that point, the derivative of the function 
S(x) changes sign from minus to plus, and consequently, S(x) 
decreases on the interval (0, 4) and increases on the interval 


(3) 


Thus, for x = 4 the function S(x) attains its minimum. 
Substituting x = 4 into equation (2), we get the values of the 
other unknowns. 


Hence, we should represent 26 = 4 + 12 + 10. 


GB Note: If in the interval at hand the first derivative has 
only one root, then obvious considerations frequently permit 
dispensing with a formal investigation by means of the second 
derivative. 


© Example 2: If we cut four congruent squares out of 
the corner of a square piece of cardboard 12 inches on each 
side, we can fold up the four remaining flaps to obtain a tray 
without a top. What size squares should be cut in order to 
maximize the volume of the tray? 


©Y Solution: Let us remove squares of side x, as shown 
in the figure. Folding on the dotted lines, we obtain a tray 
of volume 

V(x) = (12 — 2x)? (x) = 4x? — 48x? + 144x. 


Since each side of the carboard square has length 12 inches, 
the only values of x which make sense are those in the closed 
interval [0, 6]. Thus we wish to find the number x in [0, 6] that 
maximize V(x). 

Notice that V(x) = (12 — 2x)?(x) is small when x is near 0 
(that is, what we try to economize by making the height of 
the tray small) and small when x is near 6 (that is, when we 
try to economize by making the base small). We have a "two- 
influence" problem; to find the best balance between them, 
we use calculus. 

The maximum value of V(x) for x in [0,6] occurs either at 
0, 6 or a critical point [where V'(x) = 0]. Now, V(0) = 0 (the 
tray has height 0), and V(6) = 0 (the tray has a base of area 0). 
These are minimum values for the volume, certainly not the 


b, - maximum volume, so the maximum must occur at some critical 
point in (0, 6). 


Now V'(x) = 12x? — 96x + 144 
= 12(x —6) (x- 2). 
The equation 12(x — 6) (x — 2) = 0 has two roots, namely, 2 
and 6. The critical points are 2 and 6. As already remarked, the 
maximum does not occur at 0 or 6. Hence it occurs at x = 2. When 
xX = 2, the volume is 

V(2) = (12 —2- 2)7(2) = x?-2 

= 128 cubic inches. 

This is the largest possible volume and is obtained when the 
length of the cut is 2 inches. 
Thus, the maximum value of V(x) is the maximum of the three 
numbers V(0), V(2), and V(6). A quick computation shows that 
the maximum must occur at x =2. 


In the next example implicit differentiation is used to answer the 
question on optimization. Not only will the algebra be simpler 
than before, but the answer will provide more information, 
since also the general shape—the proportion between height and 
radius-is revealed. 


An Endpoint Maximum 


©@ Example 3: Four feet of wire is to be used to form a 
square and a circle. How must of the wire should be used 
for the square and how much should be used for the circle to 
enclose the maximum total area ? 


©Y Solution: Let x be the side of the square and r be the 
radius of the circle. 


The total area is given by A = x* + ar’. 
Because the total amount of wire is 4 feet, 
4=4x + 2nr. 
Thus, r = 2(1 — x)/n, and by substituting in the primary 
equation we have 


a 
Tl 


Azx+n 


2 
oy AU=”) 
TU 


= Drea ee tay, 
TT 


The feasible domain is 0< x < 1. 

Since dA/dx= [2(m + 4)x — 8]/n, the only critical point is 
x = 4/(1 + 4) = 0.56. This gives the minimum value of A. 
Now A(0) = 4/nm and A(1) = 1. Thus, the maximum value of 
Ais l. 


We can conclude that the maximum area occurs when x = 0. 
That is, all the wire is used for the circle. 


© Example 4: What is the radius of the smallest circular 
disk large enough to cover every isosceles triangle of a given 
perimeter L? 


© Solution: 


——| 
R sin@ 


AB =(R+Rcos 0)sec 5 
Hence 


L=2AB+BC=2R C + cos 0) secs + sind | 


0 0 0 
= 2cos— + 2sin— cos 
=2r| 2 2 | 

2 (eens 
L=4R cos 5 5) 

L 
R 4 cos $ (1+ sin $) 


Let f(0) = doe” ( + sin. 
2 2 


For R to be minimum, f(0) should be maximum. 
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1 
> f'@®)= 7 COs [1+ sind) + cos? 
Pi )=— wr 6 cae er eee 
~2 a ~3 
But0< 0<— 
a =9 


So, f(0) = 1 maximum 


If6=0,R= = is the smallest required radius 


Though 0 = 0 is not possible, practically R = ss is the smallest 
area. 4 


How to Use Implicit Differentiation in an 
Extremum Problem 


eX Name the various quantities in the problem by letters, such 


as x, y, A, V. 
2. Identify which quantity is to be maximized (or minimized). 


3. Express the quantity to be maximized (or minimized) in 
terms of other quantities, such as x and y. 


4. Obtain an equation relating x and y. (This equation is called 
a constraint.) 


5. Differentiate implicitly both the constraint and the expression 
to be maximized (or minimized), interpreting all the various 
quantities to be function of x (or, perhaps, of y). 


6. Set the derivative of the expression to be maximized (or 
minimized) equal to 0 and combine with the derivative of 
the constraint to obtain an equation relating x and y ata 
maximum (or minimum). 

7. Step 6 gives only a relation or proportion between x and y 
at an extremum. If the explicit values of x and y are desired, 
find them by using the fact that x and y also satisfy the 
constraint. 


©® Example 5: Of all the tin cans that enclose a volume of 
100 cubic inches, which requires the least metal? 


@ Solution: The height h and radius r of any can of vol- 
ume 100 cubic inches are related by the equation. 


tr’h = 100 (1) 
The surface area S of the can is 
S = 2nr? + 2arh ..(2) 


Consider h, and hence S, as functions of r. However, it is not 
necessary to find these functions explicitly. 
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Differentiation of equation (1) and (2) with respect to r yields 


n{ m + 20h =o) 26 wd) 
dr d 


r 


and aoe 2n{r oe h). .(4) 
dr dr 
Since when S is a minimum, dS/dr = 0, we have 
0=4 2 ee 5 
=4nr+2n a (5) 


Equation (3) and (5) yield, with a little algebra, a relation 
between h and r, as follows : 

Factoring mr out of equation (3) and 22 out of equation (5) 

show that 

dh 

fo 

dr 

Elimination of dh/dr from equation (6) yields 


Qr+r (=) +h=0. 
r 


which simplifies to 2r =h (7) 
Equation (7) asserts that the height of the most economical can 


dh 
+ 2h=Oand 2r+r 4 +h=0 ...(6) 


is the same as its diameter. Moreover, this is the ideal shape, | 


no matter what the prescribed volume happens to be. 


The specific dimensions of the most economical can are found 


by combining the equations (7) and (1) 
2r=h and rh = 100. AL 
Elimination of h from these two equations shows that 


mr*(2r) = 100 or rr? = ie : 


Hence, r = iia and h = 2r = 2 20 
T Tt 


Thus, implicit differentiation finds the proportions of a general 
solution before finding the exact values of the variables. Often it 
is the proportion, rather than the (perhaps complicated) explicit 
values, that gives more insight into the answer. For instance, 
equation (7) tells that the diameter equals the height for the 
most economical can. 

The procedure illustrated in this example is quite general. It may 
be of use when maximizing (or minimizing) a quantity that at first 
is expressed as a function of two variables which are linked by 
an equation. The equation that links them is called the constraint. 
In this example, the constraint is mr*h = 100. 


© Example 6: Show that the semi-vertical angle of the 
right circular cone of given total surface (including area of 
the base) and maximum value is sin”! 1/3. 


©Y Solution: Let x be the radius of the base, h be the height 
and y be the slant height of the cone. 

Then, the total surface of the cone = constant 

=> mx?+ xy =constant. (1) 


Now, the volume of the cone 
V = 1/3nx2h = 1/31x? (y? — x2)”, 


since h= al CF —x?) . 


Therefore, V* = 1/91?x* (y? — x’). 

Now, V is maximum or minimum according as V? or 9V7/n? 
is maximum or minimum. 

Let z= 9V7/n? = x* (y? — x”). 

We have dz/dx = 4x3 (y? — x) + x* {2y(dy/dx) — 2x}. ..(2) 

y is connected with x by (1). 

Differentiating (1) w.r.t. x, we get 


r{ax+y+xSt) =o or We 
dx dx X 


_2x+y 


Substituting this value of dy/dx in (2), we get 


(2x+y) 
dz/dx = 4x+y? — 4x + x -2y ——— _2x 
= 2x*y? — 6x — Ax'y. 
For a maximum or a minimum value of z, dz/dx = 0 
=> 2x3y?— 6x°— 4xty =0 
= ‘ ox (y? — 2xy — 3x2) =0 


aiJzx (y — 3x) (y+ x) =0 
- => y=3x, since x #0 and y #-x. 


Now dz/dx is positive when y is slightly less than 3x and is 
negative when y is slightly greater than 3x. Therefore, z is 
maximum when y = 3x. 

Hence, V is maximum when y = 3x 

or x/y = 1/3 

or sin & = 1/3 where o is the semi-vertical angle of the cone. 


Geometry Problems 


© Example 7: Suppose that you need to cut a beam with 
maximal rectangular cross section from a circular log of 
radius 1 ft. What are the shape and cross-sectional area of 
such a beam ? 


©Y Solution: Let x and y denote half the base and half the 
height, respectively, of inscribed rectangle x? + y? = 1, 


so y=,l—x’. 


<> 


The area of the inscribed rectangle is A = (2x) (2y) = 4xy. We 
may now express A as a function of x alone: 


A(x) = 4x J1- x’. 


The practical domain of definition of A is (0, 1). 


4 — 8x? 


BE eds (1 -x?)!?4+2x(1-x) 1? = x2) 


dx _ 


We observe that A'(1) does not exist, but this causes no trouble, 
because x = | is an endpoint. 

A'(x) = 0 when 4 — 8x? = 0. Thus, the only critical point of A 
in the open interval (0, 1) is 


x= = 42 (and 2x =2y= V2). 


We evaluate A here and at the two endpoints to find that 
A(0*) =0=A(L), 


Aj = 2. This is the absolute maximum 


Therefore, the beam with rectangular cross section of maximal 


area is square, with edges V2 ft long and with cross-sectional 
area 2 ft’. 


©@ Example 8: Rectangles are inscribed inside a semi- 
circle of radius r. Find the rectangle with maximum area. 


Y Solution: Let sides of rectangle be x and y. 
=> A=xy 


Here x and y are not independent variables and are related by } 


pythogoreas theorem with r. 


4 
=> A= x22 
4 


4 
Let f(x) =1°x?- > : 


x € (0,r) 


A(x) is maximum when f(x) is maximum 

Hence, f(x) =x(2r-x7)=0 => x=r V2 

Also f(r V2* )< Oand f(rv2- ) > 0 

confirming that f(x) is maximum when x =r J2 and y= = : 


Alternative: Let use choose coordinate system with origin as 
centre of circle A= xy 
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Y 


rcos0,rsin6) 


=> A=2 (rcos8) (rsinO) 
=> A=rsin20 Oe (0 4 


Clearly A is maximum when 0 = 


r 
=> x=rJ2 and y= Ye: 


@ Example 9: A sheet of paper of a poster is to be 18 ft? 
in area. The margins at the top and bottom are to be 9 inches, 
and the margins at the sides 6 inches. What should be the 
dimensions of the sheet to maximize the printed area? 


Y Solution: Let x be one dimension, measured in feet. 
Then 18/x is the other dimension. (See figure). The only 
restriction of x is that x > 0. 


w 18 3 
~The printed area in square feet is A= (x — 1) & - >) F 
d x 
and dA = 18 = 2 
dx x2 2 
3/4 
Ss I 8/x 


xX 


Solving dA/dx = 0 yields the critical point x = 23. Since 


d?A/dx? = — 36/x* is negative when x = 2/5, the second 
derivative test tells us that A has a relative maximum at 


X= vice 


Since 245 is the only critical number in the interval (0, «), 
the Fork extremum theorem tells us that A has an absolute 


maximum at x = 5/9 . Thus, one side is a5 ft and the other 
side is 18/(2V3 ) = 3V3 ft. 


©@ Example 10: Find the greatest area of the rectangular 
plot which can be laid out within a triangle of base 36 ft. and 
altitude 12 ft. (Assume that one side of the rectangle lies on 
the base of the triangle) 


@Y Solution: Area of rectangle = A = xy (1) 
Al oe 3y = (36 a 
so - = => y = (36 -x) ...(2) 
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27 G68 5 Gere 
a oe X — X’) 


Now A'(x)=0 > 36-2x=0>x=18 


1 
A" (x) = = (-2)<0 
(x) 5 (-2) 


36-—x 36-18 
Also y= z= 3 =6 


A vax = 18 * 6 = 108 sq. feet 


m 


©@ Example 11: Through a point A on the circumference of | 
a circle of radius r, two straight lines are drawn enclosing an _ 
angle ¢ . If the straight lines meet the circle again at B & C, ~ 


find the maximum area of triangle ABC . 


© Solution: 


a b_ c 
sing sin@~ sin (0+) 


1 
A=— besin 
5 


A= 2r sin $ sin 6 sin(0 + ) 
=r’ sin d [cos 6 — cos (20+ )] 
dA x 


a0 =0>0= oa) 


Hence, the maximum area of the triangle is r’ sin o (1 + cos 6) 
sq. units. 


© Example 12: Show that the triangle of maximum area 
that can be inscribed in a circle of radius a is an equilateral 
triangle. 


&Y Solution: First, we observe that among all the inscribed 
triangles having AB as base, the area of that triangle is great- 
est for which the altitude of C w.r.t. AB is greatest. Evidently 
such a triangle is an isosceles triangle. 

Let 8 be the semivertical angle of such a triangle ABC inscribed 
in a given circle of radius a. 


S = area of the triangle ABC 

= 2 AAOC + AAOB 

= 2 - 1/2a? sin (x — 20) + 1/2a’ sin 40 
=a’ sin 20 + 1/2a? sin 40 


dS 
ao = 2a* cos 20 + 2a? cos 40. 


_ dS/d0 = 0 
~ cos 20 + cos 40 = 0, 


30 = n/2 or 0 = n/2, 

0 = 7/6 or 0 = 71/2. 
But 0 = 2/2 is not admissible. Hence 0 = 7/6. 
Also, d?S/d6? = — 4a? sin 20 — 8a? sin 40 < 0 for 0 = 7/6. 
Using Fork extremum theorem, the area is maximum when 
0 = 7/6 or 20 = 27/3. i.e., when the triangle is equilateral. 


— 
=> 2cos 30 cos 0 =0, 
=> 


@ Example 13: An isosceles triangle is inscribed in a 
circle of radius r . If the angle 2 a at the apex is restricted to 
lie between 0 and 5 , find the largest and the smallest value 


of the perimeter of the triangle. 
©Y Solution: 


rsin2o 
T TT 
P=2x+2rsin20,0<20 <7 >0<a< ri 
2r (1+ cos 2a) . 
=——————_ + 2rsin2a 


cos O 


> 1+ cos2a+sin2a cosa 
=2r 
cos a 


P(a) =4r(1 +sin a) cos a 

P’ (a) =4r[cos*a—(1+sina) cosa ] 
= 4r(1-2 sina) (1 +sina) 

P’ (a) =0 


1 
> sna= 3 or sin a@ = — | (not possible) 


™ 

When through a = 6° P’(a) changes sign from plus to minus. 
3 

Hence P_ =4 (3) 4] =3 V3 4 


+) = = 
PO) =4rand PF] 


-4(22 ' a =2r (J2 +1) > Ar. 


When a — 0, the triangle becomes a diameter. This is not 
a feasible case. Hence, there is no minimum value of the 
perimeter. 


@ Example 14: The plan view of a swimming pool 
consists of a semicircle of radius r attached to a rectangle of 


length '2r' and width 's' . If the surface area A of the pool is — 
fixed, for what value of 'r' and 's' the perimeter 'P' of the pool 


is minimum . 
Y Solution: (/ 
Ss 
_———— 
2r 
mre 
A=) +2rs (1) 


P=2s+2r+ ar 


P DO ae Be e} as 
rls +2r+ 5 


‘i ‘i Tr 
= —+2r+ — 
r 7 2 
dP 2A 
Now — =0>r= 
dr T+4 


Since this is the only critical point, the minimum value of P 
occurs for this value of r. When this is the case, the value of s 
is found using (1). 
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2A 
T+4 


s= 


© Example 15: Inscribe a rectangle of the greatest area 
into the trapezoid ABCD, one of whose nonparallel sides AB 
(8 cm long) is perpendicular to the base, so that one of its 
sides lies on the larger base of the trapezoid. The base of the 
trapezium are 6 and 10 cm in length respectively. Calculate 
the area of the rectangle. 


Y Solution: Let us consider two cases. 


Case 1 The vertex P of the rectangle lies on one of the 
nonparallel sides CD of the trapezium 
B Cc 
P 
8/Q 
y 
D 


Inthe first case, let the sides of the rectangle PQ=x and AQ=y. 


We set up an equation relating the unknowns x and y. For 
_ that purpose we draw a line segment BL parallel to the side 
CD and consider two right triangles ABL and KPD which 


are similar. 
Now, AB = 8, AL 


10-6 =4, KD=10-x, PK=y. 


eee YB iy y= 20-2x. 

KD AL 10—-x 4 
The area of the rectangle AKPQ is 

S(x) = x (20 — 2x) 
In the first case the domain can be found from the condition 
that the point Q is the projection of the point P lying on the 
side CD and, consequently, x = 6. 
Thus the problem has reduced to seeking the least value of the 
function S(x) on the interval [6, 10]. 
The only critical point of the function S(x), x = 5, does not 
belong to the interval obtained. Consequently, the derivative 
of the function S(x) does not change sign on this interval. 
Calculating the derivative of S(x) at an arbitary point of the 
interval [6, 10], we ascertain that it is negative. 
Thus, the greatest value of S(x) is attained at the left end of 
the interval, i.e., 


S(X) max = S(6) = 48cm?. 


Case 2. The vertex P lies on the base BC of the trapezium. 
In this case, the area of the rectangle does not exceed 48 cm? 
since with same nonparallel side equal to 8 cm, the length of 
the base cannot be greater than 6 cm. 

Hence the greatest area of the rectangle is 48 cm’. 
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Solid Geometry Problems 

Useful Formulae of Measuration to Remember : 
Volume of a cuboid = bh. 

Surface area of cuboid = 2(/b + bh + hf). 
Volume of cube = a? 


Surface area of cube = 6a? 
Volume of a cone = 3 rh. 


Curved surface area of cone = mré (¢ = slant height) 


Curved surface of a cylinder = 2zrh. 


SA Oo ee Ny 


Total surface of a cylinder = 2arh + 2z1?. 
4 
9. Volume of a sphere = 3 mr. 


10. Surface area of a sphere = 4nr’. 


1 
11. Area of a circular sector = ry r 6, when 0 is in radians. 


12. Volume of a prism = (area of the base) = (height). 


13. Lateral surface of a prism = (perimeter of the base) x 
(height). 


14. Total surface of a prism = (lateral euanace) 3 


2 (area of the base) 
(Note that lateral surfaces of a prism are all rectangle). 


15. Volume of a pyramid = : (area of the base) height). 


16. Curved surface of a pyramid = - (perimeter of the base) x 
(slant height). 


© Example 16: A sheet of area 40 m? in used to make an 
open tank with square base. Find the dimensions of the base 
such that volume of this tank is maximum. 


&Y Solution: Let length of base be xm and height be y m. 
V=x’y 


Also, x and y are related to surface area of this tank which is 
equal to 40 m’. 


=> ——— 
40—x? 
4x 


,x €(0, V40 ) 


YS 


ae 33 
> V@ex [2a Gon) 


For maximizing volume, 


- 2 
V(x) = a =): 2t- 4s om 


3 J 
and W"(x) =- a =v" 2] <0. 
40 


Confirming that volume is maximum at x = — m. 


© Example 17: A box with a square base is constructed so 
that the length of one side of the base plus the height is 10 in. 
What is the largest possible volume of such a box ? 


Y Solution: Let b be the length of one side of the base and 
h be the height of the box. 
The volume V = b7h. 
However, we know that b + h = 10; therefore, h = 10 —b, and we 
can now write V as a function of b alone 

V(b) = b*(10 —b) 


‘The domain is not stated, but we must have b > 0 and 
- 10—b=h>0, so that 0 <b < 10. First, we find the critical points. 


V(b) = 20b — 3b?. 
20 


0b=0, 
= 3 


V(b) =0=> 20b- 3b? = 


(note that b = 0 is an endpoint) 

Checking the endpoints and the critical points, we have 
V(0") =0 
V(10-) = 107110 — 10) = 


2 
v2) = (2) (-2)- 222 
3 3 3 27 


4000 


Thus, = 148.1 in.?. 


the largest volume V is 


20 
It occurs when the square base has a side of length 3 in. and 


20 +10. 
= In. 


the height is h = 10-— = 3 


© Example 18: Find the height of a cone of the greatest 
volume if its slant height is equal to @. 


Y Solution: The volume of the cone of area of whose base 
radius is R and the height is H, is 


oe R°H 
= oko. 


By Pythagoras theorem, R? + H?= A2. 
Using this equality, we express V as a function of only one 
variable H: 


V= 5 0 (2-H). 


Solving V'\(H) = ~ (A2— 3H?) =0, 


a 

3 
: ; ; r 

we find two critical points of the function: H, = + B and 


Xr 
H,=- B , from which only the point H, belongs to the 


interval (0, A). 
When passing through the point H,, the function 


1 
V' (H) = 3 (2 — 3H?) changes sign from plus to minus 


and, consequently, on the interval (0, A 13) the 


function V (H) increases and on the interval (A / aa ) it 
decreases. 

Thus, H= A/ ae is the height of the cone of the maximum 
volume for the given length of the slant height 1. 

©@ Example 19: Find the volume of the greatest cylinder 
which can be inscribed in a cone of height h and semi-vertical 
angle a. 


Y Solution: Let x be the radius of the cylinder A'B'EF. ? »\’ 


p ‘ 
ct Rl, fa. Wf 1 
— = R 7 . 
Me (5) (=) 3" cos? 9 sin® 


In AVO'B'. 
VO' =x cota 
Height of cylinder = OO' = h- VO' = (h- xcota) 
Volume of cylinder V = 2.x?.O0O' 
= 1x’ (h— xcota) 
= 1(x*h — x°cota) (1) 


hs = 1(2xh — 3x? cota) 
dx 


2 
dv. =0 > x= —htana 
dx 3 
> dv sa ; 
Since ae = m(2h — 6xcota) = —27th < 0 at the critical point, 
= 


V has a local maximum. 


2 
Since x = 3 h tan & js the only critical point, V has an absolute 
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maximum at this point. 
From (1), the maximum volume of cylinder 


=n. Sn?tanta{h-2) = = h? tan? a. 
9 3 27 


© Example 20: Find the altitude of a cone of the least 
volume that can be drawn around a hemisphere of radius R 
(the centre of the base of the cone falls on the centre of the 
sphere). 


Y Solution: A 


Let AO = H, BO = r= radius of the base of the cone 
R = radius of the hemisphere, ZOAC = 0 (0 € (0, 2/2)) 


ate ad ke 
AD an 9 an uo sin 
sS 1 = = .tan@ = 
sin 9 


cos® 


= LR? : ; 
3 sin 8 —sin~ 0 
mR? cos 1 1 
Now V'(0) = in6+ in 9 —-—— 
OY Grae ait OF [sn B Jl» B 
Clearly V(@) has only one critical point namely 


1 
0 =sin! B . Using sign scheme for V'(0) 


1 
we get, 8 =sin'! B to be the point of maximum. 


R 
Hence, corresponding altitude H = ——~ = RV3. 
sin 9 
© Example 21: A cylindrical can is to be made to hold 
1 Lof oil. Find the dimensions that will minimize the cost of 
the metal to manufacture the can. 


©Y Solution: Let r be the radius and h the height (both in 
centimeters). In order to minimize the cost of the metal, we 
minimize the total surface area of the cylinder (top, bottom, 
and sides). So the surface area is 

A=2nr’ + 2arh 
To eliminate h we use the fact that the volume is given at 
1 L, which we take to be 1000 cm*. Thus mr?h = 1000 which 
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gives h = 1000/(zr’). Substitution of this into the expression 
for A gives 


A=2nr’ + am( 20 = 2nr 


Tr 


» , 2000 
+ —___ 
- 


Therefore, the function that we want to minimize is 
2 
A(r) = 2nr? + oe 
r 
To find the critical points, we differentiate : 
2000 _ 4(nr* — 500) 
2 2 


Then A’(r) = 0 when r°= 500/z, so the only critical number is 
r= ¥500/7. 
We can observe that A’(r) < 0 for r <¥/500/x and 


A'(r) > 0 forr > */500/ 7. So Ais decreasing for all r to the 
left of the critical point and increasing for all r to the right. 
Thus, r = */500/2 must give rise to an absolute minimum. 
Alternatively, we could argue that A(r) > % as r > 0* and 
A(t) > © as r — ©, so there must be a minimum value 
of A(r), which must occur at the critical point. 

The value of h correponding to r = */500/ 7 is 


,r>0d 


A’(r) = 4nr 


1000 1000 
h= = 


2 73 ~ 24] 2 = ar, 
Tr m(500 / 1)" T 


Thus, to minimize the cost of the can, the radius. should be 
3/500/ cm and the height should be equal to twice the 
radius, namely the diameter. 


An alternative method for solving optimization problem is to 
use implicit differentiation. We work with the same equations 
A= 2nr’ + 2arh mh = 100 
but instead of eliminating h, we differentiate both equations 
implicitly with respect tor: 
A’=4nr+2ah+2h’ 2arh+ arh’ =0 
The minimum occurs at a critical point, so we set A’ = 0, simplify, 
and arrive at the equations 
2r+h+rh’=0 2h + rh’ =0 
and subtraction gives 2r —h = 0, or h = 2r. 


©@ Example 22: In a regular triangular 
prism the distance from the centre of one 
base to one of the vertices of the other 
base is / . Find the altitude of the prism for 
which the volume is greatest . 


2 ays 2 


J sane ae 
& Solution: AG 5 a8 


a V3 


Now P= +h’?;V= ah 


B 


V(h) =3.— h(P-b’ 
(h) =3 4 ( ), 


1 
The altitude for maximum volume is —=. 
V3 
©@ Example 23: Among all regular square pyramids of 


volume 36 V2 cm’. Find dimensions of the pyramid having 
least lateral surface area. 


©Y Solution: Let the length of a side of base be x cm and 
y be the perpendicular height of the pyramid 


V= - area of base x height 


3 

=> Ve= : xy = 36/2 
108.2 

> y= ; 


xX 


and S = 2 perimeter of base x slant height 


1 
= — (4x).A 
5 ) 
2 
but A= ae 2 
Va y 
=> S§=2x xy — xt +4x’y? 
V4 
108/2 ) 
= se fesse ae ) 


2 
=> S(x) = [xt + 8.008) 
x 


8.(108)" 
2. 


Let f(x) =x*+ [for minimizing S(x), we 
minimize f(x)] 


2 
f(x) =4x3- ger: =0 
= 


(x° -6°) 
3 
x 


=> f(x)=4 =0 


=> x=6, which a point of minima 
Hence, x = 6 cmand y =3 V2. 


©@ Example 24: Find the dimension of a cylinder having 
greatest lateral surface area that can be inscribed in a given 
sphere. 


©Y Solution: Let x be the radius and 2y be the height of 
the cylinder. 

We have x? + y? = a” (1) 
where a denotes the radius of the given sphere. 

The lateral surface area of the cylinder is given by 


S =2nx-2y=4nx- VJa2—x? ,O<x<a 


[using (1)] 


dS _ eo x? An (a? —2x7) 
Now, eal a —-X = ae = 


a’ -xX a’ —xX 


which exists everywhere in (0, a) and vanishes at x = a/ V2 
only. To find the greatest and least values, we need to check 


the values of f(x) at x = 0, al J2 , a. We have S(0) = S(a) = 0 
Va’ 16 
~ and S(2) = = +4n = 12n. 


Hence, the required minimum surface area, is 1271m/. 


2 
and s(+5| =4n $F ees = 2ma. 


Hence, the required maximum surface area,is2ma. 


© Example 25: Show that the radius of the right circular 
cylinder of greatest curved surface which can be inscribed in 
a given cone is half that of the cone. 


©Y Solution: Let ‘b’ be the height of the cone and a be its 
semiverticle angle. 
Let LD = x = radius of the inscribed cylinder and LM = h be 
its height 
LM = OM- OL=b-xcota 
Now, S = 2arh = curved surface area 
S = 21x (b — x cot a) 
or S=2n (bx — x’ cot a) 
dS/dx = 2n (b — 2x cot a) =0 
=> x=(b/2) tana 


1 1 
=> x= a (b tan a) = 5 (r,) 


Maxima AND Minima 7.59 


Thus, radius of cylinder = (radius of cone)/2 


©@ Example 26: Find the maximum surface area of a 
closed cylinder of a given volume 82 m’. 


@ Solution: Let r be the radius and h be the height of the 
cylinder. 
We have mr’h = 82 (1) 
The surface area of the closed cylinder is given by 

S = 2arh + mr’ 


8x 2 
=2nr| —>z |+™ [using (1)] 
Tr 
= 16h + mr’, r>0 
; 
Now, a = S595 + 2nr 
dr r- 
which exists everywhere in (0, 00) and vanishes at points 
given by 
2mr=16n ie.r=2. 


To find the greatest and least values, we need to check the 
values of S(r) at r = 0, 2, 00. We have 
© $0) = S(~) = 0 


Co-ordinate Geometry Problems 


@ Example 27: Let A(p?, -p), B(q?, -q) and C(r?, -r) be 
the vertices of the AABC. A parallelogram AFDE is drawn 
with vertices D, E, F on the line segments BC, CA and AB 
respectively, Show that maximum area of 


such a parallelogram is : (p-—q) (q—-r) (r—p). 
A 
y 
x 
B D 


Let AF =x = DE and AE = y = DF 
Since, A’s CAB and CED are similar, we have, 


Y Solution: 


CE DE 
—— =— (as shown in figure 
CA AB ( gure) 
b-y x 
a (1) 
b c 


(Here BC = a, AC = b and AB = c) 
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Now area of parallelogram, S = AF. EM=xy sinA 


x . 
S =x0(1-*) sin A vei(2) 
Differentiating w.r.t. x we have, 
dS b . : F 
—=-— (c-—2x)sinA [where sin A is constant] 
dx c 
ds c 
For extremum, —— =0 =S x= > 
dx 2 
2 c 
Also C8 2-78 2) atx=> 
dx? c 2 
Hence, S is maximum when x = 7 : 
1 
Now, S_,. = 7 be sinA [from (2)] 
= 2 ae sin A 
PA 


1 
— ri (area. A ABC) 


2 =p 1 
1} 2 
a | 
1 
Six = | (p—q) (q-r) (—p). 


©@ Example 28: The circle x? + y? = 1 cuts the x-axis at 
P and Q. Another circle with centre at Q and variable radius 
intersects the first circle at R above the x—axis and the line 
segment PQ at S. Find the maximum area of the triangle QSR. 


© Solution: The centre of the circle 

Vrty=l1 (1) 
is (0, 0) and radius OP = 1 = OQ. 
So, co-ordinates of Q are (1, 0). 
Let the radius of the variable circle be r. 
Hence, its equation is (x — 1)? + (y?=r ..(2) 
Subtracting (2) from (1) we get, 2x-1=1-r 


coi. Sor (3) 


2 
2 2 
Now, RT = JOR? -OT? =, |1 C o) (4) 


Now, the area of A QSR is, 


A= 7 QS . RT ie. Mas (QS?) . (RT?) 
r’ 
Aa 2 [r =| [using (2) and (4)] 


1 
A= 16 (4r* — r°) 


2 
Thus, “ Pe = (16r? — 6r°) = 0 (for extremum) 
Ir 
=> a2? 
ct3 

» Al ey 2 
Ao EA) — 1 age—3ory =-1© <0 
KS)” de? = 16 3 


~ when r =2 es 
3 


Hence, the area is maximum at r = af and A a 
3 eC) 

sq. units. 

©® Example 29: Let S be a square of unit area. Consider 

any quadrilateral which has one vertex on each side of S. If a, 

b, c and d denote the lengths of the sides of the quadrilateral, 

prove that 2<a?+b?+c?+d’?<4 


©Y Solution: Consider a quadrilateral PQRS. Where 
co-ordinates P, Q, R, S are (p, 0), (1, q), (r, 1) and (0, s) 
respectively. 

a=p?+s’, b?=(1-p)?+q@ 


?=(1-r’+(-q)’,@=r+(1-s) 


Q(1, q) 


O! Pip, 0) 


A(1, 0) 
So, 2+b?+c?+d 
= p+(1—-py+q?+(1-q? 
+r°+(1—-r)’+s?+(1-sy 


Now we know that 0 <p,q,1r,s <1 
Consider the function f(x) = x?+ (1 —x)*,0<x<1 
f '(x) = 2x — 2(1 —x) 


1 
f' O> x=- 
(x)= a= 
f(1/2) = 1/2, {(0) = 1, (1) = 1. 
1 
The minimum value of f(x) = 5 and the maximum value 


of f(x) = 1. 


e 


= lsp+(i-pPsl; L<q?+(1-q?<!1 
2 


N 


1 


—<r+(1-ry’<l1; <s?+(1-s)<1 


Nl 


Adding these inequalities, we get 
2<74+bP4+C4+0? <4, 


©@ Example 30: An ellipse is inscribed in an isosceles 
triangle of height h and base 2k, and having one axis lying 
along the perpendicular from the vertex of the triangle to the 


base. Show that the maximum area of the ellipse is V3 mhk /9. 
©Y Solution: Let BCD be the given isosceles trian- 


gle whose base is BC, vertex D and height DA’. Then NY 


BC = 2k and DA'=h. 


An ellipse is inscribed in this triangle so that one axis of the 


ellipse is along A'A. Let A'A = 2a and let the length of the 
other axis of the ellipse be 2b. Let the equation | Pt the ellipse 
be x’a? + y*/b? = 1. : 


i (a cos®, b sin @) 
Le 


where the x-axis is along OA and the y-axis is perpendicular 
to OA. 
Here O is the middle point of A'A. 
The sides BD, CD and BC of the triangle touch the ellipse at 
the points P, Q and A’ respectively. 
Here PQ is a double ordinate. 
Let P be the point (a cos 9, b sin 8). 
Then the equation of the tangent to the ellipse at the point 
(a cos 9, b sin 9) is 

(x/a) cos 8 + (y/b) sin 0 = 1. (1) 
The coordinates of the point B are (—a,k). 
Since the point B lies on (1), 


k . 
therefore — 2 cos 8 + . sin 8 = 1 
a 


> ~ sin8=1+cos 80> b=k sin 0/(1 + cos 8). ..(2) 
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The coordinates of the point D are (h — a, 0). 


[Note that DA' = h and A'O = a] 

Since the point D also lies on (1), therefore 
{(h—a)/a} cos 8 = 1—=>hcos 0-acos0=a 
=> a=hcos 0/(1 +cos 0) ..(3) 
Let S be the area of the ellipse. 

tthk sin 9cos 9 
Then S = mab = “Gcosb)? ae from (2) and (3). 
We have dS/d0 


=a (cos? §—sin? 6)(1+ cos 0)” +2sin? Ocos (1+ cos 8) 
(1+cos@)* 


ie (2cos? 6—1)(1+ cos 0)” + 2(1—cos? 0) cos O(1 + cos 8) 
(1+cos @)4 


= 7h 


nk Et 9088)" {(2cos” 0-1) +2cos O(1—cos 6)} 


(1+cos6)* 
2 0 
= ee since cos 9 #— 1. 
_+ CO; 
Now, dS/d0 = 0 => 2cos@-1=0 


=> cos 0=1/2 => 0=n/3. 


d 1 
= thk (2 cos 0-1) 4g do eal 


thk 
———_ (_25; 
i (1+cos @)” (Zon) 


as | 


which is negative when cos 0 = 1/2 or 0 = 3t : 


i é 1 
Hence S is maximum when 9 = a : 


The maximum area of the ellipse 
= mhk sin (2/3) cos (1/3)/{1 + cos (1/3) }? 


= mhk (¥3/4)/(14+1/2)?= V3 thk/9. 


© Example 31: Prove that the minimum radius vector of 
the curve a’/x* + b’/y? = 1 is of length a + b. 


@ Solution: Let r be the radius vector of the curve. Then 
changing the equation of the curve to polar coordinates by 
putting x =rcos @ and y = r sin 9, we get 
a’/(r? cos?0) + b?/(r? sin?0) = 1 
or r*=a’sec’0 + b?cosec’O = z, say. 
Now r is maximum or minimum according as r? i.e., z is 
maximum or minimum. We have 
dz/d@ = 2a? sec? 8 tan 8 — 2b’ cosec7@ cot 8. 
dz/d®@ = 0 
2a’ sec? 8 tan 8 — 2b’ cosec’@ cot 8 = 0 
(sec?0 tan8)/(cosec? 8 cot 8) = b’/a?. 
tan*0 = b?/a? 
tan’0 = b/a because tan’0 cannot be negative. 


VUUY 
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Now d’z/d0? = 4a? sec? 8 tan’0 + 2a” sec* 8 + 4b” cosec’O cot?0 
+ 2b’ cosec*O = positive when tan’@ = b/a. Therefore, z or r 
is minimum when tan’0 = b/a. 


Nowr= Va sec” 0 +b” cosec’0) 


= {a2 + tan? 6) +b2(1+ cot? 6) 


Therefore the minimum value of 


r= \{a2+b/a)+b7(1+a/b)} 


= (a? +2ab+b?) = (a+b)? =a+b- 


Shortest Distance of a Point from a Curve 


Given a fixed point A (a, b) and a moving point P(x, f(x)) on the 
curve y =f (x), the distance AP will be maximum or minimum 
if it is normal to the curve at P. 


A(a,b) 


P 
(x,f(x)) 
Proof : F (x) = (x — a)’ + (f (x) —b)? 

F' (x) =2 (x—a) + 2(f (x) —b)-f' (x) =0 
X—-a 
> f'«*%=- [2=4.}. Also m,,= ——— 
Hence, f'(x)-m,,=—- 1. 


©@ Example 32: A helicopter of enemy is flying along the 
curve given by y = x? + 7. A soldier placed at (3, 7) wants to 
shoot down the helicopter when it is nearest to him. Find the 
shortest distance. 


d 
©Y Solution: we = 2x, 
AX Kx,.y,) 
For finding the shortest distance, 
5 7-1 _ 
(2x,) 3-x,) 
2x,(7-y,) =x, -3 
14x, -2x,y,=x,-3 


13x, +3 = 2x,(x,?+ 7) 


2x,°+x,-3=0 > 2x,°+3x,-3=0 
2x7, — 1) + 2x,, =1)+ 3G,-)) 
@ = D(@x?+ 2x, +3) 
x,=1. 
Hence, the point nearest to (3, 7) is (1, 8) and the shortest 


distance is (2? +12 =/5. 


©@ Example 33: Find the minimum distance between 
x? + y?=2 and xy =9. 


Y Solution: xy =9 


Slope of the normal at the point P(3t, 3t) 
2 


=? 


niall 
9 


Equation of normal at P is 
3 
y- . = t?(x - 3t) (1) 
The minimum distance PQ is found along the common normal. 
(1) must pass through origin (the centre of the circle) 


3 
=> =F Sat > t=1 > t=1or-1. 


(t =— 1 corresponds to a point xy = 9 in the 3™ quadrant) 
ae t=: 

Hence, P is (3,3) > m,,= 1 

Equation of OP is y=x => QQ, 1) 


Hence, d.,, = V4+4 = 2/2 | 


© Example 34: Find the shortest distance of the point 
(0, c) from the parabola y = x?, where O0<c <5. 


Y Solution: Let P(x, y) be any point on the parabola 
y=x? (1) 
and Q be the point (0, c). 
Now PQ*=x? + (y—c)? = y + (y-c)? = y* + (1-2c) y +e? 
[from (1)] 

Clearly PQ will be minimum when PQ? is minimum. 
Let z= PQ’, then 

z=y?+(1-2c) y+e? .(2) 


dz 
dy = 2y + (1 — 2c) ...(3) 


dz 
For maximum or minimum values of z, es =0 
y 


2y+(1-2c)=0 (4) 
- —2c-1_ — 1 
2 2" 
2 
From (3), =a = 2 > 0, therefore z is minimum when 


1 1 
=c?+ Deep ~ -2¢°?+C=c-—. 
4 2 4 
Hence, the minimum value of PQ = , /c -7 
1 1 
For PQ to be real c — a 2>0> ce ri 


But it is given thatO<c <5 
1 
Thus, for ri <c<5, the minimum value of 
PQ= ,|c - ; 
= Te 
1 dz 
IfO<c< a? dy 2 0 using (3). Hence z is an increasing 


function of y. For minimum value of z, y should take its least 
value of y = 0. In that case, the minimum value of PQ is 


Je) =a, 


©@ Example 35: Find the point on the curve 4x? + a’y? = 
4a’, 4 < a’ <8 that is farthest from the point (0, —2). 


&Y Solution: Let the point on the curve be P(x, y), 

then 4x? + a’y? = 4a? (1) 
Let the given point be Q(0, —2) 

Let z= PQ, then z? = PQ? = x* + (y + 2) 

Let u=2z’, then u = x?+ (y+ 2)’ .(2) 
z will be minimum when u is minimum. 

Now from (2), 


2.2.9 
po OY G40) ten Gil 


2 
or u=a’—- ZV tty 
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From (1), 4x? = a2(4 — y°) — -, 4-y? 
For x to be real4—y?2>0 > 2<y<2 
du a? 
yo eo 
ris = Aig eae ay (3) 
= rae y - 


cue, hen 8 + (4-— a 0) 
i when (4-a’)y =0, 


8 
y= >2 [v 8>a>4 
aX —4 ! 


du 
Sign scheme for ay =8+ (4—a°)y/2 is as follows 


2 2 8 


a4 
ee w has the maximum value at y = 2 and from (1), x =0 
Aa : The farthest point on the curve from (0, —2) is (0, 2). 


2 y° 


: ~ Alternative: On the curve = + rs = 1, a point can be taken 


a 
as (a cos @, 2 sin 9). 
Let the distance between (0, — 2) and the point be z. Then 
u=z’?=(acos o)? + (2 sin b + 2) 
=a’ cos’ +4 sin? d+4+ 8 sino 
d(v) 


do 


=-—2a cos > sind+8 sind cosd+8cosd ...(1) 


d 
v is maximum or minimum > 7 =0 
or (8—2a*) cos ¢ sind +8 cos 6 =0 
or cos ¢ {(8 — 2a’) sin 6 + 8} =0 


=> cosd=Oorsingd= 


a 
But 4 <a’<8. 
So, sin d= ao > 1 which is not possible. 
du . Tt 3x 
do = 0 when cos 6 = 0, i.e., d= 5 a 


Differentiating (1) again, 
a2 
_ = (8 — 2a’) (cos? o — sin*) — 8 sin 
do 
gos 2a?— 8-8 
atd= 7 de =2a°-—8-— 


= 2(a*— 8) <0 for4<a’?<8 
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: : Te 

u = Z’ is the maximum when 6 = a 
3m, a 

Clearly, at @ = ra. u is the minimum. 


z is the maximum when @ = 5 j 
Thus, the required point is (a noe , 2sin =) ie. (0, 2). 
2 2 


© Example 36: What normal to the curve y = x? forms the 
shortest chord. 


Y Solution: Let A(t, ?) be any point on the parabola y = x? 


eco dy 
Since — =2x, | —— = 2t is the slope of tangent. So, the 
dx dx (t,t?) 


1 
slope of normal to y = x’ at (t, t?) is (==) . 


The equation of the normal to y = x’ at (t, t?) is 


yea 
y-e=[ a Jo-0 (1) 


1 
then, [ -Pa- = (t, -t) 


1 
=> t+t=-— 
/ 2t 
eo (2) 
pect 5 . 


Let L be the square of the length of normal chord AB 
L=AB?=(t-t?+(8- ty 


ae 1y 
=(t+1+2) (1 t x) (using (2)) 


; r 
Pay er re pee 
dt 4? 4?) t] 


For extremum, let <—=0 => r=Ht 
2 
Again, oe =a[t =|[ “-|(2 | 
dt At 2t t 
2 
4(14 5) [2+] 
At t 


F) 
— ae ee >0 
dt ve 


5 


Lis minimum when t = + Wr . 


: 1 1 
Thus, points are A = a > and B (qa, 2). 


Hence, the equation of normal AB is V2x+ 2y—2=0 or 
J2x-2y+2=0. 


oO Example 37: A man walking from A wishes to reach a 


Suppose equation (1) meets the curve again at B (Gt) = river (the straight line A,B, in the figure) and then go to B. 


- How can he do this by traveling the shortest possible distance? 


© Solution: We have AA, =a, BB, =b, A,B, =c, the num- 
bers a, b, c are given. Let the broken line AMB be the path 
taken. Our aim is to find out for what position of the point 
M on the line A,B, is this path the shortest. To determine the 
position of M it suffices to specify the distance from M to the 
point A,, the foot of the perpendicular dropped from A onto 
the straight line representing the river. Denote this distance 
A.M by x. Then 


AM = Va* +x”, MB= yb? + (cx)? 


The path traversed is then denoted by s(x), 


s(x) = Va? +x? + fb? +(c-x)? i) 
and we find 
x c-x 
[= Va2+x?  s/b?+(c-x)? 


Equating s’(x) to zero, we get 
c-Xx 


»< 
Va? +x? /b?+(c—x) ak) 


It is easy to solve this equation. Squaring both sides, we have 
x? _ (€- x)? 
b? +(c—x)? 


ax +x? 


or x*b?+x?(c— x)? =a? (c— x)? + x” (c— x)’, 


2 az 
x°b? = aX(c — x), ———5 = > 
( ) (c—x)? b? 
Taking the root of both members, we find 
XL 42 
c—x b 
ac ac 
=> xX, = ab X,= a—b 


Substituting the values x, and x, into the original equation 
(2), we see that the second root does not satisfy the equation. 
This is an extraneous root generated by the squaring process. 


ac 
Thus, x = ; 
a+b 


It is possible, however, to give a pictorial geometrical 
representation that will enable us to obtain the answer without 
solving the equation. Rewrite the condition (2) as 


A\M_ MB, 


= (3) 
AM MB 
A\M : 
But AM = COS ZAMA = sin a. 
Similarly, Mei =cos £ B MB = sin B. 
The condition (3) yields sin a = sin B (4) 
> a=f6 


The man must take the path of a ray of light bounced off the 
river : the angle of incidence is equal to the angle of reflection. 
This is the Fermat Principle of least time for propagation of 
light. 

For a complete solution to the problem it remains to demonstrate 
that for such a position of point M the distance is indeed 
minimum (and not maximum). This can be done by computing 
the second derivative of (1). 

But it is also possible to reason differently. From the expression 
(1) for s(x) we see that s(x) is positive for any x. Then s(x) 
increases without bound together with the growth in the 
absolute value of x, irrespective of whether x > 0 or x < 0. And 
since s’(x) vanishes only for one value of x, it is clear that at 
this value of x the function s(x) will then have a minimum. 
This problem can be solved in a purely geometrical manner 
without resorting to methods of higher mathematics. Referring 
to the figure below extend the segment AA, to A’ (A,A'=AA,) 
and join A’ to B. Then AM = A’M since triangle AA,M is 
congruent to triangle A,A’M. 

Therefore AM + MB =A’'M + MB =A'B. For any other point 
D on the segment A,B, we will have AD + DB = A’D + DB 
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and A’D + DB > A'B since a polygonal line is longer than any 
segment of a straight line. Consequently, the desired point M 
is the point of intersection of the straight line A’B and A.B, 
from where it follows that a = B. 


Y 


This example shows that certain problems involving the 
finding of maxima and minima may be solved by the tools of 
elementary mathematics. 


@ Example 38: Let A(1, 2) and B(- 2, — 4) be two fixed 
points. A variable point P is chosen on the straight line y = x 
such that perimeter of APAB is minimum. Find coordinates of P. 


@ Solution: Since distance AB is fixed so for minimiz- 


ing the perimeter of APAB, we basically have to minimize 
_ (PA + PB). 


The line y = 2x intersects the line y = x at the point P (0, 0). 
The image of A is A’(2, 1). 

1+4 > 
242%?) 


The line A’B has equation y — | = 
ie. y = 2x. 


Miscellaneous Problems 


xample 39: Divide into two parts such that the 
@ Example 39: Divide 20 i P. h that th 
product of cube of first and square of second is maximum. 


©Y Solution: Let a be the first part and b be the second 
part. Then, 

at+b=20 (1) 
Let P be the product of cube of first and square of second. Then, 

P =a*b? = a? (20 — a)’ [using (1)] 

= a? (400 — 40a + a”) 

= 400a°7- 40 a*+a, O0<a< 20 
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dP 
—— = 1200a’ - 160a? +5 a*=0 
da 
=> a=0, 12, 20. The only critical point is a= 12. 


2 
il = 2400 a — 480 a? + 20 a? 
da 


d’P 
= = 2400 x 12 — 480 x 127+ 20 x 123 
da a=12 


=-—5760 <0 
a= 12isa point of local maximum using Fork Extremum 
Theorem ; this is the absolute maximum. 
So P is maximum when a= 12 and b=20-12=8. 


@ Example 40: The cost function at a factory is 
C(x) = x? — 6x? + 15x (x in thousands of units and x > 0). Find 
the production level at which average cost is minimum. 


Y Solution: C(x) = cost of producing x items > 0 
C(x) 
Average cost = => x? 6x + 15 =f (x) 
f' (x) =2x-3=0 
f"(x)=2>0 
Hence, the average cost is minimum when x = 3. 


Sx =3. 


©@ Example 41: A manufacturer can sell x items at a 


price of Rs. (5-5) each. The cost price of x items is 


x 
Rs [ £4500. Find the number of items he should sell to 


earn maximum profit. 


ian: De _ aig S| : 
©Y Solution: P= S(x) co (5 x |x [$+-500): 


P=5 x 1 xX 
mole ia eee ae 
P"'(x) =-1/50 <0. 


Hence, the maximum profit can be earned when x = 240. 


4 
=>x=240 


© Example 42: A lane runs at right angles out of a road a 
metres wide. Find how many metres wide the lane should be 
if it is just possible to carry a pole b metres long (b > a) from 
the road into the lane keeping it horizontal. 


&Y Solution: Let AB be the pole and AB =b m. 

Let the inclination of the pole with the lane be 8 when the pole is 
about to clear and the width of the lane = w m. 

Then AB = BC + AC = wcosec 0 + a sec 8 


.. b= w cosec 0 + asec 0 
-. W=b sin 0—atan0 (1) 


Here we have to find the largest w for 0 € (0 =) with ends 


of the pole on the lines as shown in the figure. 


Now Sheps bade 
dé 
a 
pa gy _ 20=0; 3A. = 
40 = 0 if b cos 8 —a sec” 6 = 0, i.e., cos*0 b 
a2 
and = b sin 0 —a sec? 0 tanO 
— de 
~ As0<0< uy 2 <0 
> 2 de 


5) 


o|2 


w is maximum when cos?0 = 


1/3 
o- (2 
ie., cos O= (=] 


from (1), the maximum value of w 


= bvV/1—cos? 0 ~avcos” 6-1 


a3 a3 
bil a 1 
b b 
b?3 Vb? 2/3 a2/3 [p23 923 


= (b*8 = ae): 


[\ Note: Here b > a. If b < a then whatever might be the 
width of the lane, the pole can be cleared. Also cos*0 = 7 


will give no 8 other than 90°, in which case the pole is cleared 
irrespective of the width of the lane. 


@ Example 43: One corner of a long rectangular sheet 
of paper of width 1 unit is folded over so as to reach 
the opposite edge of the sheet. Find the minimum length 
of the crease. 


©Y Solution: Let ABCD be the rectangular sheet whose 
corner C is folded over along EF so as to reach the edge AB 
at C’. Let EF = x, ZFEC = 0 = ZFEC’ 

EC = x cos 0 = EC’ 
From A BEC’, we have BE = C’E cos (1 — 20) 
=> BE=-xcos @.cos 20 


BC =BE+EC 
1 =-x cos 0 cos 20 + x cos 8 
1 
= cos 8(1 — cos 20) (1) 


For x to be minimum, Z = 1/x has to be maximum. 
1 

ie., Z=— =cos 0 (1 —cos 20) .(2) 
x 

Differentiating (2) w.r.t. 8 we get, 


dZ 
a0 = cos 9 (2 sin 20) — sin 8 (1 — cos 20) 


dz ; ; 
and oe = cos 0 (4 cos 40) — 2 sin 20 . sin 8 
d 


— sin 9 (2 sin 20) — cos 0(1 — cos 20) 


For maximum / minimum, 


dZ 
— =0=> 2 sin 0(2 —-3 sin? 0) =0 
dé (\ 
sin@=+ V2/3 ( sin@ #0) 
When, sino= |? 
3 
= Zz 5 6% 1 _ 8 rr 
d? 5B 338 VB VB 
A D 
F 
C'RS 
- ws an 
Hence, Z is maximum. 
=> K=5 is minimum. [from (1)] 
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the minimum length of the crease 


I. 1 _ 3v3 
z arvay(i+5) + 


units 


© Example 44: The illumination of an object by a light 
source is directly proportional to the strength of the source and 
inversely proportional to the square of the distance between 
source and the object. Two light bulbs, one 5 times as strong 
as the other, are 1 m apart. At what point on the line between 
the bulbs should a screen be placed so that the illumination it 
receives is minimal? 


@Y Solution: Let the screen be placed at a distance of x m 
from the weaker source. Even through one bulb is 5 times 
as strong as the other, the screen cannot be too close to the 
weaker bulb because of the inverse square rule. The illumi- 

: : k 
nation from the weaker bulb is I, = — 


’ 
x2 


where the constant k depends on the units of measurement. 


~~ ob 5k 
The illumination from the stronger bulb is I, = a 2 
(“)7 —x 


_ The problem is to minimize 


k 5k 
= +———, , for0< x <1. 
x (d—-x) 
There are no end points in this problem since I is defined neither 
atx = Onotatx=1. 
dil 2k 10k 


+ 
dx x? (d-xy 


This derivative is 0 for 
2k 10k 


x? d-x)? 


=> 5x3=(1-x) 


1 
=> (/5)x=l-x => X= * 0.369 


+5 
The physics of the problem suggests that this x gives a 
minimum. As a quick check, take the second derivative: 


d°I 6k 30k 
dx? x* =(-x)* 
which is always positive. Hence the screen should be 
1 
iS 


©@ Example 45: A bus contractor agrees to run special 
buses for the employees of ABC Co. Ltd . He agrees to run 
the buses if atleast 200 persons travel by his buses . The fare 
per person is to be Rs. 10/- per day if 200 travel and will 


=~ 0.369 m from the weaker bulb. 
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be decreased for everybody by 2 paise per person over 200 
that travels . How many passengers will give the contractor 
maximum daily revenue ? 


Y Solution: Let number of passengers be x, which will 
yield maximum profit 


f(x) = x|10- (x - 200) = = for x > 200 


f’ (x) =0 => x= 350 
Thus, 350 passengers will give the maximum revenue. 


@ Example 46: Assuming that the petrol burnt in driving 
a motor boat varies as the cube of velocity, show that the 
most economical speed when going against a current of c 
kilometers per hour is (3/2)c kilometers per hour. 


Y Solution: Let the speed of the boat be v kilometers per 
hour and the distance travelled in 't' hours be c kilometers. 
When the boat is going against the current of c kilometers per 
hour, its resultant speed is (v —c) kilometers per hour. 

t = distance/speed = a/(v — c) hours. 
Now the petrol burnt per hour is kv’, where k is a constant. If 
x is the petrol burnt in t hours, then, 

x = {a/(v—c)} kv=akv*/(v—c). 
For the most economical speed, x should be minimum. | 
Now dx/dv = ak {3v? (v—c) —v*}/(v —c)? 

= ak {2v? — 3v°c)/(v —c)? 


= ak - v?(2v— 3c) 


(Wo)? 

dx/dv = 0 
=> v(2v—-3c)=0 
=> 22v-3c=0, [°. v #0] 
=> v=3c/2. 
Also 
d?x 2 2 1 
re - at] wo? .v (2v—3c)+ ao -6v(Vv o| 

, 6.(3c/2 
When v = cog ae F ¢ ) = 18ak > 0. 
2° dy? (3c /2)-—c 


Using Fork extremum theorem, x is minimum when v = 3c/2 
i.e., the most economical speed is c/2 kilometers per hour. 


© Example 47: A cylinder is obtained by revolving a 
rectangle about the x — axis, the base of the rectangle lying 
on the x — axis and the entire rectangle lying in the region 


x 
between the curve y = — i and the x—axis . Find the 
x7 + 


maximum possible volume of the cylinder . 


xX 
©Y Solution: y =— 
x° +1 


Ta A 


dy _ (x? +1) = 2x? _ box 
dx (x? +1)? (1+x?) 
d 
Now a = 0 = x =1 or-—1. The graph of the function is 


shown below. 


Now V=Ty’ (x, —x,) 
Since the ordinates at A & B have to be equal, 


xX] X94 


2 
xp +1 ee | 


Nx} +x, =x,X7 +x, 
KX, (K- X,)— (x, - x) =0 
(x, —x,) (Kk, x,- 1) =0 


1 
> X=. 
X 


. as (x, # X,) 


mx, (1— x7) 


itive |= 
— emia, = 
Pope 8 = eens | ee (—x?)? 


Let V (x) = = = asx . V'(x) = 0 
=> n[(_ +x’)? (1 — 3x?) -(x—x?) 2(1 + x?)2x] = 
On simplifying we get x*- 6 x?+1=0 


? 6 + 32 Ser ps 
2 


=> v= 


We rejected x = \/3 + 2V2 =2 +1sinceit is greater than 1 . 


Hence, x =,/3 — a0 =/2 -1. 


ya RW2 = DU-=(G=2v2)) 

max (23225) 

_ m2 -1) (22 - 2) _ 
23.0) - 


_2n 3-2V2 on 
~ 8 W2-1% 4° 


I mits = 22) 
Pen 
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| Concept Problems | 


1. The total cost of making n pocket radios per day 


a 
is Rs. [= +35n+ | and the rate at which they may be 3, 


1 
sold to a distributor is Rs. 3 (l00—n)?;. 


For a maximum total profit, find the daily output. 
2. Arectangle is inscribed ina sector ofacircle ofradiusR, 4. 
the central angle of the sector being a right angle. One of 


the vertices of the rectangle coincides with the centre of 
the circle and the opposite vertex lies on the circumference. 


Find the lengths of the sides of the rectangle that has the 
greatest area. 


The base of a painting on a wall is a feet above the eye 
of an observer. The vertical side of a painting is b feet 
long. How far from the wall should the observer stand to 
maximize the angle that the painting substends? 


Let f be a differentiable function and let A be a point not 
on the graph of f. Show that if B is the point on the graph 
closest to A, then the segment AB is perpendicular to the 
tangent line to the curve at B. 


Practice Problems H 


5. Show that the greatest chord through a point ofintersection 9. 
of two given circles is that which is parallel to the line of 
centres. 

6. A truck is to be driven 300 miles at a constant speed of x 
miles per hour. Speed laws require 30 < x < 60. Assume 2 3 
that fuel costs 30 rupees per litre and is consumed at the el 
rate of 2 + x?/600 litres per hour. If the driver's w: . 
are D rupees per hour and if he obeys all speed | 
find the most economical speed and the cost (6 a trip if 
(a) D =0, (b) D= 10, (c) D = 20, (d) D = 30 (e) 

7. A log 12 feet long has the shape of a frustum of a sight 
circular cone with diameters 4 feet and (4 + h) feet at 
its ends, where h > 0. Determine, as a function of h, the 
volume of the largest right circular cylinder that can be 
cut from the log, if its axis coincides with that of the log. 

8. It can be proved that if f is differentiable on (a, b) and 
Lis a line that does not intersect the curve y = f(x) over 
an interval (a, b), then the points at which the curve is 
closest to or farthest from the line L, if any, occur at points 
where the tangent line to the curve is parallel to L (see the 
accompanying figure). Use this result to find the points 
on the graph of y =-x”?,-1 <x < L5, that are closest to 
and farthest from the line y = 2 —x. 


YA Perpendicular _], 


11. 


12. 


13. 


14. 


15. 


16. 


Suppose that the equations of motion of a paper airplane 
during the first 12 seconds of flight are x =t— 2 
in t,y = 2-2 cost, (0 <t< 12). What are the highest and 


Noe points in the trajectory, and when is the airplane at 
we those points ? 


If 1200 sq. cm of material is available to make a box with 
a square base and an open top. Find the largest possible 
volume of the box (in cubic cm). 


Find the equation of a line through (1, 8) cutting the 
positive semi axes at A and B if 
(i) the area of AOAB is minimum 
(ii) its intercept between the coordinate axes is minimum. 
(ii) sum of its intercept on the coordinates axes is 

minimum. 
Find the two positive numbers x and y whose sum is 35 
and the product x? y*> maximum. 
Two towns A and B are situated on the same side 
of a straight road at distances a and b respectively 
perpendiculars drawn from A and B meet the road at point 
c and d respectively. The distance between C and D is C. 
A hospital is to be built at a point P on the road such that 
the distance APB is minimum. Find position of P. 

2 


2 
A normal is drawn to the ellipse se +2 =], 


16 
Find the maximum distance of this normal from the 
centre. 
A line is drawn passing through point P(1, 2) to cut 


positive coordinates axes at A and B. Find minimum area 
of APAB. 


If6+ Y =a (constant), show that sinO. siny has maximum 
value when 0 = y,0<0<a. 
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7.15 Asymptotes 


A straight line is called an asymptote to a curve if the distance 
between a point tracing the curve and the straight line tends to 
zero as this point recedes to infinity. 


© Note: 

(1) A point is said to recede to infinity if the distance from 
this point to the origin (or some fixed point increases 
indefinitely. 

(ii) Given the asymptotes of a curve, we can approximate to 
a good accuracy the coordinates of points along a curve 
far from the origin. 

(iii) Not every curve has an asymptote while some curves have 
several asymptotes. 

The figure shows a graph that approaches the horizontal 
line y =2 as x -©o, the vertical line x = 3 as x approaches 
3 from either side, and the slanted line x—2y = 2 as x > 0. 
This is referred to as asymptotic behaviour, and the lines 


1 
y =2,x=3 andy= a —1 are called asymptotes of the 
graph. 


megs 17 horizontal ~~ — > 
55-60 asymptote ~ 


y=mxt+b 


oblique 


asymptote asymptote lim f(x) =—oo 
x3] 


A typical graph with asymptotes 


When finding aymptotes, we distinguish between horizontal, 
vertical and oblique (slanted or inclined) asymptotes, that is, 
between straight lines parallel to the x- axis or y-axis and those 
that are not. Now, we consider the formal definition of the three 
kinds of asymptotes. 


Horizontal Asymptotes 
If either lim f(x) = L or lim f(x) = L, then the line 
x—00 i—>—-@ 


y = Lis a horizontal asymptote of the curve y = f(x). If it 


turns out that lim f(x) = 0 (or — 00), then we do not have an 
x—00 


asymptote to the right, but that is still an useful information 
for sketching the curve. 

The graph of the function y = f(x) (we assume the function 
is single-valued) cannot have more than one right (inclined 
or horizontal) and more than one left (inclined or horizontal) 
asymptote. 


@ Example 1: Using lim e™*cosx, find the horizontal 


X00 
asymptote to the curve y = e~* cos x. 


@Y Solution: We cannot use the product rule since 
lim cos x does not exist (it diverges by oscillation). 
x—00 


COS X 
& Note:) However, that e* cos x = —,— must become 
e 


smaller and smaller as x—oo since the numerator cos x lies 
between —1 and 1, while the denominator e* grows larger and 
larger. 


Thus, lime“ cosx =0 and y=0 is a horizontal asymptote. 
x70 


©@ Example 2: Find the right horizontal asymptote of the 
function f(x) = 4e7*/(1 + e*). 


@Y Solution: Upon dividing numerator and denominator 
by e**, we find that 
2x 
i= de =e 4 . 
© dey e* +1) 
Thus the curve y = 4e”*/(1 + e*)* has the line y = 4 as a horizontal 
asymptote. 


>4 asx >, 


‘Vertical Asymptotes 


The line x = a is a vertical asymptote if at least one of the 


following statements is true : 


lim f(x) = 00 lim f(x) = 
lim, f(x) =— 0 lim f(x) =—0 


For rational functions we can locate the vertical asymptotes by 
equating the denominator to 0 after cancelling any common 
factors. But for other functions this method does not apply. 
Furthermore, in sketching the curve it is very useful to know 
exactly which of the statements above is true. If f(a) is not 
defined but a is an endpoint of the domain of f, then we should 
compute lim f(x) or lim_ f(x), whether or not this limit is 
xa xa 
infinite. 
Oblique Asymptotes 
If there are limits 
lim eC) 
X30 X 
then the straight line y = m,x +c, will be an asymptote 
(a right inclined asymptote or, when m, = 0, a right horizontal 
asymptote). 
If there are limits 
f(x) 


lim ——=m, and lim [f(x)-m,x]=c,, 
X-0 X see 


=m, and lim [f(x) — mx]=c,, 
x70 


then the straight line y = m,x +c, is an asymptote (a left inclined 
asymptote or, when m, = 0, a left horizontal asymptote). 


© Example 3: Find the asymptotes of the curve 
3 
y=2x+ .o 1. Also, illustrate the position of the curve relative 


to its asymptotes. 


© Solution: As x > 0*,y > owandasx >07,y>-@, 
Hence, x = 0 is a vertical asymptote. 


2 
Now, we have jim = lim 2x" -xX+3 =9 
X00 K x00 x2 
: , Wet =k45 
and lim y—2x = lim = = 2x 
X00 X00 x 
a eee 


x00 x 


Hence, y = 2x — | is an oblique asymptote. 
Now, we have 


[2x+2 i (2x j- some se 
Xx Xx 


<Oasx>-© 
Hence, the curve lies above its asymptote y = 2x — 1 asx > 0 
and below its asymptote y = 2x — | as x 4-00. 


© Example 4: Find the asymptotes of the curve 


y= . 
ed 


©Y Solution: Equating the denominator to zero, we get two 
vertical asymptotes: x =— 1 andx= 1. 

We seek the inclined asymptotes. 

For x — © we obtain 


2 
a a | 


X90 y Ix? -] 


x? =%/* -1 45 
Ph a | , 


Hence, the straight line y = x is the right asymptote. 


m, = lim 
x0 X 


ore 
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Similarly, when x — —co, we have 


lim ~ =-1 
xXx7>-0 X 


M»>) = 
cy = lim (y+ x)=0. 
xXx>-0 


Thus, the left asymptote is y = —x (see figure). Testing a curve 
for asymptotes is simplified if we take into consideration the 
symmetry of the curve. 


© Example 5: Find the asymptotes of the curve 
y=x+4+2tan'x. 


G Solution: It is easy to see that the curve does not 
possess either vertical or horizontal aymptotes. Let us find 


__ inclined asymptotes: 


7) -l -l 
J & me lim x+2tan x = tnt ps2 5 1 


x—00 x x00 xX 


c, = lim (x + 2tan"'x — x) = 2(n/2) =n. 
x70 
y =x + is the right inclined asymptote. 


_ x+2tan! x . 2tan!x 
(i) m,= lim ———W— = lim | 1+——— }=1 
2 X——00 x xX—>—00 X 


c,= lim (x + 2tan'x — x) = 2(-1/2) = —n. 
X>-00 


y = x-—is the left inclined asymptote. 


© Example 6: Find the asymptotes of the curve 
y=x+Inx. 


©& Solution: Since lim y= -%0, 
x>0° 


the straight line x = 0 is a vertical asymptote. Let us now 
test the curve only for the right inclined asymptote (since 
x >0). 

We have: 


m= lim =1 
x0 X 


c= lim(y — x) = lim Inx=o0 
x70 x70 


Hence the curve has no inclined asymptote. 


1 
© Example 7: Let f(x) = sO txt tye? x41) 
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Y Solution: We compute the limits: 


f(x) 1. xe +e41 4402 -x41 
=— lim = 


2x30 X 


m= lim 1 


x70 X 


c= lim[f(x)-—mx] 


1 
~ —lim[x? +x +14 Vx? -x+1-2x]=0, 
x70 
Thus, the straight line y = x is an asymptote of the graph of the 
given function as x + 0 
Let us now consider the limits as x — —0o 


. f(x) 1, de ee Se 
m= lim =— lim =] 
x>-0 X 2 x>-0 xX 
c= lim [f(x)—kx] 
xX—-00 


1 
= 5 lim (vx? 4x414+V¥x2—x4+14+2x]=0 
X—>—00 


Consequently, the line y = —x is an asymptote of the graph of 
the given function as x + — ©. The graph is shown in the figure. 


©@ Example 8: Find the asymptotes of the curve 


y= ix i =2). 


Y Solution: The function is defined on the intervals 


(—00, 0) and (2, 00). Since a Jx°/(x—2) =o the line x =2 
x>2° 


is a vertical asymptote of the curve. 
The curve does not have horizontal asymptotes since 


: : 3 : 

lim Jx° /(x—2) and lim ./x°/(x-2) arenot finite values. 
x70 X>-00 
Let us determine whether there are inclined asymptotes. 


£) _ tim [e/@=% 


(i) m,= lim 
X—>00 4 


x70 X 


: x , 1 
= lim = lim ,| =1 
x90 Vx—-2 x>0 V1—2/ 


3 
c, = lim[f(x)—m,x]= in| = -s 


X00 X70 


=a x(vx —Vx-2) _ x(x —x +2) 


im 
x-2 x0 x —2(yx +-V¥x-2 


2 
= lim 


Thus we see that there s a right inclined asymptote 


x00 


y=xtl. 
an 3 _ 
Gi) k= tim £2 = tig [RM=2) 
xX7>-00 XX x—>—00 x 


= z, vVx/a-2) 
= lim -+————— 
X——00 —] 


(we have divided the numerator and denominator by the 
positive value —x), 1.e. 


1 
m,= — lim =-l 
x>-0 V1-2/x 


— 3 
r™~Y : x 
* Cc, = lim [f(x) — m,x] = lim | + | 
~ 2 x0 2 x-2 


xX>-00 


t= 
= 
18 
a 
Tv 
| | > 
~ IO 
+ 
Pal 
nn 
iI 
te 
5 
| 
Pal 
l 
Pal 
+ 
Pat 
i 
| 
Pal 


2 in x(-—x -—2+x) 
x0 /2—x (vx +.J2 -x) 


Thus, there exists a left inclined asymptote y = —x — 1. 


© Example 9: Find the asymptotes of the curve 


ea 


xX 


Y Solution: We first look for vertical asymptotes : 
When x > 0,y—> 

When x > 0°, y > -© 

Therefore, the straight line x = 0 is a vertical asymptote. 
Now, we look for inclined asymptotes : 


2 —x? 
2 time te oe 


x—to X X— too »¢ 


2 -x? 
_x]= lim | X_+2x727 
ly - x] in, | : x 


Finally, c = 2 

Therefore, the straight line y = x + 2 is an inclined asymptote 
to the given curve. 

To investigate the mutual positions ofa curve and an asymptote, 
let us consider the difference of the ordinates of the curve and 
the asymptote for one and the same value of x : 


=x 


x? £25 0° —(x+2)=- 
Xx 

This difference is negative for x > 0 and positive for x < 0; and 

so for x > 0 the curve lies below the asymptote, and for x < 0 


it lies above the asymptote. 


©@ Example 10: Find the asymptotes of the curve 
y=e*sinx +x. 


Y Solution: It is obvious that there are no vertical 


asymptotes. Now we look for inclined asymptotes : 


—-X i> 

: : e  sinx +X eth, 

m= ia, = dys — ”, 
X00 X X—>00 > 4 


= jim pe ne “1 = 
x00 x 


c= lim [e*sinx+x-—x]= lim e*sinx =0 
x—00 x—00 


Hence, the straight line y = x is an inclined asymptote as 
Xx > 0, 
The given curve has no asymptote as x > — . Indeed, the limit 


=. 
ci ‘ ‘ e€ 2 
lim > does not exist, since Ye © ginx +1. (Here, the 
Ro x x 
first term increases without bound as x > — and, therefore 
it has no limit.) 


Oblique Asymptotes in Rational Functions 


If a rational function P(x)/Q(x) is such that the degree of the 
numerator exceeds the degree of the denominator by one, then 
the graph of P(x)/Q(x) will have an oblique asymptote, that is, 
an asymptote that is neither vertical nor horizontal. To see this, 
we divide P(x) by Q(x) to obtain 

P(x) R(X) 


Q(x) = (ax +b) + Q(x) 


where ax + b is the quotient and R(x) is the remainder. 
We use the fact that the degree of the remainder R(x) is less 
than the degree of the divisor Q(x) to help prove 
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lim Ee -tox)| =0 
x] Q(x) 

. P(x) 7 _ 
tin | Fe x) 7 ° 


As illustrated in the accompanying figure, these results tell us 
that the graph of the equation y = P(x)/Q(x) “approaches” the 
line (an oblique asymptote) y = ax + b as x — © or as X + -00. 


@ Example 11: Find the oblique asymptote of the curve 


.\ 2 
with equation y = SR Ded 
‘a ton x+2 
“#\y 2 
@ Solution: By division X_*4%*9 _ x 494 9 
x+2 x+2 


Because the term 


tends to zero as x approaches infinity, 
x+ 


the oblique asymptote of the curve is the line y = x + 2. 
© Example 12: Find the asymptotes of the graph of 
x7 =3 

2x-4 0 


f(x) = 


Y Solution: Weare interested in the behaviour as x > +00 
and also as x + 2, where the denominator is zero. We divide 
(x? — 3) by (2x — 4): 


3 Sie 2 
f(x) = =2 2x —4 
2x—4 linear remainder 


Since lim, _, ,. f(x) = 00 and lim, . f(x) =— ©, the line x = 2 
is a vertical asymptote. 

As x — +00, the remainder approaches 0 and 

f(x) — (x/2) + 1. The line y = (x/2) + 1 is an asymptote both 
to the right and to the left. 


© Example 13: Show that the graph of f(x) = (x? + 1)/x 
approaches the graph of y = x’. 


&Y Solution: [f(x)—x?]=0. This shows that the 


lim 
x—>t00 
graph of f approaches the graph of y = x” and we say that the 
curve y = f(x) is asymptotic to the parabola y = x”. 


7.74 DIFFERENTIAL CALCULUS FoR JEE Main AND ADVANCED 


Conceptiproblems J 


1. Verify that each of the following functions has two 
horizontal asymptotes. 


See oe 
) f= (i) f= Tay 


ax 
2. Consider the function f(x) = ¥—b * 


(i) Determine the effect on the graph of fifb #0 anda 
is varied. Consider cases where a is positive and a is 
negative. 

(ii) Determine the effect on the graph of fifa #0 and b 
is varied. 

3. Find an equation of the oblique (slant) asymptotes. 


x 4x3 2x72 45 
(@) y= Re, a 


x+1 2x? +x-3 
4. Find the oblique asymptote of the curve with equation 


Gi) y= 


_ x? 43x47 
oc) 


Practice Problems 


6. Find constants a and b that guarantee hat eg of 

ax +5 
3—bx 
asymptote at x = 5 and a horizontal asymptote at y =—3. 


the function defined by f(x) = will have a vertical 


7. Use the following information to find the values of a, b and 
c in the formula f(x) = (x + a)/(bx? + cx + 2). 
(1) The values of a, b and c are either 0 or 1. 
(ii) The graph of f passes through the point (— 1, 0). 
(iii) The line y = 1 is an asymptote of the graph of f. 
8. Find the asymptotes of the following curves: 


x? — 6x +3 
Gg y= a (ii) y=x tan!x 
(iii) y=x+(sinx)/x (iv) y= In(4— x’) 
1 
= = eis 
(v) y=2x-—cos - 


9. Show that the curve y = x — tan'x has two slant 
asymptotes: y =x + 2/2 and y =x —7/2. Use this fact to 
help sketch the curve. 


10. Show that the curve y = Vx*+4x has two slant 
asymptotes: y=x+2 and y=-x-2. 


7 43R4'7 5 
=x+l1+ 
+2 x+2 
Because the final term tends to zero as x grows, the asymptote 


is the line of the equation y=x + 1. 


©Y Solution 1 By division 


Y Solution 2 Follow a procedure frequently used in 
calculating limits at infinity: 


3 7 
x7 43x47 _ See 
x+2 in2 

x 


For large x, the value is approximately x + 3, so the asymptote 
should be the line of the equation y = x + 3. Which solution is 
wrong ? What is wrong ? 
5. Find the asymptotes of the following curves: 
2 
COS X én’ x | 3x 


() y=2x-=> Gi) y= 


11. Discuss the asymptotic behaviour of f(x) = (x*+ 1)/x w.r.t. 
the curve y = x*. Then use this result to help sketch the 
graph of f. 

12. Let f(x) = (2 + 3x — x3)/x. Show that y = f(x) approaches 
the curve y = 3 — x” asymptotically. Sketch the graph of 
y = f(x) showing this asymptotic behaviour. 

13. Show that, in general , the graph of the function 


2 
ax’ +bx+c 
f(x) = eo 


rx” +sx+t 
asymptote and that when br ¥ as, the graph will cross this 


; a . 
will have y = — as a horizontal 
r 


asymptote at the point where x = le , 

br —as 

14. Consider the rational function 

aX +a, Xt... ajX +ag 

66" 4b xO S| tbe tb, 

(i) Ifm>nandb_# 0, show that the x-axis is the only 
horizontal asymptote of f. 

(ii) If m =n, show that the line y = a/b, is the only 
horizontal asymptote of f. 

(iii) Ifm <n,is it possible for the graph to have a horizontal 
asymptote. 


f(x) = 


7.16 Points Of Inflection 


A point where the graph of function is continuous and has a 
tangent line and where the concavity changes is called point 
of inflection. 

At the point of inflection either f"(x) =0 or f"(x) fails to exist, 

and f"(x) changes sign about the point. 

(1) Let f"(x) < 0 for x <a and f"(x) > 0 for x > a. Then for 
x <a the curve is concave down and for x >a, it is concave 
up. Hence, the point A of the curve with abscissa x = a is 
a point of inflection. 


(2) If f"(x) > 0 for x <b and f"(x) < 0 for x > b, then for x 
<b the curve is concave up, and for x > b, it is concave 
down. Hence the point B of the curve with abscissa x = b 
is a point of inflection 


Y 


D Note: 


a d? 
qa) If re > 0 then y is concave up and if = <0 the y is 


concave down. 

(ii) At the point of inflection, the curve crosses its tangent at 
that point. 

(iii) A function can not have point of inflection and extrema at 
same point. 

Consider the Following Examples: 

(i) f (x) =x! at x = 0 has inflection point. y" does not exist 
atx =0. 
Note that f (x) has a vertical tangent and the curve crosses 
its tangent line. 


Y 


Vertical tangent 
atx = 


Xx 


Na 0) 


inflection point 


?) ey f@ex= 


Maxima AND Minima $7.75 


qi) f 4 x? at x = 0 has inflection point 
"=0 atx =0 and changes sign 


"¥ 
xX 
(iii) f (x) = x* at x = 0 has no inflection point though y "= 0 at 
x = 0 as y " does not change sign 


XT? 

x 

(iv) f(x) =|x?— 1] has no inflection scan in its domain. 
as no tangent can be drawn at x = + 


~ VAY 


4x3+ 10 f()>0 & f(2)<0 
y' =4x*(x-3) => y'=0Oatx =0andx =3 
(change sign only at x = 3) 
y" = 12x(x-2) > y"=0atx=Oandx=2 
2 
The sign scheme of a is shown below : 
x 


+ = + 


—_—|—_} “— 
0 2 


Thus, x = 0 and x = 2 are points of inflection. 
Also, x = 3 is the point of minima as y’’(3) > 0. 


has x = 0 as point inflection. 


(vi) f(x) = in| = 
vil xX)=sInN 1x? 


x =+ | are not the points of inflection as no tangent line 
can be drawn. 
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Cusps 

A point on a graph where the curve makes an abrupt change 
in direction is called a corner. 

Corner points are such points of the curve, where the right- 
hand and the left-hand derivatives of the function f(x) have 


different values. 


¥ 
A 


0 a xX 


A special point of this type is called a cusp. A feature of such 
a point is that, as x approaches the point, the derivative f’(x) 
tends to © on one side of the point and to — o0 on the other 
side. The slope of the tangent changes in jump-like manner, 
and the graph does not have a definite direction of the tangent 
at these points. 


Definition The graph of a continuous function y = f(x) has 
a cusp at a point x = c if the concavity is the same on both 
sides of c and either 


(i) 


lim f’(x) =e and 


lim f'(x) =o, or led 
xOc xc PS) 
.S) 


(ii) lim f’(x)=-c° and 
x>Cc” 


lim f'(x) =0 
x>c" 


A cusp can be either a local maximum as in (i) or a local 
minimum as in (ii). 
For example, consider y = x*? — 5x”. 


y = x3 (x—5) 
5 10 5 

y'= 5 x23 - x13 = : x3 = (x —2) 
10 0 10 

y” = 9 x8 + x43 = 9 x43 (x } 1) 


53 _ 5x? ig continuous, 


(i) The function y =x 

(li) y' > «asx —0-and y’ >-as x > 0* (see the formula 
for y’), and 

(iii) The concavity does not change at x = 0. 


This tells us that the graph has a cusp at x = 0. 


© Example 1: Sketch a possible graph of a differentiable 
function f that satisfies the following conditions: 
(i) f'(x)>0 on(—, I), 
f' (x) <0 on (1, ©) 
(ii) £" (x) > 0 on (—~, —2) and (2, «), 
~£"@) <0 on (—2, 2) 
iii) lim f(x)=-2, lim f(x)=0 
X>-00 x00 


a 


y 

©Y Solution: Condition (i) tells us that f is increasing on 
(— co, 1) and decreasing on (1, «). 

Condition (ii) says that f is concave upward on (— 00, — 2) and 
(2, ©), and concave downward on (— 2, 2). 

From condition (iii) we know that the graph of f has two 
horizontal asymptotes: y = — 2 and y = 0. 

We first draw the horizontal asymptote y = — 2 and a dashed 
line. We then draw the graph of f approaching this asymptote 
at the far left, increasing to its maximum point at x = | and 
decreasing toward the x-axis at the far right. We also make sure 
that the graph has inflection points when x =— 2 and 2. Notice 
that we made the curve bend upward for x <—2 and x > 2, and 
bend downward when x is between — 2 and 2. 


Goncept, Problems K 
1. The graph of the first derivative f' of a function fis shown. (i) On what intervals is f increasing? Explain. 


(ii) At what values of x does f have a local maximum or 
minimum? 

(iii) On what intervals is f concave upwards or concave 
downwards? 

(iv) What are the x-coordinates of the inflection points 
of f? 


7.17 Curve Sketching 


The following checklist is intended as a guide to sketching a 
curve y = f(x). Not every item is relevant to every function (For 
instance, a given curve might not have an asymptote or possess 
symmetry.). But the guidelines provide all the information one 
needs to makea sketch that displays the most important aspects 
of the function. 


A. Domain 


It is often useful to start by determining the domain D of f, that 
is, the set of values of x for which f(x) is defined. Also find the 
values of the function at the points of discontinuity and the 
endpoints of the domain. 


B. Intercepts 


The y-intercept is f(0) and this tells us where the curve intersect 
the y-axis. To find the x-intercepts, we set y = 0 and solve for x. 
(We can omit this step if the equation is difficult to solve.) 


C. Symmetry 


(i) If f(—x) = f(x) for all x in D, that is, the equation of the curve 
is unchanged when x is replaced by —x, then f is an even 
function and the curve is symmetric about the y-axis. This 


Here are some examples : y = x*, y = |x|, and y = cos x. 

(ii) If f(x) = -f(x) for all x in D, then f is an odd. function 
and the curve is symmetric about the origin. Again we can 
obtain the complete curve if we know what it looks like 
for x = 0. [Rotate 180° about the origin; see Figure (b).] 
Some simple examples of odd functions are y = x*, y = x°, 
and y = sin x. 


Y 


(a) Even function 


Y. 


(b) Odd function 


(iii) If f(x + T) = f(x) for all x in D,where T is positive constant, 
then f is called a periodic function and the smallest such 
number T is called the period. For instance, y = sin x has 
period 27 and y = tan x has period z. If we know what 
the graph looks like in an interval of length T, then we can 
repeat the same segement of the graph to sketch the entire 
graph. 
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D. Asymptotes 


Find the horizontal, vertical and oblique asymptotes, if 
available. 


E. Intervals of Increase/Decrease 


Compute f’(x) and find the intervals on which f’(x) is positive 
(f is increasing) and the intervals on which f'(x) is negative 
(f is decreasing). 


F. Local Maximum and Minimum Value 


Find the critical points of f [the number c where f’(c) =0 
or f’(c) does not exist]. Then use the First Derivative Test. If f” 
changes from positive to negative at a critical number c, then 
f(c) is a local maximum. If f’ changes from negative to positive 
at c, then f(c) is a local minimum. We can also use the Second 
Derivative Test if c is a stationary point. f’’(c) > 0 implies that 
f(c) is a local minimum, whereas f’'(c) < 0 implies that f(c) is 
a local maximum. 


G. Concavity and Points of Inflection 


Compute f’"(x). The curve is concave up where f’’(x) > 0 and 
concave down where f"(x) < 0. Inflection points occur where 
the direction of concavity changes about a tangent. 


a:k ‘Sketch the Curve 


means that our work is cut in half. Ifwe know what the curve _ 
looks like for x > 0, then we need to only reflect about _ 


: — ‘Using the infomation in items A — G, draw the graph. Sketch 
the y-axis to obtain the complete curve [see Figure (a)]. 


the asymptotes as dashed lines, Plot the intercepts, maximum 
and minimum points, and inflection points. Then make the 
curve pass through these points, rising and falling according 
to E, with concavity according to G, and approaching the 
asymptotes. If additional accuracy is desired near any point, 
you can compute the value of the derivative there. The tangent 
indicates the direction in which the curve proceeds. 


The following table contrasts the interpretations of the signs 
of f, f’, and f”’. (It is assumed that f, f’, and f”’ are continuous.) 


Information on graphs based on derivatives : 


(a) - ) = 1 c) 


differentiable => f'>0 = rises from f'<0 = falls from 
smooth,connected; left to right; may be left to right; may be 


(b 


may rise and fall wavy 


f ae 
oa sign 


f' <0 = concave 
down throughout; no 
waves; may rise or fall 


f'">0 = concave up 
throughout; no waves 
may rise or fall 


=> inflection point (if f 
is twice differentiable) 


f'=Oandf"<0 
at a point 


f'=Oandf">0 
at a point 


f' changes sign > 
local maximum or 
local minimum 


© Example 1: Use the guidelines to sketch the curve 


2x? 


=i" 


y= 
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© Solution: 


A. 
B. 
C. 


The domain is x € R— {-1, lL}. 
The x-and y-intercepts are both 0. 
Since f(—x) = f(x), the function f is even. The curve is 
symmetric about the y-axis. 
2 

lim = tim > =2 
x>ite x" —] x>te]—-1/x 
Therefore, the line y = 2 is a horizontal asymptote. 
Since the denominator is 0 when x = +1, we compute the 
following limits : 


: 2x? 2 
lim +— =o lim ~*_ =a 
xol x“_] x—>1 x? -] 
on Oe > Ox? 
lim 2 = lim = — 
xo-T x*—] x31 x? _] 
Therefore, the lines x = 1 and x = —1 are vertical 


asymptotes. This infomation about limits and asymptotes 
enables us to draw the preliminary sketch, showing the 
parts of the curve near the aymptotes. 
4x(x*-1)-2x7.2x 4x 

Gai Ca 


f(x) = 


Since f(x) > 0 when x < 0 (x #-1) and f(x) < 0 when @ 


x > 0 when x > 0 (x ¥ 1), f is increasing on (— », -1 and 
(—1, 0) and decreasing on (0, 1) and (1, ©). AND 
The only critical point is x = 0. Since f changes from 
positive to negative at 0, f(0) = 0 is local maximum by the 
First Derivative Test. 


—4(x? -1)? —4x.2(x? -1)2x _ 12x? +4 


f' = 
(x) (x2 -1)4 (x2 -1)3 
Since 12x*+ 4> 0 for all x, we have 
f""(x) > 0 =>x-1>0 => |x|>1 


and f(x) < 0 => |x| < 1. Thus, the curve is concave up on 
the intervals (— co, —1) and (1, ©) and concave down on 
(—1, 1). It has no point of inflection since 1 and —1 are not 
in the domain of f. 


Using the infomation in E — G, we finish the sketch. 


© Example 2: Sketch the graph of f(x) = 


x? 


Vx+l1 


Y Solution: 


A. 
B. 
C. 


Domain is x € (—1, «) 
The x- and y-intercepts are both 0. 
Symmetry: None 


x? 


Since lim 
x—00 


i = © there is no horizontal asymptote. 
X+ 


Since VX +1 — 0 as x > 1* and f(x) is always positive, 
2 


. x 
h lim = 00 
we nave oas Gea ‘I 
and so the line x =—1 is a vertical asymptote. 
2xVx+1—x7.1/(2Vx+1) _ x(3x+4) 


x+1 2641" 


f(x) = 


We see that f’(x) = 0 when x = 0 (notice that -> is not 


in the domain of f), so the only critical point is 0. Since 


— £@) < 0 when —1 < x < 0 and f(x) > 0 when x > 0, fis 
_ decreasing on (—1, 0) and increasing on (0, ©). 


Since f’(0) = 0 and f changes from negative to positive at 
0, f(0) = 0 is a local (and absolute) minimum by the First 
Derivative Test. 


2(x +1)*? (6x +4) — Bx? +4x)3(x +1)? 
A(x +1)° 


"(x)= 


_ 3x7 +8x+8 
A(x +1)°? 


Note that the denominator is always positive. The numerator 
is the quadratic 3x? + 8x + 8, which is always positive 
because its discriminant is b>—4ac =—32, whichis negative, 
and the coefficient of x? is positive. Thus, f’(x) > 0 for all 
x in the domain of f, which means that fis concave upward 
on (—1, 0) and there is no point of inflection. 


The curve is sketched below. 


Y 


© Example 3: Sketch the graph of f(x) = xe* 

©Y Solution: 

A. The domain is R. 

B. The x- and y-intercepts are both 0. 

C. Symmetry : None 

D. Because both x and e* become large as x — 00, we have 


lim xe* = 00. As x > — ©, however, e* > 0 and so we 
x—00 


have an indeterminante product that requires the use of 
L Hospital’s Rule: 


lim xe* = lim 
x00 x>-0 @- 


= lim — lim (-e*) =0 

a X—>—00 -e * X——00 
Thus, the x-axis is a horizontal asymptote. 

E. f(x) =xe* + e*=(x+ I)e* 
Since e* is always positive, we see that f(x) > 0 when x 
+ 1>0, and f(x) < 0 when x + 1 <0. So, f is increasing 
on (—1, 0) and decreasing on (— «, —1). 

F. Because f’(—1) = 0 and f changes from negative to positive 
at x =—1, f(-1) =-e"' is a local (and absolute) minimum. 

G. f(x) =(k + De* + & = (K + 2)e* 


Since f(x) > 0 ifx >—2 and f(x) < 0 ifx <—2, fis concave — 
upward on (—2, 00) and concave downward on (— ©, — 2). 4 
The inflection point is (-2, —2e”). ga S) 


H. We use this information to sketch the curve as shown in 
the figure. im >’ 


Y y= xe" a 


(-1, -1/e) 


@ Example 4: Determine where the function f(x) = x*— 
4x? + 10 is increasing and decreasing and where its graph is 
concave up and concave down. Find the relative extrema and 
inflection points and sketch the graph of f . 


©Y Solution: f(x) = 4x3 — 12x? = 4x? = 4x?(x — 3) 

It is zero when x = 0 and 3. Because 4x” > 0 for x #0, we have 
f'(x) < 0 for x <3 (except for x = 0) and f(x) > 0 for x > 3. The 
pattern showing where f is increasing and where it is decreasing 
is displayed in the figure. 


PX) 


= + 
0 3 
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Next, to determine the concavity of the graph we compute 
f"(x) = 12x? — 24x = 12x(x — 2) 

If x < 0 or x > 2, then f"(x) > 0 and the graph is concave up. 

It is concave down when 0 < x < 2, because f"(x) < 0 on this 

interval. The concavity of the graph of f is shown in the figure. 


£"(x) 
+ = + 
0 2 


The sign scheme tell us that there is a relative minimum at x = 3 
and inflection points at x = 0 and x = 2( because the second 
derivative changes sign at these points). 
To find the y-values of the critical points and the inflection 
points, evaluate fat x = 0, 2, and 3: 

f(0) = (0)* — 4(0)° + 10 = 10 

f(2) = (2)*- 4Q)° + 10 =-6 

f(3) = (3)*- 43) + 10 =-17 
Finally, to sketch the graph of f, we first place a "cup" at the 
minimum point (3, —17) and note that (0, 10) and (2, —6) are 
inflection points; remember there is also a horizontal tangent 
at (0, 10). The preliminary graph is shown in the figure. 


Now ‘we complete the sketch by passing a smooth curve 
through these points, using the two sign schemes as a guide 


for determining where the graph is rising and falling and 
_ where it is concave up and down. The final graph is shown in 


the second figure. 


YA Inflection point 


Falling 


concave 0 Xx 
ai ~6) Inflection 
up . 
point 
(3,-17) 
Relative minimum 
Preliminary Sketch 


Final Graph 


© Example 5: Sketch the graph of f(x) = e'*. 


&Y Solution: Notice that the domain of fis x ¢ R— {0} so 
we check for vertical asymptotes by computing the left and 
right limits as x > 0, 
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F 1 
lim e!* = jimet =00 
x>0° t00 


and this shows that x = 0 is a vertical asymptote. 


lim e!/* 


— lime’ 0 
x30" 


t>-00 


As x — +00, we have |/x — 0 and so 


li 1/x _ 
ree = e ~ 1 
This shows that y = | is a horizontal asymptote. 
1/x 


e 
Now f'(x) = —~—>. 
Xx 


Since e’* > 0 and x? > 0 for all x # 0, we have f'(x) < 0 for 
all x # 0. Thus, fis decreasing on (—c0, 0) and also on (0, «). 
There is no critical point, so the function has no maximum or 
minimum. The second derivative is 


x7el*(-1/x")-e"*(2x)_ e/*(2x +1) 


io) = <i x! 


1 
Since e'*> 0 and x*> 0, we have f"(x) > 0 when x > 9 (x#0) 


and f"(x) < 0 when x < ~ 7 - So the curve is concave down ee 


on (—00, _) ). and concave up on ( “5? 0) and on (0, 0), The 


. : tee 1 
inflection point is ar ,e7). 


To sketch the graph of f we first draw the horizontal asymptote 
y = 1(asa dashed line), together with the parts of the curve near 
the asymptotes in a preliminary sketch. These parts reflect the 
information concerning limits and the fact that f is decreasing 
in (co, 0) and (0, 2). Notice that we have indicated that f(x) > 
0 as x > 0° even though f(0) does not exist. In the final graph 
we draw the graph by incorporating the information concerning 
concavity and the inflection point. 


Xx 
(a) Preliminary sketch 


(b) Final graph 


©@ Example 6: Sketch the graph of f(x) = x?5(2x + 5). 


© Solution: We find the first and second derivatives and 
write them in factored form. 
f(x) = 2x99 + 5x79, 


f'(x) = 2( 3}. +3(3)} x" = MO A aay 
3 3 3 


10/2) 173 10( 1) 43 10 4/3 
' = x + x =—x 2x1 
P= 5 (=) 3 [ *) 9 vas 


We see f'(x) = 0 when x =—1; f(x) does not exist at x = 0. The 
critical points are —1 and 0. 


1 
f"(x) =0 when x= F ; f"(x) does not exist at x = 0. The second- 


1 
order (hyper) critical points are a and 0. 


Check the intervals of increase and decrease and of concavity 
f'(x) f"(x) 


These sign schemes suggest that the graph of f has a relative 
maximum at x = —l, a relative minimum at x = 0, and an 


1 
inflection point at x = a We must find the y-coordinates of 


these points by evaluating f : 


1 6 
f(-1) = 3, f(0)=0, f = ~ 3.78. 
, ~~ a G V4 
Plot the points (1, 3), (0, 0), and (0.5, 3.8) on the graph as 


_shown in the figure. Note that the graph is concave down on both 


sides of x =0 and that the slope f(x) decreases without bound to 
the left of x = 0 and increases without bound to the right. This 
means the graph changes direction abruptly at x = 0, and we 
have a cusp at the origin. By plotting the relative extrema and 
the inflection point on a coordinate plane and passing a smooth 
curve through these points, we obtain the graph shown below. 


2 eke : 
@) y= >- +2x+6 &) y=5 
(c) y=xAnx Cn 
Xx 
_ xtl |x| jxj-1 — 
(e) i= (x -1)(x-7) (f) 2 ly] +2 =1, 
© Solution: 
x? 3x? 
(a) We have y = ras + 2x + 6 whose domain is 
x €R,and y' = x*-3x +2 =(x— 1) (x-2) 


(b) 


y’ >0V x € (-~%, 1) and (2, «) 

y’ <0Vx e(l, 2) 
=> y strictly increases in (—00, 1), strictly decreases in 
(1, 2) and strictly increases in (2, «). 
Now we have 


1 3 41 
= +2+6= 
Y= 375 6 


20 
3 


8 
y2Q)= 5 -6+476 


y (20) = -00, y(00) = 20 

The curve cuts the Y-axis at (0, 6). 

The curve cuts the -ve X-axis somewhere between —1 and 
—2, since 


ye ee 
ear ear ae 


-8 12 
and y (—2) = a oS —-4+6<0 


The plot of the curve is shown below. 


We have y = jae 


whose domain is x € (0, 0) — {1}, and 

nnnt <0Vxe, and(l 
'=——,—_ < 
y hn? x x € (0, 1) and (J, e) 
>0V xe (e, ©) 

=> ystrictly decreases in (0, 1) and (1, e) 
strictly increases in (e, 2) 

Now, we have 


lim =0,y(e)=e 

x>0° An x y (°) 

lim = —0o0 lim = 0 
x0 An x xo An xX 


‘ x ice) i 1 
lim = lim = 00 
x0 An x \ co x20 1/x 


The plot of the curve is shown above. 
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(c) We have y = x An x whose domain is x < (0, 0), and 


y=1+Anx<0Vxe(0,e') 
>O0V xe (el, «) 
=>  ystrictly decreases in (0, e"') 
strictly increases in (e7!, «). 


Now, we have 


lim x Anx = lim me (=) ime 


x30" x30' 1/x Lo) x30°1/x? 


lim x An x =00, y(e') = = : 
x00 e 
The curve cuts the X-axis at (1, 0). The plot of the curve 
is shown below. 


én x 
We have y = —— 
x 


whose domain is x € (0, 0), and 


ee 1—fnx 
x 


>0Vxe(0,e) 


<0 Vx €(e, 0) 
=> ystrictly increases in (0, e) 
strictly decreases in (e, 2). 
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Now, we have (f) We have 2Mlly| + 2kI-b = J 
lim ax(2) fin 0 ie. byl=2"- — 
x>0 xX |o x90 | 2 
The curve is symmetrical about the x-axis as well as the 
lim ae y(e)= 1 y-axis. In the first quadrant the equation of the curve 
x0 X € reduces to y = 2*— 1/2 whose plot is shown below 
The curve cuts the x-axis at (1, 0). The plot of the curve 
is shown below. Y. 
1/2 
0 


The complete curve is drawn by taking the mirror image 
of the above curve in the x-axis and the y-axis as shown 
alongside. 


x+l1 
(ce) We have y = (x-D(x-7) 


© Example 8: Draw th h of y=cos" (4x? — 3x). 
whose domain is x ¢ R— {1, 7}, and P raw the graph of y = cos” (4x° — 3x) 


Yw Solution: For y = cos"! (4x? — 3x). 
~ Domain is x € [-1, 1] and range is y € [0, 7] 


(x? =8x +7)=(Ox=S8)(x 41 


= (x-1)?(x-7) PS ge 
(i) If= <x<1l,y=3cos'x. 

a(x? 42x=15) = +5) =2) eo 2 
=a 2 2 *aKJ 3 

(x-1)?(x-7) — (X-D)"(x-7) KN dy _ eee ‘ 

= + 2 “NS? 7 ax V1—x? a) A?) 
2 3 Ww => = <Oifxe (5-4 

=> ystrictly decreases in (—90, —5), dx 2 


strictly increases in (—5, 1) and (1, 3) l 
strictly decreases in (3, 7) and (7, ~). => y decreases if x € (54) 
Now, we have 


d’y 3x 
4 -l -4 -1 Now, —> =- ———=> 
y(3) ~ (2)(-4) = 2° y(-5) = (—6)(—12) = 18 dx? (l1-x?)*”? 
7) 
x+1 : x+1 => @Y coir xe aa 
lim =o, lim = —00 dx2 2 
xl (x —1)(x -7) xl (x —1)(x -7) 


1 
= the graphis concavity downif x ¢€ (5-4). 


: x+1 : x+1 
lim ——————— = 00, lim ———_—__ = 
x97 (x —1)(x-7) x7 (x -1)(x -7) . | 1 
(ii) If <x<—, y=2n-3cos'x. 
: +1 : x+1 2 2 
lim =0, lim = 
The curve cuts the y-axis at (0, 1/7). The curve cuts the dx VI-x? dx , 


x-axis at (—1, 0). The plot of the curve is shown below. <a 
=> y increases if x € (-3. | 


: 2 

| d a 3x 

H an rey = re 

xX dx 

tA (3, -1/2) es 

iB (—5, 1/18) (a) Ifxe (4.0) then oY <9 
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=> the graph is concavity down if On the interval (0, 27/3) the derivative is positive and, 
consequently, the function f(x) increases. 
<= [-3-0) On the interval (27/3, 7) the derivative is negative and the 
function f(x) decreases. 
1 2 r _ : : : ‘ 
(<< 10, =| en dy $0 The point x = 27/3 is a point of maximum. In fact at the points 
2 dx? x = 2nn + 27/3 n € I, the function f(x) possesses maxima and 
1 at the points x = 27n — 27/3, n € I, it possesses minima. 
=> the graph is concavity up if x € (0 ;] The graph of the function f(x) is shown below. 


i a 
Hi) Sitialy Ae oT en Saad <y 50. 
2 dx dx 


The graph of y = cos"! (4x? — 3x) is as follows: 


© Example 10: Drawing the graph of a function, given the 
graph of its derivative. 


Consider r the graph of f', as shown in the figure below. Sketch 


a possible graph of f. 
6sin x Ree Solution: When the derivative is positive, the graph of f 
© Example 9: Draw the graph of f(x) = 2+cosx’ _ is rising, and when the derivative is negative, the graph of f is 
aed © falling. Here, we also see that at places where the derivative 


°C) 
is defined for is zero, the graph has a relative maximum to the left of the 


" y-axis and a relative minimum to the right of the y-axis, as 
all x € R. It is an odd function, and periodic with, a ettiod shown in the figure. 


2n. It is, therefore, sufficient to construct its graph on the 
interval [0, 2]. Since 2 + cos x > 1, the function possesses no 
vertical asymptotes. 


5 ge: : 3s 
&Y Solution: The function f(x) = eco 


We find the derivative 
cos x(2+cos x) —sin x(—sin x) _ 6 
r= 6 (2+cosx)? 
2cosx +1 : 
= (2+cosx)* ‘ 
. ; Graph of derivative of Graghor a function 
The point x = 2nn + 27/3, n € I, are critical. a function f and its derivative 
_ Concept Problems L 
1. The figure shows a portion of the graph of a twice 2. Sketch the graphofa twice-differentiable function y = f(x) with 
differentiable function y = f(x). At each of the five labeled the following properties. Label coordinates where possible. 
points, classify y’ and y”’ as positive, negative, or zero. y Derivatives 
y’ < 0, y" Ss (0) 
1 y’ a 0, y” Ss 0 
y’ Ss 0, y” Ss 0 
4 y’ > 0, y” - 0) 
y’ Ss 0, y” < 0 
7 y’ = 0, y” < 0 
y’ < 0, y” < 0 
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3. Sketch the general appearance of the graph of the given 
function near (1,1) on the basis of the information given. 
Assume that f, f’ and f’’ are continuous. 

a) f(1)=1, fC) =90, f’()=1 

qi) f(1)=1, fC) =0, f’"C1) =0 
(Sketch four possibilities) 

(ii) f(1) = 1, fC) = 0, fC) = 1 and f(x) < 0 for 
x near |. 

(iv) f()=1, fC) = 1, fC) = 0 and f(x) <0 forx <1 and 
f"(x) >0 for x > 1. 

4. Find the relative extrema of the function and sketch the 
graph of f(x) = (x?- 3)e™. 

x°-3 


5. Draw the graph of f(x) = i 
2x-4 


6. The graph of the given function f(x) for x > 0 is one of 


the six curves shown in the figure. In each case, match the 

function to a graph. 

(i) f(x) = x2™ @) i= fax 
Xx 


(iii) f(x) = et (iv) f(x) = e* sin x 
x 


Y: 


Practice Problems 


7. Match the graphs of the functions shown in 
(a)—(f) with the graphs of their derivatives in 
(AHF). 

Y’ ¥ 


(a) (b) 


(c) (d) 


8. Prove that if a # b, then the function 
f(x) = (x —a)(x —b) is symmetrical about the line 


x =(a+b)/2. 
9. Sketch the graph of a function f such that for all x 
(a) f(x) > 0, f(x) > 0, f'"(x) > 0 
(b) f '(x) <0, f'’(x) <0 
(c) Can there be a function such that for all x, f(x) > 0, 
f '(x) < 0 and f (x) < 0? Explain. 


10. The following questions refer to the graph below, which is 
the graph of the derivative f" of a certain function f defined 
on [0, 6]. 


S < 


(i) Find the x-coordinate of the global maximum 
of f. 
(ii) how many inflection points does the graph of f have ? 
11. Find constants A, B and C that guarantee that the function 
f(x) = Ax? + Bx’ + C will have a relative extremum at 
(2, 11) and an inflection point at (1, 5). Sketch the graph 
of f. 
12. Draw the graph of the following functions : 
(i) y=x?-(x*/6) (ii) y=x*-3x +2. 


13. Investigate the behaviour of the following functions with 
the aid of their derivatives and sketch their graphs. 


x 
(a) y=(x+2y(x-1) (b) y= i 
() ye==— Cs 
i. x? -1 y* 3-x2 


14. Investigate and draw the graphs: 


i os eo 41% ul — 
@) y=V (ii) y a 


te 


(iii) y= (iv) y=x—3x!8 
x 
15. Investigate and draw the graphs: 
x 
(i) y=x*+4x? (ii) y= 
y ! x7 49 


(iil) y= XV5—x 

16. Investigate and draw the graphs : 
(i) y=x+ vIxl 
(li) y = xtanx, —n/2 <x < 2/2 
(iii) y = sin2x — 2sin x 


17. Draw the graph of the following functions : 


@ ete 
: . eae 
; (x +2)(x=) 
@) FO)= asd 
ee x’ -5x+4 ‘ a SY / 
(iti) f (x) = ~~" (iv) f(x) = 
x4 ox= x? = 


sin X 
18. Draw the graph of f(x) = 2+—— . Show that the slope 
x 


of the curve approaches the slope of the asymptote as 
X > 0, 
19. Draw the curves : 


@ y=Vx-Yx+1 


(ii) y=x + In(x?- 1) 


20. Show that the curves Y = 


Te x2 forn=0, 1, 2 and 3 are 
as follows: 


1+ 


7.18 Isolation of Roots 


Nature of Roots of a Cubic Equation 

Consider a cubic equation ax? + bx? +cx + d=0, where a> 0. 
Let f(x) = ax? + bx? +cx + d, then f(x) = 3ax? + 2bx + 
Case 1 The equation f '(x) = 0 has no real roots. Then f(x) 
always increases as x increases and the equation f(x) = 0 has 
one real root. 
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¥ 


=1/(14x°)-y=x/(1+x" 


Xx 


21. The figure shows the graph of the function f(x) = e*” 
sin x, together with the graphs of its "envelope curves" 
y =e’ and y =e. 
(i) Find the first local maximum point and the first local 
minimum point on the graph of f for x > 0. 


(ii) Find the first two points of tangency of the 
curve y = e~* sin x with the two envelope curves 
shown in figure. Are these the same as the two local 
extreme points found above. 

22. Draw the graphs of the following functions: 


sin x 


@ y= (ii) y= 1/1. + e*) 


1+cos x 
(iii) y = &n(sinx) 
23. Draw the graphs of the following functions: 
@) y=sin'(1/x) (li) y=e*+e°%% 
24. Sketch the graph of the following functions: 
(i) f(x) = sin2x — sinx, [-n, 7] 
(ii) f(x) =x? Ux (iti) f(x) = x(e@* + e*) 


(iv) f(x) = x’e*. 
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For example, f(x) = x*- 2x? + 5x +4 

f'(x) =3x?-4x+5>0(D<0) 
Hence, f is monotonous and it has one real root. 
Case 2 The equation f’ (x) = 0 has two distinct roots a and 
B (a < B). If f(a). f(B) > 0, then the equation f(x) = 0 has one 
real root. 


Yi 


0 x 


Case 3 The equation f'(x) = 0 has two distinct roots a and 
B. If f(a) f(B) < 0 then the equation f(x) = 0 has three distinct 
real roots. 


Y. 


0 X 


Case 4 The equation f’ (x) = 0 has two distinct roots and 
B and f(B) = 0 also. In this case f(x) = 0 has a repeated(double) 
real root and one other real root. : 


Y 


Oo} (B,0) x 


In general, the equation g(x) = 0 has a repeated root x = a if 
g(a) = g'(a) = 0. 

Case 5 The equation f'(x) = 0 has two equal roots o and 
f(a) = 0 also. In this case, f(x) = 0 has one repeated (treble) 
root i.e. there are three coincident real roots. 

For example, f(x) =(x —2)?, f(x) =3(x- 2) =0 

=> x =2,2 and f(2)=0. Hence, x = 2 is a root repeated three 
times. 


©@ Example 1: Find all possible values of a for which the 
cubic f(x) = x* + ax + 2 is non-monotonic and has exactly 
one real root . 


&Y Solution: For f to be non-monotonic with exactly one 
real root, a possible graph is shown below, where. 
f (a) .f (6B) >0, a and B being roots of f’ (x) = 0. 


Now f(x) =x? +ax+2 

=> f'(x)=3x’?+a 

Ifa > 0, f(x) is always increasing . 

For f to be non-monotonic, f’ (x) = 0 should have two distinct 
roots which is possible when a < 0 


a 
> x=+ 3 -+Vb where b = — 


For exactly one real root we should have 
t (vb) £(- vb) >0 
(b>? fe ab!? + 2) (- b32 _ ab!2 + 2) > 0 
or, (b°?+ab'’)-4<0 
or, b'+a°b+2ab’—4<0 
Now substituting b = = we get a+ 27>0. 


Buta <0=> ae (3,0). 


- © Example 2: Let 'p' and 'q' be real numbers. Prove that 


the cubic y = x? + px + q has three distinct real roots, if 4 p° 
+27q°<0. 


©Y Solution: Let f(x)=x°+pxt+q>f'(x)=3xX+p 
Ifp>0 

=>  f'hasnoreal root > f(x) is monotonic and it cannot have 
three real roots. 


If p <0 then x 4 Bas [cas Pp) 


For three distinct real roots f(x) must have opposite signs at 
maxima and minima. 


(orbs) OP 9] 


U 


a7 * 3 + 9 q’>0 

=> a+9p'at+b6pa-27q>0 

=> -p-9p?+6 p> -27q’>0(a=-p) 
=> -4p’-27q’>0 

=> 4p'+27q°<0. 


@ Example 3: In a triangle the area A and the semi- 
perimeter s are fixed. Show that any maximum or minimum of 
one of the sides is a root of the equation s(x — s)x? + 4A?=0. 
Discuss the reality of the roots of this equation and whether 
they correspond to maxima or minima. 


Y Solution: The equations a+ b+ c = 2s and 
s(s — a)(s — b(s—c) = A’ 
determine a and b as function of c. 
We differentiate with respect to c, and suppose that da/dc = 


It is found that b=c,s—b=s c= 1 a, from which we aga ) 


that s(a — s)a? + 4A?=0. WY 

This equation has three real roots if s* > 27A’, and o one lit: s* 

< 27A*. In an equilateral triangle (the triangle of minimum 
perimeter for a given area) s* = 27A?’; thus it is impossible that 
s*<27A’. Hence the equation in a has three real roots, and since 
their sum is positive and their product negative, two roots are 
positive and the third negative. Of the two positive roots one 
corresponds to a maximum and one to a minimum. 


Geometric Implications of Multiplicity 

A root x = a of a polynomial p(x) has multiplicity m if (x — a)" 
divides p(x) but (x — a)™*! does not. A root of mulitplicity 1 
is called a simple root. 

If a is a root of multiplicity m for a polynomial P(x) then 
P(a) = 0, P’(a) = 0,....., P™ (a) = 0 and P™(a) # 0. 

There is a close relationship between the multiplicity of a root 
of a polynomial and the behaviour of the graph in the vicinity 
of the root. 


If @ is a simple root of a polynomial equation P(x) = 0 the 
graph of the function y = P(x) intersects the x-axis without 
tangency and that, if @ is a two-fold root, the graph touches 
the x-axis and in a sufficiently small neighbourhood of the 
point of contact o it lies entirely on one side of the x-axis (this 
means that o is a point of extremum of the function y = P(x)). 
Similarly, for a three fold root a, the point (a, 0) on the x-axis 
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is a point of inflection of the graph, the tangent line at this 

point coinciding with the x-axis. The case of a root a of 

multiplicity k > 3 can also be interpreted geometrically in a 

similar manner. 

Suppose that p(x) is a polynomial with a root of multiplicity 

matx=a. 

(a) Ifm is even, then the graph of y = p(x) is tangent to the 
X-axis at x = a, does not cross the x-axis there, and does 
not have an inflection point there. 

(b) Ifm is odd and greater than 1, then the graph is tangent to 
the x-axis at x = a, crosses the x-axis there, and also has 
an inflection point there. 

(c) If m= (so that the root is simple), then the graph is not 
tangent to the x-axis at x = a, crosses the x-axis there, 
and may or may not have an inflection point there. 

The relationship, stated above, is illustrated in the figures. 


Roots of even multiplicity 


Roots of odd multiplicity (>1) X 


Simple roots 


x 


© Example 4: Imagine about the behaviour of the graph of 
y = x3(3x —4)(x + 2)’ in the vicinity of its x-intercepts, and test 
your imagination by generating the graph. 


F : 4 
Y Solution: The x-intercepts occur at x = 0, x = 3° and 


x =—2. The root x = 0 has multiplicity 3, which is odd, so at 
that point the graph should be tangent to the x-axis, cross the 
x-axis, and have an inflection point there. 

The root x =—2 has multiplicity 2, which is even, so the graph 
should be tangent to but not cross the x-axis there. 


The root x = 4 is simple, so at that point the curve should 


3 
cross the x-axis without being tangent to it. 
Graph of y = x°(3x — 4) (x + 2) 
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© Example 6: Find the number of roots of the function 


1 
f(x) = (x +1) —3x+sinx. 


© Soluti : 
» f'(x)=- Do 3 + 
olution: f '(x) & +)! 3+cosx<0 
Hence f (x) is always decreasing. 


lim f(x)=—0o, lim f(x) =00., 
xl x>-l 


Also as x >, f(x) >-o0 and as x 4-0, 


All of the points about the graph is consistent with the graph 
shown in the figure. 


f (x) > oo. The graph is shown in the figure. 


@ Example 5: Let f(x) be a function that has a continuous 
derivative on [a, b], f(a) and f(b) have opposite signs, and 
f" (x) #0 for all numbers x between a and b, (a< x <b). Find 
the number of solutions of the equationf(x) = 0. 


© Solution: As f (x) has continuous derivative V x € [a, b] 
f(x) is continuous and as f (a) and f (b) have opposite signs 
there exists atleast one value x =c,a<c<b such that f(c)=0. | 
Also since f'(x)#0 , f'(x) > 0 or f" (x) <0 for all x in the — 
given interval which irnplies that the function is increasing or 


decreasing. Hence, it will have only one real root. ne Hence, f has one positive and one negative root. 
(® 
L™ 
| €oncept Problems M 


1. Prove that the equation x sin'x = 0 has only one real root 


x=0. 

Show that the equation x? — 3x” + 6x — 1 = 0 has only one 

real simple root belonging to the interval (0, 1). 

Examine whether the equation x*— 12x + 16 =0 has double 

roots. 

A polynomial p has a local maximum (2, 4), a local 

minimum at (1, 1), a local maximum at (5, 7) and no other 

critical points. How many real zeroes does p have? 

Suppose that g(x) is a function that is differentiable 

for all real numbers x and that g(x) has the following 

properties : 5 

(i) g(0)=2 and g’(0)=- —. 

(li) g(4) =3 and g’(4) =3. 

(iii) g(x) is concave up for x < 4 and concave down for 
x>4, 

(iv) g(x) =>— 10 for all x. 


Now answer the questions: 


wo 


(a) How many zeros does g have ? 
(b) How many zeros does g' have ? 
(c) Exactly one of the following limits is possible: 


lim g'(x)=—5, lim g’(x)=0, lim g’(x)=5 
x00 X00 x00 


Identify which of these results is possible and draw a rough 

sketch of the graph of such a function g(x). Explain why 

the other two results are impossible. 

Prove that when x increases through a simple root of 

o(x) =0, o(x) and $’(x) will have opposite signs just before, 

and the same sign just after, the passage. Does this hold 

in the case of a double root. 

Let f and g be polynomials without a common root. 

(a) Show that if the degree of g is odd, the graph of f/g 
has a vertical asymptote. 

(b) Show that if f and g have the same degree, the graph 
of f/g has a horizontal asymptote. 

(c) Show that if the degree of f is less than the degree 
of g, the graph of f/g has a horizontal asymptote. 
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Practice Problems K 


8. Show that the equation 2x°— 10x + 5 = 0 has exactly three 
real roots. 

9. Show that the equation 1 + 2x + x? + 4x° =0 has exactly 
one real root. 


10. Show that the equation x*+ 4x +c =0 has atmost two real 
roots. 

11. Show that the equation x* — 6x + 3 = 0 has exactly three 
real roots. 

12. Show that the equation x* + 3x? — x —2 = 0 has two (and 
only two) real simple roots each belonging to one of the 
following intervals (—1, 0) and (0, 1). 

13. Show that the equation x* + 2x*— 6x + 2 = 0 has two (and 
only two) real simple roots, each belonging to one of the 
two intervals (0, 1) and (1, 2). 


7.19 Rolle’s Theorem 


A line segment joining two points on the graph of a function 


one horizontal tangent line. In the figure shown, there are three 
such lines tangent to the graph. This is substance of the next 
theorem. Y 


Rolle's Theorem 


Let fbe a function that satisfies the following three hypotheses : 
1. fis continuous on the closed interval [a, b]. 

2. fis differentiable on the open interval (a, b). 

3. f(a) = f(b) 

Then there is a number c in (a, b) such that f'(c) = 0. 


Geometrical Meaning of Rolle's Theorem 


14. Show that the equation x* tan'x = a, where a 0, has one 
real root. 

15. Prove that the equation e* = ax + b has one real root if 
a<0ora=0,b>0.Ifa>0 then it has two real roots or none, 
according as alna>b-—aoralna<b-—a. 

16. Show by graphical considerations that the equation e* = ax” 
+ 2bx + c has one, two, or three real roots if a > 0, none, 
one, or two ifa <0. 

17. Prove that the equation a*e* = x” has three real roots if 
a’ < 4e7. 


If the graph of y = f (x) has the equal ordinates at two points 
x =a and x = b, and if the graph be continuous throughout the 
int erval from ato band ifthe curve has a tangent at every point 


f is called a chord of f. Assume that a certain differentiable — on ‘it from a to b except possibly at the two extreme points 
function f has a chord parallel to the x-axis, as shown in the. 


figure. It seems reasonable that the graph will then have atleast 


andb, then there must exist atleast one intervening point 


_¢ € (a, b) at which the tangent is parallel to the x-axis. 


Before giving the proof let’s take a look at the graphs of some 
typical functions that satisfy the three hypotheses. The figure 
below shows the graph of four such functions. In each case 
it appears that there is at least one point (c, f(c)) on the graph 
where the tangent is horizontal and therefore f'(c) = 0. Thus, 
Rolle’s Theorem is plausible. 


Proof There are three cases : 

Case1 = f(x)=k, a constant 

Then f’(x) = 0, so the number c can be taken to be any number 
in (a, b) [as in Figure (a)] 
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Case2_ f(x)> f(a) for some x in (a, b) [as in Figure (b) or (c)] 
By the Extreme Value Theorem (which we can apply by 
hypothesis 1), fhas a maximum value somewhere in [a, b]. Since 
f(a) = f(b), it must attain this maximum value at a number c in 
the open interval (a, b). Then f has a local maximum at c and, 
by hypothesis 2, fis differentiable at c. Therefore, f’(c) = 0 by 
Fermat’s Theorem. 

Case 3 f(x)< f(a) for some x in (a, b) [as in Figure 1(c) or (d)] 
By the Extreme Value Theorem, fhas minimum value in [a, b] 
and, since f(a) = f(b), it attains this minimum value at a number 
c in (a, b). Again f’(c) = 0 by Fermat’s Theorem. 


Physical Meaning of Rolle's Theorem 


Assume that x is time and f(x) is the coordinate of a point, which 
moves along a straight line at the moment x. At the initial moment 
x =a the point has a coordinate f(a), then moves in a certain way 
with velocity f’(x) and returns to the point with the coordinate 
f(a) at the moment x = b,[f(b) = f(a)]. It is clear that to return to 
the point f(a), it must stop at a certain moment (before "turning 
back"), i.e. at a certain moment x =c, the velocity f"(c)=0. 


©@ Example 1: Verify Rolle's theorem for 
f(x) = x(x + 3)e*? in [-3, 0]. 


©Y Solution: We have f(x) = x(x + 3)e*” 


f(x) = (2x + 3)e*2 + x(x4 e(-2] 


= —— (x*-x-6)e™ 
2 


which exists for every value of x in the interval [-3, 0] 

Hence f(x) is differentiable and hence continuous in the 
interval [—3, 0]. Note that only differentiability over (—3, 0) 
is required. Also f(—3) = f(0) = 0. 

Thus, all the three conditions of Rolle's theorem are satisfied. 
Hence, f '(x) = 0 for atleast one value of x lying in the open 
interval (—3, 0). 


1 
For f(x) =0, ; ((x* —- x — 6)e*?=0 


=> x-x-6=0, e*’+0, 
=> (x-3)(x+2)=0 >x=-2,3 
Since the value x = —2 lies in the open interval (—3, 0), the 
theorem is verified. 
©@ Example 2: Suppose that f(x) = x!?— x3? on [0, 1]. Find 
a number c that satisfies the conclusion of Rolle's theorem. 
©Y Solution: Note that fis continuous on [0, 1] and differen- 
tiable on (0, 1). Because the term x!” is present, f is not differ- 
entiable at x = 0, but this is irrelevant. Also, f(0) = 0 = f(1), so 
all of the hypotheses of Rolle's theorem are satisfied. Finally, 
1 ie. 9. 1 an 
f (x) =—x x x 1 
(x) 5 ; 5 ( 


3x). 


1 
So, we see f '(c) = 0 for c = 3° 


~ @tp3=35 
4 


©@ Example 3: Is Rolle's theorem valid for the function 
f(x) = ¥8x—x? in [0, 8]? 


©Y Solution: The function f(x) = ¥8x —x? is continuous 
in [0, 8] and possesses a derivative 
8-—2x 


f(x) = 39@x—x2)? for x #0, x #8, that is, differentiable on 


the open interval (0, 8). 

In addition, f(0) = f(8) = 0. 

Thus, on the interval [0, 8], Rolle's theorem is valid; indeed, 
f'(x) = 0 for x =c =4 where 0<4<8. 


©@ Example 4: Letn © N. If the value of c prescribed in the 
Rolle's theorem for the function f(x) = 2x(x — 3)" on [0, 3] is 
3/4 then find n. 


&Y Solution: f (x) =2x(x—3)"is continuous and differentiable. 
f (0) =f (3). 
Hence, f'(c) =0 
P(x) = 2[(x = 3)" + nx(x = 3)" 
— £(c) = 2[(c — 3)" + ne(c — 3)"-'] = 0 
or 2(c— 3)" '[o -3 + nc] =0; but c= 3/4 


n=3. 


© Example 5: Find whether Rolle's Theorem is applicable 


x? +ab 
x(a+b) 


© Solution: f(x) = in| in [a, b]. 


We know that logarithmic function is continuous and 
differentiable in its domain. 
In the interval [a, b], f(x) is continuous and differentiable. 


a” +ab _ a(a+b)| _ 
r= m8 | rn SO aon, 
b?>+ab|_, {b(a+b)| _ 
mai)= Ra njpee| =e 


Thus, f(a) = f(b). Hence, Rolle's theorem is applicable. 
©@ Example 6: If Rolle's Theorem is applicable to the 


ax? +b, |x|kl 
1, |x |=1 
function f defined by f(x) = 
—, |xpPl 
[x| 
in the interval [—3, 3], then show that 
(i) Ja|t+|b|+|c|=3 (ii) 2a+ 4b+ 3c=8 


&Y Solution: As Rolle's theorem is applicable, the function 
should be continuous and differentiable in [ —3, 3]. 


So, atx =1,a+b=1=c (continuity) and 


Cc 
=f 
2a= lim Naar (differentiability) 
imi 2th) 
=> a= n>0 h(-+h) (using c = 1) 


Now we can easily verify that (i) and (ii) are correct. 


©@ Example 7: If the function f(x) = x? — 6x? + ax +b 
defined on [1, 3] satisfies the hypotheses of Rolle's theorem, 
then find the values of a and b. 


Y Solution: Since f(x) is a polynomial function it is 
continuous and differentiable in [1, 3]. 
Now f(1) = f(3) 

1-6+a+b=27-54+3a+b 
=> 2a=22o0ra=11 
Since f(1) = f(3) is independent of b 

a=llandbeR. _ 
© Example 8: If the function f(x) = x? — px? + qx defined 
on [1, 3] satisfies Rolle's theorem with c = 5/2, then find the 
values of p and q. 


Y Solution: Since f(x) is a polynomial function it is 
continuous and differentiable in [1, 3]. 


f(1) = f(3) 
. Ll-pt+q=27-9p+3q 
=> 4p-q=13. ..(1) 


f '(x) = 0 has one root x = 5/2. 

f '(x) = 3x°- 2px + q=0 
=> 3(5/2)—2p(5/2) + q =0 (2) 
On solving (1) and (2) we get 

p = 23/4 and q= 10. 
@ Example 9: Can Rolle's theorem be applied to 
f(x) = |x| in the interval [—2, 2]? 
©Y Solution: First, f(—2) = 2 = f(2); second, f is continuous. 
The function, however, fails to be differentiable at 0. Not all 


the conditions of Rolle's theorem hold; thus there is no need 
for the conclusion to hold. Indeed, there is no number c such 


that f '(c) = 0. 
©@ Example 10: Given the function f(x) = (x —8)° in 
[0, 16], we have f(0) = f(16) = 4. However, the derivative 
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f(x) = 2/ (3%/(x —8)” ) does not vanish at any point belonging 


to the interval (0, 16). Does it contradict Rolle's theorem. 


Y Solution: No, it does not, since there is no derivative 
at the point x = 8 of the interval (0, 16) and the condtions of 
Rolle's theorem are violated. 


©@ Example 11: Check whether the following functions 
satisfy the conditions of Rolle’s theorem : 


(a) f(x) =x?-3/)x|,x e[-L1] 


(b) f(x) =secx, xe =, 4 


© Solution: 
(a) We have 
x 4a , -1<x<0 
y= bes O<x<l 


"4 which is continuous in [—1, 1]. Also, we have 
f(-1) = 0 = f(1) 
Differentiating f(x) w.r.t. x, we have 


-l< x<0, 


1 
f'(x)= eater) Ir 


= 2x- 0<x<il 


3x 2/3’ 
which is not differentiable at x = 0 


Hence, Rolle’s theorem is not applicable to the given 
function. 


—n 1 
We h f(x)=sec x,x €| —,— 
e have f(x) [= 4 


Differentiating w.r.t. x, we have 


(b 


wm 


sin X 


cos” Xx 


f'(x)=sec x tan x= 


Thus, f(x) is continuous in Ee and 
differentiable in (= at , 5) : 
4 3 


but (=) is not equal to (2) =2. 


Hence, Rolle’s theorem is not applicable to the given 
function. 
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2 Note: 


1. 


If the function y = f (x) defined over [a, b] does not satisfy 
even one of the three conditions, then Rolle's Theorem may 
fail 1.e. there may or may not exist a point in (a, b) where 
f' (x) =0. 

The following figures exhibit various cases where the 
conclusion does not hold, owing to the violation of one 
or other of the conditions. 


f is not continuous in [a, b] 


and Rolle's theorem failing f(a) # f(b) 
Y Y, 
y = f(x) y = f(x) 
Ql a Ol a oa 
Discontinuous at Discontinuous 
an endpoint at an interior point 
Y, y= f(x) 


X 


Continuous on [a, b] but not differentiable 
at some interior point 


The three conditions are sufficient but not necessary for 
f' (x) = 0 for some x in (a, b). The converse of Rolle's 
theorem is not true i.e. f' (x) may vanish at a point within 
(a, b) without satisfying all the three conditions of Rolle's 
Theorem. 

The following figure shows a discontinuous function 
whose derivative vanishes at an interior point. 


For example, we consider the function f(x) = x? — x*- x 
+ 1 in the interval [—1, 2]. 
Here, f(x) = 3x*-2x- 1 

f(1)=3-2-—1=0and1 e (+1, 2) 
But the third condition of Rolle's theorem is not satisfied 
since f(—1) # f(2). 


Also, f(x) = sin(1/x) is discontinuous at x = 0 in the interval 
[-1, 3] but f '(x) vanishes at an infinite number of points 
in the interval. 


3. If f is a continuous function in the closed interval [a, b] 
and if f(a) = f(b), then f has atleast one critical point in the 
open interval (a, b). 

For example, if f(x) = |x| then f(—1) = 1 and f(1) = 1. Hence, 
by the above statement, f has a critical point between —1 
and 1. Such a point is 0, since f'(0) does not exist. 


Algebraic Meaning of Rolle's Theorem 

Assume that fis continuous and differentiable. Rolle's Theorem 
implies that between two roots of the equation f(x) = 0, there 
is a root of f '(x) = 0. Thus, this theorem helps us to locate the 
roots of the equation f '(x) = 0 if we know already the roots of 
the equation f(x) = 0. 


©@ Example 12: Show that the derivative of the polynomial 
f(x) = x —x?—x + 1 possesses a real root on the open interval 
(-1, 1). 


Y Solution: We find the roots of the given polynomial 
xe-—x?-x+1=0, or (x- 1)°(x + 1) =0, ie. x, =x,=1, 


__x,=-1. Since f(-1) = f(1) = 0, it follows that in accordance 
_ with Rolle's theorem f '(x) possesses a root on the interval 
S (-1, 1). 


Next we find the roots of derivative : 

f'(x) = 3x? -2x-1=0,1e. x, =-1/3,x,=1. 
Thus, we see that between the roots —1 and 1 of the function 
there is a root of the derivative equal to —1/3. 


©@ Example 13: Verify Rolle’s theorem when 
f(x) = (x — a)™(x — b)", where m, n are positive integers and 
a<b. 


©Y Solution: The first function vanishes for x =a and x =b. 
And f '(x) = (x —a)™1(x — b)"~'{(m + n)x — mb — na} vanishes 
for x = (mb + na)/(m + n), which lies between a and b. 


©@ Example 14: Taking the function f(x) = (x — 3) In x, 
prove that there is atleast one value of x in (1, 3) which 
satisfies x Inx =3 —x. 


Y Solution: Given f(x) = (x — 3) Inx (1) 
Pie= G5). tee wl) 
x 


Clearly f(x) is finite for all positive values of x and hence f(x) 
is differentiable for all x > 0 
f(x) is differentiable in [1, 3] 
f(x) is also continuous in [1, 3] 
Also f(1)=(1-3)1In 1 =O and f(3) = (3-3) In3 =0 
f(1) = f(3). 
Therefore, by Rolle's theorem, there will be atleast one value 
of x in (1, 3) such that f '(x) = 0. 


Hence, +1Inx =0 or x Inx =3 —x has atleast one root 
in (1, 3). 
a a a a 
@ Example 15: If —2-+—++—*-+...4*+ 4a =0, 
n+lon n-1l 2 
show that equation a,x"+ a,x"'+...+a .x+a,= 
will have at least one root between 0 and 1. 
xn x? 
© Solution: Let f(x) = a, +a,;— +..4ax (1) 
n+l n . 
Then f'(x) =a,x"+ a,x"! +...4a, (2) 


From (2), it is clear that f(x) is differentiable at all x and hence 
also continuous at all x. 

. f(x) is continuous in [0, 1] and differentiable in (0, 1). 
Also from (1), f(0) = 0 


ay 


and f(1) say Ts ig: BI Sp. ip a, = 0 (given) 
n+l n 


f(0) = f(1). 
Thus, the conditions of Rolle's theorem are satisfied for f(x) 


in [0, 1]. Therefore, there exists atleast one value of x in (0, 1) 


such that f '(x) = 0. 


@ Example 16: Let f(x) = (x — a) (x — b)(x 
show that f’(x) = 0 has two roots one aaa to aS ») 
and other belonging to (b, c). 


Y Solution: Here, f(x) being a paloma ¢ is continu- 
ous and differentiable for all real values of x. We also have 
f(a) = f(b) = f(c). 

If we apply Rolle’s theorem to f(x) in [a, b] and [b,c] we would 
observe that f'(x) = 0 would have at least one root in (a, b) 
and at least one root in (b, c). 

But f'(x) isa polynomial of degree two, hence f'(x) =0 cannot 
have more than two roots. It implies that exactly one root of 
f'(x) = 0 would lie in (a, b) and exactly one root of f(x) =0 
would lie in (b, c). 


© Example 17: Show that the equation xcos x = sin x has 
a root between 7 and 27. 


&Y Solution: We show that the equation xcos x — sin x = 0 
has a root between x and 27. 


: sin X 
Consider f(x) = F 
x 


P(x) = X COS Ee sin x 
x 
Here, f(x) = 0 for x =m and x = 2n. 
Hence, by Rolle's Theorem, f’(x) must vanish for some 
intermediate value of x. 
=> xcos x—sin x =0 has a root between zm and 27. 


= fhas a local minimum at x= —. 


c),a<b<¢, » € Hence, f (x) = 0 has only two roots in 0, 4 


Maxima AND Minima 7.93 


© Example 18: Consider the function f (x) = sin5x 
p (x) 


T 
+cosx-l,xeé fo 4 . Prove the following : 


(1) The equation f (x) = 0 has two roots in [fo x : 


™ 
(ii) There exists some c € c 4 for which f' (c) = 0. 


(ii) f(x) = 0 has atleast two roots in 0, x . 


@ Solution: (i) f (0) = f (=) = 0 => f (x) = 0 has atleast 
two roots. We have 

f'(x) = 5 sin*x cos x — 5 cos*x sin x 

= 5 sin x cos x(sin x — cos x)(1 + sin x cos x) ...(1) 


Tt 
=> f(@&=0at x=—. 
(x) ri 


™ : . ‘ 
=) f is decreasing and in & =) fis increasing 


sik 
Alsoin 4 472 


4 


N 


T 


(ii) From (1), we have (4) =0. Hence, = 7. 


(iii) We notice that f is twice differentiable. 


Also f' (0) = (Z| = (3) =0. 


Hence, by Rolle's Theorem, there exists some 
T 
0, as " 
xe ( *) and (<. = for which f"(c)=0. 


©@ Example 19: Prove that the equation x} + x — 1 = 0 has 
exactly one real root. 


& Solution: First we use the Intermediate Value Theorem 
to show that a root exists. Let f(x) = x? + x — 1. Then f(0) = 
—1 <0 and f(1) = 1 > 0. Since f is a polynomial, it is contin- 
uous, so the Intermediate Value Theorem states that there is 
a number c between 0 and | such that f(c) = 0. Thus, the given 
equation has a root. 


To show that the equation has no other real root, we use Rolle’s 
Theorem and argue by contradiction. Suppose that it had two 
roots a and b. Then f(a) = 0 = f(b) and, since f is a polynomial, 
it is differentiable on (a, b) and continuous on [a, b]. Thus, by 
Rolle’s Theorem, there is a number c between a and b such 
that f'(c) = 0. But 


f'(x) = 3x? +1 >0 for all x 
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So f’(x) can never be 0. This gives a contradiction. Therefore, 
the equation cannot have two real roots. 


©@ Example 20: Let f (x) and g (x) be differentiable 
functions such that f' (x) g (x) # f (x) g' (x) for any real x. 
Show that between any two real solutions of f (x) = 0, there is 
at least one real solution of g (x) = 0. 


©Y Solution: Let a, b be the solutions of f(x) = 0. 
Suppose g(x) is not equal to zero for any x belonging to [a, b]. 
f(x) 
g(x) ° 
Since g(x) not equal to zero, h(x) is differentiable and 
continuous in [a, b] 

h(a) = h(b) = 0 

(as f(a)=0 and f(b) =0 but g(a) or g (b) #0) 
Applying Rolle's theorem to h (x) in [a, b], 

h’ (c)=0 for some c belonging to (a, b) 
=> f(x)g' (x) =f(x)g(x) 
This gives a contradiction and hence the desired result is 
proved. 


Now consider h(x) = 


© Example 21: Let the function f(x) satisfy the following 

conditions : 

(1) f(x) possesses a continuous derivative on [a, b], 

(1i) f(x) possesses a second derivative in (a, b), 

(iii) f(a) = f (a) = 0, f(b) = 0. Prove that there i is a oint 
c € (a, b) such that f"’(c) = 0. ba 


&Y Solution: All conditions of Rolle's theorem are evi- 
dently satisfied for the function f(x) on the closed interval 
[a, b]. Therefore there is a point d € (a, b) such that f’(d) = 0. 
We consider the function f’(x) on the interval [a,d]. We have 
(i) f'(x) is continuous on [a, d], 
(ii) f’(x) possesses a derivative f’(x))' = 
(iii) f’(a) = f’(d) = 0. 
By virtue of Rolle's theorem, there is a point c ¢€ (a, d) [and, 
consequently, c € (a,b)] such that 

(P90) |, = 2"© =0. 


@ Example 22: If f(x) is continuous in [a, b] and 
differentiable in (a, b), prove that there is atleast one 


f"’(x) in (a, d), 


© Solution: Let us consider a function, 
h(x) = f(x) — f(a) + A (x? — a’) 
where A is obtained from the relation h(b) = 0. 
So that, 0 = h(b) = f(b) — f(a) + A(b? — a?) (1) 
Also, h(a) = 0 
Since, h(x) is continuous in [a, b], differentiable in (a, b) and 
h(a) = 0 = h(b), by Rolle’s theorem, 
there must exist some c € (a, b) such that f"(c) = 0. 
=> f(c)+AGc?)=0 


or f'(c) = 3c? oe [using (1)] 
_, £©) _f)-f(a)_ 
3c? ba 


© Example 23: Let P(x) be a polynomial with real 
coefficients. let a and b (a < b), be two consecutive real 
roots of P(x). Show that there exists c such that a <c <b and 
Pc) + 10 P(c) = 0. 


w Solution: Consider f(x) = e!*P(x). 
w f(a) = f(b) =0 (as P(a) = P(b) = 0) 


Aso as P(x) is a polynomial, f(x) is continuous and 
- differentiable in [a, b]. 


=  Rolle's theorem can be applied to f(x) 

= There exists c € (a, b) such that f'(c) = 0. 
Now f'(x) = e!™ [ P(x) + 10 P(x)] 

=> e!® [P(c) + 10 P(c)] = 


=> Pc)+10P(c)=0. (as e!% % 0) 


@ Example 24: Let f be a continuous function on [0, 1], 
differentiable in (0, 1) such that f (1) = 0, then prove that there 
exists some c € (0, 1) such that c f'(c) +f (c)=0 


@Y Solution: Consider a function g (x) =x f (x). 
Obviously g is continuous in [0, 1] and differentiable in (0, 1). 
As f(1) = 0, g(0)=0=g (1) 
Hence Rolle's theorem is applicable to g 

There exists some c € (0, 1) such that g’(c) =0 


Get) eich that f'(c) _ f(b) - f(a) => xf(x)+f(x)=0forx=c 
3c* b> -a? => cfi(c)+f(c)=0. 
| Concept Problems N 


1. Let f be continuous on [a, b] and differentiable on (a, b). 
If there exists c in (a, b) such that f ‘(c) = 0, does it follow 
that f(a) = f(b)? 

2. Find all numbers c that satisfy the conclusion of Rolle's 
theorem. 


(i) x*—2x?+4+ 1 on [-2,2] 
(ii) sinx + cosx on [0, 27] 
3. Let f(x)=x*?—3x?+ 2x +5. Verify Rolle’s theorem in [0, 2]. 
4. If2a+3b+ 6c =0, then prove that the equation ax? + bx 
+c =0 has at least one real root in (0, 1). 


5. Find whether Rolle's theorem is applicable to the following 
functions : 
(@) f(x)=1- x” in[-1, 1] 
(i) f(x) =| x Pin [-1, 1]. 
6. Let f(x) = x”* for x in [-1,1] 
(a) Show that f(—1) = f(1). 
(b) Is there a number c in (1,1) such that f '(c) =0? 
(c) Why does this function not contradict Rolle's theorem? 
7. If f(x) = (&k — 1)(k — 2)(x — 3)(x — 4), find the number of 
real roots of f'(x) = 0 and indicate the intervals in which 
they lie. 
8. If f(x) = x*(1— x)> then prove that the equation f(x) = 0 
has atleast one root in (0, 1). 


9. Suppose two race cars begin at the same time and finish 
at the same time. Show that at some point in the race they 
had the same speed. 


10. Show that if an object moves along a straight line in such 
a way that its velocity is the same at two different times 
(that is, for a differentiable function v, we are given v(t,) = 
v(t,) for t, # t, ), then there is some intermediate time when 
the acceleration is zero. 
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11. Ifthe graph of a function has three x-intercepts, then is it 
true that it must have atleast two points at which its tangent 
is horizontal. 

12. Let p be a nonconstant polynomial function. 

(i) Prove that between any two consecutive zeros of p’, 
there is atmost one zero of p. 

(i) Ifp has three distinct zeros in the interval [a, b], prove 
that p'’(c) = 0 for some real number c in (a, b). 

13. If f’(x) =0 for all x in an interval (a, b), then is it true that 
f is constant on [a, b]. 

14. Show that any twice continuously differentiable function 
has atleast one abscissa of the point of inflection on the 
graph of the function between two points of extremum. 

15. Taking the function y =x* + 8x?+ 18x?+ 8 as an example, 
ascertain that there may be no points of extremum between 
the abscissas of the points of inflection on the graph of a 
function. 

16. Prove that any polynomial of an odd degree n = 3 has 
atleast one point of inflection. 

17. If (y + 4)* =x’, then y = 0 when x = 8 or — 8. Does Rolle's 

: theorem justify the conclusion that dy/dx = 0 for some 

imber x in the interval (—8, 8)? 


Practice Problems | L 


18. Show that the equation x = tan x has a root between and 
3/2 nT. (Q, © 

19. Use Rolle's theorem with f(x) = (x — 1)sinx to show that the 
equation tanx = | — x has atleast one solution for 0<x <1. 

20. Show, by means of Rolle's Theorem, that 5x*— 4x + 1=0 
has a solution in [0, 1]. 

21. Suppose that f : [0, 1] > R is differentiable, f(0) = 0 and 
f(x) > 0 for x € (0, 1). Is there a number 

2f(c) _f'd-c) , 

f(c) fd-c) 


c € (0, 1) such that 


22. Use Rolle's theorem to show that there is no number a 
for which the equation x? — 3x + a = 0 has two distinct 
solutions in the interval [-1, 1]. 

23. Ifa>0 is aconstant, show that the equation x* + ax —1=0 
has exactly one real solution. 

24. Suppose a> 0 and that fis continuous on [a, b], differentiable 
on (a, b), and f(a) = f(b) = 0. Prove that there exists c € (a, b) 
such that f '(c) = f(c)/c. Interpret graphically. 


7.20 Deductions of Rolle’s Theorem 


Let f(x) be a polynomial having roots a and 8 where a < B so 
that we have f(a) = f(B8) = 0. Also, a polynomial function is 


25. Assume that f and g are continuous on [a, b] and 
differentiable on (a, b) Prove that there exists c € (a,b) 


f(a) g(a) h(a) 
f(b) g(b) h(b)| =0. 
fi(c) gi(c) hic) 


26. Prove that if f is differentiable on (—c0, 00) and f'(x) < 1 
for all real numbers, then f has at most one fixed point. 


such that 


1 
Hence, show that f(x) = 3 cos x has atmost one fixed point. 


27. Let f(x) = tan x 
(a) Show that there is no number c in the interval (0, 7) 
such that f’(c) = 0, even though f(0) = f(z) = 0. 
(b) Explain why the result in part (a) does not violate 
Rolle’s Theorem. 


d 
28. Use the fact that ae (x® — 2x? + x) = 6x5 -— 4x + 1 


to show that the equation 6x° — 4x + 1 =0 has atleast one 
solution in the interval (0, 1). 


continuous and differentiable everywhere. Thus f(x) satisfies 
the conditions of Rolle's theorem. Consequently, there exists 
atleast one numbery € (a, B) such that f'(y)=0. In other words 
x =y is a root of f(x) =0. 
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Thus, Rolle's theorem can be interpreted algebraically as 
follows : between any two roots of a polynomial f(x), there is 
a always a root of its derivative f '(x). 


Important Deductions 


(a) If all the roots of f(x) = 0 are real, then all the roots of 
f(x) = 0 are also real, and the roots of the latter equation 
separate those of the former. 

For if f(x) is of degree n, f’(x) is of degree n— 1, anda root 
of f'(x) = 0 exists in each of the n — | intervals between 
the n roots of f(x) = 0. 

(b) If all the roots of f(x) = 0 are real, so also are those of 
f'(x) = 0, f(x) = 0, f(x) =0, ...., and the roots of any one 
of these equations separate those of the preceding equation. 
This follows from (a). 

(c) Not more than one root of f(x) = 0 can 
(i) lie between two consecutive roots of f(x) = 0, or 
(ii) be less than the least of these, or 
(iii) be greater than the greatest of these. 

For let B,, B,, .......8, be the real roots of f"(x), any of which 
may be multiple roots, and suppose that B, < B, <.... < B. 
Let @,, a, be real roots of f(x) = 0. 

If a, = a,, then o, is one of the set B,, B,,..... B. 

If a, #a,, by Rolle's theorem, a root of f(x) lies between 
a, and a. 

Hence 


consecutive roots, . Aw) 
(ii) if a, < a, < B,, then B, cannot be the least root of 
f(x) =0; (& 
(ili) if B. < a, < a,, then B_ cannot be the greatest. 
Thus, not more than one root of f(x) = 0 can lie in any one 
of the open intervals 
(—20, B,), (B,, B,), cannes (eae B), (B, 00). 

(d) If f(x) =0 has r real roots, then f(x) = 0 cannot have more 
than (r + 1) real roots. 

If f(x) = 0 has no multiple root, none of the roots of 
f'(x) = 0 is a root of f(x) = 0, and the theorem follows 
from (c). 

If f(x) = 0 has an m-multiple root, we regard this as the 
limiting case in which m roots tend to equality. Thus the 
theorem is true in all cases. 

(e) If f(x) is the r™ derivative of f(x) and the equation 
f(x) = 0 has some imaginary roots, then f(x) = 0 has 
atleast as many imaginary roots. 

If follows from (d) that f(x) = 0 has at least as many 
imaginary roots as f(x) = 0. 

(f) Ifall the real roots B,, B,.,.... of f(x) = 0 are known, we can 
find the number of real roots of f(x) = 0 by considering the 
signs of f(B,), f(B,),...... A single root of f(x) = 0, or no 
root, lies between B, and B,, according as f(B,) and f(B,) 
have opposite signs, or the same sign. 


©@ Example 1: Prove that the equation 3x5 + 15x — 8 =0 
has only one real root. 


©& Solution: The existence of atleast one real root follows 
from the fact that the polynomial f(x) = 3x° + 15x — 8 is of 
odd degree. Let us prove the uniqueness of such a root. 
Suppose there exist two roots a < 8. Then in the interval [a, B] 
the function f(x) = 3x°> + 15x — 8 satisfies all conditions of the 
Rolle's theorem ; it is continuous, vanishes at the end-points and 
has derivative at all points. 

Consequently, at some point c, a < c < B, f '(c) = 0. But 
f '(x) = 15(x* + 1) > 0. This contradiction proves that the 
equation in question has only one real root. 


© Example 2: Use Rolle's theorem to determine how 
many real roots there are for the equation 
x? — 6x? + 15x +3=0. 


©Y Solution: Since f(x) = x3 — 6x? + 15x +3isa polyno- 
mial of odd degree, there is atleast one real number r such 
that f(r) = 0 (the argument is based on the intermediate value 
theorem). Could there be another root, s? If so, by Rolle's 
theorem, there would be a number c (between r and s) at 
which f ‘(c) = 0. 

To check, we compute the derivative of f(x) and see if it is 
ever equal to 0. 


We have f '(x) = 3x?— 12x + 15. 


-_ To find when f(x) is 0, we solve the equation 3x?— 12x +15 =0. 
(i) if B, <a, <a, < B,, then B, and B, cannot be 


Since discriminant is negative, the equation has no real 
roots. Since f '(x) is never 0, it follows that the polynomial 
x — 6x’ + 15x + 3 has only one real root. 


@ Example 3: Show that there is no real number k for which 
the equation x? — 3x + k = 0 has two distinct roots in (0, 1). 

Y Solution: Suppose that there are two distinct roots a, B 
in (0, 1) such thatO <a << 1. 

Let f(x) =x*—3x +k. Since f(x) is a polynomial, it is continuous 
in [a, B] and differentiable in (a, 8). Also we have f(a) = f(B) = 0. 
Thus f satisfies all the conditions of Rolle's theorem in [a, 8]. 
Hence there is a value c of x in (a, B) such that f'(c) = 0. 

Now, f'(c) = 0 > 3c?- 3 =0 > c=! which contradicts the 
fact thata <c<PandO0<a<B<1. 

Hence our assumption is wrong. So there cannot be two distinct 
roots of f(x) = 0 in (0,1) for any value of k. 


© Example 4: Prove that 4x3 — 21x? + 18x + 20 = 0 has 
three real roots. 


Y Solution: Let (x) = 4x3 — 21x? + 18x + 20 
We have '(x) = 12x? — 42x + 18 = 6 (2x — 1) (x — 3). 
Hence the real roots of (x) = 0, if any, will lie in the intervals 


between — oo and >: : and 3, 3 and o, respectively. 


1 . 
Now, for x =— ©, a. 3, 00, the signs of o(x) are-, +, -, +, 


respectively, so that (x) must in fact vanish once in each of 
the above intervals. Hence there are three real roots. The graph 
of (x) is shown in the figure. 


© Example 5: Find the character of the roots of 
f(x) = 3x*— 8x3 — 6x? + 24x + 1 =0. 
@ Solution: f(x) = 12x? — 24x?— 12x + 24 
= 12(x2— 1) (x -2). 


The roots of f(x) = 0 are —1, 1, 2. 
When x =-0o -1 120 
f(x) = 00 - ++ 0 


Therefore f(x) = 0 has two real roots, one lying between —co >. 
and —1 and the other between —1 and 1. The other two Toots: ; 


are imaginary. 


@ Example 6: If x+— 14x? + 24x -k =0 has four Nl an and 
unequal roots, prove that k must lie between 8 and 11. 
©Y Solution: Let f(x) = x4 — 14x? + 24x —k. 
Then f(x) = 4x? — 28x + 24 = 4(x — 1) (x- 2) (x + 3). 

f'(x) = 0 has the roots —3, 1, 2. 
By Rolle's theorem the position and sign of the roots of 
f(x) = 0 can be found out as follows. 

X = —00 3 1 2 00 

f(x) = 0 117-k 11-k 8-ko 
If f(x) = 0 has four real and unequal roots, we must have 
-117 -k < 0, 11 —k > 0 and 8 — k < 0, or, k > -117, 
k<11,k>8. Therefore 8<k<11. 


© Example 7: Given the cubic equation x3 — 2kx? — 4kx + 
k? = 0. If one root of the equation is less than 1, other root is 
in the interval (1, 4) and the third root is greater than 4, then 


the value of k lies in the interval (a+b, b(a+Vb)) where 
a, b € N. Find the value of a and b. 


© Solution: f (x) = x3—2kx?— 4kx +k? =0 
note that f(0)=k’?>0 

f(1)>0 
=> 1-2k—-4k+k?>0 
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k?-6k+1>0 
[k -—(3+2V2 )] [k-(3-2V2 )] >0 


1) 
3-2V2 34+2V2 
Also f (4) <0 
=> 64-32k-16k+k?<0 k?-48k+64<0 
(k—24)? < 512 
(k-24 + 16J2 )(k —24- 16V2 ) <0 
[k — 8(3-2V2 )] [k — 8(3 + 2V2 )] <0 
_ we 
| 8D 8(3+2V2) 
Oy A (2) > 34+2V2 <k < 8(3+2V2) 3+V8 <k 
-<8(3+.8) 
. a=3; b=8 


© Example 8: Let f (x) be a non-constant thrice 
differentiable function defined on (-c, ©) such that 
f (x) =f (6-x) and f'(0) = 0 = f'(2) = f'(5). Determine the 
minimum number of zeroes of g(x) = (f’(x))’ + f(x) f (x) 
in the interval [0, 6]. 


© Solution: f(x) = f(6 — x) (1) 
On differentiating (1) w.r-t. x, we get 

f'(x) =—f'(6—x) (2) 
Putting x = 0, 2, 3, 5 in (2), we get 

f’(0) = — f"(6) =0 

f'(2) =-f'(4) =0 

f'(3) =0 

f'(5) =-f'1) =0 

f'(0) =0=f'(2) = f'(3) = f(5) = f'(1) =f'(4) = f'(6) 


f'(x) = 0 has minimum 7 roots in [0, 6]. 
New. consider a function y = f'(x) 


As f(x) satisfies the conditions of Rolle's theorem in intervals 
(0, 1], [1, 2], [2, 3], [3, 4], [4, 5] and [5, 6] respectively, the 
equation f "(x) = 0 has minimum 6 roots. 


Now g(x) = (P(x) + f(x) £'"&) = < (Foo f"(x)) = 
where h(x) = f’(x) f'"(x) 

Clearly h(x) =0 has minimum 13 roots in [0, 6] 
Hence again by Rolle's theorem, g(x) = h'(x) has minimum 


12 zeroes in [0, 6]. 


h’(x), 
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| Concept Problems (0) 


1. Let f(x) =x(x + 1) (xk + 2) (x +3). Show that the equation 
f '(x) = 0 has three real roots. 

2. If3a+4b + 6c + 12d = 0, then prove that the equation 
ax? + bx? +cx +. d=0, where a, b,c, d € R has atleast one 
root in x € (0, 1). 

3. Can f have three distinct roots and f' have no roots? Can 
f have no roots and f ' have roots? 


4. The equation e* = 1 + x obviously has a root x = 0. Show 
that this equation cannot have any other real root. 

5. If f(x) and f"(x) are continuous and have the same sign at 
every point of an interval (a, b), then prove that this interval 
can include atmost one root of either of the equations 
f(x) = 0, f '(x) = 0. 


6. Let g be a continuous function on [a, b] and suppose that 
g’’ exists for all x in the open interval [a, b]. Prove that if 
there are three values of x in [a, b] for which g(x) = 0, then 
there is at least one value of x in [a, b] where g(x) = 0. 


7. Ifa,b,c e Randa+b+c=0 then show that the quadratic 
equation 3ax” +2bx + c = 0 has atleast one root in (0, 1). 


8. Prove that the equation x* — 4x — 2 = 0 cannot have more 
than two real roots. 


9. Let fbe a polynomial such that f(a) = f(b) = 0, but f(x) 0 
for all x € (a, b). Prove that the number of roots of f’ on 
(a, b), counting multiplicities, is odd. 
Further, let k be a constant. Prove that the number of zeros 
of f’ + kf on (a, b) is odd. 


Practice Problems M 


10. If equation ax? + bx* + cx + d= 0 has only one real root 
then prove that the equation 


3 
os , 4 ax +e =0 cannot have more “on 


4 3 2 
2 distinct real roots. 
11. If equation ax* + bx? + cx? + dx + k = 0 has three mn 
real roots then prove that the equation 4ax” AS 
2cx +d= 0 will have atleast two distinct real roots. 
12. Prove that if the equation 
x"+ ax! + ax"? +..ta_x=0 
has a positive 1 root x =r, then the equation 
nx”! + (n— 1) a,x"? + (n— 2)ax"? +...+a"' =0 
has a positive root less than r. 


7.21 Lagrange's Mean Value Theorem 


Let fbe a function that satisfies the following hypotheses: 
(i) fis continuous on the closed interval [a, b]. 
(ii) fis differentiable on the open interval (a, b). 

Then there is a number c in (a, b) such that 

f(b) f(a) 

b-a 
Geometrical Meaning of LMVT 
Before proving this theorem, we can see that it is reasonable 
by interpreting it geometrically. Figures (a) and (b) show 
that points A(a, f(a)) and B(b, f(b)) on the graphs of two 
differentiable functions. The slope of the secant line AB is 
_ f(b)- f(a) 


AB b-a 


= fc) (1) 


Prove that the polynomial P(x) = x"+ ax + b of degree n 
ot have more than two real roots ifn is even or more 
on three real roots if n is odd. 
Prove that the equation x*— 4x — 1 = 0 has two different 
real roots. 
mer Prove that the function f(x) = x"+ px + q cannot have more 
than two real roots for n even and more than three for n odd. 


he Pp eo 


aN 1, 


16. Prove that all roots of the derivative of the given 
polynomial f(x) = (x + 1) (x - 1) (x — 2) (x -3) are real. 

17. Let f(x) = x*—x?+ 7x? + 3x— 11. Prove that the graph of 
f has atleast one horizontal tangent line. 

18. Prove that the equation x°+ x? + 4x + 1 =0 has atleast 
four imaginary roots. 


b X 


which is the same expression as on the left side of Equation 1. 
Since f'(c) is the slope of the tangent line at the point (c, f(c)), 
the Mean Value Theorem, in the form given by Equation 1, says 
that there is at least one point P(c, f(c)) on the graph where the 
slope of the tangent line is the same as the slope of the secant 
line AB. In other words, there is a point P where the tangent 
line is parallel to the secant line AB. 


Proof Weapply Rolle’s Theorem to a new function h defined 
as the difference between f and the function whose graph is 
the secant line AB. 

The equation of the line AB can be written as 


f(x) = ee) (x —a) 


or, as y = f(a) + 


© =1@) 44) (2) 
—a 


f(a)+ f(b) fa) (x = a) 
b = 
So, as shown in the figure, 
f(b) —f 
hia) =f) — f(a) - BIEN) (ay QB) 


Rolle’s Theorem. 


(i) The function h is continuous on [a, b] because it is the s sum of 


fand a first-degree polynomial, both of which are continuous. 
(ii) The function h is differentiable on (a, b) because both f 
and the first-degree polynomial are differentiable. In fact 
we can compute h’ directly from Equation 3: 
re) - =f) 
b- 
(Note that f(a) and [f(b) — f(a)]/(b — a) are constants.) 


(iii) h(a) = f(a) — f(a) Oe) (a—a) =0 


h'(x) = 


yt 2) he) 
b-a 


= f(b) — f(a) - 
Therefore, h(a) = h(b). 
Since h satisfies the hypotheses of Rolle’s Theorem, there is a 
number c in (a, b) such that h’(c) = 0. Therefore 


[f(b) — f(a)] = 


b-a 
and so pS) = f'(c) 
b-a 


The function h measures the vertical displacement of the graph 
of f from the chord with extremities (a, f(a)), (b, f(b)). The crux 
of the proof is that the slope f'(x) of the curve is expected to 
agree with the slope (f(b) — f(a))/(b — a) of the extreme chord 
at a point c where h(c) is a local maximum. 
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This idea is hit upon when one considers a circular segment 
(see figure) in which one can prove at once that the point on 
the bounding arc of a circular segment at which the tangent 
line is parallel to the bounding chord has the property that the 
vertical distance between the chord and the arc is a maximum. 


To illustrate the theorem with a specific function, let us consider 
f(x) =x?—x,a=0, b=2. Since fis a polynomial, it is continuous 
and differentiable for x, so it is certainly continuous on [0, 2] 
and differentiable on (0, 2) such that 

f(2) — £(0) = f’(c)(2 - 0) 
Now f(2) = 6, f(0) = 0, and f(x) = 3x?- 1, 
so this equation becomes 

6= Ca? — 1)2 = 6c? - 


4 
which gives ce = 3: that is,c=+2/V3. 


“ But. c must lie in (0, 2), soc = 2/V3 . 
First we must verify that i satisiks the three pone ea J 


The figure give below illustrates this calculation. The tangent 
line at this value of c is parallel to the secant line OB. 


The adjective "mean" carries both the notions "between" and 
"average", each of which gives a significant clue to the basic 
idea in the theorem. For what LMVT does is to single out a 
derivative value which plays the role of an average derivative 
value, and this derivative value is attained at a point strictly 
between the end points of the interval domain of the function. 
We must understand that the location of c is not really pinpointed; 
we only know that it lies somewhere inside an open interval. But 
the interesting fact is that the mere knowledge that c is a mean 
point (i.e., lies strictly between the end points of the interval) is 
the real power behind the theorem and its applications. 


Physical Meaning of LMVT 


Assume that x is time and f(x) is the coordinate of a point, 
which moves along a straight line at the moment x. We 
f(b) f(a) _ fc). 

b-a 


write Lagrange's theorem in the form 
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The quantity on the left hand side of the relation is, evidently, 
the average velocity of movement of the point along the straight 
line during the time interval from a to b. LMVT shows that 
there is a moment x = c at which the instantaneous velocity is 
equal to the average velocity on the time interval [a, b]. 

For instance, if a car travelled 180 km in 2 hours, then the 
speedometer must have read 90 km/h at least once. 

Thus, the theorem says that the displacement f(b) — f(a) is 
obtainable as a mean velocity f'(c) times the length b—a of the 
time interval. That is, during motion, a velocity is attained which 
if it had been applied as a uniform (constant) velocity for the 
same time interval would have achieved the same displacement. 
Now [f (b) — f (a)] is the change in the value of function f 
as x changes from a to b so that [f (b) — f (a)] / (b — a) is the 
average rate of change of the function over the interval [a, b]. 
Also f'(c) is the instantaneous rate of change of the function at 
x =c. Thus, the theorem states that the average rate of change of 
a function over an interval is equal to the actual rate of change 
of the function at some point of the interval. 


D Note: 


1. Rolle's theorem is a special case of LMVT since f(a) = 
f(b) gives 


f(b) -f(a) 0 
f"(c) = oe = Ho= ==: 


2. There are several ways of writing the mean value theorem. 


For example, the equation 


f(b) -f 
f'(c) = ( “es 
is equivalent to f(b) — f(a) = (b—a) f'(c). w(]) 
hence to f(b) = f(a) + (b—a) f (Cc). 


In this form, the Mean-Value Theorem asserts that f(b) is 
equal to f(a) plus a quantity that involves the derivative f’. 
The relation (1) is known as the formula of finite 
increment. It states that the increment of a differentiable 
function on an interval is equal to the product of the 
derivative of the function at an intermediate point by the 
increment of the independent variable. 

3. Ifa function f is continuous in a closed interval 
[a, a+ h] and derivable in the open interval (a, a + h), 
then there exists at least one number 0 € (0, 1) such that 
f(a+h)=f(a)+hf '(a+6@h). 0 € (0, 1) 

Proof Putting b =a +h in the above theorem, there will be 

atleast one c, a < c <a +h such that 


Oe f(at+h)—f(a)_ f(at+h)—f(a) 
a+h-a h 

Letc=a+O0h 

Then,a<c<ath >a<a+O0h<ath 

=> 0<0h<h => 0<0<1 


From (1), f'(a + 9h) = we 


(1) 


or, f(a + h) = f(a) + hf'(a + 9h), where 0 <0 < 1. 


©@ Example 1: Show that the function f(x) = x? + x’ satisfies 
the hypotheses of LMVT on the closed interval [1, 2], and 
£(2)-f() 


find a number c between | and 2 so that f’(c) = a] 


&Y Solution: Because f is a polynomial function, it is dif- 

ferentiable and hence also continuous on the entire interval 

[1, 2]. Thus, the hypotheses of LMVT are satisfied. 

By differentiating f, we find that f(x) = 3x? + 2x 

for all x. Therefore, we have f’(c) = 3c” + 2c, and the equation 

f'(c) = 1a is satisfied when 

f(2)-f(1) _ 12-2 
2-1 1 

Solving the resulting equation 3c? + 3c — 10 = 0 by the quadratic 

formula, we obtain 


1+ 31 


3c? + 2c= =10 


The negative value is not in the open interval (1, 2), but the 


_ positive value 


= 1.52 satisfies the requirements of the 


oe cltv31 
3 


theorem. 


© Example 2: On the arc AB of the curve specified by the 
parametric equations x = t’, y = t? find the point M at which 
the tangent is parallel to the chord AB if the points A and B 
are associated with the values t = 1 and t = 3. 


@Y Solution: The slope of the chord AB is equal to 


y@)~ yO) and the slope of the tangent at the point M 


x(3)-—x(1) 
yey O71 SE? ig 
(for t= €) is equal to — , or = ,or == 
Se ee gel = de we a 
13 . ht 
a aaa 
wits 
8 


©@ Example 3: If A(x,, y,) and B(x,, y,) be two points on 
the curve y = ax” + bx + c then using Lagrange’s Mean value 
theorem show that there will be at least one point C (x,, y,) 
where tangent will be parallel to chord AB. Also show that 


Xy +Xo 

a ae 
@ Solution: Given y = f(x) = ax? + bx + (1) 
f(x) = 2ax+b ..(2) 


Since f'(x) 1s finite for all x, therefore it is differentiable and 
hence continuous at all x. Hence by geometrical meaning of 
mean value theorem, there will be at least one point C(x,, y,) 
between A(x,, y,) and B(x,, y,) where tangent will be parallel 
to chord AB and x 


f(x,)-f(x,) 
coordinate x, of C is given by f'(x,) = ACD 


XX] 
2 2 
ax> + bx, +c—ax; —bx, —c 
or 2ax,+3= 
Xq —X} 
a(x5 +x;)+b(x, —x,) 
2ax,+3= 
: X2—Xy 
(x, —X,)[a(x, +x,)+b] 
or 2ax,+3= 2 ! 2 u 


Rg Ay 
or 2ax,+b=a(x,+x,)+b 


+ 
ee X, +X, 
: 2 
@ Example 4: On the arc AB of the curve f(x) = 2x — x? find 


the point M at which the tangent is parallel to the chord AB if 
A(,, 1) and B@, -3). 


© Solution: On the arc AB of the curve y = 2x — x” is con-— / 
y ! 


tinuous and differentiable for all values of x. In accordance 
with Lagrange's theorem, between the two values a = | and 
b =3 there is a value x =c, satisfying the equality f(b) — f(a) = 
(b—a)f'(c), where y' = 2 — 2x. Substituting the requisite values, 
we obtain. 
£3) -f) =G-Df'o©) > @2.3-3%-(@2.1-1) 
=(3-1).(2-2c) >-4=4(1 -c) 
Hence c = 2, f(2) = 0. Thus, the point M has the coordinates 
(2, 0). 


@ Example 5: Let f be defined and continuous on [a — h, 
a+h], and derivable on (a —h, a +h). Prove that there is a real 
number 6 between 0 and | for which 

f(a + h) — 2f(a) + f(a —h) = h(f '(a + 9h) — f '(a — 8h) 


© Solution: Let F be the function defined on [0, 1] by 
setting F(t) = f(a + ht) + f(a — ht), for all t © [0, 1]. 

Then F is continuous on [0, 1] and derivable on (0, 1). By 
LMVT, there exists a number 0 between 0 and 1 such that 
F(1) — FO) = (1 — 0) F (6). 

ie. f(a + h) + f(a—h) — 2f(a) = h{f '(a + 9h) — f '(a — Oh)} 


©@ Example 6: If a = — 1, b > 1, and f(x) = 1/|x|, show 
that the conditions of Lagrange's Mean Value Theorem are 
not satisfied in the interval [a, b], but the conclusion of the 
theorem is true if and only if b> 1 + V2. 


Y Solution: The function is not defined at x = 0. It has an 
infinite discontinuity at x = 0. Hence it is not differentiable 
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at x = 0. Thus the conditions of the Mean Value Theorem are 
not satisfied in an interval [a, b] which includes the origin. 
Now the conclusion of the Mean Value Theorem is 
f(b) f(a) 
b-a 
Assuming this result to be true, we have 


1 1 d 1 1 
|b] Jal dx |x|J,_. [cP 


1 
or L -1=0+0(-.| =— Oe) eea= i 
b c? 


= f’(c) where a<c<b. 


Ic? 
2 2 
or C= - ° = - <b [ b?>c?] 


or b+1<b?—borb*—2b—1>0 

or (b-1)?>2 o0rb—1> V2. 

Hence b> 1 + V2. 

Under this condition the conclusion of the Mean Value Theorem 
is true, although the conditions for the validity of the theorem 
are not satisfied. 


eS ‘Example 7: Let f: [0, 0) — [0, 0) be acontinuous and 


* _ differentiable function. Then show that 


(£(4)° + (£(2))” + £(2)£(4) 


(f(4) — £(2)) ; = 2P(c)f'(C), 
where c € (2, 4) 
@ Solution: We have to prove that 
2 2 
(4) ~ £2) LOCO) ONO = 270 
3 3 
(f(4) -(f(2)) = 3f2(c)£'(c). 


4-2 
From here, we can guess the function on which LMVT can be 
applied. Consider the function g(x) = (f(x))* on [2, 4]. Now 
g(x) is continuous and differentiable in [2, 4] because cube 
of a differentiable function is also a differentiable function. 
By Lagrange's Mean Value Theorem there exists atleast one 
c € (2, 4) such that 
ia 2 HEV) 
gic) a 


3 3 

4-2 
© Example 8: Show that there is no cubic curve for which 
the tangent lines at two distinct points coincide. 


@ Solution: Suppose y = ax? + bx? + cx + d, (a #0) bea 
cubic curve. 

We assume that (x,, y,) and (X,, Yo)s (X, < X,) are two distinct 
points on the curve at which the tangents coincide. 
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Then, by Lagrange's Mean Value Theorem there exists 


Yen = y'(x3) =m 
Roy 


X, (x, < X, < x,) such that 


Since, tangent X,, X,, X, are solutions of the equation 3ax? + 2bx 
+c =m, and it being a quadratic equation, cannot have more 
than two roots. Therefore, no such cubic curve is possible. 


@ Example 9: If the function f : [0, 4] > R is 
differentiable, then show that, (f (4))? — (f(0))? = 8 f'(a) f (b) 
for some a, b € (0, 4) 
©Y Solution: Since, fis differentiable, it is continuous also. 
Thus by Lagrange’s Mean Value Theorem, a €(0,4) such that 
fo OO _f(4)-f() 
4-0 4 
Also, by Intermediate Value Theorem there exists b € (0, 4) 
such that 


.. ) 


f(4)+f(0 
roy = fH 2 
2 
rapt ey ECO) 
=> (f(4)) - €(0)) = ae (b) for some a, b € (0, 4). 


©@ Example 10: Let f(x) and g(x) be differentiable function in . 
(a, b), continuous at a and b and g(x) # 0 in [a, b] then pee Ae 


g(a)f(b)—-f(a)g(b) _ (b—a)g(a)g(b) 
g(c)f (c)-f(c)g'(c) (g(c))” 


for at least one c € (a, b). Ww 


Y Solution: We have to prove that 
g(a)f(b)—f(a)g(b) _ (b—a)g(a)g(b) 


As f(x) and g(x) are differentiable functions in (a, b), h(x) will 
also be differentiable in (a, b). 
Further, h is also continuous in [a, b]. So according to 
Lagrange's Mean Value Theorem, there exists atleast one 
c € (a, b) such that h'(c) = a : 

—a 
which proves the required result. 


©@ Example 11: A continuous and differentiable function 
y = f (x) is such that its graph cuts the line y = px + q at 
m distinct points. Find the minimum number of points at 
which f" (x) = 0. 

&Y Solution: If line cuts the graph at m points then using 
LMVT there exists atleast (m — 1) points where f' (x) =p 


(slope of the line) 
Y 


x 


Using Rolle's Theorem, there exists atleast (m— 2) points 
of" 


g(x) =0: 
Example 12: Suppose f" exists on (a, b) and is 


jr 


continuous at an interior point c. Then prove that 


lim f(c+h)-—2f(c)+f(c—h) 
h>0 h2 


©Y Solution: Let g(x) = f(x) — f(x —h). 
Then f(c + h) — f(c) + f(c —h) = g(c + h) — g(c). 
By Lagrange's Mean Value Theorem 

g(c + h) — g(c) = hg’), 


iF f"(c) 


7a [A 2 where z is between c and c +h. 
etn Oe te Xe) But g'(z) = f(z) - f(z —h) = hf'(w), 
f(b) f@ gee (e)-f(g(c) where w is between z—h and z, 
Le. g(b) g(a) = (g(0)) hence between c — h and c + h. The result is 
= F(e+h)~2F(©)+F(C=H) _ paw) 
2 

FOX) | 

Let h(x) = eG) [a, b]. where |c — w| <h. Let h > 0. Then w > c, so 
f""(w) > f"'(c) since we assumed f"’ is continuous at c. 

_ Concept Problems P. 


1. Verify the mean value theorem for 


X+x’, x20 
f(x) = ;a=-l,b=1. 


1-x’, x<0O 
2. Find c of LMVT 
(i) f(x)= vx—-1 in[lI, 3] 


Gi) f(x) = ae on [1, 4] 


3. Find a point on the curve f(x) = Vx—2 in [2, 3] when 
the tangent is parallel to the chord joining the end points. 


4. Let fhave a derivative for all x. 
(a) Is every chord of the graph of f parallel to some 
tangent to the graph of f ? 
(b) Is every tangent to the graph of f parallel to some 
chord of the graph of f? 
5. Find '6' in the LMVT expressed as f (a+h)=f(a)+h 
f'(a + 9h) 
(i) f(x) =Anx, a=1, h=e-1 
(ii) f (x) = 2x?— 7x + 10 in [2, 5] 
(iii) f (x) = 3x?- 5x + 12 in [0, 1] 
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6. Let f(x) and g(x) be the differentiable functions graphed 7. Using the Lagrange's Mean Value Theorem, prove that 
here. Point c is the point where the vertical distance between sin(x + h)—sin x =hcos a, where x <<a <x +h. 
the curves is the greatest. Is there anything special about the 8. Ifa = b, show that a real number c can be found in (a, b) 
tangents to the two curves at c? Give reasons for your answer. such that 3c? = a2 + ab + b?. 
Y= glx) 9. Show that the function f(x) = x*° does not satisfy 
the hypotheses of the Mean Value Theorem on 
[—1, 27] but that nevertheless there is a number c in 
: i f f(27) -fd 
ces (-1, 27) such that (6) = “PO 
yet. 
a Cc bX 
Practice Problems N 
10. Find a point c in the Lagrange's Mean Value Theorem for Prove that g takes on every values between f’(a) 
the function and g(b) in the open interval (a, b). Use the Mean 
: 0.5 (3—-x2) for O<x<l, Value Theorem for derivatives to show that f" takes 
(x) = ise a Cees on every value between f(a) and g(b) in the open 
_ interval (a, b). 
on the interval [0, 2]. .D fi function h foll 
11. Two radar patrol cars are located at fixed position 6 km NOX ¥ SH nee Menon eon Tables tows: 
apart on a long, straight road where the speed limit is 55 _ h(x) = i a if x +b, h(b) = f(b). 
km/h. A sports car passes the first patrol car travelling at 
53 km/h, and then 5 min later, it passes the second patrol By an janes similar to that in part (a), show that f 
car going 48 km/h. Show that at some time between the takes on every value between f’(b) and h(a) in (a, b). 
two clockings, the sports car exceeded the speed limit. ») Since h(a) = g(b), this proves the Intermediate Value 
12. During the time T's the point covered the distance of Sm Theorem for Derivatives. 
ovine Hone a ete ne ee uta and prone 18. Suppose f is an odd function and is differentiable 
moment the velocity of the point is zero. Prove that the < 
some moment the absolute value of the acceleration of the everywhere. Prove that for every poruye number b, there 
point was not smaller than 4S/T? m/s?, exists a number c in (-b, b) such that f'(c) = f(b)/b. 
13. (i) Letnbeapositive integer. Showthatthereisanumber 19. A number a is called a fixed point of a function f if 
c between 0 and x for which f(a) = a. Prove that if f(x) # 1 for all real numbers x, 
(i+x)"-1 ee then f has atmost one fixed point. 
x 20. If f' is continuous on [a, a + h] and derivable on (a, a + h), 
(l+x)"-1 then prove that there exists a real number c between a and 
(ii) Use part (i) to evaluate lim ———*—.. a+ hsuch that 
x0 x 2 
14. (i) Show that there is a number between 0 and x for which f(a + h) = f(a) + hf '(a) + a "(c). 
cos x —1 . 
¥ =—Sin W. 21. Ifa<x<b, prove that 
. cosx+l1 x —a)f(b)-(x—b)f(a) 1 P 
(ii) Use part (i) to evaluate lim ———., f(x) = ( E(B) =( di(a) (b—x)(x —a)f "(x,) 
k>0 x-T7 b-a 2 
15. Let f and g be continuous on [a, b] and differentiable on where a < x, <b, stating the conditions under which the 
(a, b). Prove that if f(a) = g(a) and f(b) = g(b), then there result is valid. 
is a number c in (a, b) such that f'(c) = g'(c). Illustrate 22. If f(x) and g(x) are continuous functions in [a, b] and they 
this result by drawing an appropriate picture. are differentiable in (a, b), then prove that there exists 
16. Let fbe differentiable everywhere. Assume that f'(a) = 0 and c €(a,b) such that 
f '(b) = 1. Must there be a number c, with a<c <b, such , 
that f '(c) = 1/2 ? Note that f ' need not be continuous. ie f(b) =(b-a fe aC) : 
17. (a) Define a new function g on [a, b] as follows : g(a) g(b) g(a) gic) 
ee f wo f(a) eee meer 23. Use the Mean Value Theorem to prove the following result: 
—a let f be continuous at x, and suppose that lim f’(x) exists. 


XxX, 
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Then f is differentiable at X,, and 
f'(x,)= lim f'(x). 
XX, 


24. Use the Mean Value Theorem to prove the following 
result: The graph of a function f has a vertical tangent line 
at (x,, f(x,)) if f is continuous at x, and f'(x) approaches 


either +00 or —00 as x > xj andasx—> Xo. 


7.22 Corollaries of LMVT 


Constant Function Theorem 
(Zero Derivative Theorem) 


Suppose f is a continuous function on the closed interval 
[a, b] and is differentiable on the open interval (a, b), with 
f'(x) = 0 for all x on (a, b). Then the function f is constant 
on [a, b] 
Proof Letx, and x, be two distinct numbers (x, # x,) chosen 
arbitrarily from the closed interval [a, b]. The function f satisfies 
the requirements of LMVT on the interval with endpoints x, 
and x,, which means that there exists a number c between x, 
and x, such that 
f(x,) —f(x,) = f"(c) 
X_—-X, ANY 
By hypothesis, f’(x) = 0 throughout the open interval (a, b), 
and because c lies within this interval, we have f'(c) = 0. Thus, 
by substitution we have : 
f(x,)-f(x,) 
oo = @) 
Ag Rj 
f(x,) = f(x,) 
Because x, and x, were chosen arbitrarily from [a, b], we 
conclude that f(x) =k, a constant, for all, x as required. 


The constant function theorem has far-reaching consequences. 
Physically, it merely confirms our intuitive notion that a body 
with zero velocity over an interval does not get beyond its initial 
position; that a body with zero acceleration over an interval 
has constant velocity; and that a body with zero jerk over an 
interval has constant acceleration. 


@ Example 1: Prove the identity tan~' x + cot! x = 1/2. 


&Y Solution: Although calculus is not needed to prove this 
identity, the proof using calculus is quite simple. 
If f(x) = tan! x + cot’ x, then 
f’ : : 0 

a lex” ioe? ~ 
for all values of x. Therefore, f(x) = C, a constant. To determine 
the value of C, we put x = | [because we can evaluate f(1) 
easily]. 


25. Given the function f(x) continuous together with its 
derivatives up to the (n— 1)th order inclusive on the closed 
interval [a,b] and possessing the nth-order derivative on the 
interval (a, b), with the equalities f(a) = f(x,) = f(x,) =...= 
f(x,_,) = f(b), wherea<x,<x,<...<x,_,<b, holding true 
for that function. prove that there is at least one point € on 
the interval (a, b) for which f™(€) =0. 


Then C = f(1) = tan! 1+cot!1l= 


Thus tan”! x + cot! x = 2/2. 

However, the most significant result implied by the above 
theorem is the following theorem, which gives the structure 
of functions having the same derivative over an interval. 
Geometrically we learn from the theorem that continuous 
graph having the same slopes are vertical transitions of each 
other. 


+ 


Constant Difference Theorem 


Suppose the functions f and g are continuous on the closed 


interval [a, b] and differentiable on the open interval (a, b). 
_ Then if f(x) = g’(x) for all x in (a, b), there exists a constant 


C such that f(x) = g(x) + C 
for all x on [a, b]. 
Proof Let h(x) = f(x), then 

h’(x) = f'(x) — g(x) =0__ because f"(x) = g'(x) 
Thus, by the constant function theorem, h (x) = C for some 
constant C and all x on [a, b], and because h(x) = f(x) — 
g(x), it follows that 

f(x) — g(x) =C 

f(x) = g(x) + C. 
This theorem tells that two functions with equal derivatives on 
an open interval differ by a constant on the interval. 
The corollary asserts that if the graphs of two functions have 
the property that their tangent lines at points with the same x 
coordinate are parallel, then one graph can be obtained from the 
other by raising (or lowering) it by an amount c. 


Y 


x 1 
Let f(x) = — “fh 


|x| 


The domain of fis D= {x|x #0} and f(x) = 0 for all x in D. But 
fis obviously not a constant function. This does not contradict 


the theorem because D is not an interval. Notice that f is 
constant on the interval (0, 00) and also on the interval (— ©, 0). 


©@ Example 2: What functions have a derivative equal to 
2x everywhere? 


©Y Solution: One such function is x’; another is x? + 2. 


d 
For any constant c, xe +c) = 2x. Are there any other 
x 


possibilities? Corollary 2 tells us there are not, for if fis a 
function such that f '(x) = 2x, then f '(x) = (x’)' for all x. 
Thus, the functions f and x’ differ by a constant, say c, that 
is. f(x)=x?+c. 

The only functions whose derivatives are 2x are of the form 
xX? +C. 

This example shows that every antiderivative of the function 2x 
must be of the form x’ + c for some constant c. More generally, 
if F(x) is a particular antiderivative of the function f(x) on an 
interval, then any other antiderivative of f(x) there must be of 
the form F(x) + c for some constant c. 


@ Example 3: If f(x) = x? + 2x, find the set of all functions 
with derivative equal to f. 


Y Solution: Here the interval is the set of all real num- 


bers, and it is easy to see that one function in the set is — 


3 
a x”, since 


d 3 
o{S+e] = x? + 2x = f(x). 
>< 


Hence, each function G in the set is defined by 


e 
G(x) = ye +c, 

for some real number c. As c takes on all real values, we get all 

members of the set. There are no other possibilities. 

©@ Example 4: A particle moves along a line with velocity 

function given by v(t) = sin % t. If the particle's initial position 


is at the origin, find the position at any instant t. 
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©Y Solution: We are to solve for p(t) given that 
1 
p(t= sin > t and p(0) = 0. 


By "hindsight" we know that (—2 cos = 0) = sin st 


Therefore by the Constant Difference Theorem 
p(t) — 2 cos 5) = C for some constant C. 
Setting t = 0, since p(0) = 0 is known, 

we have 0 + 2 cos ; (0) =C, which gives C = 2. 


Therefore p(t) =—2 cos : t+ 2 is our solution. 


Monotonicity Theorem 


If fis continuous on [a, b] and has a positive derivative on the 
open interval (a, b), then fis increasing on the interval [a, b]. 
If fis continuous on [a, b] and has a negative derivative on the 
open interval (a, b), then f is decreasing on the interval [a, b]. 
Proof We prove the "increasing" case. Take two numbers 
X, and x, such thata<x,<x,<b. 

By the Mean Value Theorem, there is some number c between 
x, and x, such that 

— f(x,) = f(x,) + (&«, —x,) f'(c) 


di 2: 1 2 


_ Since, X, — X, is positive, and since f ‘(c) is assumed to be 


positive, it follows that (x, — x,) f (c) > 0. 

Thus f(x,) > f(x,), and the corollary is proved. 

(The "decreasing" case is proved similarly.) 

As an illustration, consider 3x + 2 sin x ; its derivative is 
3 +2 cos x. Since cos x >— 1, 3 +2 cos x is positive. Thus, 
3x + 2 sin x is an increasing function. 


©@ Example 5: Show that the function f, defined on R by 
f(x) = —x* + 6x*— 13x + 4, is strictly decreasing everywhere. 
&Y Solution: f(x) =—x} + 6x2— 13x +4, 

f(x) =-3x? + 12x - 13, 

=—3(x-2)-1 
Here f'(x) <0 V x € R. Hence, the function is strictly decreasing 
everywhere. 


_ Concept Problems Q 


1. (a) Differentiate sec? x and tan’x. 

(b) The derivatives in (a) are equal. Corollary 2 then 
asserts that there exists a constant c such that sec? x = 
tan’x + c. Find that constant. 

2. Which of the corollaries to the Mean Value Theorem 
implies that (a) if two cars on a straight road have the 
same velocity at every instant, they remain a fixed distance 
apart? (b) if all the tangent to a curve are horizontal, the 
curve is a horizontal straight line? 

3. (a) Use the Constant Difference Theorem to show that 

if f(x) = g'(x) for all x in the interval (—00, 00), and if 


fand g have the same value at some number x,, then 
f(x) = g(x) for all x in (—c, 00). 

(b) Use the result in part (a) to confirm the trigonometric 
identity sin* x + cos? x = 1. 

4. (a) Use the Constant Difference Theorem to show that if 
f'(x) = g(x) for all x in (0, 00), and if f(x,) — g(x,) =¢ 
at some number x,, then f(x) — g(x) = c for all x in 
(0, 00). 

(b) Show that the function h(x) = (x — 1)? — (x? + 3) 
(x — 3) is constant for all x in (—c0, 00), and find the 
constant. 
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(c) Check the result in part (b) by multiplying out and 
simplifying the formula for h(x). 

5. Ifthe graphs of two functions f(x) and g(x) start at the same 
point in the plane and the functions have the same rate of 
change at every point, do the graphs have to be identical? 
Given reasons for your answer. 

6. The derivative of f(x) = x? is zero at x = 0, but fis not a 
constant function. Doesn't this contradict the corollary 
of the Mean Value Theorem that says that functions with 
zero derivatives are constant? Give reasons for your 


7. Show that f(x) = (x — 2)° and g(x) = (x? + 12)(x — 6) differ 
by a constant. Use f and g to demonstrate the Constant 
Difference Theorem. 

if x >0 

if x <0 


Does this example contradict the Zero Derivative 
Theorem? Why or why not ? 


1 
8. Consider f(x) = a 


9. Suppose that f and g are continuous on [a, b] and 
differentiable on (a, b). Suppose also that f (a) = g (a) and 


answer. f' (x) < g' (x) fora <x <b. Prove that f (b) < g (b). 
Practice Problems (0) 


10. Calculate the first derivatives of 
f(x) = x°/(x* + 1) and g(x) =— 1/(x* + 1). What can you 
conclude about the graphs of these functions? 

11. Suppose that f(0) = 5 and that f'(x) = 2 for all x. Must f(x) 
= 2x + 5 for all x? Give reasons for your answer. 


. if x >0 


12. Let f(x) = 1/x and g(x) = 


1+— if x<0O 
x 


Show that f'(x) = g'(x) for all x in their domains. 8 Ci we 
conclude that f— = is aa ? ’ » 


13. Show that f(x) = 5 and g(x) = 


constant. Are the conditions of the Constant Difference 
Theorem satisfied ? Does f'(x) = g'(x) ? 


14. Sh that 2{-)-S{ ~) though 
° a dx \x+l1 dx x+1 ene epee 


Xx 


# — ——. Does't this contradict Corollary 2 
x+1 x+1 


7.23 Related Inequalities 


1. If fis continuous on [a, b] and m < f '(x) < M for all 
x € (a, b), then m (b—a) < f(b) —- f(a) < M (b— a). 


f 
Using LMVT, we have One 


f'(c) 

Now, if M and m be the maximum and minimum values 
respectively of the derivative of f(x) in (a, b), then we have 
m<f'(c)<M 
f(b)—f(a) 

b-a 

ie. m(b—a) < f(b) —- f(a) < M (b—a) 

ie. m(b—a)+ f(a) < f(b) < f(a) + M (b—a) 


le. m< <M 


of the Mean Value Theorem? Given reasons for your 
answer. 


15. Show that if f"(x) = 0 for all x, then f is a linear function. 
(that is , f(x) =ax + b for constants a# 0 and b.) 


16. Show that if f'(x) = Ax + B for constants A # 0 and B, 
. then f(x) is a quadratic function. (that is, f(x) = ax + bx + c 
_ for constants a, b and c, where a+ 0). 


‘ 17. Show that the function f(x) = 9 — 12x + 6x*-x*, x € R, is 


decreasing in every interval. 
18. (a) Show that if f and g are function for which 
f(x) = g(x) and g'(x) = —f(x) for all x, then f(x) + 
g’(x) is a constant. 
(b) Give an example of functions f and g with this 
property. 
19. Show that if f and g are functions for which 
f(x) = g(x) and g’(x) = f(x) for all x, then f?(x) — g?(x) is 
a constant. 


The above result can be used to estimate the value of f(b) 
if the value of f(a) is known. 

2. If fis continuous on [a, b] and | f'(x)| < M for all x € (a, b), 
then | f(b) — f(a) |< M|b—al. 


f(b)-f 
Using LMVT, we have penne = f'(c) 
= fe f(a) =| f'(c)| 
b-a 
f(b) — — 


<M 


Since | f '(c) |< M, an 


ee en 
3. If fis continuous on [a, b] and | f '(x)| = m for all x € (a, b), 
then | f(b) — f(a) | =m|b-al. 


Using LMVT, we have Pe 


=|f'©| 


ae er 
=> |f(b)-f(a)|=m|b-al. 
4. Appromaximation of a function 
The functional value f(a) may be taken as an approximation 
for f(b) with error measured by a mean derivative multiple 
of the deviation of b from a. 
If, in particular, a constant (say) M bounds derivative 
values numerically on (a, b), then the product M(b — a) is an 
error bound for the difference f(b) — f(a) : 
that is, if |f'(x)| < M for all x € (a, b), then 
|f(b) — fa) = |f"(c) (b — a)| $ M(b — a). 
In fact, if m < f '(x) <M for all x € (a, b) then 
f(a) + m(b — a) < f(a) + f '(c) (b- a) < f(a) + M(b— a) 
f(a) + m(b — a) < f(b) < f(a) + M(b—- a) 
from which f(b) may be approximated by either of the 
extremes of the above inequalities, within an error bound 
of (M — m) (b — a), obtained as the difference of the 
extremes. See figure. 
f(a)+m(b-a) 


Since | f '(c) | => m, 


f(b) f(a)+M (b-a) 


(M-m) (b-a) 


5. Suppose that fis continuous on [a, b], that f’’ exists on. (a b), | 


and that f’"(x) > 0 for all x € (a, b). Letc € (a, a Rost for 
all x € [a, b], 
f(x) = f(c) + f'(c) (x —c) 
with equality only for x = c. If f(x) > 0 is ate by 
f(x) = 0, there may be equality for other values of x. 
Proof Define g(x) = f(x) — f(c) — f(c) (x -¢). 
Then g(c) = 0, g’(c) = 0, 
g(x) = f"(x) > 0 fora<x<b. 
Then function g’(x) > 0 for c< x <b and 
g'(x) <Ofora<x<c. 
Suppose c <x <b. 
Then g(x) — g(c) = (x —c) g'(z), wherec <z<x. 
Therefore g(x) — g(c) > 0, g(x) > g(c). 
Likewise g(x) > g(c) fora<x<c. 
This proof is easily modified to cover the case f’(x) = 0. 


©@ Example 1: Let f be differentiable for all x. If f(1) = -2 
and f'(x) = 2 for all x € [1, 6], then find the least possible value 
of f(6). 
© Solution: By Lagrange's Mean Value Theorem, there 
exists c € (1,6) such that 
f(6)-f() 
6-1 
(6) +2 
5 


=f'(c) >2 (« f'(x)>2 for all x € [1, 6]) 


>2 
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=> £(6)+2210 >f(6)28. 
Hence, the least possible value of f(6) is 8. 


@ Example 2: Suppose that (0) = —3 and f(x) < 5 for all 
values of x. How large can f(2) possible by ? 


@Y Solution: We are given that f is differentiable (and 
therefore continuous) everywhere. In particular, we can 
apply the Mean Value Theorem on the interval [0, 2]. There 
exists a number c such that 

f(2) — £(0) = f"(2) (2 - 0) 
so f(2) = f(0) + 2f'(c) =-3 + 2f"(c) 
We are given that f(x) < 5 for all x, so in particular we know 
that f'(c) < 5. Multiplying both sides of this inequality by 2, 
we have 2f'(c) < 10. so 

f(2) =-3 + 2f"(c)<3+10=7 
The largest possible value for f(2) is 7. 


@ Example 3: If f (x) is continuous on [0, 2], differentiable 
on (0, 2), f (0) = 2, f (2) = 8, and f ' (x) <3 for all x in (0, 2), 
then find the value of f (1). 


G Solution: Applying LMVT to f in [0, 1] and again in 
[1, 2] There exists c, € (0, 1), such that 


a =f'c)<3 => f()<5 (1) 
. There exists c, € (1, 2), such that 
at =f'(c,) <3 >f()>5 (2) 


Hence, (1) and (2) imply that f (1) =5. 


=) Example 4: Prove that there exists no such function 

f(x) such that f(1) =— 1, f (4) =7 and f' (x) >3 forallx ER. 

Y Solution: Using LMVT for f in [1, 4], there must exist 

f(4)-f() 741 8 
ee a 

But it is given that f'(x)>3 VxeR. 

Hence, no such function exists. 


some c € (1, 4) such that f' (c) = 


© Example 5: Let f' (x)= e* and f(0)=10.IfA< f(1) 
<B can be concluded from the Mean Value Theorem, then 
find the largest value of (A—B). 

© Solution: Applying LMVT in [0, 1] to the function 
y = f(x), we get 


f(l)-f(O 
f'(c)= ara for some c € (0, 1) 
2 ee oe 


=> f(1)-10=e 


but 1< e° <ein(0, 1) 
1<f(1)-10<e 


for some c € (0, 1) 
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=> 11<f(1)<l+e 
A=11,B=10+e 
=> A-B=l-e. 


@ Example 6: Let f (x) be twice differentiable function 
such that f" (x) < 0 in [0, 2]. Then prove that 

dG) f(0)+f(2)=2f(c), 0<c<2, 

di) f(0)+f(2)<2f (1). 


©Y Solution: By Intermediate Value Theorem 


OO < 100, 0<c<2 
By Mean Value Theorem, 

fd)-fO)=f'(c,), O<c, <1 

FQ2)-f(Q)=f'(c), 1<c,<2 


By subtraction, 
f£O)+f@)-2f()=f'C,)-f'C,) 
=(c,-c,)f"(©), ¢,<ce<e, 

=> £(0)+f@2)-2f(1)<0 

=> £(0)+f(@2)<2f(). 

@ Example 7: Iff()= 7 : peo for all x and f(0) = 0, show 


that 0.4 < £(2) <2. 


@ Solution: Given f(x) = —/~ forall x tie 
1+x? ( 
f(x) > 0 for all x [ 1+x?>0] ) 
Also given f(0) =0 4.2) 


From (1), it follows that f(x) is differentiable at all: X, therefore 
f(x) is also continuous at all x , 
By Lagrange’s Mean Value Theorem in [0, 2) 


£2Q)=00) 28 i 
a =f Ch= 
2-0 (©) 1+c? 
f(2)-0 1 2 
or, = or, f(2) = : 3 
520 ie (2) ise (3) 
Now 0<c<2 
2: 
2. 2 or, ——~ <2 (4) 
l+c” 140° l+¢ 
and 7 => 2228 =04 
l+c? 1427 5 
or, 2 ; > 0.4 (5) 
l+c 


From (3), (4) and (5) it follows that 0.4 < f(2) < 2. 
© Example 8: Use LMVT to prove that tan x >x for 


XE [o =), 
2 


©Y Solution: Consider f (x) = tan xin [0, x], 0 <x < 7/2. 


: tan x —0 
Using LMVT, EE gue 4 


tan x >] 


x 
=> tanx>x. 


© Example 9: Prove that if n is an even natural number 


b" —a" 
—— <nb"'forb>a. 
—a 


then na"! < 


© Solution: Consider the function 
f(x)=x"..xeER 
and f(x) =nx™!, 
Since, f is continuous and differentiable on R, therefore 
applying Lagrange's Theorem on f(x) in (a, b) we have 
f(c) = oe 


Since, n — | is odd, therefore f '(x) is strictly increasing in 

(a, b) irrespective of whether a, b are positive or negative 

number. Thus, we have 
f(a) < f '(c) < f '(b) 

f(b) —f(a) 
—a 


for some c in (a, b) 


ie. na™!< < nb", 


S Example 10: Prove that (B—@) sec” a 


<tan B =tan a <( B — a@)sec? B, where 0< a <B< a 


gw Solution: Let f(x) = tanx 
im b We know that tanx is continuous and differentiable function 
in (0, 7/2 ), so according to LMVT, 


there exists a point ‘Y ’in(@,B) where 


.,_t(B)-f(a) _ tanB-tana 
Oe, = 


Also, £'(x)=sec? x, f"(x)=2 sec” x tanx >0 


So, f'(x) is increasing in (0, 1/2) 

=> f(a)<f'y) <f'®) 

tan(B) — tan(a) 
(B- 


which proves the required result. 


2 
=> sec’a< < sec’ B 


@ Example 11: Using Mean Value Theorem show that 
a’ < {aa + b(1 —a)} b™, (1) 
for 0 < a< 1 anda, b are positive real numbers. 


&Y Solution: To prove that inequality (1), define a function 
fby f(t)=t*,t>0, 0<a<l. 
Then, evidently, f is continuous on [a,b]. Applying the Mean 
Value Theorem to f, we obtain 
f(b) —f : 
OO = Fn) 
for some n in the open interval (a, b). This yields 
be cn, (2) 
b-a 
Since n € (a, b), we obtain 
ne! > b=! . 
Hence, since a > 0, we have 
an! > ab! 


Using (2) in the above inequality, we see that 
b*— a* > (b—a) ab™! 
which after some simplification yields the inequality (1), that is 
a’ < {aa + b(1 —a)} b*". 
© Example 12: Show that the square roots of two successive 
natural numbers greater than N? differ by less than 1/2N. 


Y Solution: Consider f(x) <vx on the interval [n + n+ 1]. 
Applying Lagrange’s Mean Value Theorem, we get 
& € (n,n + 1), so that 
f(n+l)-f(n 

(n+D=FO) _ og) 

n+l-n 

1 eee f(n+1)- an 

2/6 n+1- 


mates dias 


=> Jn+1- vn<. 


=Vatl-va 


=> 


= 5X 2N 
©@ Example 13: Using Lagrange's Mean Value Theorem 
prove that | cosa—cos b|<|a—b|. 
@ Solution: Consider f(x) = cosx in [a, b]. 
It is continuous and differentiable in [a, b]. 


Hence, according to Lagrange's Mean Value Theorem there 
Cd +4 tan'x>x,x<0 
ie. tan! (-x)>-x,x <0 (2) 


exists atleast one c € (a, b) such that 


f(b)-f 
(b)-F@) _ pe) 
b-a 
cosb—cosa : 
=— sinc 
b-a 
cos b—cosa : 
————|=|-sinc] <1 
b-a 


| cos b—cosa|< |b—a| 

|cosa—cosb|< |a—b|. 
@ Example 14: Show that |sin x — sin y| < |x — y| for 
numbers x and y by applying the Mean Value Theorem. 
Y Solution: The inequality is true if x = y. Suppose x 4 y; 
then f(9) = sin 0 is differentiable and hence continuous for all 
0, with f(0) = cos 8. By applying the LMVT to f on the closed 


; ; fait) 4 

interval with endpoints x and y, we see that Esco = f'(c) 

for some c between x and y. Because f'(c) = cos c, it follows 
sin x —siny 

that —————— =cosc 


Finally, we take the absolute value of the expression on each 
side, remembering that |cos c| < 1 for any number c : 


sin x —sin y 
x—y 
Thus, |sin x — sin y| < |x —y|. 


[=fos <1 


© Example 15: Prove that |tan~! x| < |x|,x eR 


Y Solution: Consider the function 
f(x) =tan'!x-x,xeER 
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1 —x* 
and f '(x) = -l= 
-) 1+x? 


1+x? 
Applying Lagrange's Theorem on f(x) in the interval [0, x], 
(x = 0), we have 


f'(c)= PQQ SEO) 20) teaomeein (0, x). 
—0 x 
Since, | + x” increases in [0, x], therefore x —1 decreases 
in [0, x], 


Thus, we have f'(x) < f'(c) < f'(0) 

2 

= 7 < f(y) < 0 

1+x x 
From the right hand inequality, we have 

f(x) <0, since x > 0 
ie. tar’ x <x,x20. (1) 
Similarly, applying Lagrange's Theorem on f(x) in the interval 
[x, O], (x <0), we have 

f'(0) < f’(c) < f(x) 

2 


f(x) z —x 


x Lax 


1.e. 


1.e. 0< —— 


From the left hand inequality, we have 
f(x) = 0, since x < 0 


Hence, from inequalities (1) and (2), we have the desired result 
|tan-'x| < |x|, x ER. 

@ Example 16: Using Lagrange's Mean Value Theorem 

<In(l+x)<x Vx>0. 


prove that = 
1+x 


Hence show that 0 < [In (1 + x)}!'-x1<1Vx>0 

& Solution: Consider f(x) = In(1 + x) in [0, x]. 

Since f(x) satisfies the condition of Lagrange's Mean Value 
Theorem in [0, x], there exists 8 (0 < 6 < 1) such that 


£%) =F _ prey) 
x -0 
> ind +x)= : 
2 1+ 0x 


Now 0<0<1,x>0 => O0x<x 
=> 14+0x<1l+x 
1 1 
> 
1+ 0x 1+x 
x x 
> 
1+ 0x 
Again0<0<1,x>0 
=> 0x>0 
=> 14+0Ox>1 
1 x 
<1 
1+ 0x 1+ 0x 
(1) and (2) give 


=> 


=> 


(1) 


1+x 


<x ..(2) 


< Ind + x) <x 
+x 
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ay 1+x 


> [Ind + xp! > = 
x 


=> 2 e1siinda yy Ss 
xX x 
=> 1>[Ind +x)P'-x!>0. 
©@ Example 17: Show that +h <1+ Shith>o. 


Y Solution: In f(b) — f(a) = f '(c) (b—a) 
let f(x) = ./1+ x ,a=0, andb=h. 


Then for some c € (0, h), 


1 1 
Jl+h-1l= h<—h 
u 2Jl+c <3 


1 
so that .fl+h <1+ 5h 


©@ Example 18: Let 0 <x < yy. Prove that 

Iny—Inx 2 1 
y-x — fxy 

©Y Solution: Let f(x) = In x and g(x) = Vx —1/ Vx for 


x = 1. We shall prove f(x) < g(x) for x > 1. 
First f(1) = g(1) =0. 
It suffices to prove f’(x) < g(x) for x > 1, 


1 l. 4 
thatisx!<=x/?@+ 7x", 
2 2 


2x!2<x + 1. This is true because 0 < (/x —1)?. 0 ; 


Thus, In x <Vx-1/Vx forx>1. 
We now simply replace x by y/x to get the above inequality. 


@ Example 19: Assume that fis differentiable on [0, 0). If 
f'(x) > 0 as x > ©, then prove that f(x) > 0 as x > 00. 


©Y Solution: Let there be a number x, such that 
f'(x) 21 for x 2 x,. 
Then by LMVT, 
f(x) — f(x, = f'G) x) 2x-%, 
so f(x) = f(x,) —x, +x (1) 
Now as x — ©, (1) implies that f(x) > ©. 


©@ Example 20: If y =f (x) is twice differentiable function 
such that f (a) = f (b) = 0, and f (x) > 0 
V x € (a,b), then prove that f'"(c) < 0 for some c € (a, b). 


Y Solution: Applying LMVT to f (x) for x € E i a4 


f 2?) F0@ 


. 2 a+b ; 
f (c,) = (22) = (b—a) -f (2°) , for 
2 


[ a) 
some c, € | a, . 
| 2 


Applying LMVT again on f (x) for x € E * b 7 


2(22°) 

ees 

b— a+b ’ 
2 

Applying LMVT to y= f' (x) in [c,, c,], 

_ £')-fqD) 

7 C2 —% 


a+b 
f'(c,) =- for some c, € (2=*.o | 


f"(x) 


4 #22) 
= (b-a) 2 <0, where x € (c,,C,). 
Cy —C 


@ Example 21: The second derivative f"(x) of the 
function f(x) exists for all x in [0, 1] and satisfies |f"(x)| < 1. If 
f(0) = f(1), then show that |f '(x)| < 1 for all x in [0, 1]. 


Y Solution: The first derivative f '(x) exists for all x in 
[0, 1] which implies that f(x) is continuous for all x in [0, 1]. 
Also , it is given that f(0) = f(1). 


mw Thus, applying Rolle's Theorem on f(x) in the interval [0, 1], 
we have f'(c) = 0 for some c in [0, 1]. 
~ The second derivative f"(x) exists for all x in [0, 1] which implies 


that f '(x) is continuous for all x in [0, 1]. 
Thus, applying Lagrange's Theorem on f '(x) in the interval 
[c, x] (Cc <x <1), we have 


f"(a) = Pe) * = o for some o in [c, x] 
ie. f(x) =(x-c) f"(a) 
Le. [f'(x)| = |x —e| |f"(a)| < 1 
[since |x — c| < | and |f"(x)| < 1 for all x] 
Similarly, applying Lagrange's Theorem on f'(x) in the interval 
[x, c] (O< x <c), we have 
£'(B) = f'(c)—f (x) 
c-Xx 
ie. f(x) =(x-c) f"(B) 
Le. |f'(x)| = |x —ce| |f"(B) < 1 
When x =c, f'(x) = f'(c) =0 
IP@)=|0[=0<1. 
Hence, we have the desired result |f '(x)| < 1 for all x in [0, 1]. 


[. £'(c)=0] 


for some f in [x, c] 


©@ Example 22: Suppose f” and g” exist in [a, b] and 
f(a) = g(a), f(a), ..., f-P(a), and f(x) < g(x) on (a, b). Prove 
f(x) < g(x) on [a, b]. 

Y Solution: Let h(x) = g(x) — f(x). 

Then h(a) = h’(a) =... =h®)(a) =0 

and h(x) > 0 fora< x <b. 


For n= 1, the Mean Value Theorem yields h(x) = 0. In general, 
h'(x) satisfies the given conditions for n — 1. Hence, by 
induction h’(x) = 0, so h(x) = 0. 
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Concept)Problems R 


1. 


2. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


If f(1) = 10 and f'(x) > 2 for 1 <x < 4, how small can f(4) 
possibly be ? 

Suppose that f(—1) = 3 and that f’(x) = 0 for all x. Must 
f(x) = 3 for all x? Give reasons for your answer. 
Suppose that 3 < f'(x) <5 for all values of x. Show that 
18 < f(8) — f(2) < 30. 

Does there exist a function f such that f(0) = —1, f(2) = 4, 
and f'(x) < 2 for all x ? 

Show that for any x > 4, there is a number w between 4 and 
vx-2 1 


x such that a 
x—-4 


lw 
Use this fact to show that if x > 4, then vx <l1+ ie : 
Use the LMVT to show that - 


v1+x —4<=(x-15),ifx> 15. 


Practice Problems 


Let f be differentiable for all x. If f(1) =—2 and f'(x) =2 Nur 


for all x € [1,6]. Then prove that f(6) = 8. 


If f '(x) < 2 for all x, what is the most the values of f gd 
increase on [0, 6]? give reasons for your answer. SS 
Suppose fis continuous on [0, b], f(0) = 0, and 30 on 

(0, b). Prove that f(x)/x < f(x) for all x € .bI. 

Using Lagrange's Theorem, prove the validity of the 
following inequalities : 

(i) |tan'’x-tam'y|<|x-y| Vx, y, 


(ii) me <In E _¥ forO0<y <x. 
x y xX 
Suppose that f is differentiable on [0, 1] and that its 


derivative is never zero. Show that f(0) # f(1). 

What conditions could you place on f to guarantee that 

f(b) - 2) 
b- 

refer to the eee and maximum value of f’ on [a, b]? 

Give reasons for your answer. 

Show that if fis concave up on an interval I, then the graph 

of f lies above all its tangents on I. 

Use the Mean Value Theorem to show that if c is a point 

in I, then f(x) > f(c) + f'(c)(x —c) 

for all x in I. This property is sometimes used as the 

definition of concave up. 

(a) Use the Mean Value Theorem to show that 


=X 
ly -vx <= if0<x<y. 


(b) Use the result in part (a) to show that if 0<x <y, then 


Vyx < : (x + y). 


min f'< max f', where min f’ and max f 


7. 


19. 


20. 


21. 


Use the Mean Value Theorem to show that if f is 

differentiable on an interval I and if |f(x)| < M for all 

values of x in I, then |f(x) — f(y)| < M |x — y| for all values 

of x and y in I. 

(a) Use the Mean Value Theorem to show that if f is 
differentiable on an open interval I, and if |f(x)| 2M 
for all values of x in I, then |f(x) — f(y)| = MIx — y| for 
all values of x and y in I. 

(b) Use the result in part (a) to show that 
|tanx—tan y|=|x-—y| for all values of x and y in 
the interval (—1/2, 1/2). 

(c) Use the result in part (b) to show that 
|tanx + tan y|=|x+y| for all values of x and y in 
the interval (—1/2, 1/2). 


If a, b, € [0, 2/2), prove that |cos a— cos b| < |a— bl. 


exists on [a, b] and if |f"(x)| < M, for all x in [a, b], 
then prove re 


|f(b) — f(a) — = =(b- 


If f"(x) exists — all x in [a, b], and |f"(x)| < M, for all x in 
[a, b], and if c be any real number between a and b, then 
prove that 


a) {f(a) + £(b)}| <5 (b- a)°M. 


fo f(a) =(c 0 {2O- “ot 


b- 
Use the LMVT to show that 
l sha yh OSes o, 
2xt+1] 5 25 


Prove that x — x?/3 < tan'x, ifx > 0. 


1 2 
<—(b-a)M. 
3° ) 


22. Use the Mean Value Theorem to establish the following 


23. 
24. 


inequalities : 


(i) 


x 3 < tan'x <x, ifx>0 
1+x 
,if0<x<1. 


(ii) x < sinlx < [-<) 


(ili) e*(x — a) < eX—e* << e* (x—a), ifa<x. 


x? x2 
(iv) l+x+ = <et<ltx+ yee 


3 


2 
Prove that x —~— < Ind. +x)<x- i. dest 
Pe) 2(1+x) 


Prove that e~* lies between | — x and 


i * vVxeR 
“es xeER. 
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25. Using Mean Value Theorem, show that 
B-a B-a 
1+p? ae 


<tan’'B—tan"!a< B>a>0. 


26. Use the inequality aN3 < 0.29 to prove that 


(7140 21%. 


27. Prove that 1/36 < sin 55° — sin 45° < rV2/36. 

28. Suppose |f’(x)| < g’(x) on (a, b). Prove that |f(b) — f(a)| < 
g(b) — g(a). What do you conclude if |f(b) — f(a)| = 
g(b) — g(a)? 

29. Suppose f(x) < B on (a, b) and f(b) — f(a) = B(b— a). Prove 
that f(x) is linear. 

30. Suppose f’(x) => A on (a, b) and f(b) — f(a) = A(b — a). Prove 
that f(x) is linear. 

31. Assume that fis differentiable on [0, 00). If f(x) + f’(x) > 0 
as x — 00, then prove that f(x) > 0. 


7.24 Cauchy's Mean Value Theorem 


Let f and g be functions defined on [a, b] such that 

(1) fand g are continuous on [a, b], 

(ii) f and g are derivable on (a, b), and 

(iii) g'(x) does not vanish at any point of (a, b). aw 

then there exists a real number c € (a, b) such that > aa 
f(b)-f(a) _ f©) ey 
g(b)-g(a) go) 


Proof Letus first observe that as a consequence of condition 
(iii), g(a) # g(b). For, if g(a) were equal to g(b), then the 
function g would satisfy all the conditions of Rolle's theorem, 
and consequently for some x in (a, b), we would have g'(x) = 0. 


The main idea behind the proof of Cauchy's Theorem is the 
function 
f(b) —f(a) 


h(x) = f(x) — f(a) — eb) ba) 


(g(x) — g(a), 

for every x in [a, b] 

which meets the requirements of Rolle's Theorem. Rolle's 
Theorem is applicable to this function, thus implying Cauchy's 
Theorem. 

The function h is continuous on [a, b] differentiable on (a, b), 
and, in addition, h(a) = h(b) = 0. Hence, by Rolle’s Theorem, 
there exists a real number c in (a, b) such that h’(c) = 0. Since 


rox apn £0)-f@) 
bh) =F0)- Fa) eqy 8 
we obtain 
 £(b)=f@) 
=o sby= ea) © 


32. Assume that fis differentiable on [0, 00). If f(x) + f(x) > L 
as X —> 00, then prove that f(x) > L. 

33. Let0<x<yand0<p< 1. Prove that 
xPy!P < px + (1 — p)y with equality only if x = y. 

34. Suppose f is differentiable on (0, b) and f(x) > 0, f(x) > 0 
for all x. Suppose f(x) > 0, f’(x) > 0, and f(x)/f’(x) > L 
as x —> 0*. Prove that L = 0. 
Also, prove that x! — 1, 

35. Suppose f(x) > 0, f(x) > 0 as x > 0°. Does it follow that 
x 5 l asx > 0*? 

In y—Inx 2 1 


1 
36. Let0<x<yy. Prove that —< ; 
y y-x Xx 


1 1 1 
37. Prove that <In}/1+—|<_, 
n+l n n 


38. Suppose fis continuous on [a, b], f(a) = f(b) = 0, and f” exists 
on [a, b). Suppose f(c) > 0 for some c. Prove f'(c) < 0 
for some c € (a, b). 


and from this equation the conclusion of the theorem follows 
at once. 


_ Alternative proof : 
_ Let 6 (x) =Ag (x) — f(x) in [a, b], 


f(b) —f(a) 

g(b)— g(a) 
(a) =A g(a) — f(a) 
 (b) =A g(b) — f(b) 

Now Ag(a)—f(a)=A g(b) -f (b) 
f (b) - f (a) = A(g(b) - g(a)) 

=> o(a=0(b) 

Using Rolle's Theorem, @ '(c) =0 

=> Ag'(c)-f'(c)=0. 


where A = 


fc), _ £(b)-f(a) 
gc) g(b) — g(a) 
Note: 


(i) Ifwe putb=a+h, thenc can be written as a + 0h where 

8 is some real number such that 0 < @ < 1. The above 
theorem then reads as follows: 
If f and g are continuous on [a, a + h] and are derivable 
on (a, a + h), and if g'(x) does not vanish for any x in 
(a, a + h), then there exists a real number 0 between 0 
and 1, such that 


f(at+h)—f(a) _ f'(a+Oh) 
g(a+h)—g(a) g'(a+0h) 
(ii) If we take g(x) =x, for all x in [a, b], then Cauchy's Mean 


Value Theorem yields Lagrange's Mean Value Theorem 
as a particular case. 


(iii) The reader might be tempted to prove Cauchy's Mean 
Value Theorem by applying Lagrange's Mean Value 
Theorem to the functions f and g. It can be easily seen 
that the desired result cannot be obtained in this manner. 
In fact, we would thus obtain that 
f(b)-fa) _ (cy) 


g(b)—g(a)  g(cy) 

where a < c, < b, a <c,< b. Note that there c, is not 

necessarily equal to c,,. 
Let us show that Cauchy's Theorem can be given the same 
geometrical interpretation as Lagrange's Theorem. For the 
sake of convenience, let us denote the independent variable by 
t and consider the functions y = f(t) and x = g(t) as representing 
parametric equations of a plane curve in the xy-plane. As the 
parameter t runs through the corresponding interval [t,, t,] the 
variable point (x, y) describes a curve whose initial and terminal 
points are, respectively, [g(t,), f(t,)] and [g(t,), f(t,)]. 


The slope of the chord connecting these points is equal to the 

f (t, ) —f (t ) 

g(t.)—g(t) 

The derivative of y (regarded as a parametrically represented 
dy f(t) 


ratio 


function of x) with respect to x is — = . Consequently, — 
dx  g'(t) ; 
the formula 
f(t,)—-f(t,) = f (8) (t, < é < t) 


g(t,)-g(t,) g'(§) rN 
again expresses the equality of the slopes of the chord 
subtending an arc and of the tangent line drawn to that arc at 
an intermediate point. 
The theorem has the following physical interpretation. Let 
the functions f(x) and g(x) govern the motion of two particles 
such that f(x) is the distance of one particle from the origin at 
the instant of time x, the function g(x) having a similar meaning 
for the other particle. From time a to time b the first particle 
covers the distance f(b) — f(a), while the second covers the 
distance g(b) — g(a). The ratio of the distances covered by the 
f(a)—f(b) 
g(b)—g(a) © 
The theorem states that at some instant in time the ratio of the 
velocities of the particles is equal to the ratio of the distances 
covered. If this were not so, then 


particle during this interval of time is 


f(b)—f(a) f(x) 
g(b)-g(a) g(x) would be nonzero for all x € (a, b) and 
its sign would be unchanged. Suppose 
f(b)—f(a) _ f(x) a 
g(b)-g(a) g(x) 


This would lead to a contradiction since the ratio of the 
distances covered cannot be greater than the ratio of the 
velocities at every instant in time. 
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It should be noted that this interpretation of Cauchy's Theorem 
uses somewhat more than the hypothesis. When we proposed 
inequality (1), we implied the continuity of the function 
f '(x)/g'(x), but this is not stipulated by the theorem. 


© Example 1: Find whether the functions f(x) = x? 
—2x +3 and g(x) =x*— 7x* + 20x —5 satisfy the conditions of 
the Cauchy's Mean Value Theorem in the interval [1, 4] and 
find the corresponding value of c. 


© Solution: The given functions f(x) and g(x) are contin- 
uous everywhere in the interval [1, 4] , and their derivatives 
f (x) = 2x — 2 and g'(x) = 3x” — 14x + 20 exist everywhere. 
Further g'(x) does not vanish at any real x. 


Consequently, the Cauchy's Mean Value Theorem is applicable 
to the given functions : 


f(4)-f@ _ fo 
g(4)- gl) gc)’ 
11-2 2c -2 
27-9 2¢* —14c + 20 


=> , l<c<4), 


Solving the latter equation, we find two values of c : c, = 2 


vandc, = 4. 
Of these two values only c, = 2 is an interior point of the 


interval. 


© Example 2: If, in the Cauchy's Mean Value Theorem, 
we have g(x) = Vx and f(x) = 1/\x then, prove that c is the 
geometric mean between a and b and if we write 

g(x) = (1/x’), f(x) = (1/x), then, c is the harmonic mean between 
aand b. 


Y Solution: When g(x) = Vx and f(x) = (1/Vx), 


g(b)—g(a)_ g'(c) 
we have f(b) f(a) fc) 


ete) 
Vb—Va - 2 
d/V(b)—d/Va) ~50? 


Thus — V(ab) = — c or c = V(ab). 

that is, c is the geometric mean between a and b. 
And when g(x) = (1/x”), f(x) = (/x), 

g(b)~g(a) _ g'©) 

f(b)-f(a) f'(c) 


we have 


(1/b*)—(1/a?) _ 26" 


(1/b)—(/a) —c? 
‘This a+b 2 Gie= 2ab 
= a+b 


That is, c is the harmonic mean between a and b. 
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@ Example 3: Let f(x) and g(x) be two differentiable 
functions and f(x) = 8, g(2) = 0, f(4) = 10 and g(4) = 8, then 
prove that g'(x) = 4 f '(x) for atleast one xe (2, 4) 


Y Solution: Consider h(x) = g(x) — 4f(x) in [2, 4]. 
h(2) = g(2) — 4f(2) = -32, also h(4) = -32. 
Thus, h'(x) = 0 for atleast one x € (2, 4) using Rolle's Theorem. 
=> g'(x)-4f'(«) = 0 for atleast one xe (2, 4) 
Alternative: 
Using Cauchy's Mean Value Theorem, there exists atleast one 
c € (2, 4) such that 
fic) f(4)-f(2) 


gc) g(4)-g(2) 
10-8 1 
~ 8-0 4 


=> 4f'©)=g0) 
=> 4f'(x) = g'(x) holds true for atleast one x € (2, 4). 


@ Example 4: Suppose a, B and @ are angles satisfying 


0<a<0<B< 5 «then prove that 


sin a —sin 
SESE = C508 
cos B—cos a 


©Y Solution: Let f(x) = sinx and g(x) = cosx, then f a 
are continuous and derivable. ° 


Also, sin x #0 for any x € C =) : ( 
So by Cauchy's Mean Value Theorem, 
f(B)-f(a) _ f'(8) 


T 
,0<a<0<BK< = 
a. B 5 


sinB-sina  cos®@ 


cosB—cosa  —sin®O , 
Generalized Mean Value Theorem 


If f, g and h are continuous on [a, b] and derivable on (a, b), 
then there exists a number c in (a, b) such that 


fic) gic) hc) 
f(a) g(a) h(a))=0 
f(b) g(b) h(b) 
Proof Consider the function F defined as 


F(x) g(x) h(x) 
F(x) = |f(a) g(a) h(a) sl) 
f(b) g(b)  h(b) 


Since each of the functions, f, g and h is continuous on [a, b] 
and derivable on (a, b), F is also continuous on [a, b] and 
derivable on (a, b). Also, F(a) = F(b) = 0. Thus F satisfies all 
the conditions of Rolle's Theorem on [a, b]. Consequently, 
there exists c in (a, b) such that F'(c) = 0. 

a » | v 


NSS f'(x) g(x) h(x) 
ince F(x)=|f(a) g(a) h(a) 
f(b) g(b) h(b) 


therefore, the result follows . 


Corollaries: 

(i) Taking the function h to be the constant function h(x) = 1, 
for all x in [a, b], the above theorem reduces to Cauchy's 
Mean Value Theorem. 

(ii) Taking the functions g and h as g(x) = x, h(x) = 1, for all 
x in [a, b], the above theorem reduces to Lagrange's Mean 


g(B)-g(a) g'(8) Value Theorem. 
_ Concept Problems S 


1. (i) For the function f(x) = x? + 2 and F(x) = x” — 1 test 
whether the Cauchy's Mean Value Theorem holds on the 
interval [1, 2] and find c. 


(ii) Do the same with respect to f(x) = sin x and 
F(x) = cos x on the interval [o, 4 ‘ 
2. Is Cauchy's Theorem valid for the function f(x) = x? 


and g(x) = x? on the interval [-1, 1]? What condition of 
Cauchy's Theorem is not satisfied for these functions? 


2 
3. Do the function f(x) = e* and g(x) = i . satisfy the 
+ 


2 
x 
conditions of the Cauchy's Mean Value Theorem in the 
interval [-3, 3] ? 


f(b)—f(a)—(b—a)f (a) _ f"(x)) 
g(b)—g(a)—(b-a)g'(a)  g"(x)) 
a<x, <b, stating the conditions under which the result is valid. 
5. Assume that fis differentiable on [0, 0). If f(x)/e* > 0 
as X —> 00, then prove that f(x)/e* > 0 as x . 
6. By considering the function F, defined by 
F(x) = Af(x) + Bg(x) + Cx + D, for all x in [a—h, a+h], where 
the constants are chosen so that 
F(a — h) = F(a) = F(a +h) =0, 
prove that there exists a real number c between a — h and 
ath, such that 
f(at+h)—2f(a)+f(a—h)_ f"(c) 
g(at+h)—2g(a)+g(a—h)  g"(c)’ 


stating the conditions under which the result is valid. 


4. Show that where 
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Target Problems for JEE Advanced 


© Problem 1: If the function f(x) = (x? — 4)"x?2— x + 1), 
n € N assumes a local minimum value at x = 2, then find all 
possible values of n. 


© Solution: f(x) = (x?— 4)" (x2-x +1) 
= (x — 2)" (x + 2)%(x?—x + 1) 
f(2)= 0. 
For x = 0 to be a point of minima, we must have 
f(2 +h) > 0 and f(2 —h) > 0 
Now x*-x+1>0 for V x. 


f{(2+h)=(2+h-—2)"?(2+h+2)((2+h)?-(2+h) +1) 
=(h)" (4+ h)((2 + h)?-(2 +h) + 1) 
>0O foranyneN. 

f(2—h) = (2-—h-2)" (2—h+ 2)((2—h)? - (2—h) + 1) 


=(-hy' (4 =by(@ -hyY=@ —b) +1) 

= (—h)" (a positive quantity) 

>0O for any evenneN. 
For x = 0 to be a point of minima, n must be an even natural 
number. 


© Problem 2: Suppose f is differentiable on [a, b], and that de 


f'(a) and f’(b) have opposite signs. Prove there exists c € (a, b) 


such that f '(c) = 0. [Note that continuity of f' is not assumed.) > 
© Solution: Suppose f'(a) < 0 and f’(b) > 0 to be definite, 


There is x, > a with f(x,) < f(a) —~NY 
and x, <b spfth f(x,) < f(b). 

Let f(c) be the minimum of f on [a, b]. 
Then f(c) < f(x,) < f(a), f(c) < f(x,) < f(b), soa <c < b. By 
Fermat Theorem, f’(c) = 0. 


©@ Problem 3: Determine the points of maxima and 
minima of the function, f(x) = (1/8) Inx — bx + x”, x > 0 when 
b > O is a constant. 


© Solution: Here f(x) = (1/8) Inx — bx + x? is defined and 
continuous ae allx >0. 


Then f'(x) = <— oP + 2x 
at POE —8bx +1 
8x 


For extrema, let f’(x) = 0 
=> 16x?-8bx+1=0 


2 2 
so, x= St YO4b? =I) Gb Vb? -1 
2x16 4 


Obviously the roots are real if b?- 1 > 0 

> bel [as b > 0] 

When b > 1, then using sign scheme for a quadratic function 
f(x), we find that f(x) changes sign from 


= b-vb*-1 
positive to negative at x = —— = 
2 
f(x) has a local maximum at x = b-vbt-1 
4 


and f’(x) changes sign from negative to positive at 
b+ Vb? -1 
~ 4 
b+vb>-1 


4 


f(x) has a local minimum at x = 


(4x —1)” 
xX 


2 
fb=19@2 16x" —8x+1 | 


It does not change sign. 
f(x) has neither maximum nor minimum if b = 1. 
Thus, 


Cy f2 

» fi max When x = oo and b > 1 
fo 

b+vb*-! andb> 1 
4 


f(x) has neither maximum nor minimum when b = 1 


f(x). when x = 


min 


© Problem 4: Let f(x) = (x — 1)™ (x - 2)", x eR. Then 
which of the following cases ensures that each critical point 
of f(x) is either local maximum or local minimum : 


G) m=2,n=3 (Gi) m=2,n=4 
(iii) m= 3,n=4 
© Solution: We have f(x) = (x — 1)™(x — 2)" 
f' (x) =(x- 1)" n(x — 2)"> 14+ (x - 2)? m(xk- 1)™"! 
=> f'(x)=(«k-1)™! («-2)""' (x —n+ mx — 2m) 
=(x—1)™-'(x-2)"-! (m+ n)x —- (2m + n)) 
For maxima or minima f’ (x) =0 
2m+n 


G) Ifm=2, n=3, then x=1, 2, 7/5 


f"(x)=(x—-1) (x-2) (5x-7) 
+ - + + 
+++» 
1 7/5 2 


Hence at x = 1, f(x) is maximum, 
at x =2, f(x) is neither maximum nor minimum 
at x = 7/5, f(x) is minimum . 

(i) If m=2, n=4, then x = 1, 2, 4/3 


f' (x) = (x - 1) &K - 2)? (6x - 8) 
- Ae + 
ee 
1 4/3 2 
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Hence at x = 1, f(x) is minimum 
at x =2, f(x) is minimum 
at x = 4/3, f(x) is maximum . 

(iii) If m=3, n=4, then x = 1, 2, 10/7 


f' (x) = (x - 1)° (k- 2)? (7x — 10) 
+ + - + 
———— > +> 
1 10/7 2 


Hence at x = 1, f(x) is neither maximum nor minimum 
at x = 10/7, f(x) is maximum. 
at x =2, f(x) is minimum . 


Here at each critical point of f(x) is either maximum or 


minimum when m = 2,n=4. 
@ Problem ie Let F(x) be a cubic polynomial defined 
by F(x)= e + (a—3) x?+x-— 13. Find the sum of all 


possible integral value(s) of a for which F(x) has negative 
point of local minimum in the interval [1, 100]. 


3 
@ Solution: We have F(x) = *_ +(a—3)x?+x- 13 
3 


For F(x) to have negative point of local minimum, the 
equation F '(x) = 0 must have two distinct negative roots. 
Now, F '(x) = x* + 2(a—3)x +1 


The following condition(s) must be satisfied simultaneously, G 


(i) Discriminant > 0; 
(iii) Product of roots > 0 
Now, D> 0 

=> 4(a-3)/>4 

=> (a-2)(a—4)>0 


(ii) Sum of roots < 0; 


=> (a—37-1> 4 


a € (-%, 2) U (4, 0) (1) 

Also  -2(a—3)<0O => a-3>0 

=> a>3 (2) 

And product of root(s)=1>0VaeR ...(3) 
(1) 4 2).0 (3) 


=> ae (4,0) 
Hence, the sum of value(s) of a 
=S+6047 +... + 100 = 5040. 


© Problem 6: Find the values of a and b for which all the 
extrema of the function f(x) = a’x? — ax?/2 — 2x — b, is positive 
and the minimum is at the point x = 1/3. 


©Y Solution: Since f(x) has minimum at x = 1/3, 
f(x)=0 atx=1/3 
=> 3a’x?-ax-2=0 atx=1/3 
*. 3a? (1/3)?- a(1/3) -2 =0 
2 
=: 2 ada 
3 3 
=> a-a-6=Oora=-2,3 
Now there arise two cases: 
Case1 a=3 


Since the local minimum value is positive, we have 


f(1/3) > 0 
91/3) — 3(1/3)?7/2 — 2(1/3) — b > 0 

> b<-12 

Case2 a=-2. 

Since the local minimum value is positive, we have 
f(1/3) > 0 


(—2)°(1/3)8 — (— 2)(1/3)7/2 — 2(1/3) — b > 0 


=> b< 


Finally, when a = 3, b < -5 and 


when a=—2,b<-— i 
27 


© Problem 7: Let f (x) be a cubic polynomial which has 
local maximum at x =— 1 and f'(x) has a local minimum at 
x=1.If fil) =10and f(3) =— 22, then find the distance 
between its two horizontal tangents. 


©@ Solution: Let f"(x) = 6a (x - 1) (a> 0) 
Om aGeegrating both sides, we get 


2 
£'°@) = oa( 5x] + b = 3a(x? — 2x) +b. 


Now f'(-l)=0 > 9a+b=0 => b=-9a. 
f '(x) = 3a (x?-2x-3)=0 => x=-1and3. 
So, y = f(-1) and y = f(3) are two horizontal tangents. 
Hence, distance between its two horizontal tangents 
= |f() - f(D] =|-22 - 10] = 


© Problem 8: A rough sketch of a part of the graph of 
y =e “sin x for x = 0 is as shown 


If P(X, y,) » P,(%,, Y,) 4. ee , P(x, y,) are the successive 
points at which maxima occurs, find the values of y, and y,. 
Hence deduce that 


d 
Y Solution: neil =0>tanx=1,x=nn+— 
dx 4 
a a an a 
> X=7 ty tT, 


The alternate points are x = az ,u+— ,2n+-, 
4 4 4 
Tt etl4 
=> Pix, y =P 4°75 
P, (x, y,) =P, G + i fe" vi] 
-|2(n-lNn-2 1 
Hence y, =e [20 1) ral Gs =e-Onn y 
Y, +Y, FY, +e FY, 
=y, (lte™+et tu Feo ir) 
7 al ers yy 7 yi e2t 
1 ] _ eo2t 1 = et e2t 1 


© Problem 9: Let P(x) bea polynomial of degree 5 having 
- - lim { P(x) 
extremum at x =—1, 1 and im 79 2) =A. 


If M and m are the maximum and minimum value of the 


function y = P'(x) on the set A= {x | x?+6 <5x} then find 7 . \“ )° 


@ Solution: We have im & _ 2] =4 


x0 a 
Xx 


lim P(X) _ 


x>0 3 
xX 


6 


Consider P(x) = ax° + bx* + 6x? 
=> P(x) =5ax* + 4bx? + 18x? 
Now, P'(-1) = 0 gives 5a — 4b =-18 
and P'(1) = 0 gives 5a + 4b =-18 
On solving, we get 
-18 


a= —,b=0. 
5 


-18 
Hence, P(x) = aod +6x? 


=> P(x) =-18x* + 18x? = 18(x?- x*) 

and P"(x) = 18(2x — 4x3) = 36(x — 2x°) 

=> P"(x) = 36x(1 — 2x’) 

Also A= {x|x?+6<5x} gives x e€ [2, 3] 
Clearly P"(x) <0 V x € [2, 3] 

So, y = P(x) is decreasing function in [2, 3] 


M = Prax (x = 2) = 18(4 — 16) = -18 x 12 
and m= P.,. (x =3) = 18(9- 81) =-18 x 72 


m -18x72 _ 


Pee a 
am ae SAD 


"ie “\op[ =05 
dt 
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© Problem 10: Let two non-collinear vectors 4 and b 
2m 4 = 
inclined at an angle " be such that |a |= 3 and |b|=4. 


Apoint P moves so that at any time t the position vector OP 
(where O is the origin) is given as 


OP =(e'+e*) a +(e'-e*) b. If the least distance of P 


from origin is ne VVa —b where a, b € N then find the value 
of (a+b). 


©Y Solution: We have (OP) = (e' + e+) (a) 


+ (e'—e*)? (b)? +2 (e+e) (e'—e*) (4-b) 


Gi |a|’=9, (b)” =|b['=16 
and &-b=| |B jeos = | 


= 9(e' +e") + 16(e'- et? 


> lor 


1 
+ 2(e* — et) 3-4. (-5) 
= 13e" + 5e%- 14, 


26e" — 10e% = 0 


= [Oe EF IE 


so a=65,b=7 
Hence, (a + b) = 72. 


© Problem 11: Let x, y © R in the interval (0, 1) and 
x + y= 1. Find the minimum value of the expression x* + y’. 


& Solution: Let Z = x* + (1 —x)!-* 
Z =f (x)+f(1—x) where f (x) = x* 


Z 
=f'(x)-f'(d-x)=0 


dx 
. 25 dZ 
For maxima and minima — =0 
dx 
1 
= f@=fU-) = x=5 
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Aan! (3) *¢(3) =2¢(3) 


&2 
dx? 


Z i 
=2f" 5 > 0, 
x=1/2 


dx? 


=f"(x)+f"(1—x) 


f (x) =x*(14+Inx) 
as |f£"(x)= oe atiala x)?x* 
x 


f"(1/2)>0 


minimum value of Z = np) . 


©@ Problem 12: Consider a polynomial P(x) of the least 
degree that has a maximum equal to 6 at x = 1, anda minimum 
equal to 2 at x = 3. Compute the value of P(2) + P'(0). 


&Y Solution: The polynomial is an everywhere differentia- #h, 
ble function. Therefore, the points of extremum can only be 


roots of the derivative. Furthermore, the derivative of a poly- 
nomial is a polynomial. The polynomial of the least degree 
with roots x, = 1 and x, = 3 has the form a(x — 1) (x - 3). 
Hence P'(x) = a(x — 1) (x — 3) = a(x? — 4x + 3) since at the 
point x = 1, there must be P(1) = 6, we have 


P(x) = [P'()dx +6 = af (x? 4x +3)dx 46 
1 1 


3 
=a X 9x? page +6 
3 3 


The coefficient 'a' is determined from the condition 
P(3) = 2, whence a = 3. 

Hence P(x) = x*— 6x? + 9x +2 

Now P(2) =8 — 244+ 18+2=28-24=4 

Also P'(x) = 3(x?-4x +3) => P(0)=9 
P(2) + P'(0) =44+9= 13. 


© Problem 13: 

(i) Investigate for the points of maxima and minima of the 
function defined by 
f(x) = fra 1) (t—2)° +3(t —1)? (t— 2)? Jdt 

1 

(ii) Find all possible values of the parameter ‘a’ so that the 
function f(x) = x? — 3 (7 —a) x?-3 (9— a’) x + 2, hasa 
negative point of local minimum. 


©Y Solution: 
(i) We have 


f(x) = Fl2(t-D (t= 2)? +31)? (t= 2) Jat 
1 


(t —1) (t—2)7[2(t —2) +3(t — 1] dt 


-! 
=[ct DG=2)? t=7)dt 
1 
=> f(x) =(x-1) (K-2) (5x-7) 
Now, for maximum or minimum, 
f(x) =0>x=1,7/5,2 


f(x) =9Y. = 5(x - 1) (x -7/5)] (&- 2 
dx 


(a) Consider x = 1 


ia >0O and ay <0 
dx |._) dx |,_) 


P = f(x) is maximum at x = 1 
~ (b) Consider x = 7/5 


*| <0 and *| >0 
dx J, -7/5y dx J. <(7/5) 


=> f(x) is minimum at x = 7/5 
(c) Consider x = 2 
dy 


*| >0O and “| >0 
dx |. _5- dx |, _> 


=> f(x) is neither maximum nor minimum at x = 2. 
(ii) f(x) =x? —3 (7-a) x*-3 (9-a’)x +2 
f(x) = 3x? — 6(7 — a) x — 3(9 — a’) 
For distinct real roots D > 0 
36(7-a)’?+ 4x3 x3(9-a’)>0 
=> 49+a-14a+9-a>0 


14a<58 > ase 


For local minima, 
f(x) = 6x -6(7-a) >O > x-7+a>0 
7—a<x, as x must be negative 

=> 7-a<0>a>7 


29 
Thus, it is contradictory i.e., for real roots a < > 


and for negative point of local minimum a > 7. So there 
is no possible value of a. 


© Problem 14: If the function f : [0, 4] > R is 
differentiable, then show that 


(a) forsomea, b ¢€ [0, 4], {f(4)}? — {£(0)}? = 8f '(a) f(b). 
(b) for'someei, 8 = (0, 21, io dt = 20. f(a) + 2BAB?). 


&Y Solution: (a) From Lagrange's Mean Value Theorem, 


we have 

ae = f'(a) for some a € [0, 4] (1) 
From Intermediate Value Theorem we have 

f(4)+f 

oe = f(b) for some b € [0, 4] (2) 


By multiplying (1) and (2) we get 


2 2 
aoe = f '(a) f(b) for some a, b € [0, 4] for 
some b ¢€ [0, 4]. 
(b) Putting t = z? and dt = 2zdz, we have 
4 vx 
Jew dt = } f(z7)-2zdz 
0 0 
From Lagrange's Mean Value Theorem, we have 
v4 v0 
} f(z?) - 2zdz.— | f(z?) « 2zdz 


ee 


= f(y’) - 2y for some 


yel02) 


2 

ie. fe) -2zdz=4yf(y’) for anyO,a<y<fB<2. 
0 oK 

Together, we have 


2 (¥ 
fe) - 2zdz = 2af(a*)+2Pf (B*) for some 
0 

ot, B € [0, 2], that is 


4 
fro - dt = 2a f(a”) +2Bf (B”) for some a, BE[0, 2] 
0 


® Problem 15: Find the shortest distance between the 
curves 9x* + 9y? — 30y + 16 =0 and y* = x*. 


©Y Solution: 9x? + 9y?— 30y + 16 = 0 can be rewritten as 


2 
2 =) 
x°+| y-—] =1- 
Cae 


Any point on the curve y* = x* can be taken as (t’, t?). 
Let L be the distance between the centre of the given circle 
and the point (t’, t*), then 
K=L’=t*+ (8 — 5/3) 
Now, we calculate the minimum value of L. 
Required distance = L — radius of given circle. 
OS a4 2? a =0 
dt 3 


For maximum or minimum, t = 0 or | 


Now, 
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aK d?K 
Now, —-=12t" +30t*-20t, =>]  =0 
dt dt” |,-0 
aeK 
But, ae #0 => There is neither maxima nor minima 
t=0 
att=0. 


dK a 
Also, ao att=1 > Lis minimum att=1 
t 


i.e., Lis minimum at t = | 
So, shortest distance = (value of L at t = 1) — (Radius of the 
circle) = vi3 -1. 

3 
© Problem 16: If f(x) is differentiable in [0, 1] such that 
f(0) = f(1) = 0, then prove that for any 4 € R, there exists c 
such that f '(c) = Af(c),0<¢< 1. 


Y Solution: Consider, F(x) = e** f(x), 4 ER 
F(O) = £(0) = 0 
FU) =e" f(1) =0 
; By Rolle's theorem, F '(c) = 0 
F(x) =e*(f (x) — Af(x)) 
F(c)=0 > e*(f'(c)—-A f(c)) =0 
> f'(c)=Af(c),0<c< 1. 


@ Problem 17: Let a. i= 1, 2, 3, 4, be real numbers such 
thata,+a,+a,+a,=0. Show that for arbitrary real numbers 
b, i= 1, 2, 3 the equation 

a, + b,x + 3a,x? + b,x? + 5a,x* + b,x? + 7a,x° = 0 
has at least one real root in the interval -1<x<l. 


© Solution: Let f(x) 


x Xx x 
= a,x +b, —+a,x> +b, —+a,x° +b, —+a,x’ 
2 4° 6 


f (x) is continuous in [—1, 1] and differentiable in (-1, 1) 


b, by | bs; 
f(-lj)= S ae —(a, +a, +a,+a,) 
zig Paes 
2 4 6 
b, | by |b; 
f(1) = ee 6 + (a, +a,+a,+a,) 
Bio, Pa 
2 4 6 
> f-bD=fd) 


Applying Rolle's Theorem, there exists some c € (—1, 1) where 
f'(c)=0 
ie. a, + b,x + 3a,x? + b,x? + Sa,x* + b,x? + 7a,x° = 0. 
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© Problem 18: Using Rolle's Theorem, prove that the 

derivative of the function, f(x) = x sin uN x > 0 and f(0) =0, 
Xx 

vanishes at infinite number of points in the interval (0, 1) 


©Y Solution: The function f(x) is continuous everywhere 
in [0, 1] and vanishes at points where 


ou 
sin — =0 
x 


TT 
le. ~ =kzr,k el 
x 


. 1 1 1 
he. KS SH, aaa 

k 2° 3 
Differentiating w.r.t.x, we have 


<1 TT T 
f'(x) = sin— — —cos — 
x x x 


Thus, f(x) has a derivative at every point in (0, 1). Hence, 
according to Rolle's Theorem, the derivative f '(x) of the 
function vanishes atleast once in each of the intervals 


.. 11 1 1 
oP Nesp ek +1 


which gives an infinite number of points. 


that f is differentiable throughout (a,b). 
© Problem 19: KN 


(i) Find all possible values of the parameter ‘a’ so that 
x? — 3x +a =0 has three real and distinct roots. 

(ii) Prove that there exists exactly two non-similar isosceles 
triangles ABC such that tanA + tanB + tanC = 100. 


©& Solution: 

(i) Let f(x) =x?-3x+a 
=> f(x) =3x*?-3=3(x-1)(«+1) 
Clearly x =—1 is the point of maxima and x = | is the point 
of minima. 
Now, f(1) =a—2, fl) =a+2 
The roots of f(x) = 0 would be real and distinct if f(1) f 
(-1) <0 
=> (a—-2)(a+2)<0 > -2<ax<2 
=> Thus given equation would have real and distinct roots 
if a e (2, 2). 


qi) Let A=B, then 2A + C = 180° and 2tanA + tanC = 100 


Now 2A+C= 180° = tan2A =-tanC (1) 
Also 2tanA + tanC = 100 
=> 2tanA— 100 =-—tanC (2) 
2tanA 

From (1) and (2), 2tanA — 100 = ———_,—_ 

l—tan” A 

2x 

Let tanA = x, then 7 =2x—100 


=> x°-50x?+50=0 


Let f(x) = x3— 50x? + 50. Then f’ (x) = 3x? — 100x. Thus 


100 
f' (x) =0 has roots 0, “_ 


100 
Also f(0).f (72 <0, Thus f(x) = 0 has exactly three 


distinct real roots. Therefore tanA and hence A has three 
distinct values. But one of them will be obtuse angle. 
Hence there exists exactly two non similar isosceles 
triangles. 


© Problem 20: Using Mean Value Theorem show that 


x41 


x 
t + ) is an increasing function of x while (1 + 7 isa 
x 


decreasing function of x for x > 0. 


&Y Solution: Let us define a function f by 
f(t) =Int,t>0. 

Applying the Mean Value Theorem to f, we get 
f(x + 1) - f(x) = f'() 

for some y € (x, x + 1). This yields 


2 1 
— In(x+1)-In@)=7,x>0. (1) 
We now show that it is necessary to assume in Rolle's Theorem 2 


f ae In (ae : d 
Since rf < aes [x(n x + 1) —1n (x))] 


=In (x + 1)—In(x) +x Ee -4] 
x+l x 
=In (x + 1)—In (x) - aU 
x+1 


1 1 

— = —— >0, by (1), 

Y) x+l1 1 x 
and In(x) is an increasing function, we conclude that t + +) 
is an increasing function of x. . 


x+l 
To show that (+2) is a decreasing function of x we 


proceed in a similar manner and show 
a. In| 1+ = ™ d 
d : = [x + 1) dn (x + 1) - In (x))] 


X 


=In(x+1)-In@®) 4x41) ead 


x+l x 


nies Hetye 
xX 


1 1 
= —-— <0, by (1). 
ya 


1 
tis ; 
Hence [1 + *) is a decreasing function of the variable x. 
x 


@ Problem 21: If f(x) is continuous and differenti-able on 
R and its derivative vanishes for two values of x only, then 
show that f(x) cannot vanish at more than three points. 


©Y Solution: The function f(x) is continuous and differen- 
tiable on R. Suppose that f(x) vanishes at four points (more 
than three points), so that the equation f(x) = 0 has four 
different roots, say a, B, y and 6 in increasing order. 

Then, we have f(a) = f(B) = f(y) = f(6) = 0 

Thus, according to Rolle’s Theorem, f '(x) = 0 for some x in 
[o, 8], [B, y] and [y, 5], which implies that f '(x) will vanish for 
atleast three values of x. According to the given condition f'(x) 
vanishes for two values of x only. Hence, by contradiction, f(x) 
cannot vanish at more than three points. 


© Problem 22: If f(x) = tan x, x € 0. 4 , then show that 
Tw Tt 2m 

7 <f (=) < 7 

@ Solution: We have f(x) = tan x, x € c 4 


and f '(x) = sec? x, x € [o, =| : 


Applying Lagrange's Theorem on f(x) in the interval 0 z). of 


we have 
f(a /7)—f(0) 


M©)= ~ &/7)-0 


' ry) 
for some c in | 0, 7h 
: eC ae a TT 
Since, sec’x is strictly increasing in o, 4 , therefore we have 


rostost (S| 


I poe (2) < a ee 
1.¢e. = (/7) Ssec 7 S sec 4)7 


© Problem 23: Let the function f(x) satisfy the following 
conditions : (i) f(x) is continuous on [a, b], (ii) f(x) 1s differentiable 
in (a, b), (iti) f(x) is not a linear function. Prove that there is a 
point c € (a,b) such that | f(b) — f(a) | < | (©) |-|b-al. 


W Solution: Consider the function 
a(x) = f(x) — fla) oe Gay, 


It is continuous on [a, b] and differentiable in (a, b), with 
g(a) = g(b) = 0. Since f(x) is not a linear function, it follows 
that g(x) # 0 in (a, b). 

Hence, there exists c,, c, € (a, b) such that 


Maxima AND Minima 7.121 


g’(c,) > 0 but g’(c,) < 0 (explain why), 


f(b) —f(a) f(b) —f(a) 
— Fee 


"(c.)> — "(c,) < 
>fC,) boa , but f'(c,) me 


This means that at one of the points c, we have 
f(b) -f(a) 
b-a 


Le. | f(b) - fla) |<| fc) |-|b-al. 


lf’(c,) | > 


> 


© Problem 24: Prove that for b >a> 1 
1 _f()-f@) 1 
blinb b-a alna 
where f(x) = In (In x), x > 1. 


©& Solution: We have f(x) = In (In x), x > 1 
nivee—— esd 

xInx 
Since, f is continuous and differentiable in (1, 0), therefore 
applying Lagrange's Theorem on f(x) in (a,b), we have 


f(b) —-f(a) 
f '(c) = ————— for some c in (a, b) 
_ b-a 
Since, » is strictly decreasing in (a, b), therefore we have 
— x&mMx 


— £1) <f'©<f'@ 


1 _ f(e)-f@) 1 
blnb b-a 
which is the desired result. 


i.e. 


alna 


© Problem 25: If f(x) and g(x) are continuous in [a,b] and 
differentiable in (a,b), show that there exists some c in [a,b] 
such that 


Ba aM be a 
=(b—a) 
g(a) g(b) g(a) g'(b) 
Y Solution: Consider the function 
- f(a) f(x) ; 
=" | g(a) et) | 


which is continuous in [a, b] and differentiable in 
(a, b). Thus, applying Lagrange's Theorem on h(x) in the 
interval [a, b], we have 


h'(c) = ore for some c in [a, b] (1) 
< ee f(a) f(x) 
ow, we have h'(x) = g(a) g(x) 
Hence, we have from equation (1) 

f(a) fc) 

h(b) — h(a) = (b — 

POD O- 9) oa) ge) 

ee tol” let f(a) 

g(a) g(b)| |g(a) g(a) 
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be f (c) 
He g(a) gc) 
7 f(a) f(b) -r-a/"° f (c) 

g(a) g(b) g(a) gic) 


which is the desired result. 


@ Problem 26: Assuming that f"(x) exists for all x in 
[a, b]. Show that 


b— = 
f(c) — fla) = ~f(b) — 


where c and & both lie in [a, b]. 


1 
5 ( — ane — b) PE)=0 


©Y Solution: Let us first observe that if the result to be 
proved be multiplied throughout by (b — a) and the terms be 
rearranged, then it can be shown to be equivalent to 


1 1 1 i 1 1 1 
a b c |-—f"(&)}/a b cl=0 (1) 
f(a) f(b) f(c) a ob oe 
(1) suggests that we must consider the function F defined as 
1 1 1 1 1 1 


F(x)=] a b X 
f(a) f(b) f(x) eo box 
where A is a constant to be chosen so that \ 
F(c) = 0. als 
Since F(a) = F(b) = 0 and since F'(x) exists in [a, b], therefore 
F satisfies the conditions of Rolle's Theorem in each of the 
intervals [a, c] and [c, b]. Consequently, there exists real number 
§, and &, such thata< € <c<&, <b, and F(€,) =0, F(§,) =0 
1 1 0 1 1 0 
Now, F(x) =| a b 1 |-Ala b 1 (4) 
f(a) f(b) f(x) a> b* 2x 
The function F' satisfied the conditions of Rolle's Theorem in 
[§,, ,] and consequently, there exists areal number & such that 
é, <6 <6, and Fé) =0. 
1 1 0 1 1 O 
Now, F'(&) = | a b 0 |-Ala b O 
f(a) f(b) f"(~%) a> b> 2 


1 
so that F"(€) = 0 yields A = = “() (5) 
By (3), F(c) = 0, therefore, 
1 1 1 1 1 1 
a b c st") a b cl=0 ...(6) 
f(a) f(b) f(c) ab? cc? 


-Ala b= x], * (Zy) 


where we have substituted the value of A as obtained in (5). 
We have thus shown that (1) hold and this is equivalent to the 
relation desired to be proved. 


© Problem 27: If the function f, g, h are continuous on 
[a, b] and twice differentiable on (a, b), prove that there exists 
&, 1 € (a, b) such that 


f(a) f(b) f() Loe f(a) f£7(§) f’™M 
g(a) g(b) g@)yj= 2 g(a) gS) 2’ 
h(a) h(b) h(c)| (c-a\(a—b)|h(a) h(E) h(n) 


where a <c <b. 


© Solution: Consider the function F(x) 
f(a) f(b) f(x) ‘ f(a) f(b) fe) 
= ea) 2(b) g(x))- 229A) oa) gb) Xe) 


(c—a)(c—b) 
h(a) h(b) h(x) h(a) h(b) h(c) 


Then F(a) = F(b) = F(c) = 0. Applying Rolle's Theorem on 
[a,c] and [c,b], we get 

F(x) =F(x,) =0 
where a<x,<candc<x,<b. 


Therefore a second application of Rolle's Theorem on [x,, x,] 


gives F""(n) = 0 where x, < n < x,. 


f(a) f(b) f"(™M 
But F’"(n) =0=> | g(a) g(b) gn) 
h(a) h(b) h(n) 

f(a) f(b) f(c) 


= @aaeep. |e ee) eo) ay 
h(a) h(b) h(c) 


Again consider the function defined by 
f(a) f(x) f"™) 
b(x)=]g(a) g(x) gM 
h(a) h(x) h(n) 
f(a) f(b) f(c) 
g(a) g(b) g(c)]. 
h(a) h(b) h(c) 
Now (a) = 0 and using (1), we see that o(b) = 0. 
Hence applying Rolle's Theorem for on [a, b], we get 
f(a) f(§) fn) 
g(a) g(§) gM) 
h(a) h(E) hm) 


2(x —a) 
(c—a)(c—b)(b—a) 


f(a) f(b) f(c) 


~ (c—a)(e—b)(b—a) g(a) g(b) g(c)}- 
h(a) h(b) h(c) 


© Problem 28: If f" be continuous on [a, b] and derivable 
on (a, b), then prove that 

f(b) — f(a) - (A) {f'(a) + f'(b)} = 

for some real number d between a and b. 
©Y Solution: Let g be the function defined on [a, b] as 
g(x) = f(x) — fla) - ; (x —a){f (a) +f '(x)} +A — a)’, 


_(b-a)’ ,,, 
Fi — —f"@) 


for all x in [a, b], where A is a constant to be suitably chosen. 
Now (i) g is continuous on [a, b], 

(ii) g is derivable on (a, b), 

(iii) Let A be so chosen that g(a) = 
Since g(b) = 


1 
Ab) =f) =, = 


The function g now satisfies all the conditions of Rolle's 
Theorem in [a, b] and therefore, there exists a real number c 
between a and b, such that 


g'(c) =0, 
os =F) f(a)} AG 


g(b). 
0, it means that A is such that 


a) {f'(a) +£'(b)} + A(b — a) =0 (1) 


a) f"(c) + 3A(c — a) =0 


(2) 
Let h be the function defined on [a, c] by setting 
1 1 
h(x) = 3 {f'(x) -f(a)} - 7 (x —a) f"(x) + 3A(K -ay’ 
for all x in [a, c]. : % WH?) 
Now fA) ¥ 


(a) his continuous on [a, c], 

(b) his derivable on (a, c), 

(c) h(c) =0 by (2), so that h(c) = h(a). 

The function h now satisfies all the conditions of Rolle's 
Theorem in [a, c] and therefore, there exists a real number d 
(a <d<c <b), such that h'(d) = 0 


From (3), 
hd) = : f"(d) : f"(d) : (d—a) f"(d) + 6A(d— a) =0, 
ie. A=f"'(d)/12, sinced—a¥0. (4) 


From (1) and (4), we have 


f(b) — f(a) - 3 (b —a){f'(a) + f'(b)} =-(b— a) F"\(A/12. 


© Problem 29: If f(0) = 0 and f"(x) exists on [0, 
that 

f(x) - 
and deduce ee if f"(x) is positive for positive values of x, then 
f(x)/x strictly increases in (0, ©). 


©Y Solution: Peg = 
x 


co], show 


“ 5x, 0<E <x, 


5x"), 0<E<x (1) 


The relation (1) can be rearranged in the form 
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f(x) — xf '(x) + 7” f"(€) =0 ..(2) 
We may, therefore, consider the function F, defined as 


F(x) = f(x) — xf'(x) + SAX (3) 


where A is a constant to be suitably chosen. 

Let c be any positive real number. 

Choosing A in (3) so that F(c) = 0, we find that F satisfies the 
hypothesis of Rolle's Theorem on [0, c]. Therefore, there exists 
& such that 0 < € <c and F(€) = 


Since F"(x) =—xf"(x) + Ax, 
therefore F'(€) = 0 yields 

A=f"(&) (4) 
Also, F(c) = 0 yields 

f(c) — cf'(c) + = Ac? =0. .(5) 


From (4) and (5), we have 
He) aa + = a =0 


ic oh “Oo - - 1, cf (©) (6) 


pe ne) (6) is true for each c > 0, therefore, (1) is established. 
_ Also, if G be defined by setting 


G(x) = f(x)/x, whenever x < 0, then 
f '(x)-f 1 
G(x) = ee: =5£"E), by (D). 


Assuming that f"(x) > 0 whenever x > 0, it follows that 
G(x) > 0, whenever x > 0. 

If x, and x, be any two positive real numbers such that x, < x,, 
then by applying the Mean Value Theorem to G in [X,, x,] it 
follows that 

G(x,) — G(x,) = (%, -x,)G'(), 

where y is some real number in (x,, x,). 

Since G'(y) > 0, therefore it follows that 

G(x,) < G(x,). 

Hence f(x) / x is strictly increasing in (0, 0). 


© Problem 30: If 0 < x < 1, show that 


1+x 
2x < a 


Hence, deduce that 


1 


; nes il 
< (+4) < ee 2atnt) ‘ 
n 


Y Solution: To show that 


1+x 
2x < Oe 


> 
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consider the function f defined on [0, 1] as 


f(x) = 2x — fn ~~. 


Xx 


If c be any real number in [0, 1], then f is continuous in [0, c] 
and derivable in (0, c). 
2 


Noten = = 


A 
1-x? 


so that f(x) < 0 in [0, c). This shows that f is strictly decreasing 
in [0, c]. In particular, f(c) < f(0). 
Since f(0) = 0, this means that 


1+x 


2x — én <0, when x =c. 


—X 
Since c is any real number in (0, 1), it follows that 


2x < reas 


, whenever 0 <x < 1. (1) 


To show that 


2 
ree < 2x} 14 a 7 x I> 
1-x 3 1-x 


consider the function g defined by setting 


1 x? 
2x|1+ —. 
3 1-x? 


Since g'(x) < 0 for all x in (0, 1) and since (0) = 0, cicloie, 
it follows in the same manner as above that g(x) < 0 whenever 


0<x<1l, 
1+x 1 x? 
< 2x|14+-—. : (2 
1-x [ 3 =) @) 


Whenever 0 < x < 1. 
From (1) and (2), we have 


g(x) = fn 


that is @n 


2x < én 


2 
cax[ td 2 -| ee) 


1-x 
whenever 0 < x < 1. 


Putting, x = 


i in (3), we have 


2. Pee 2 1 
2n+l]1  ~=—son 2n+1 12n(n+)) )’ 
1 1 1 
n- én} 14 <l 
a 1<( q ( =) 12n(n+1)° 


1 ms 1 
so that e < (1 + | <  iateey 
n e 


which is the desired inequality 


@ Problem 31: Prove that if f : R > R is three times 
differentiable, then there exists a real number 
r"(g) _ 1) fC) 

6 


€ € (-1, 1) such that 5 


f'(0). 


Y Solution: Let g(x) = _ )) x?(x—-1)-f (0)(x?-1) 


nn ) —— x?(x+1)-f '(0)x (x-1)(x+1) 
It is easy to check g(+1) = f(+1), g(0) = 
Apply Rolle's Theorem for the function 
h(x) = f(x) — g(x) and its derivatives. 
Since h(-1) = h(O) = h(1) = 0, there exist n € (-1, 0) and 
v € (0, 1) such that h'(n) =h'(v) = 0. We also have h'(0) = 0, so 
there exist a € (n, 0) ando € (0, v) such that h"(a) =h"(o) =0. 
Finally, there exists 


f(0) and g'(0) = f'(0). 


aC € (a,o) C -l, 1) where h"'(C) = 0. Then 
1 
rO=8"= oe 
™Y ft “ 
£0). O+ . 6-f(0) . 6 
- (DSi .. 
a f'(0). 


© Problem 32: Let f be a real-values function with n + 1 
derivatives at each point of R. Show that for each pair of real 
numbers a, b, a < b, such that 
' (n) 
ie f(b) + f(b) + f(b) ae 
f(a) + f(a) +00 +f™ (a) 

there is a number c in the open interval (a, b) for which 

f™ (c) = f(c). 


Note that In denotes the natural logarithm 


Y Solution: Set g(x) = (f(x) + f(x) + ..... P\x)er. 

From the assumption one get g(a) g(b). Then there exists c € 
(a, b) such that g'(c) = 0. Replacing in the last equality g'(x) = 
(f*) (x) — f(x)) e* we finish the proof. 

© Problem 33: Let n > 1 be an integer and let f : [0, 1] 
— R be differentiable and such that f(0) = 0 and f(1) = 1. 


Prove that there exist distinct points 0 <a, <a,<.....<a,)<1 
such that 


n-l 
> f(a, )=n. 
k=0 


Y Solution: For 0 < 


E k4+1 


ad . By the Mean Value Theorem, there are 


k n — 1, consider the interval 


k k+l 
a € | —3—— such that 
n 


n 


(OS) apes) ert 

n n te 

i = = f| —— |-f] — 

f'(a,) = 1 =n [+ } (*)}. 
n 

Summing from k= 0 tok =n-— 1 and noting that the right hand 

side telescopes, 


Sra en SS} 


k=0 
= n(f(1) — f(0)) =n. 


@ Problem 34: Let n> 1 be an integer and let f : [0;1] >R 
be differentiable and such that f(0) = 0 and f(1) = 1. Prove that 


there exist distinct points 0 < a, <a,<....< a,_, < 1 such that 
n-l 
1 


cao f(y.) 7 


Y Solution: Let k, € [0, 1] be the smalest number such 


i 
that f(k,) = —, 1 <i<n-1.Putk,=0,k =1.The existence — 


of the k, is ae by the Intermediate Value Te 

we must have y 
O0<k, <k,<.u.<k <i. 

Hence, by the Mean Value’ Theoten, there exists a, aX bs 


0<i<n-—1, such that Lr, 
f(k,,,)—-f(k, 1 
f'(a.) = ( uw ( i) = 
ki —k; n(k,,; —k;) 
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1 
> Ta) =n(k,,,—k,). 


aor 
n-l 


= k, 
ae =n py i+] 


© Problem 35: Let f be twice continuously differentiable 
on (0, 00) such that a f '(x)=—© . Show that 
x> 


k}) = n(k, —k,) =n. 


&Y Solution: Since f tends to -co and f" tends to +00 as 
x tends to 0*, there exists an interval (0, r) such that f(x) < 0 
and f"(x) > 0 for all x € (0, r). Hence f is decreasing and f' is 
increasing on (0, r). By the Mean Value Theorem for every 0 
<x <xX, <r we obtain 
f(x) — f(x,) = f(C) (kK -—x,) > 0, 

for some ¢ € (x, x,). Taking into account that f" is increasing 
P(x) < £6) < 0, we get 
f (0) 


yYx,< (X—-Xg)= 


f(x) 


f(x)—-f(Xo) 
f (x) 


<0. 


_ Taking limits as x tends to 0* we obtain 


9 < liminf —— 1) <limsup = < 
x0 F(X) xo F(X) 
_ f(x) 
Since this happens for all x, € (0, r) we deduce that lim — 
9 x>0° f (x) 
exists and Jim tae 
=0° £'(x) 


oo hings|to Remember 


1. A function f(x) is said to have a local maximum at x =a 
if f(a) > f(x) V x € (a—h, a+h)-— {a}, where his a small 
positive arbitrary number. 

A function f(x) is said to have a local minimum at x = a if 
f(a) < f(x) V x € (a—h, a +h) — {a}, where h is a small 
positive arbitrary number. 


2. A function is said to have alocal maximum at the left end 
point x = a if f(a) > f(a + h), where h is a small positive 
arbitrary number. It is said to have a local minimum at 
the left end point x = aif f(a) < f(a+h). 

The function is said to have a local maximum at the right 
end point x = b if f(b — h) < f(b). It is said to have a local 
minimum at the right end point x = b if f(b —h) > f(b). 

3. Fermat Theorem : If a belongs to an open interval in the 
domain of f, if f(a) exists, and if (a, f(a)) is a point of local 
extremum (either a maximum or a minimum), then f’(a) = 0. 


4. The First Derivative Test : Suppose that x =a is a critical 
point of a continuous function y = f(x). 
(i) If f(x) changes from positive to negative at x = a, 
then f has a local maximum at x = a. 
(ii) If f’(x) changes from negative to positive at x = a, 
then f has a local minimum at x = a. 
(iii) If f(x) does not change sign at x = a (that is, if f(x) is 
positive on both sides of x =a or negative on both sides), 
then f has no local maximum or minimum at x = a. 
5. Test for Local Maximum/Minimum when f(x) is not 
differentiable at x = a. 
Case 1 When f(x) is continuous at x =a and f'(a-) and 
f(a‘) exist and are non-zero, then f(x) has a local maximum 
or minimum at x = a if f(a) and f(a‘) are of opposite 
signs. 


If f(a) > O and f'(a*) < 0, then x = a is a point of local 
maximum . If f\(a-) < 0 and f'(a*) > 0, then x = ais a point 
of local minimum. 

Case2 When f(x) is continuous and one or both of f'(a-) 
and f'(a*) are either zero or does not exist, then we should 
consider the signs of f'(a — h) and f'(a +h), where h is a 
small positive arbitrary number. 

If f'(a — h) > 0 and f(a + h) < 0, then x = ais a point of 
local maximum . If f'(a — h) < 0 and f'(a + h) > 0, then 
xX =a isa point of local minimum. 

Case 3__ If f(x) is discontinuous at x =a, then we should 
find about the existence of local maxima/minima using the 
basic definition of local maxima/minima i.e. compare the 
values of f(x) at the neighbouring points of x = a. 
Extremum at Endpoints : 

At a left endpoint a: 

If f’ <0 (f’ > 0) for x > a, then f has a local maximum 
(minimum) value at a. 

At a right endpoint b : 

If f' <0 (f' > 0) for x < b, then f has a local minimum 
(maximum) value at b. 


The Second Derivative Test 


10. 


11. 


Let x =a be astationary point of a function f (i.e. f’(a) = 0) in “> 


an open interval (a, 8), that is, assume ao < a < B. Assume 
also that the second derivative f" exists in (a, het Cine 
we have the following : 

(i) Iff” is negative in (a, B), f has a local maximum at a. 
(ii) If f” is positive in (a, B), f has a relative minimum at a. 
Special case of the second derivative test : 

If f” is continuous at a, and if f(a) # 0, there will be a 
neighbourhood of a in which f” has the same sign as f’"(a). 
Therefore, if f(a) = 0, the function f has a local maximum 
at a if f"’(a) is negative, and a relative minimum if f’’(a) is 
positive. This test suffices for many examples that occur 
in practice. 

The Higher Order Derivative Test 

If at x = a we have f '(a) = f"(a) =... = f(a) = 0 and the 
first nonvanishing derivative f"* (a) is a derivative of 
even order, then at the point a 

f(x) has a maximum if f"* (a) < 0 

f(x) has a minimum if f™* (a) > 0 

But if the first nonvanishing derivative f@* (a) is a 
derivative of odd order, then the function has neither 
maximum nor minimum at the point a. Here, 

f(x) increases if f"*+ (a) > 0 

f(x) decreases if f@* (a) < 0. 


First Derivative Test for parametric functions 


Assume that the function is continuous. 
d dy/dt 
Calculate oer 
dx dx/dt 


is zero or does not exist. Then we find the sign scheme 
of dy/dx on the number line of t. Now, we convert 


and find values of t, where dy/dx 


12. 
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the sign scheme of dy/dx on the number line of x. 
If x = x(t) is a strictly increasing function of t, then the sign 
scheme in x is same as the sign scheme in t. If x = x(t) is 
a strictly decreasing function of t, then the sign scheme in 
x is obtained by reversing the number line in t. 


Second Derivative Test for parametric functions 
Assume that the function is differentiable. 
Stationary points : we find the values of t= t, 


where ae =0 but 2X 4 0 
dt dt 


If * = 0, then this test is not applicable. 


a2 
If cy >0, then x=x<(t,) is a point of local minimum. 
t 
t=t, 
d’y 
If a <0 | thenx= x(t,) is a point of local maximum. 


t=t, 


(i) If y = f(x) has a local maximum at x = a then 
_y =— f(x) has a local minimum at x =a and vice-versa. 


Gi) If f(x) and g(x) both have a local maximum (minimum) 


at x =a then y = f(x) + g(x) also has a local maximum 

(minimum) at x =a. 

We have a similar result in case of local maximum. 

(iii) We have no comments for product and quotient of 
functions, in general. 

Let f and g be twice differentiable functions each 

having a point of local maximum at x = a. If f(a) > 0 

and g(a) > 0, then prove that y = f(x). g(x) has a local 

maximum at x =a. 
(iv) Let f and g be twice differentiable functions. 

(a) If g has a local maximum (minimum) at x = f(a) 
then gof also has a local maximum (minimum) 
at X =a. 

(b) Iffhasalocal maximum (minimum) at x =a and 
g is increasing at x = f(a), then gof has a local 
maximum (minimum) at x = a. 

(c) Iffhas alocal maximum (minimum) at x =a and 

g is decreasing at x = f(a) then gof has a local 
minimum (maximum) at x = a. 

An even function has an extremum at x = 0. 

Note that odd function cannot have an extremum 
atx =0. 

(b) If an even function f has a local maximum 

(minimum) at x = a then it also has a local 

maximum (minimum) at x =—a. 


(v) (a) 


Extreme Value Theorem : If f is continuous on a closed 
interval [a, b], then f attains an absolute maximum value 
f(c) and an absolute minimum value of f(d) at some 
numbers c and d in [a, b]. 


13. 


14. 


15. 


16. 


17. 


In order to find the global maximum and minimum of a 
continuous function f(x) in [a, b] : Find out all the critical 
points of f(x) in (a, b). 

Letc,,c,,...,c, be the different critical points. 

Find the value of the function at these critical points. Let 


f(c,), f(c,), ...., f(c,) be the values of the function at critical 
points. 
Let M, = max {f(a), f(c,), f(c,), ...., f(c,) , f(b)} 

‘nd M, = min {f(a), f(c), f(c,).. . f(c,), f(b)} 


Then M, is the global maximum ferbatest value) of f(x) in 
[a, b] nd M, is the global minimum (least value) of f(x) 
in [a, b]. 
The first derivative test for global extrema 
Let f : [a, b] > R be continuous on [a, b] and derivable 
on (a, c) U (c, b), then 
(i) iff'>Oon(a,c) andf'<0on(c, b) 
=> f(c) = max f on [a, b]; and 
(ii) if f' <0 on (a, c) and f'>0on(c, b) 
=> f(c) = min f on [a, b] 
Asymptotes : 
(i) Ifeither lim f(x)=Lor lim f(x) =L, then the line 
x00 x—-cO 


. 


y = Lis a horizontal asymptote of the curve y = f(x). ~~ 


(ii) 


of the following statements is true : 


lim f(x) = 90 lim f(x) = 
lim f(x) =— 00 lim f(x) =- 
xa" x>a 


(iii) If there are limits 
lim 2 m, and a a [# (x) — 
x—00 x 
then the straight line y = m,x +c, will be an asymptote 
(a right inclined asymptote or, when m, = 0, a right 
horizontal asymptote). 


m,x]=c,, 


If there are limits 
lim ae) =m, and an | [E(x) — 
X3-0 X 


m,x]=c,, 


then the straight line y = m,x + c, is an asymptote (a left 

inclined asymptote or, when m, = 0, a left horizontal 

asymptote). 

Rolle's Theorem: Let f be a function that satisfies the 

following three hypotheses : 

(i) fis continuous on the closed interval [a, b]. 

(ii) fis differentiable on the open interval (a, b). 

(iii) f(a) = f(b) 

Then there is a number c in (a, b) such that f’(c) = 0 

(a) If all the roots of f(x) = 0 are real, then all the roots 
of f’(x) = 0 are also real, and the roots of the latter 
equation separate those of the former. 


The line x = a is a vertical asymptote if at least one 


19, 


20. 


21. 


22. 
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For if f(x) is of degree n, f’(x) is of degree n — 1, and 
a root of f’(x) = 0 exists in each of the n— 1 intervals 
between the n roots of f(x) = 

If all the roots of f(x) = 0 are real, so also are those of 

f'(x) =0, f(x) =0, f(x) =0, ...., and the roots of any 

one of these equations separate those of the preceding 

equation. This follows from (a). 

Not more than one root of f(x) = 0 can 

(i) lie between two consecutive roots of f(x) = 0, or 

(ii) be less than the least of these, or 

(iii) be greater than the greatest of these. 

If f(x) = 0 has r real roots, then f(x) = 0 cannot have 

more than (r + 1) real roots. 

If f(x) is the r™ derivative of f(x) and the equation 

f(x) = 0 has some imaginary roots, then f(x) = 0 has 

atleast as many imaginary roots. 

(f) If all the real roots B,, B.,.... of f(x) = 0 are known, 
we can find the number of real roots of f(x) = 0 by 
considering the signs of f(.,), f(B,),. . A single root of 

_ f(x) =0, or no root, lies between B, and B,, according 
as f(B,) and f(B,) have opposite signs, or the same sign. 


(b 


~— 


(c) 


(d 


~a 


(e) 


\Serange' s Mean Value Theorem : 
Let f be a function that satisfies the following hypotheses : 


(i) fis continuous on the closed interval [a, b]. 
(ii) fis differentiable on the open interval (a, b). 
Then there is a number c in (a, b) such that 
£(b)-F@) _ py 
b-a 
Constant Function Theorem : Suppose f is a continuous 
function on the closed interval [a, b] and is differentiable 
on the open interval (a, b), with f’(x) = 0 for all x on (a, b). 
Then the function f is constant on [a, b] 
Constant Difference Theorem : Suppose the functions 
f and g are continuous on the closed interval [a, b] 
and differentiable on the open interval (a, b). Then if 
f'(x) = g'(x) for all x in (a, b), there exists a constant C 
such that f(x) = g(x) + C for all x on [a, b]. 
(i) If fis continuous on [a, b] and m<f'(x) <M for all 
x € (a, b), then m (b—a) < f(b) — f(a) < M (b— a). 
(ii) If f is continuous on [a, b] and | f '(x)| < M for all 
x € (a, b), then | f(b) — f(a) |< M|b-a|. 
(iii) If f is continuous on [a, b] and | f '(x)| = m for all 
x € (a, b), then | f(b) — f(a) |=>m|b-al. 
Cauchy's Mean Value Theorem : 
Let f and g be functions defined on [a, b] such that 
(i) f and g are continuous on [a, b], 
(ii) f and g are derivable on (a, b), and 
(iii) g'(x) does not vanish at any point of (a, b). 
then there exists areal number c € (a, b) such that 
f(b)-f(a) _ f (c) 
g(b)—g(a) gc) 
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23. Generalized Mean Value Theorem : If f, g and h are 
continuous on [a, b] and derivable on (a, b), then there 
exists a number c in (a, b) such that 


fic) gic) he) 
f(a) g(a) h(a)/=0. 
f(b) g(b) h(b) 


Objective Exercises 


SINGLE CORRECT ANSWER TYPE 


a 


f(x) , then the 


Xx=-2 


2-|x74+5x+6| , x¥-2 
ar +1 


range of a so that f(x) has maxima at x = — 2 is 

(A) [al 21 (B) fal <1 

(C) a> 1 (D) axl 

A triangle has one vertex at (0, 0) and the other 
two on the graph of y = —2x” + 54 at (x, y) and 
(-x, y) where 0 < x < J27 . The value of x so that the 
corresponding triangle has maximum area is 


V27 

2 
(Ch 243 (D) None C7 
The set of all values of the parameters a for which the — 


x 


(A) (B) 3 


; x + 
the inequality — 
x + 
(A) an empty set 


(B) (-3V¥3,-2V3) 
(C) (2V3,3V3) 
(D) (-3V3, -2V3)U 2v3, 3v3) 


1+x 
If f(x) = Ix] x € [1, 3] 
statements about f(x) is correct 
(A) f(x) has local maxima at x = 2 
(B) f(x) has no point of local maxima 
(C) f(x) hasneither maxima nor minima at x = 2 
(D) f(x) has 1 point of local minimum and 2 points of 
local maxima 


then which of following 


Which of the following statement is true for the function 


function f(x) = 


(A) It is monotonic increasing V x ER 
(B) f’(x) fails to exist for 3 distinct real values of x 


(C) f'(x) changes its sign twice as x varies from (—s0, 00) 
(D) function attains its extreme values at x, & x,, such 


that x, x, > 0 
6. Consider the function for x € [-2, 3], 
x? —2x? —5x +6 if 
f(x) = x—l then 
—6 if x=1 


(A) f is discontinuous at x = 1 => Rolle’s theorem is not 
applicable in [—2, 3] 

(B) f(-2) # f(3) => Rolle’s theorem is not applicable in 
A) es 3] 

~ (C) fis not derivable in (—2, 3) > Rolle’s theorem is not 
applicable 

(D) Rolle’s theorem is applicable as f satisfies all the 

conditions and c of Rolle’s theorem is 1/2 


7. The total number of values of x, where f(x) = 2! (cos x 


+ cos V3 x) attains its maximum value is 
(A) 1 (B) 2 
(C) 4 (D) None 
k*4+x743x4sin x |(3+sin1/x), x #0 
8. Let f(x) = 0 — 
then number of points (where f(x) attains its minimum 
value) is 
(A) 1 (B) 2 
(C) 3 (D) infinite many 


In which of the following functions Rolle’s theorem is 
applicable - 


x ,O0<x<l 
(A) f(x) = 0 ,x=l 

pe ,—-m<x<O0 
(B) f(x)=4 x 

0 »x=0 


(C) f(x) = x -k-6 [2 3) 
x-l 


x°2x?-5x+6 F 
x-l 


(D) f(x) = 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


The function in which the conditions of Rolle’s theorem 
are satisfied, is 
(A) f(x) = 2x? + x? — 4x — 2, [-root 2, root 2 ] 
(B) tanx in [0, 7] 
x741;0<x<l 


i i sigx eo 


(D) None of these 


(a? —b*)cos0 
a—bsin@ 


Ifa>b> Oand f(0) = , then the maximum 


value of f(0) is 
(A) Va? +b? 


(C) a—b? 


(B) Va* —b* 


a—b 
D 
©) a+b 


Let f(x) = sin(x? — 3x), if x < 0; and 6x + 5x’, if 
x > 0, then at x = 0, f(x) 

(A) has a local maximum 

(B) has a local minimum 

(C) is discontinuous 

(D) None of these 


The greatest value of f(x) = cos(xe™! + 7x? - 3x), 
x € [-1, ©) is \ 
(A) -1 (B) 1 

(C) 0 (D) None of these 


The function f(x) = (4sin’x —1)(e*-x +1), og ? 
Tt (cr) 

neéN, has a local minimum at x = Bi then 

(A) ncan be any even natural number 

(B) ncan be an odd natural number 

(C) ncan be odd prime number 

(D) ncan be any natural number 


Let f(x) = cosmx + 10x + 3x?+ x3, -2 <x <3. The absolute 
minimum value of f(x) is 


(A) 0 (B) -15 

(C) 3-2n (D) None of these 

The global minimum value of e@* ~?**)i"'* js 
(A) e (B) 1/3 

(C) 1 (D) 0 


The global maximum value of 
f(x) = log ,,(4x* — 12x” + 11x — 3), x € [2, 3] is 


3 
(A) Ty Ei 3 (B) 1 + log,,3 


3 
(C) log,,3 ) 5 1og103 
The least natural number a for which x + ax? > 2, Vx € 
(0, 00) is 
(A) 1 (B) 2 
(C) 5 (D) None of these 


19, 


20. 


21. 
_ function. Then the value of 


NAN ; _ 
(1) ~ £2), ELOY +E OY +#@-O 


22. 


23. 


24. 


25. 
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x>+x?-10x, -l<x<0 
O<x<n/2 
m/2<x<um 


Let f(x) =4cosx, 


1+sin x, 


Then f(x) has 

(A) a local minimum at x = 17/2 
(B) a global maximum at x =—1 
(C) an absolute minimum at x = -1 
(D) an absolute maximum at x = 7 


ab(a? —b”)sin x cos x 


2 


Ifa>b>Othenthe maximum value of 5 > 
a’ sin® x +b* cos x 


in (0.3 ] is 
2 


2 42 
(A) ab? ‘B) > 
Ree} 
(2 sit (D) none of these 
Let f : [2, 7] — [0, ©) be a continuous and differentiable 


1S 


3 
(where c € (2,7)). 
(A) 3P(c) + fc) (B) 4f(c) * fc) 
(C) 5f(c) ° f’(c) (D) None of these 
Let f(x) = ax? + bx* + cx? + dx? + ex, where a, b,c, d,e € R 
and f(x) = 0 has a positive root a, then 
(A) f(x) = 0 has root al such that 0 < a, <a 
(B) f(x) = 0 has at least one real root 


(C) f'(x) = 0 has at least two real roots 
(D) All of the above 


Between any two real roots of the equation e* sin x — 1 =0, 
the equation e* cos x + 1 = 0 has 

(A) Atleast one root 

(B) Atmost one root 

(C) Exactly one root 

(D) No root 

A differentiable function f(x) has a relative minimum at 
x = 0, then the function y = f(x) + ax + b has a relative 
minimum at x = 0 for 

(A) all a and all b (B) allbifa=0 

(C) allb>0O (D) alla>0O 


Suppose that f is a polynomial of degree 4 and that 
f(x) # 0, then 

(A) f has exactly one stationary point 

(B) f must have no stationary point 

(C) f must have exactly 3 stationary points 

(D) f has either 1 or 3 stationary points 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


If f: R— R and g: R > R are two functions such that 
f(x) + f"(x) =—x g(x) f(x) and g(x) > 0 V x € R, then the 
function 

f(x) + (f '(x))* has 

(A) a maxima at x = 0 

(B) a minima at x = 0 

(C) a point of inflection at x = 0 

(D) none of these 

For any real 0, the maximum value of cos’ (cos0) + 
sin?(sin9) is 
(A) 1 

(C) 1+ cos71 


(B) 1+ sin71 
(D) Does not exist 


t+3x—x? 


If the function f(x) = , where t is a parameter, 


x-4 
has a minimum and maximum, then the range of values 
of t is 


(A) (0, 4) (B) (0, ©) 
(C) (2, 4) (D) (4, ») 
Let f(x) = ax? + bx? + cx + | have extrema at x = a, 6 such 


that aB < 0 and f(a)f(B) < 0. Then the equation f(x) = 0 
has 

(A) three equal real roots 

(B) one negative root if f(a) < 0 and f(B) > 0 

(C) one positive root if f(a) > 0 and f(B) < 0 

(D) none of these 7 Aw) 
A bell tent consists of a conical portion above a cylindrical 
portion placed on the ground. For a given volume and a 
circular base of a given radius, the amount of the canvas used 
is a minimum when the semi-vertical angle of the cone is 
(A) cos"!2/3 (B) sin!2/3 

(C) cos1/3 (D) None of these 

A cylindrical gas container is closed at the top and open 
at the botton. If the iron plate of the top is 5/4 times as 
thick as the plate forming the cylindrical sides, the ratio 
of the radius to the height of the cylinder using minimum 
material for the same capacity is 


(A) 3:4 (B) 5:6 
(C) 4:5 (D) None of these 
A given right circular cone has a volume p, and the largest 


right circular cylinder that can be inscribed in the cone has 
a volume q. Then p: q is 


(A) 934 (B) 8:3 
(C) 7:2 (D) None of these 
A wire of length a is cut into two parts which are bent, 


respectively, in the form of a square and a circle. The least 
value of the sum of the areas so formed is 


a? a 
ea ®) T+4 
2 
a a 

© 4(m +4) oy 4(n+4) 


34. 


35. 


36. 


37. 


39. 


40. 


41. 


; © 3 


38. 


The largest term of the sequance < t_> where 
2 


a iTS 
" n4 +300 
(A) t, (B) t, 
(C) t, (D) t, 


The set of value of c for which sin {In (cos x +c)} = 1 has 
at most one solution in [0, 7] is 
(A) (21, ) (B) (e*,%) 


er 4] 
oft 
For a #B, n € N which of the following is not always true 
(A) |sinn a -sinn B| <n |a—B| 
(B) |cosna—cosn B| > nla BI 
(C) |sinna +sinn f| <n lo + BI 
(D) |cos na —cos n B| <n la — BI 


The maximum value of the expression 


(D) null set 


alsin? x +2a2 —/2a2 —1—cos? x , where a and x are 


real numbers, is 
(B) 1] 
(D) None of these 


Which of the following statements are true ? 

(i) If p(x) =Ax?+ Bx +C, x € [a, b], then a value of ‘c’ 

given by Lagrange’s Mean Value Theorem is the mid 

point of the interval. 

A differentiable function fhas one critical point at x = 5. 

If f’(4) = —2 and f’(6) = 3, then x = 5 is a point of local 

minimum. 

(iii) If f(x) is differentiable on R snd f?(x)< 1 Vx ER, 
then atmost one value of x (say x = c) exists such that 
f(c)=c. 


(ii) 


(A) TFT (B) FTF 
(C) TIT (D) TTF 
a+2c 


4 
Ifa, b, cd € R such that + 4 = 0, then the equation 


b+3d 
ax? + cx +d=0 has 
(A) atleast one root in (—1, 0) 
(B) atleast one root in (0, 1) 
(C) no root in(-1, 1) 
(D) no root in (0, 2) 


A box, constructed from a rectangular metal sheet, is 21 cm 
by 16cm by cutting equal squares of sides x from the corners 
of the sheet and then turning up the projected portions. The 
value of x so that volume of the box is maximum is 


(A) 1 (B) 2 
(C) 3 (D) 4 
If a(sp2), B(- v2]. c[-5.-V2 | and 


D(3cos@, 2sin®@) are four points, then the value of 6 for 


42. 


43. 


44, 


45. 


46. 


which the area of quadrilateral ABCD is maximum, 
(= <O0< 2n is 


1 70 
eee 
(A) 27 -sin 3 (B) 4 


1 3 
C) 2n-—cos~' — D) None of these 
(C) Jas (D) 
Arod of fixed length k slides along the coordinate axes. If 


it meets the axes at A(a,0) and B(0,b), then the minimum 


2 2 
value of (a++) +(o+4) is 
a b 


(A) 0 (B) 8 
2 4 ; 4 
(C) k’-44+-5 (D) k? +44 
K k 

Let f(x) = x3-+x°43x+sin x |(3+sin 1/x) , x #0 

; : ,x=0 


then number of points (where f(x) attains its minimum 
value) is 
(A) 1 
(C) 3 


(B) 2 
(D) infinite many 


. x2 
The function f(x) = |= 
x" —4 


| has 


(A) no point of local minima 

(B) no point of local maxima 

(C) exactly one point of local minima 

(D) exactly one point of local maxima 

Which of the follwoing is always correct ? 

(A) If f’(x) > 0 V x wherever f’(x) exists, then f(x) must 
be one-one 

(B) If f’(x) <0 V x wherever f’(x) exists, then f(x) must 
be one-one 

(C) If | f(x)| be continuous at x = a, then f(x) is also 
continuous at x =a 

(D) If f(x) is continuous at x = a, f(A) = 2 and x = ais the 
point of local minimum of f(x), then [f(x)], where [.] 
denotes gresatest integer function, is also continuous 
at X =a, 

f(x) is a continuous function having 4 critical points a, b, 

c, d where a < b <c < d. Ifa and d are points of maxima, 

then f(x) 


47. 


48. 


49. 


50. 
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(A) two points of minima 

(B) has two points of inflexion 

(C) can have no point of inflection 
(D) has exactly one point of inflection 


i 2/3 
Given f(x) = 4 -(5-*) 5 g(x) = {x} 


tan[x ] 


> 


h(x) = and p(x) = 5!"**9) defined 
1 », x=0 


in [0, 1], the functions on which LMVT is applicable is 
(A) f (B) g 
(C) p (D) h 


The set of critical points of the function 


f(x) =x—log x + [(d/z-2-2c0s 42) dz is 
2 


(B) {nx} ,neN 


(C) [EumsZl nen 
2 6 
(D) None of these 
ct eee ai 
If f (0) = 4 ay: , where 0 #kn7, 
sin’ —+sin* —+1 
n n 


k eI, then range of f(0) is 


(A) (1/3, 1] (B) [1/3, 1] 

(C) [1/3, 1) (D) (1/3, 1) 
Consider f(x) =|1—x]1<x<2 1<x<2 
and g(x) = f(x) +bsin7a/2x, 1<x<2 


then which of the following is correct ? 

(A) Rolles Theorem is applicable to both f, g and b = 3/2 

(B) LMVT is not applicable to f and Rolle’s Theorem if 
applicable to g with b = 1/2 

(C) LMVT is applicable to f and Rolle’s Theorem is 
applicable to g with b= 1 

(D) Rolle’s Theorem is not applicable to both f, g for any 
real b 
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51. 


52. 


3x? +12x-1; -1<x<2 


then 
37-x ;2<x<3 


If f(x) = { 


(A) f(x) is increasing in [-1, 2] 

(B) f(x) is continuous in [—1,3] 

(C) f'(2) does not exist 

(D) f(x) has the maximum value at x = 2 


Which of the statements are necessarily true ? 


(A) If fis differentiable and f(—1) = f(1), then there is a 
number c such that |c| < 1 and f\(C) = 0. 

(B) If f"(2) = 0, then (2, f(2)) is an inflection point of the 
curve y = f(x). 

(C) There exists a function f such that f(x) > 0, f(x) < 0, 
and f"(x) > 0 for all x. 

(D) If f'(x) exists and is nonzero for all x, then 
f(1) # f(0). 
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53. 


54. 


55. 


56. 


57. 


58. 


Let f(x) = (x — 1)*(x — 2)", n € N. Then f(x) has 

(A) a maximum at x = 1 if nis odd 

(B) a maximum at x = 1 if nis even 

(C) a minimum at x = | if nis even 

(D) a minima at x = 2 if n is even 

Identify the correct statements : 

(A) If f(x) = ax? + b and fis strictly increasing on (-1, 1), 
then a> 0. 

(B) An nth-degree polynomial has atmost (n — 1) critical 
points. 

(C) If f '(x) > 0 for all real numbers x, then f increases 
without bound. 

(D) The maximum of a function that is continuous on a 
closed interval can occur at two different values in 
the interval. 

Which of the given equation has exactly one solution in 

the indicated interval ? 

(A) x°+2x-—3=0; [0, 1] 

(B) e*=x-1;3[1, 2] 

(C) xInx=3; [2,4] 

(D) sin x = 3x-1; [-1, 1] 

If f(x) is a differentiable function and (x) is twice 


of the following statement is true ? (a < B) 

(A) there exists exactly one root of the a $00. 
f'(x) + o"(x).f(x) = 0 on (a, B) er 

(B) there exists atleast one root of the edgon o'(x). 
f(x) + 6"(x).f(x) = 0 on (a, B) 

(C) there exists odd number of roots of the equation '(x). 
f(x) + 6"(x).f(x) = 0 on (a, B) 

(D) None of these 

An even polynomial function f(x) satisfies a relation 


f(2x) (1-8 (=)} + f(16x’y) =f (-2)-f(4xy) Vx,ye 


R— {0} and f (4) =- 255, f (0) = 1. 
Which of the following holds good? 
(A) f (x) has local maximum at x = 1. 


(B) root {2 )s 0 


(C) Range of values of k for which | f(x) |=k-—2 has 
exactly four distinct solutions is (2, 3). 


t 3 
(D) pos = 


Let f(x) = ax? + bx? + cx + d (a, b, c, d, a, B © R) and 

f'(a) = f(B) = 0, (a # B), then 

(A) if f(a) . f(B) < 0 then all the roots of f(x) = 0 are real 

(B) if f(a) . f(B) > 0 then all the roots of f(x) = 0 is real 

(C) if @ is a point of local maxima and is point of local 
minima for the function f(x) then a < B 

(D) If a> 0 then f(x) is decreasing on (a, 8), where B > a 


59. 


60. 


61. 


62. 


63. 


64. 


The diagram shows the graph of the derivative of a function 
f (x) for 0< x <4 with f (0) =0. Which of the following 
could be correct statements for y = f(x)? 


(A) Tangent line to y = f (x) at x = 0 makes an angle of 


sec! V5 with the x-axis. 

(B) f is strictly increasing in (0, 3). 

(C) x = | is both an inflection point as well as point of 
local extremum. 

(D) Number of critical point on y = f (x) is two. 

Which of the functions f satisfies neither the hypotheses 

nor the conclusions of LMVT 

(A) f(x) = |x —2]; [1,4 

(B) f(x) =1 + |x—- 1]; [0, 3] 


ie (C) f(x) = [x] (the greatest integer function); [-1, 1] 
@) f(x) = 3x; [-1, 1] 


differentiable function and a and £ are roots of the 
equation f(x) = 0 and $'(x) = 0 respectively, then which — 


If x + y = 60, x > 0, y > 0, then the expression x°(30 — y)’ has 
(A) least value = 0 (B) greatest value = 15* 
(C) two extrema (D) no greatest value 


Os. fo9e- I 
x sin°— , x#0 
where n € I,n #0. 
0 » x=0 
If Rolle’s Theorem is applicable to f(x) in the interval 


[0, 1], then 


Let f(x) = 


(A) a > 0, greatest value of n is as 
a 
(B) a > 2, greatest value of n is é 
4 


(C) a> 0, least value of n is = 

T 
(D) a can not be < 1 
The function f(x) = 3 + 2(a + 1) x + (a? + 1) x? — x’ has 
a local minimum at x = x, and local maximum at x = x, 
such that x, < 2 < x, then a belongs to the interval(s) 


3 3 
we} @ (44 


(C) (0, ~) (D) (1, ~) 
If y = g(x) is a curve which is obtained by the reflection of 


= f(x) = <== 


aa * 


by the line y = x then 


(A) y = g(x) has exactly one tangent parallel to x-axis 
(B) y = g(x) has no tangent parallel to y-axis 

(C) The tangent to y = g(x) at (0, 0) is y=x 

(D) g(x) has no extremum 


65. 


66. 


67. 


68. 


69. 


70. 


An extreme value of ane + 3cos?x — 24 sin - 
x + 

—24 cos 3? where O< x < => 

(A) 44 V2 (B) 41-6y2) 

(C) -21 (D) 4 


If f(x) = (x - 3)? +(x -3°)? + 
(A) f(x) is always increasing 
(B) f(x) = 0 has one real & eight imaginary roots 
(C)2x = 3; Sct 3? are the roots of f(x) = 
(D) f(x) = 0 has a negative real root 


w(x — 3°), then 


1 
If f(x) =— = x3+t?’x, where t is a real parameter. Let m(t) 


denote the ‘ninimum of f(x) over [0, 1] then 
(A) m(t) = 0 if t? > 3 
(B) m(t) = 0 for all t 


(Cj nget= Fees 
m= 21 3 
1 
(D) m(t) = > —t for all t. 
If f : [-1, 1] > R is a continuously differetiable function 


such that f(1) > f(-1) and |f(y)|< 1 forally e[-1,1]then =~ 


(A) there exists an x € [—1, 1] such that f’(x) > 0 

(B) there exists an x € [-1, 1] such that f’(x)<O 
() 10) <f-)+2 aK 
(D) f(-1) . f1) < 0 

The figure shows the graph of f'(x). Then the correct 
statement(s) is/are 


(A) fis decreasing in (-1, 1) 

(B) f has a local minimum at x = 2 
(C) fis an odd function 

(D) f has atmost 4 zeros. 


fei 
3 


Let g(x) = - x*(x -— 1) — f(0) (x? -1) 


+ — x(x + 1) —f'(0) x (x— 1) (x + 1) where f is a thrice 


differentiable function. Then the correct statements are 

(A) there exists x € (—1, 0) such that f'(x) = g'(x) 

(B) there exists x € (0, 1) such that f’’(x) = g'"(x) 

(C) there exists x € (—1, 1) such that f(x) = g’’""(x) 

(D) there exists x € (—1, 1) such that f(x) = 3f(1) — 3fC-1) 
— 6f'(0) 


Assertion (A) and Reason (R) 
(A) Both A and R are true and R is the correct explanation of A. 
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(B) Both A and R are true but R is not the correct explanation 


of A. 


(C) Ais true, R is false. 
(D) A is false, R is true. 


71. 


72. 


73. 


Assertion (A) : A tangent parallel to x-axis can be drawn 
for f(x) = (x — 1) (xk — 2) (x —3) in the interval [1,3] 
Reason (R) : A horizontal tangent can be drawn to any 
cubic function. 


Assertion (A) : The least value of the function f(x) =—x? 
+4x4+1+4sin! ; on the interval [—1, 1] is-—4— 2 
Reason (R) : The least value of f(x) in [-1, 1] = min {f(-1), 
TU T Tl 
=mi —4-4— 5 4+—+ = —— 
f(1)} = min { 6 =} 4 ; 


Let f (x) be a twice differentiable function. 
Assertion (A): If a < b <c <dand f(a) =0, f(b)=1, 
f (c) =— 1, f (d) =0, then the minimum number of zeroes 
g (x) = (f(x)? + f(x) f(x) in [a, d] is 4. 
Reason (R) : If f (a) f (B) < 0 then f (y) = 
a<y<fandif f(a)=f(B)=0 


0 for some 


_ then f' (y) =0 for some a < y < B. 


74 


. 


75. 


76. 


77. 


78. 


79. 


80. 


Assertion (A) : Let f(x) =5 —4(x — 2°, then at x = 2 the 
function f(x) attains neither the least value nor the greatest 


value. 
Reason (R) : At x = 2, the first derivative does not exist. 


2. 
Assertion (A) : f(x) = a + a +x-+5 has positive point 


of maxima for a < —2. 

Reason (R) : x? + ax + 1 = 0 has both roots positive for 

a<-2. 

Assertion (A) : For all a, b € R, the function f(x) = 3x*- 

4x3 + 6x? + ax + b has exactly one extremum. 

Reason (R) : If a cubic function is monotonic, then its 

graph cuts x -axis only once. 

Assertion (A) : Conditions of Lagrange's Mean Value 

Theorem are not satisfied when 

f(x) = |x — 1 | — 1) in (0, 2]. 

Reason (R) : |x — 1| is not differentiable at x = 1. 

Assertion (A) : If 27a + 9b + 3c + d=0, then the equation 

f(x) = 4ax? + 3bx? + 2cx + d = 0 has at least one real root 

lying between (0, 3). 

Reason (R) : If f(x) is continuous in [a, b], derivable in 

(a, b) such that f(a) = f(b), then ther exists atleast one point 

c € (a, b) such that f'(c) = 

Assertion (A) : The maximum value of 

(V-3+ 4x —x? +4)? +(x-5)? (where 1 < x <3) is 36. 

Reason (R) : The maximum distance between the point 

(5, —4) and the point on the circle (x — 2)? + y? = 1 is 6. 

Assertion (A) : If g(x) is a differentiable function g(2) #0, 
g(—2) # 0 and Rolle's Theorem is not applicable to 

a 


f(x)= in [—2, 2], then g(x) has atleast one root in (—2, 2) 


g(x) 
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Reason (R) : Ifa function fis differentiable in (a, b) and 
f(a) = f(b), then Rolle's Theorem is applicable to f(x) for 
x € (a, b). 


Comprehension — 1 
Consider f, g and h_ be three real valued differentiable 
functions defined on R. 
Let g(x) = x34 g"(1) x? + (3g'(1) - g"(1) - 1) x + 3g'(1), 
f(x) =x g (x)-12x4+1 
and f(x) = (h(x))? where h(0) = 1. 
81. The function y = f(x) has 
(A) Exactly one local minima and no local maxima 
(B) Exactly one local maxima and no local minima 
(C) Exactly one local maxima and two local minima 
(D) Exactly two local maxima and one local minima 
82. Which of the following is/are true for the function y = g(x)? 
(A) g(x) monotonically decreases in 


[0.25] and [2+] 


(B) g(x) monotonically increases in 


(C) There exists exactly one tangent to y = g(x) which is 


parallel to the chord joining the points (1, g(1)) and 


(3, g(3)) AW) 
(D) There exists exactly two distinct Lagrange's Mean 
Value in (0, 4) for the function y = g(x). 


83. Which one of the following does not hold good for y = h(x)? 
(A) Exactly one critical point 
(B) No point of inflection 
(C) Exactly one real zero in (0, 3) 
(D) Exactly one tangent parallel to x-axis 


Comprehension — 2 

Let f(x) = 4x? — 4ax + a? — 2a + 2 and the global minimum 

value of f(x) for x € [0, 2] is equal to 3. 

84. The number of values of a for which the global minimum 
for x € [0, 2] occurs at the end point of interval [0, 2] is 
(A) 1 (B) 2 
(C) 3 (D) 0 

85. The number of values of a for which the global minimum 
for x € [0, 2] occurs at a value of x lying in (0, 2) is 
(A) 1 (B) 2 
(C) 3 (D) 0 

86. The values of a for which f(x) is monotonic for x € [0, 2] are 
(A) a<Oora>4 (B) O<a<4 
(C) a>O (D) None of these 


Comprehension — 3 


Consider a polynomial y = P(x) of the least degree passing 
through A(— 1, 1) and whose graph has two points of inflexion 
Bd, 2) and C with abscissa O at which the curve is inclined 


to the positive axis of abscissas at an angle of sec"! v2, 


2 
k 
87. If } P(x)dx = 5° k e€ N then k equals 
a) 


(A) 17 (B) 24 
(C) 32 (D) 42 
88. The value of P(—-1) equals 
(A) -1 (B) 0 
(C) 1 (D) 2 
89. The area of AABC equals 
1 
(A) 3 (B) 1 
1 
(Ol (D) a 
8 12 


Comprehension — 4 
Let f(x) = x3 — 3(7 — a)x? - 3(9 —a’)x +2 


90. The values of a, if f(x) has a negative point of local 


minimum, are 


(B) C3, 3) 
(D) None of these 


91. The values of a, if f(x) has a positive point of local 
maxima, are 


(B) (20, -3) U (3, ) 
(D) None of these 


92. The values of a if f(x) has points of extrema which are of 
opposite signs, are 


(A) 6 (B) (-3, 3) 


(D) None of these 


Comprehension — 5 
Let f (x) = e®** — e* for real number p > 0. 


93. The value of x = Ss, for which f (x) is minimum, is 


In(p+1) 


(A) - (B) —In(p + 1) 


(D) in( 2) 
P 
t+ 


94. Let g (t) = i) f(x)e'* dx . The value of t = t.» for which 
t 
g (t) is minimum is 


(C) -Inp 
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2 P_] P_ 
(A) -n( 2 3 (B) - = af C) bin BARE 2) (D) -In ((P+He” -) 
P Pp 


MATCH THE COLUMNS FOR JEE ADVANCED 


95. Column - I Column - IT 
(A) Ifx?+y?=1, then minimum value x + y is (P) -3 
(B) Ifthe maximum value of y = a cos x s cos 3x occurs (Q) = 
when x = ae then the value of ‘a’ is 
(C) Iff(x)=x-2sinx, 0 S$ x S$ 2m is increasing in the interval (R) 3 
[az, br], then a+ b is 
(D) If equation of the tangent to the curve y = -e~*” where it (S) 2 


.. Xx Y . 
crosses the y-axis is — + q = 1, then p—qis 
Pp 


96. Column - I Column - II 
x . 18 
(A) The greatest value of f(x) = ree on [0, 00) is . (P) e 
‘ Inx . 4 1 
(B) The maximum value of —— in [2, 0) is (Q) = 
x 
3 
(C) Letx>0, y > O and xy = 1, then minimum value of — x + 27ey (R) e 
- 
1 
(D) The perimeter of a sector is 4e. The area of the (S) 5 
sector is maximum when its radius is 
97. Column - I Column - II 
(A) The intercept of the common tangent to the curves (P) -1 
y’ = 8x and xy = —1 on the axis of y is equal to 
(B) Let f be a real function whose derivates upto third order exist and for (Q) 0 
some pair a, b € R,a <b log JOO RO a —b, then there 
f(b)+f '(b)+f")b) 
exists c (a, € b) for which Te is equal to 
c 
(C) Let f(x) = (x*- 1) (x* —4), and a, B, y be the roots of the equation (R) 1 
f’(x) = 0 then [a] + [B] + [y] is equal to ([t] represents the integral part of t) 
(D) If three normals can be drawn to the curve y” = x (S) 5/4 
from the point (c ,0) then c can be equal to (T) 2 
98. Column - I Column - II 
(A) If the maximum and minimum value of the function (P) 1 
h(y) = y?— 6y* + 9y + 1 on [0,2] are M and m 
respectively, then (M + m) is equal to 
1 
(B) Ifthe maximum and minimum value of the function f(x) = tan™!x — % énx (Q) 6 


1 
on +. 3 are M and m respectively, then [M + m] is equal to (where [.] 


B 


denotes greatest integer function) 
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(C) Ifthe maximum and minimum value of the function (R) O 
2y? eS. y| €[L,2] 
h(y) = y are M and m respectively, then 
1 <1 

M + mis equal to 
(D) Fora givenn € N, number of real solutions of the (S) 19/2 

equation min(e*, x”) =n is 

99. Column-I Column-II 
3 5 7 29 

A) The value of the sum Fvesats + is P) 1 
~ ro 23 ae 14°.15° re 
(B) If the tangents to the graph of f(x) = x? + ax + b at x =a and (Q) 0 

x = b(a #b) are parallel then f(1) is equal to 

224 

(C) Ifthe sum of x coordinates of points of extrema and points of inflection (R) 25 

of f(x) = 3x° — 250x? + 735x is 75k then k equals 

1 

(D) Ifa right triangle is drawn in a semi circle of radius 3 with one leg (S) 33 


ws 32 

A » as 

(not the hypotenuse) along the diameter, the maximum area ° ‘the triangle is 
Ay yy 


ees” 


ReviewseExercis Gor JEE Adcwanead 


Show that the function f(x) = sin™x sin mx. + 
cos mx, has a minimum at x = 72/4 when m= 2 and a 
maximum at x = 71/4 when m = 4 or 6. 7 


Find all the values of » between 0 and Li for which 
2 
cos’o sec’ is a minimum. 


COS X 


1 
Show that 3/2 has a3 and -4v2 as local 


(i+ cos” X) 


2 
maximum values and me and — 9 V3 as local minimum 
values. 


Show that the function f(x) = x*(x — a + sin*x, 


1 
has extreme values at x = O and x = ra and 


determine whether they are maxima or minima. 
xt x? —2(x —3) 
Let f(x) = =| 
eu) xt x? —2(x -2) 
If p and q are integers and f(x) = (x — 1)? (x + 1)4%, 
(p = 2, q = 2), show that f has the three critical 
points, — 1, =P 1. 
+p 


Find the extrema of f for the following cases : 
(a) pand q are both even 


,x €R. Find the range of f(x). 


10. 


(b) pis even and q is odd. 
(c) pis odd and q is even 
(d) pand q are both odd. 


Investigate the following functions and draw their graphs: 
: 1 
1 =S —_____, 
q@) y a3 
(ii) y = x7/(x + 8) 
(iii) y= XV2+X 
Prove or give a counterexample : 
(a) Iff'(c)=0 then f has a minimum or a maximum at c 
(b) if f has a maximum at c and if fis differentiable at c, 
then f'(c) = 0. 
Suppose that the second derivative of f exists 
everywhere and that f(x,) = f(x,) = f(x,) = 0, where 
X, <x, <x,. Show that f"(c) =0 for some number c with 
Xx, <c< X,. 


Find extrema of the following functions : 
oe min{3t* —8t? —6t? + 24t,1<t<x},1<x <2 
1 X)= 

max{3t+1/4 sin? nt+2,2<t<x},2<x<4 


(x+0)""(x+4) , x<0 
[ei 


2 cy 
Xx 


(ii) f(x) = 


x >0 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


(i) Check whether the following functions satisfy the 
condtions of Rolle's Theorem. 


(a) f(x)=x2— VXl,xe[-1, 1] 


Tw TT 
(b) f(x) =secx, x € |-2.2| 


(ii) f(x) = (x — a)(x — b)(x — c), a < b < c, show that 
f(x) = 0 has roots one belonging to (a, b) and other 
belonging to (b, c) 

If the graph of f(x) = 2x? + ax* + bx,a e N, b EN, cuts 

the x-axis at three distinct points then find the minimum 

possible value of a + b. Also prove that there is only one 
such function for that value of a + b and find it. 

If xy (y — x) = 2a’, (a > 0) then show that y has a minimum 

when x = a. Determine the minimum value. Also, show 

that y has a second value at x = a which is less than the 
minimum. How do you explain this paradox? 

(i) Show that — 1/2 < x/(1+x?) < 1/2 for every value of x. 

(ii) Suppose that f is a function whose derivative is 
f'(x) = x/(1+x’). Use the result in (i) to show 


1 
that |f(b) — f(a)| < - |b — al, for any a and b. 


x 
—_..~ 1s a maximum when 
(a+x)(b+x) » ( 


The function 
X= \(ab), and a minimum when x = — \(ab). 
Prove that the function 
m,(x —x,)? +m, (x-x,?+...+m,(x-x, is 


m,X,; +M,X,+....+M,X, 


a minimum when x = 
m,+m,+...+m, 

Let the function f be differentiable at all real numbers. 

What can be said about the number of solutions of the 

equation f(x) = 3? 

(a) f'(x) <0 for all x. 

(b) f'(x) <0 for x <5; f'(x) > 0 for x > 5. 

(c) f'(x)>0Oforx <—2;f'(x) < 0 for x in (2,1); f (x) > 0 


forx > 1. 
Prove the following inequalities : 
. a-b a a-b, 
(i) <In-< if0<b<a, 
a b 


19, 


20. 


21. 


22. 


23. 


27. 


28. 


29. 


30. 


31. 


24, 
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(i) py s =y) SP eye pee = yar 
O<y<xandp>l. 


Prove that tan7! x > if x € (0, ©). 


a 
iene 
3 


Use the function f(x) = = , and show that x’ > y* when 
x 


e<x<y. 

If y be given as a function of x by the equation 4x? + 6xy 
+ 9y? — 8x — 24y +4 =0, 

find the maximum and minimum values of y. 

Show that the function e*/(1 + x”), where a is real, has a 
maximum and a minimum if |a] < 1, but that there are no 
turning points if a] > 1. 


The illumination of an area by a source of light is 
x Xx 
proportionalto , , 7 bcd 1 where a 
(x“+a°)? (x“+b*)? 


and b (> a) are constants. Find the value of x which gives 
aximum illumination. 


; nd the minimum value of xe“, where a is a constant, and 
show that the equation xe** = 1 , has two or no positive 
roots, according as i is greater or less than ae. 


. Suppose that f is continuous on [0, 4], (0) = 1, and 


2 < f(x) <5 for all x in (0, 4). Show that 9 < f(4) < 21. 


. In AABC, D lies on AB, CD | AB, AD = BD = 4 cm, and 


CD =5 cm. Where should a point P be chosen on CD so 
that the sum PA + PB + PC is minimum? 


Sketch the graph of a function f such that f'(x)< 0 for 
all x, f"(x) > O for |x| > 1, f"(x) < O for |x| < 1, and 
lim[f(x)+x]=0. 

xtoo x+y 


e 
Show that, for all positive values of x and y, >e F 


Show that x*y7(4 — x’)(4 — y”) < 16 for all numbers x and 
y such that |x| < 2 and ly| < 2. 


Find the highest and lowest points on the curve 
xX’ +xyty?=12. 


1 
Find a function f such that f'1) = 2? f’(0) =O and f’"(x) > 0 


for all x, or prove that such a function cannot exist. 


Target: Exercises for JEE Advanced 


1. 


Show that the function 


sin’ x 


f(x) = 


<a<b< 
sin(x + a) sin(x +b) sas bist), 


has an infinity of minima equal to 0 and of maxima 
sinasinb 


equal to — 4 —~.—_——_.. 
sin’ (a —b) 
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10. 
11. 


12. 


13. 


Show that the maxima and minima of f(x) = sin mx cosec x, 
where m is an integer, are given by tan mx = m tanx and 
deduce that sin’mx < m’sin’x. 

Prove that the greatest value of ax + by, where x and y are 
positive and x* + xy + y* = 3k’, is 


2k ./(a* —ab+b’) . 


If 8 and ¢ are acute angles connected by the relation asecO 
+bsecd =c, where a, b, c are positive, then prove that acos0 
+ bcosd is a minimum when 0 = 9. 

Investigate the maxima and minima of f(x) = x — sinx — 
tana(1 — cosx) and find the real roots of f(x) = 0, and a 
being an angle between 0 and zm. Show that the condition 
for a double root is that tana — a should be a multiple of 7 . 
Show that the condition that x* + 4px? — 4qx — 1 = 0 should 
have equal roots may be expressed in the form (p + q)”" 
-(p-qy?=1. 

If f(x) is a polynomial and 2 is real, then prove that there 
is a root of f'(x) + Af(x) = 0 between any pair of roots of 
f(x) = 0. 


If a and B are successive roots of f = 0, then prove that 


16 


the number of roots of f'+ Af=0 between a and B (each XK 


counted according to its multiplicity) is odd. 
Prove that the polynomial 


(a—x)®— 3a(a—x)pP+ : a(a—x)*— 5 a‘(a — x)? -~ yD 


has only negative values for 0 < x < a. 


Prove that 7 < <4) when0<x< 1. 


If f is a continuous and differentiable function and 
{(0) = 1, f(1) = 2. Then prove that there exists atleast one 
c € (0, 1) for which f'(c)(f(c))"" > Ja , wheren € N. 
Let a, b, c be three real numbers such that a < b < c, f(x) is 
continuous in [a, c] and differentiable in (a, c). Also f'(x) 
is strictly increasing in (a, c). prove that (b — c)f(a) 
+ (c — a)f(b) + (a — b)f(c) < 0. 
This problem shows why df generally differs from Af by 
an amount proportional to (dx)*. Let f be differentiable 
and have a continuous second derivative. Then f(b) = f(a) 
+ f(a) (b — a) + R (Here b — a plays the role of dx.) We 
shall express the "discrepancy" R in terms of f"’. (Note the 
R = Af — df.) We accomplish this by introducing a new 
function g(x) = f(a) + f(a) (k — a) +k (x — a)’, where the 
constant k is chosen so that g(b) = f(b). 
(a) Show that g(a) = f(a). 
(b) Deduce that there is a number c,, between a and b, 
such that g’(c,) = f'(c,). 

(Hint : consider g — f.) 

(c) Show that g’(a) = f’(a) 


19 


20 


21 


(d) Deduce that there is a number c,, between a and c,, 
such that g’’(c,) = f""(c,). 

(e) From (d) conclude that R = f'(c,) (b — a)’/2. Since 
dx = b — a, this shows that the discrepancy is on the 
order of (dx). 

. Using Rolle's Theorem, prove that if all the roots of the 
polynomial P (x) = a,x" + a,x"! +... +a, (a, #0) with real 
coefficients a, (k =0, 1, ....,n) are real, then its derivatives 
P(x), Pi (X),..P\""? (x) also have only real roots. 

. Let the function f(x) satisfy the following conditions: 

(i) f(x) has a continuous (n — 1)th derivative on [x,, x, ]. 
(ii) f(x) has an n" derivative in (x, X,), 

(iii) f(x,) = f(x,) =.... = f(x,), where x, < x, ... <X,. 
Prove that there is a point € € (X,, x,) such that 


f (€) = 0. 


. Prove that all the roots of polynomial 
1 da 
PQ IG yy 
2°-n! dx 


are real and lie in the interval (—1, 1). 
. Assume that the functions f(x) and g(x) are defined 
and n times differentiable for x > X,, and f (x,) 
= g(x,) fork =0, 1, ...n— 1; f(x) > g(x) for x > x,. 
Prove that f(x) > g(x) for x > x,. 
. Show that the function f(x) = |x|™|x — 1", has a maximum 
value m™n"/(m + n)™*", m and n being positive. 
. Prove that if the function f(x) satisfies the following 
conditions : 
(i) It is defined and has a continuous derivative of the 
(n — 1)th order f"~” (x) on the interval [x,, x,] ; 
(ii) It has a derivative of the nth order f(x) in the interval 
(x, X,) 5 
(ili) f(x,) = f(,) =... = f(,) (K, < K, <u. <x), 
then inside the interval [x,, x,] there is atleast one point c 
such that f™ (c) = 0. 


. Draw the graph of the following functions : 
2 2 
: x°+3x+2 . 2x° -3 
G) 7S I= 
y x-3 7x+4 
11x+2 


3 

Gi) f)=—"- dv) f= 
2x" - — 

. Find the equation giving the values of x for which 


x —(x-c)y 


y = Ae™ '+Be is stationary, and prove that 
the value of y corresponding to such a value x, of x is 
Ac 


c—X, 


-x} ee 
€ " . Show also that, when A, B, c are positive, 


the equation has just two roots, one greater than c and the 
other negative; and that they correspond to a minimum 
and a maximum respectively. 


e* —1 


1 
22. Trace the curve y = Lu } showing that the point 


1 
(0. | is a centre of symmetry, and that 


as x increases through all real values, y steadily increases 


1 eX 
from 0 to 1. Deduce that the equation — nf =X has 
x x 


no real root unless 0 < a < 1, and then one, whose sign is 
the same as that of a — 1/2. 

23. Trace the curve y = e!/(x? + 2x), and show that the 
equation e!* V(x? + 2x) = @ has no real roots if a is 
negative, one negative root if 
0<a<az=e!\(2 + 2V2), and two positive roots and one 
negative if a > a. 

24. Prove that the maximum and minimum values of 

ax + 2bx +c 
y = —>_,. > themselves are the values of 4 for 
Ax” +2Bx+C 


which ax* + 2bx +c —A(Ax? + 2Bx +C) is a perfect square. 


25. Using the function f(x) = (x — a)"(x —b)"(x—c)’, where 
m, N, p are positive integers and a <b <c prove that the 
quadratic equation (m+n+p)x*- {m(b+c)+n(c+a)+ | 


p(a+b)}x +mbc + ca+ pab =0 has roots between a and 
b and between b andc. m~ y ° 

26. Suppose f is differentiable in [a,b] and f(a) 
Prove there exists c € (a, b) such 


f(c)-f(a) 
—a 


that =f'(c). 


Further prove the conclusion assuming onlyf’(a) = f'(b). 
Interpret graphically. 


27. Find the greatest value of y = x*— 8cx* + c? on the interval 
[—1, 2] depending on the value of the parameter c. 
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28. Ifx > 0, let f(x) =5x?+Ax>, where A is a positive constant. 
Find the smallest A such that f(x) > 25 for all x > 0. 


3 
x? x x? x? 


o * ag OO +> 


29. Pr that x — — 
ove that x > 3° 


if x > 0. 


30. f: [-5,5] > [3, 17] is a surjective differentiable function 
and g(x) = f(x) f'(x) is a twice differentiable function. 
Given that g(0) =k, find least integral value of k such 
that there always exist some c € (—5, 5) for all functions 
f(x) to satisfy (f'(c))? = -f(c) f"(c) and (f(c))? f"'(c) 
< 3(f(c))°. 

31. If PN, P’N’ be two neighbouring ordinates of a curve 
y = (x), and if QH, any intermediate ordinate, meet the 
chord PP’ in V, prove that 
QV = 1/2NH .. HN’. 6'(c), 
ultimately, where c is the abscissa of some point between 
N andN’. 


32. Let A, and G, be the arithmetic and geometric means of a 
_ set of n positive numbers. 
Show that the maximum value of the ratio 


+1 
niVaja5..a,X 


] G48, +a, +x) 
[To Oe ne 


occurs for x = A_, and compute the maximum. 


G n/(n+1) 
Also conclude that —2#! <| —2 
A A 


n+l n 


G G n/(n+1) 
a | =1, 
A, \A, 


and therefore that G, < A,. Explain why G, = A, if and 
only ifa,=a,=...=a.. 


Further, show that 


Previous Years Questions (JEE Advanced) —s—sis 


A. FILL IN THE BLANKS 


2.22 
1. Let P be a variable point on the ellipse =-+ o = 1 with 
a 


foci F, and F,. If A is the area of the triangle PF, F, then 
the maximum value of A is.............0008 [IIT - 1994] 


B. TRUE/ FALSE 


2. For 0 < a< x, the minimum value of the function 
log, x + log ais 2. [IIT - 1984] 


C. MULTIPLE CHOICE QUESTIONS WITH ONE 
CORRECT ANSWER 


3. Ifa+b+c=0, then the quadratic equation 3ax* + 2bx 
+c=0 has [IIT - 1983] 
(A) at least one root in [0, 1] 
(B) one root in [2, 3] and the other in [—2, -1] 
(C) imaginary roots 
(D) none of these 

4. AB is a diameter of a circle and C is any point on the 
circumference of the circle. Then [IIT - 1983] 
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10. 


11. 


(A) the area of A ABC is maximum when it is isosceles 

(B) the area of A ABC is minimum when it is isosceles 

(C) the perimeter of A ABC is minimum when it is 
isosceles 

(D) none of these 


If y = a In |x| + bx? + x has its extremum values at 


x =-l and x =2, then [IIT - 1983] 
(A) a=2,b=-1 (B) a=2,b=-~ 
1 
(C) a=-2,b= 5 (D) none of these 
Let P(x) =a, + a,x? + a,x* +... + ax" be a polynomial 
in areal variable x with 
O <a), <a, <a, < we. <a,. The function P(x) has 
[IIT - 1986] 


(A) neither a maximum nor a minimum 

(B) only one maximum 

(C) only one minimum 

(D) only one maximm and only one minimum 

(E) none of these 

On the interval [0, 1] then function x* (1 — x)” takes its 


maximum value at the point [IIT - 1995] 
(A) 0 (B) + 
4 
1 1 
a D) — 
(5 (D) 5 
; 
If f(x) = a ; — , for every real number x, then the minimum 
value of f [IIT - 1998] 


(A) does not exist because f is unbounded 

(B) is not attained even though f is bounded 

(C) is equal to 1 

(D) is equal to —1 

The number of values of x where the function f(x) = cos x 
+ cos (J/2x) attains its maximum is 


[IIT - 1998] 
(A) 0 (B) 1 
(C) 2 (D) infinte 
|x| for O<|x|<2 
Let f(x) = , then at x = 0, f has 
1 for x=0 


[IIT - 2000] 
(A) alocal maximum (B) no local maximum 
(C) alocal minimum (D) no extremum 
Let f(x) = (1 + b’) x? + 2bx + 1 and m(B) is minimum 
value of f(x). As b varies, the range of m(B) is 


(A) [0, 1] [IIT - 2001] 


(C) [1/2,1] 


(B) (0, 1/2] 
(D) (0, 1] 


12. 


13. 


14. 


15. 


16. 


17. 


D. 


In [0, 1] Lagrange’s Mean Value theorem is not applicable 


to [IIT - 2003] 
1 1 
—-x , x<— 
(A) £0) = ° 
(Gy: 
—-xX ~x2-— 
2 2 
sin x 40 
(®)iG@=4 x * 
1 , x=0 
(C) f(x) = x|x| 
(D) f(x) = |x| 


2 
Tangent is drawn to ellipse = + y? = 1 at 


(3 ¥3 cos0, sin) (where 0 € (0, 1/2)). Then the 
value of 8 such that sum of intercepts on axes made by 
this made by this tangent is minimum, is 


[IIT - 2003] 
(A) 1/3 (B) 1/6 
(C) 1/8 (D) 1/4 
If f(x) = x? + bx? + cx + d and 0 < b’ < c, then in 
~ (00, 00) [IIT - 2004] 


(A) f(x) is strictly increasing function 


(B) f(x) has a local maxima 

(C) f(x) is strictly decreasing function 

(D) f(x) is bounded 

If f(x) = x*log x and f(0) = O, then the value of 
oa for which Rolle’s Theorem can be applied in 


[0, 1] is [IIT - 2004] 
(A) -2 (B) -1 
(C) 0 (D) 1/2 


The total number of local maxima and local minima 
(ieay -3e2n SI 


: f(x) = 
of the function 28 =1<x 22 
(A) 0 (B) 1 
(C) 2 (D) 3 [IIT - 2008] 


Let f, g and h be real-valued functions defined on 


x? 


theinterval [0, 1 ]by f(x) = ex + a. g(x) = xe* a eo 


and h(x) = x’e* +e *. Ifa, bandc denote respectively, 
the absolute maximum of f, g and hon [0, 1], then: 

[IIT - 2010] 
(A) a=bandc#b (B) a=canda#b 
(C) a#bandc#d (D) a=b=c 
COMPREHENSION 


Consider the function f : (—00, 0) —> (—00, 00) defined 


by: 


x= ax +1 


f(x)=5 ,0<a<2 [IIT - 2008] 
x 


+ax+1 


18. 


19, 


20. 


E. 


21. 


22. 


23. 


24. 


What of the following is true ? 

(A) (2+a) f"(1) + (2-a)’ f'"(-1) =0 

(B) (2—a) f"(1) -(2+ a) f"(-1) =0 

(C) 0) PCD =@-ay 

(D) fC) f(-l = (2 +a? 

Which of the following is true ? 

(A) f(x) is decreasing on (—1, 1) and has a local minimum 


atx =1 
(B) f(x) is increasing on (—1, 1) and has a local maximum 
atx =1 


(C) f(x) is increasing on (-1, 1) and has neither a local 
maximum nor a local minimum at x = 1 

(D) f(x) is decreasing on (—1, 1) and has neither a local 
maximum nor a local minimum at x = 1 

Let g(x) = f : e 

pitt 

which of the following is true ? 

(A) g'(X) is positive on (—co, 0) and negative on (0, «) 

(B) g'(x) is negative on (—o, 0) and positive on 
(0, «) 

(C) g'(x) changes sign on both (—co, 0) and (0, «) 

(D) g'(x) does not change sign on (—, 00) 


dt 


MULTIPLE CHOICE QUESTIONS WITH ONE oR 
MORE THAN ONE CORRECT ANSWER :| 


The function f(x) = } t(e'-1) (t— 1) t—2)3 (t— 3) dt hag 


-l y, 
a local minimum at x = [IIT - 1999] 
(A) 0 (B) 1 
(C) 2 (D) 3 
f(x) is cubic polynomial with f(3) = 18 and f(—1) = 2. Also 


f(x) has local maxima at x =—1 and f’(x) has local minima 
at x = 0, then [IIT - 2006] 
(A) the distance between (-1, 2) and (a(f(a)), 

where x = a is the point of local minima is 2 V5 
(B) f(x) is increasing for x € [1, 2V5] 
(C) f(x) has local minima at x = 1 
(D) the value of f(0) = 5 

X, O<x<l % 

Let f(x) = 42-e%1, 1<x <2 and g(x) = [f( dt, 
2<x<3 0 


[IIT - 2006] 


x-e, 


x € [1, 3] then g(x) has 

(A) local maxima at x = 1+ 1n2 
(B) local minima at x =e 

(C) no local maxima 

(D) no local minima 


Let f be a real-valued function defined on the 


interval (0, ©) by f(x) = In x + i) 1+ sint dt. 
0 


25. 


F. 


26. 


27. 
_ xy = 1. Find the minimum value of x + y. 


abe For all x in [0, 1], let the second derivative f(x) 


29. 


30. 


31. 


32. 


33. 


34. 
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Then which of the following statement (s) is (are) true ? 
[IIT - 2010] 
(A) f"(x) exists for all x € (0, 2) 
(B) f(x) exists for all x € (0, 00) and f' is continuous on (0, 00) 
(C) There exists a > 1 such that |f\(x)| < |f(x)| for all 
x € (a, ©) 
(D) There exists B > 1 such that |f(x)| + |f'(x)| < B for all 
x € (0, ©) 


If f(x) = J, ef @—2y(t-3)dt for all x €(0,0), then 


(A) f has a local maximum at x = 2 [IIT - 2012] 


(B) f is decreasing on (2, 3) 


(C) there exists some c € (0,00) such that f "(c) =0 
(D) f has a local minimum at x = 3 


SUBJECTIVE PROBLEMS 


<2 (a+x)(b+x) 
Prove that the minimum value of -—-————— , a,b >c, 
(c+x) 
x >-cis(Va-c + vVb-c) [IIT - 1979] 


Let x and y be two real variable such that x > 0 and 
[IIT - 1981] 


of a function f(x) exist and satisfy |f’(x)| < 1. If 
f(0) = f(1), then show that |f’(x)| < 1 for all x in 
[0, 1]. [IIT - 1981] 
If f(x) and g(x) are differentiable function for 0 <x 
< 1 such that f(0) = 2, g(0) = 0, f(1) = 6; g(1) = 2, then 
show that there exist c satisfying 0 < c < 1 and f'(c) = 
2g’ (c). 

[IIT - 1982] 
Find the shortest distance of the point (0, c) from the 
parabola y = x? whereO <c <5. [IIT - 1982] 
A swimmer S is in the sea at a distance d km from the 
closest point A on a straight shore. The house of the 
swimmer is on the shore at a distance L km from A. He 
can swim at a speed of U km/hr and walk at a speed of V 
km/hr (V > U). At what point on the shore should he land 
so that he reaches hes house in the shortest possible time? 

[IIT - 1983] 
Find the coordinates of the point on the curve 


x 
y= 3 where the tangent to the curve has the greatest 
1+x 


slope. [IIT - 1984] 


Let f(x) = sin? x +A sin? x, oe <x< 5 . Find the intervals 


in which 4 should lies in order that f(x) has exactly one 
minimum and exactly one maximum. 

[IIT - 1985] 
Let A(p’, —p), B(q’, — q), C(r? , — r) be the vertices of 
the triangle ABC. A parallelogram AFDE is drawn with 
vertices D, E and F on the line segments BC, CA and AB 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


respectively. Using calculus, show that maximum area of 
such a parallelogram is 


“ (p+q (qty +n [IIT - 1986] 


Find the point on the curve 4x? + a’y? = 4a’, 4 < a’ < 8 that 
is farthest from the point (0, —2). [IIT - 1987] 
Investigate for maxima and minima the function 


f(x) = J [2(t — 1) tt- 2) + 3(t— 1)? (t— 2)] dt 

1 [IIT - 1988] 
Find all maxima and minima of the function y = 
x(x-1),0<x<2 [IIT - 1989] 
Also determine the area bounded by the curve 
y =x (x — 1)’, the y-axis and the line y = 2. 


; T 
Show that 2sin x + tan x => 3x where 0 <x < 3s: 


[IIT - 1990] 
A point P is given on the circumference of the a circle of 
radius r, chord QR is parallel to the tangent at P. Determine 
the maximum possible area of triangle PQR. 

[IIT - 1990] 
A window of fixed perimeter (including the base of the arch) 
is in the form of a rectangle surmounted by a semi-circle. The 


semi-circular portion is fitted with coloured glass while the 


rectangular partis fitted with clear glass. The clear glass transmits 


three times as much light per square meter as the coloured glass _ 


does. What is the ratio of the sides of the rectangle so that the 


window transmits the maximum light ? [IIT - 1991] 
A cubic f(x) vanishes at x = —2 and has relative 
minimum / maximum at x = —1 and x = 3 if 
f 14 
ff dx = =, find the cubie f(x). [IIT - 1992] 
-1 
3 2 

3, b —b' +b-1 2 eae 
f(x) = b? +3b+2 

2x-3 ;1<x<3 


Find all possible real values of b such that f(x) has the 
smallest value at x = 1. [IIT - 1993] 
Find the values of x for which the function f(x) = 1 + 2 
sin x + 3 cos? x, (0, < x < 27/3) is maximum or minimum. 
Also find these values of the function. 

[IIT - 1993] 
IfA>O,B>OandA+B=7/3, then find the maximum 
value of tan A tan B. [IIT - 1993] 


The circle x* + y? = | cuts the x axis at P and Q. Another 
circle with centre at Q and variable radius intersects the 
first circle at R above the x axis and line segment PQ at 
S. Find the maximum area of the triangle QSR. 

[IIT - 1994] 
Let (h, k) be a fixed point, where h>0,k > 0. A straight 
line passing through this point cuts the postive direction 
of the coordinates axes at the points P and Q. Find the 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 
56. 


57. 


minimum area of the triangle OPQ, O being the origin. 
[IIT - 1995] 
Determine the points of maxima and minima of the 


function f(x) = log x — bx + x’, x > 0, where 


b = 0 is aconstant. [IIT - 1996] 
Suppose f(x) is a function satisfying the following 
conditions. 

(a) f{(0)=2,f()=1 

(b) f has minimum value at x = 5/2 and 

(c) for all x 


2ax 2ax —1 2ax+b+1 
f (x)= b b+1 -l 
2(ax+b) 2ax+2b+1 2ax+b 


where, a and b are some constant, Determine the constants 
a, b and the function f(x). [IIT - 1998] 


Find the point on the curve ax? + 2bxy + ay? = c; 
c>b>a>0, whose distance from the origin is minimum. 

. [IIT - 1998] 
Find the coordinate of all the points P on the ellipse 


b2 


> K.S 2 
(3 + (= =1 for which the area of the triangle PON 
a 


is maximum, where O denotes the origin and N is the foot 
of perpendicular from O to the tangent at P. 


[IIT - 1999] 

x? y” 
Find the normals of the ellipse iS} [=] = 1 which 
are farthest from its centre. [IIT - 1999] 


Let -1 < p < 1. Show that the equation 4x? - 3x — 
p =O has a unique root in the interval [1/2, 1] and 
identify it. 

[IIT - 2000] 
A straight line L with negative slope pases through the 
point (8, 2) and cuts the positive coordinate axes at points 
Pand Q. Find the absolute minimum value of OP + OQ, 
as L varies, where O is the origin. 

[IIT - 2002] 
Let x? + y? =r’ be a circle of variable radius. From a point 
P(6, 8) tangents are drawn to the circle. Find r such that 
the triangle formed by chord of contact & two tangents is 


maximum. [IIT - 2003] 
Find a point on the curve x’ + 2y? = 6 whose distance from 
the line x + y = 7, is minimum. 

[IIT - 2003] 
Using Rolle’s theorem, prove that there is at least one root 
in (45, 46) of the polynomial 
P(x) = 51x!0! — 2323(x)' — 45x + 1035. [IIT - 2004] 
If p(x) be a polynomial of degree 3 satisfying p(-1) 
= 10, p(1) = -6 and p(x) has maxima at x = —-1 and p’(x) 
has minima at x = |. Find the distance between the local 
maxima and local minima of the curve. 

[IIT - 2005] 


J. 


58. 


59. 


60. 


INTEGER ANSWER TYPE 
For a twice differentiable function f(x), g(x) is defined as 
g(x) = (f(x) + f(x) f(x) on [a, e]. If fora<b<c<d<e, 
f(a) = 0, f(b) = 2, f(c) =—1, f(d)= 2, f(e) = 0 then find the 
minimum number of zeros of g(x). 


[IIT - 2006] 
The maximum value of the function f(x) = 2x? — 15x? + 
36x — 48 on the set A= {x|x? + 20 < 9x| is 

[IIT - 2009] 
Let p(x) be a polynomial of degree 4 having extremum 


at x = 1, 2 and im (1 + mat = 2. Then the value of 
bord x 


p(2) is [IIT - 2009] 


61. 


62. 


63. 


64. 
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Let f be a function defined on R(the set of all 
real numbers) such that f(x) = 2010(x — 2009) 
(x — 2010)? (x — 2011)? (x — 2012)*, for all x e R. 
If g is a function on R with values in the interval (0, 00) 
such that f(x) = ¢n(g(x)), for all x © R, then the number 
of points in R at which g has a local maximum is 


[IIT - 2010] 
The number of distinct real roots of x*— 4x3 + 12x?+ x 
-1=0is [IIT - 2011] 


Let f :R— Rbe defined as f(x) = |x| + |x?- 1]. The 
total number of points at which f attains either a local 
maximum or a local minimum is [IIT - 2012] 
Let p(x) be a real polynomial of least degree which has 
a local maximum at x = | and a local minimum at x = 3. 
If p(1) = 6 and p(3) = 2, the p'(0) is [IIT - 2012] 


Previous Years Questions (JEE.[Main Papers) =i, 


b 
The cost of running a bus from A to Bis ® & + *) , where 
Vv 


v km/h is the average speed of bus. When the bus travels — 


at 30km/h, the cost comes out to be % 75 while at 40 km/h 
it is € 65. Then the most economical speed in km/h of t 
bus is 
(a) 45 
(c) 60 013 
The maximum area of a right-angled triangle with 
hypotenuse, h is 


h? 2 

(A) aa 0) > 
h? h2 

(c) ap (d) — [2013, online] 
2 4 


If x =-1 and x = 2 are extreme points of f(x) = a log |x| 
+ Bx? + x then 


1 1 
=-6. B= _ b =-6 B= __ 
(a) a=-6,B ; (b) a=-6, 5 
1 1 
=2,p=-— d =2,p=— 2014 
(c) a=2,8 5 (d) a=2,8 5 [2014] 


Let f(x) be a polynomial of degree four having extreme 


value at x = 1 and x = 2. If lim ee = 3, then f(2) 
is equal to x=) x 

(a) -8 (b) -4 

(c) 0 (d) 4 [2015] 


5. 


Let k and K be the minimum and maximum values of the 


m A ») ’ 1+ 0.6 
- function f(x) = Or in [0, 1] respectively, then the 
+x" 
order pair (k, K) is equal to 
(a) (1, 2°*) (b) (2%, 2) 
(c) (2°%, 1) (d) (2°, 1) [2015, online] 


Let the tangents drawn to the circle, x? + y* = 16 from the 
point P(0, h) meet the x-axis at points A and B. If the area 
of AAPB is minimum, then h is equal to 


(a) 43 (b) 3v3 
(c) 3Vv2 (d) 4V2 


Ifm and M are are the minimum and the maximum values 


[2015] 
of 44 1 gin?2x — 2cos*x, x € R, then M — m is equal to 


(a) 


(c) [2016, online] 


A/N AIO 


If a point P has coordinates (0, —2) and Q is any point on 
the circle, x? + y?- 5x —y + 5 =0, then the maximum 
value of (PQ) is 


(a) =e (b) 14453 
©) ESD (4) 8+5y3 
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9. Twenty meters of wire is available for fencing off a flower- 
bed in the form of a circular sector. Then the maximum 
area (in sq. m) of the flower-bed is 
(a) 30 (b) 12.5 
(c) 10 (d) 25 [2017] 

10. Let f(x) be a polynomial of degree 4 having extreme values 


atx =1andx=2.If lim (“2+1)- 3 then f(—1) is equal 


to x30 
(a) 5/2 (b) 9/2 
(c) 1/2 (d) 3/2 [2018, online] 


11. If a right circular cone, having maximum volume is 
inscribed in a sphere of radius 3 cm, then the curved 
surface area (in cm?) of this cone is: 


(a) 6\3n (b) 6V2n 
(c) 8V2n (d) 8V3n [2018, online] 


1 1 
12. Let f(x) = xo +> and g(x) = eee eR~ {-1,0, 1}. 


, then the local minimum value of h(x) is 


(a) -3 (b) -2,/2 
(c) 2V2 (d) 3 


f(x) 
If h(x) = 2 
oe 


[2018] 
.. Kv) 


13. The maximum area (in sq. units) of a rectangle having 
its base on the x-axis and its other two vertices on the 
parabola, y = 12 — x* such that the rectangle lies inside 
the parabola, is 


(a) 20V2 


(c) 32 


(b) 183 


(d) 36 [2019] 


14. The maximum value of 3 cos 8+ 5 sin (0 ca *) for any 


real value of 0 is 
(a) v9 (b) {2 
(c) v31 (a) 34 [2019] 


15. The maximum value of the function f(x) = 3x? — 18x? + 
27x — 40 on the set S = {x ER, x?+ 30 < 11x} is 
(a) 122 (b) —222 


(c) -122 (d) 222 [2019] 


16. The maximum volume (in cu.m) of the right circular cone 
having height 3 m is 


@ 3/30 (b) 6x 
) 
(©) 23x (d) or [2019] 


ANSWERS 


Concept PROBLEMS—A 


1. () Local maxima 
(ii) Neither maxima nor minima 
(iii) Local minima 
(iv) Neither maxima nor minima 
2. (i) Local minima at x = + 1, local maxima of x = 0 
(ii) none 
(iii) Local minima at x = 0 
3. Local minima at x = 3 


5. Local minima at x = 2 if a = 2 both maxima and minima 
between x = 2 andx=aifa#2 


6. Ae [-I, 1] 
8. local minimum value of 0 at each point of (0, 1) 
10. Consider g(x) = f(x) — kx. 


Concept PRosBLEMS—B 


2 
33 , local 


2. local maxima at x = 2- B , max. value = 


27 
33 


1 
minima at x = 2+ B , min. value = — 


3. local maxima at x = 1, max. value = —3, local minima at 
x = 6, min. value = —128 

4. (i) increasing on (1, 5) ; decreasing on (0, 1) and (5, 6) 
(ii) local maxima at x = 5, local minima at x = 1. 

7 (i 


7 ; T 
(ii) Local maxima at x = nz + 6 


Local maxima at x =— 2, local minima at x = 0 


; local minima at x 
T 
=nn—-— 
(iii) No point of local maxima or minima. 
8. x=1 isa point of local maximum; x = 3is a point of local 
minimum; x = 2 and x = 4 are points of inflection. 
10. x = 1/3 is a point of local minimum, x = | is a point of 
local maximum. 
11. Local minima 


PRACTICE PROBLEMS—A 


13. (i) y,,, =Oatx=0,y 
(ti) y,. = Oatx=0 
(iii) strictly increases. 

14. G@) Local minima at x = 3 
(ii) Local maxima at x =0, 1 


latx=1. 


min 


15. 


19. 


20. 


21. 


25. 


26. 
27. 


(i) increasing on (2, 4) and (6, 9) 

(ii) local maxima at x = 0, 4, 9 ; local minima at 
x=2,6 

(iii) concave up on (1, 3), (5, 7) and (8, 9) 

(iv) x= 1, 3,5, 7,8 

x = 4/3 is a point of local maximum; x = 2 is a point 

of local minimum; x = 5/4 and x =3/2 are points of inflection. 
me ‘ T Sx 

3 critical point x = 37% a 

Local maxima at x = a Local minima at x = * : 


Local maximum 

x = 1/2 is neither a local maximum nor a local minimum, 
x = 11s a local minimum, x = 2 is neither. 
A=-9.5,B=4.5,C =0, D=7. 

x =—2B/5Ais a relative minimum; x = 0 is neither. 


PRACTICE PROBLEMS—B 


1. 


AAP Yb 


10. 


11. 


1. 


x =—1 is a point of local Ne x = | is a point of 


1 


local maximum. 0 
2 W2 x 
x= 1/3 
lle<a<l 
Local minima at x = 1/2 (b +a) 
a=2 
a=1,be¢(-«,-1);a=-~, be (-. <3) 
3 9 


a= 81/25 then b € (400/243, 0) 
Local maxima at x = — 2, f(-2) =-2 
Local minima atx =2, f(2)=2. 


Non-Diff. atx =1 , Local maxima at x=0, Local minima 
for x e[ 4,1] U {2} 
f(x) =2. 
Concept ProBLEMS—C 
G) y= en oa y., =Oatx =O and at x =a. 
mm 16 2° me 


(ii) y= - at xX = - (iii) y= S/e atx =e. 

(i) Local maxima at x = 1; Local minima at x =3 

(ii) Local maxima at x = 0 ; Local minima at x = 2/5 

(i) Local maxima at x = 7/6, 52/6 : Local minima at 
x=7/2, 30/2 

(ii) Local minima at x = 1/8 

Local minimum at x = 2, inflection points at 

x = 1 and x =5/3. 

(ii) nothing 

(iii) f has a relative minimum at x = 1, g has no relative 

extremum at x = 1. 


max 
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Yes ; f has a point of local maximum and g has a point of 
local minimum 

Yes. Since f"(x) changes sign when passing through the 
point x,, the latter is a point of extremum for the function 
f(x). 


PRACTICE PROBLEMS—C 


11. 


12. 


13. 
~ Gi) Local minima at x =+ tan"! JVb/a 


15. 
17. 


18. 


19. 
20. 


21. 


: 1 1 
@ Xin ia 9 * Yai a 2 € 


as Anak =I ? Ymax =I, 
, ; {. j 1 
(ii) Knax io! ynax i 3 2 Ronin Te Yimin a 3° 


(il) X_ 4, = ©s Yonin = ©+ GV) X= 95 Vonae =— 2+ Xin = 29 Vonin = 2" 


min 


L.Max at x oats 
(i) 
L.Min at x = 3-VI7 , 


4 
<3 . = TT 
Gi) Local maxima at x = 0, 2, Local minima at x = 3° 

(iii)Local minima at x =e"? 
(iv) Local minima at x = 1/2; Local maxima at x = 31/2 


(i) Local minima at x = 7/5 


(ii) Local maxima atx =— 1,1 ; L. Min. atx =0 
(iv) Local maxima at x = 0; Local minima at + 1 


Local maxima if a = 2. 

(i) increasing in (0, e”) ; decreasing in (e7, «) 

(ii) local maxima f(e’) = 2/e 

(iii) concave up on (e*%, 0), concave down on 
(0, -e®?); point of inflection (e®%7, 8 43) 

(i) f has a local maximum at x = 2. 

(ii) f has a horizontal tangent at x = 6. 


= awit) 
Local maxima at x = 2nz + 1/2, local min. at x = 2na + 
3n/2, n El, 


(Gi) 4x-3y-7=0 Gi) local minimum 


Concept PRropLEMS—D 


3. 


wi 


(i) There is no extremum. 

(ii) The maximum is f(0) = 0. 

(ii) The minimum is f(0) = 0. 

No extremum at c ; point of inflection at c. 
Min att=1 ; Max att=- 1 

(i) local max. 
(ii) local max. 


at x = 0; local min. atx =+1 

at x = —2; local min. at x = 1 
(ii) local max. at x = 1; local min. at x = 0, 3/2 
(iv) local max. at x = 7; local min. at x = 0. 

(v) local minima at x = + 1. 


local max. 
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Concept PROoBLEMS—E 


1. 


11. 


12. 


13. 


(i) Local maxima at x = 2, Local minima at x = 3, Global 
maxima at x = 2 

(ii) Local minima at x =— 1, No point of Global minima, 
no point of local or Global maxima 

(iii) Local & Global maxima at x = 1, Local & Global 
minima at x = 0. 

(i) Abs. max. at b; local max. at b, e and t; abs. min. at 

d; local min. at a, d and s. 

Abs. max. at e; local max. at a, c, e and s; abs. min. 

at t; local min. at b, c, d, r and t. 


(ii) 


i) Absolute maximum at x =c, absolute minimum at x = b. 
(ii) Absolute maximum at x = c, no absolute minimum. 
(iii) No absolute maximum,no absolute minimum 

(iv) Absolute minimum at x =a, absolute maximum at x =c. 


minimum value of 0 at x = 0, maximum value of | at 

x=-l 

(i) Abs. max. f(4) = 4; abs. min. f(7) = 0; local max. 
f(0) = 3 , f(4) = 4 and f(6) = 3; local min. f(2) = 1, 
f(5) = 2 and f(7) =0. 

(ii) Abs. max. f(8) = 5; abs. min. f(2) = 0; local max. 
f(1) =2,, f(4) =4, f(6) = 3 and f(8) = 5; local min. 
f(0) =% f(2) = 0, f(5) = 2 and f(7) = 1. 


(a) 


7 x 
(b) 4 (c) Yes 
(d) No (e) Yes 
(Gi) x=1,2 (ii) 1 (x=1) 
(iii) f(0) = 6 is the global minimum, f(1) = 11 is global 
maximum 


max. value = e”, min. value of = 0 


max. at x = 27, max. value = 27; min. at x = 0, min. 
value = 0 


(i) 8 and0 


ae T 
ili) and— — 
(iii) ; 


(ii) 2 and—10 


(i) maximum value 3/ V5 atx= 1, minimum value —3/ V5 
atx =-l; 

(ii) maximum value 17 at x = —5, minimum value | at 
xX=-3; 

(iii) maximum value f(—2) = —4, no minimum. 

Local minima at x = 3, no point of local maximum, global 

minimum value 2 at x = 3, global maximum value is not 

defined. 


14, 


15. 
16. 


2 
i) min0O, no max ii) max ——, no min. 
(i (ii) max = 


(i) true (ii) false 


No; No 


PRACTICE PROBLEMS—D 


20. 


21. 


22. 


23. 
25. 
26. 
an 
28. 


31. 
32. 


33. 
34. 


max. at x = 1/6, max. value = 3/4 ; min. at x =O and 1, 
min. value = 1/2. 


max. value = 8 , min. value = 0 


3 


In3. 


_ 3x3 


(ii) the greatest value is , ‘(=| =~, the least value f 


(8) 


(iii) there is no greatest value, the least value is 
(0) = 1. 


1 1 
(i) the greatest value is (+ =. + ri 3, the least 


x 1 
val (K3)=— = 
alue 1S (V3) 3 


‘ iE 1 
maximum value 2, minimum value — —. 


least value = —2; greatest value = 2. 


(i) 955 Gi) 2:0 
[0, 0). 
(i) Greatest value = 7/2; Least value = 1 


(ii) Greatest value = 2/ a ; Least value = 1 
the maximum velocity is 60 when t = 0. 

3, (5, 11) 

An empty set. 

Find the minimum of e*/x. 


Concept PROBLEMS—F 


NAS ye 


8. 


(a) No (b) Yes 

False 3. False 

True 5. False 

(a) False (b) True 

(a) Yes, it is (b) No, it is not 
(c) No, it is not (d) No, it is not 
(e) Yes, it is. 

(a) No, it does not, (b) Yes, it does 


PRACTICE PROBLEMS—E 


11. 


(a) inf f(x) =0 is not attained, sup f(x) = 1 = f(1) 
(b) inf f(x)=0=f(0), sup f(x) =100=f(10), 
(c) inf f(x)=0, sup f(x)=7/2 are not attained, 


(—, 9) 


(d) inf f(x) =— 1 =f(), sup f(x) = V2 = f(n/4) 
(e) inf f(x) = 0, sup f(x) = 1/2 are not attained. 


12. 


(a) 4, 
(c) 8/3), 


(b) 2, 
(d) 2/n 


Concept PRoBLEMS—G 


3. 
4. 


5. 


6. 


No 
none of the statements is true. 


(i) Max. f (-5) = e*; min. f (2) = 


T 
(ii) Max. f( 2 )= 22 ; Min. (2) =- 7 
0, -tan 1. 


PRACTICE PROBLEMS—F 


7. 


10. 


11. 


12. 
13. 


14. 


(i) x=0, 
Gi) x =(2n+ 1)n/2,n El. 
x*—4x+9 8 : 
2 =1 9 .Now consider the max. and 
x° +4x+9 x4+244 
x 


min. of right hand side which occurs at + 3. 


Gi) The minimum is f(—2) = -1, the maximum 
f(2) = 1. 

i) The maximum is f(+2) = —1, the minimum 
f(0) = 7. 

(iii) The maximum is f(-3) = 393 , the minimum 
f(2) = 3/44 . 


(i) min f(— 2) =— 1, max f(2) = 1; 

(ii) min f(O) = 7, max f(+ 2) =-1; 

(iii) min f(2) = — 44", max f(-3) = 3*° 

least value = — ; greatest value = a 

( Put y = sin x + cos x ) 

least value = 3. (Put y = cos x) 

Represent f(x) in the form f(x) = 2 sin x — 2 sin*x and, 
using the substitution t = sin x, reduce the problem to the 
proof of the validity of the inequality min g(t)>-7/9, 
where g(t) = 2t — 2t°. te[“hY] 

greatest value = f(3) -4/6 , least value = f(1) = 0. (Put 
y = (x — 1)’ and use the fact that g(u) = Ju isa strictly 
increasing function) 


Concept PRoBLEMS—H 


1. 


4. 


(i) 4 (ii) 3 
(iii) 4 (iv) 1 
1 b 

= —— —>2V 
Y max a ab 


Max = , Min. = 0 


Max = >, Min. =| 


5. min. value of y = 75. 


6. 


5 
vx (2) 
5 
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PRACTICE PROBLEMS—G 


19. 


9(20)* 


(i) The greatest difference occurs at x = . : 
; 1 
(ii) The greatest difference occurs at x = —= 
V3 
won 
(iii) The greatest difference occurs at x = (+) 
n 
f(0) = 1 11. [-1/3, 1] 
c lies between a and b. 13. min ({al + [b|)’, no max. 
abc 16 a 49 
" 3y3 T5543 


. Maximum : (1, 3), Minimum: (1, 1) 
. If (x,y) is to be the closest point, we must then minimize 


(x — 11)? + (x? -—3x—- 1). 
Maximum at (5, 3); minimum at (—1, —3). 


Concept PRoBLEMS—I 


1. 


2. » 


3. 


10° 
The sides of the rectangle which has the largest area is 


Ros? 


a(a+b) ft 


PRACTICE PROBLEMS—H 


6. 


. Ll unit 


(a) 20./3 miles/hr; 103.9 rupees 


(b) 40/2 miles/hr; 169.7 rupees 
(c) 60 miles/hr; 220 rupees 
(d) 60 miles/hr; 270 rupees 
(e) 60 miles/hr; 320 rupees 


V =48n for 0 <h< 2: V = 4n(4 + h)3((9h) for h > 2. 


(5 -4) is closest, (—1, —1) is farthest. 
2 #4 


maximum y = 4 att = 7, 32; minimum y = 0 at t= 0, 27. 


- 4000 cubic cm. 
. Gi) 8&x+y=16, 


(ii) 2x + y = 10; min. intercept 5J5 , 
(ii) 2V2x+y= 8+2V2] 


~ x=25,y=10. 


‘ 7 ac 
. Pis at distance of ——— fromc. 
a+b 


15. 4 units 


Concept PROBLEMS—J 


2. 


(i) The horizontal asymptote is y =a 
(ii) The vertical asymptote is x = b. 


G@) y=x-l Gi) y=2x-2 
Solution 2 is incorrect. 
(i) x=0,y =2x (ii) x =0; y=-3x 


(ili) y=x-6 
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PRACTICE PROBLEMS—I 


6. pean ae 7 a=1,b=0,c=1 
5 5 
8 (i) x=3,y=x-3 = 


(i) y= 5 -1 


(iv) x= 42 (v)y=2x- 5 


(ili) y=x 


Concept PRoBLEMS—K 


1. (i) increasing in (2, 4), (6, 0) and decreasing in (0, 2), 


(4, 6) 
(ii) x =2 (minima), 4 (maxima) and 6 (minima) 


(iii) concave up in (1, 3), (5, 7) , (8, ©); concave down 


in (0, 1), (3,5), (7, 8) 
(iv) x= 1, 3,5, 7,8 


Concept PRoBLEMS—L 


x< 


Y Y 
(c) _ (d) o~* 
y Y . 
(iii) -_ (iv) ? 
X 


X 


4. Relative minimum at (—1, —2e); relative maximum at (3, 6e°) 


ww BRU aK 


+ 
' Oblique 
; asymptote 


Vertical 
asymptote, 
2 


6 (i) c (ii) d 
(iii) b (iv) f 
7. (aHD); (b)+F); 
(c)HB); (d){C); 
(e)-(A); (f)-(E) 
Y Y 
9. (a) (b) 
X 
(c) No 


PRACTICE PROBLEMS—J 


10. (i) x=2 (ii) x= 1,3,4 
ll. A=-3,B=9 andC =-1 


12. (i) 


14. (i) 


(ii) 


13. (a) On the intervals (— 0 ,—2) and (— 1/2 , 1) the function 
decreases, on the intervals (— 2, — 1/2) and (1, «) it 
increases; x = — 2 and x = | are points of minimum, 
x =-1/2is apoint of maximum, y (—2) = y(1) =0, 
y(—1/2) = 81/16. 


(b 


wm 


On the intervals (— 0, — 1) and (1, 0) the function . 
decreases, on the interval (-1, 1) itincreases; x=-1 
is a point of minimum, x =1isapointof maximum. 


The function decreases on the intervals (— », — 1), 
(-1, 1) and (1, «) 


(c) 


(d 


Ww 


On the intervals (— 00, — 3) and (3, 0) the function 
decreases, on the intervals (- 3, — V3), (— V3, 
V3 ) and (V3 , 3) it increases; x = — 3 is a point of 
minimum, x = 3 is a point of maximum ; y (— 3) = 9, 
y 3)=-9. 


15. (i) 


Maxima AND Minima’ 7.149 


y-intercept = 1; horizontal asymptote y = 0; decreasing 
on (—90, ©) ; concave up on (-00, ©) 


Y 


1 
) X 


(ii) y-intercept = 0; x-intercept = 0; symmetric about the 


origin; horizontal asymptote y = +1; decreasing on (-c0, 
00); concave up on (—«, 0); concave down on (0, 0); 
inflection point (0, 0) 

Y 


(iii) x-intercept = +1; symmetric about the origin; 
vertical asymptote x = 


f y C1, 0), (0, 1); concave up on (-1,-—V2/3 ), (0, V2/3 ); 
concave down on (—V2/3 , 0), (¥2/3 , 1); inflection 


0; decreasing on 


points ( V2/3 ,+1/J2) 


(iv) y-intercept = 0; x-intercept = + 33 ; symmetric about 


the origin; 

increasing on (—90, —1), (1, 00); decreasing on (-1. 1); 
local max. f(—1)= 2; local min. f(1) =—2; concave up on 
(0, ©); concave down on (—»0, 0); inflection point (0, 0) 


y-intercept = 0; x-intercept = -4, 0; increasing on 
(-3, ©), decreasing on (—00, —3); local min f(-3)= 
—27; concave up on (—0 , —2 ) (0, ©); concave down 
on (—2, 0); inflection points (0, 0), (—2, —16) 

Y; 


(-3, -27) 
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(ii) y-intercept = 0; x-intercept = 0; symmetric about the 


3 . 3 
origin; horizontal asymptote y = 0; increasing on (-3, f(-2n/3) = 5 V3 ; local min. f(21/3) =— > 13 : concave 
3); decreasing on (—, —3), 1 
(3, 20); local min f((-3) = _ : local max. f(3) = 1 up on (—a, 0), (a, =), where cosa = 3 concave down 
c) > > i 6 


—m, —a), (0,a); inflecti ints wh = 0, 
; concave up on (-33,0) (33,00) ; concave down On ele ti) ea) AMM OM DOI WHEN 2 


on (-2,-3V3), (0,33); inflection points (0, 0), 
(+33, +V3 /12) 


fl 
(-3, -%) 
(iii) y-intercept = 0; x-intercept = 0, 5; increasing 


1 : 10 
on (-~.2); decreasing on (2.5); local max. 


f (2) = suis ; concave down on (-<o, 5) 


16. (i) y-intercept = 0; x-intercept = —1, 0; increasing on 
(—00, -+), (0, 0); decreasing on (—4.0) ; local max. 


f (-4.0) = q ; local min. f(0) = 0; concave down on 


(-00, 0), (0, 00) 


(ii) y-intercept = 0; x-intercept = 0; symmetric about 
y-axis; vertical asymptote x = +7/2; increasing on 
(0, 2/2); decreasing on (—n/2, 0); local min. f(0) = 0; 
concave up on (—1/2, 7/2) 


(iii) y-intercept = 0; x-intercept = nz; symmetric 
about the origin; period 22 ; On the interval 
[-x,m], increasing on (-72, —2n/3), (21/3, 
m); decreasing on (—27/3, 27/3); local max. 


G& Note:) The word asymptote comes from an old Greek 

word for "never touching." In practice, however, a curve may 

cross one of its asymptotes a finite number of times or even 
sin X 


infinitely often, as does the curvey = 2+ 


19. (i) 


(ii) 


21. (i) tan'6,2+tan'6; (ii) No 


22. (i) 


(ii) 


-4n_~3n_ ~2n -n 


(iii) 


6. 


Maxima AND MINIMA 


(iii) 


(iv) 


Concept PRoBLEmMs—M 
2 
4, 
5. 


0.1 <x <0.2 3. x=2 
2 

(a) 0; (b) 1; 

(c) lim g’(x)=0. 

No x70 


PRACTICE PROBLEMS—K 

12. —0.7 <x, <—0.6 and 0.8 < x, < 0.9. 
13. 0.38 < x, < 0.39 and 1.24 < x, < 1.25 
14. 1.096 < x < 1.097 
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Concept PRoBLEMS—N 


1. No. 

2. (i) -1,0,1 (ii) 1/4, 51/4. 
5. not applicable to both functions. 

6. (b) No 

7. Four, (1, 2), (2, 3), (3, 4) 

11. No. 

13. No 


14. According to the Rolle's Theorem, between the roots of 
the first derivative there is atleast one root of the second 
derivative. When passing through one of these roots the 
second derivative must change sign. 

16. Take advantage of the fact that a polynomial of an odd 
degree (and, hence, also its second derivative) has atleast 
one real root and changes sign atleast once. 


17. No 
PRACTICE PROBLEMS—L 


18. This can be shown by a graphical construction. If we 
draw the curves. y = tan x, y = x, their intersections will 
determine the values of x which make tan x = x. 


21. Set g(x) = f(x)? f(1 — x). Since g(0) = g(1) = 0, g 


satisfies the hypotheses of Rolle's Theorem. There 


is ac e€ (0, 1) such that g’(c) = 0 => 2f'(c) f(c) 
f(1 —c) — f(c)? f’(1 — c), then assertion. "AN ne 

23. Let f(x) = x? + ax — 1 and use the intermediate value 
theorem to show that there is atleast one root. Then assume 
there are two roots and use Rolle's Theorem to obtain a 
contradiction. 


24. consider g(x) = f(x)/x. 


Concept ProsLEMS—O 
3. yes; yes. 


9. What goes up must come down. Later, consider e“f(x) 


PRACTICE PROBLEMS—M 

12. Since the original equation vanishes for x = 0, r, by Rolle's 
Theorem, the derivative must vanish in (0, r). 

14. Make sure that the derivative f '(x) = 4(x? — 1) has only 
one real root, x = 1, and apply the Rolle's Theorem. 

15. The derivative f '(x) = nx"! + p has only one real root at 
an even n and not more than two real roots at an odd n. 


16. The derivative is a polynomial of the third degree and has 
three roots. Take advantage of the fact that between the 
roots of the polynomial lies the root of its derivative. 


Concept PROoBLEMS—P 


2. (i) c=3/2 (ii) c=3V2-2 


3. (9/4, 1/2) 


; e-2 . 1 
5. (i) 0= a (ii) O= 5 

Sie 2 

(iii) 0 = 3 


PRACTICE PROBLEMS—N 


10. c= 1/2 or V2 
13. n 14. 0 


16. Yes 
f(x) -f (x9) 


23. The derivative f’(x,) is given by f'(x,) = lim = 
XOX, —Xq 


provided this limit exists. 


Concept ProBLeMs—Q 


1. (a) 2 sec’ x tanx (b) 1 
2. (a) Corollary 2 (b) Corollary 1 
5. Yes 6. No 


Concert PRoBLEMS—R 


i 16 2. Yes 
4, No 6. Let f(x) = V1l+x 
11. 12 


PRACTICE PROBLEMS—P 


26. Let f(x)= vx ,a=3, and b=4 in the Mean Value Theorem. 

29. Let g(x) = Bx — f(x). Then g(b) = g(a) and g’(x) = 0, so g(x) 
is a constant. 

34. Consider g(x) = In f(x). 

36. By LMVT, (In y - In x)/(y — x) = 1/z, where x <z 
< y. Clearly I/y < I/z< I/x. 

38. Iff’’(x) 20 for all x in (a, b), then f(x) <0 on (a,b), contrary 
to hypotheses. 


Concept ProBLEMs—S 

14 . r 
1 @ ay (ii) c=]: 
2. No, it is not; g’(x) # 0 is not satisfied. 
3. No, since g(—3) = g(3). 


OBJECTIVE EXERCISES 


A 2. B 3. D 
. B 5. C 6. D 
7. A 8. A 9. D 
10. A 11. B 12. A 
13. B 14. A 15. B 
16. C 17. B 18. B 


19. C 20. B 21. C 
22. D 23. A 4. B 

25. A 26. A 27. B 

28. C 29. D 30. A 

31. C 32. A CCM) 

34. B 35. C 36. B 

37. A 38. D 39. B 

40. C 41. B 42. D 

43. A 44, D 45. D 

46. D 47. C 48. A 

49. C 50. C 51. ABCD 

52, ACD 53. ACD 54. ABD 

55. ABCD _—56. B 57. BC 

58. AD 59. ABD 60. ABCD 

61. ACD 62. AC 63. AD 

64. BCD 65. BC 66. AB 

67. AC 68. AC 69. BD 

70. ABCD ~—7i1. B 72. B 

73. A 74. D 75. A 

16. A 77. D 78. A 

79. A 80. C 81. C : 
82. D 83. C 84. B \ 
85. D 86. A 87. D 

88. C 89. B 90. A 

91. C 92. B 93. A 

94. C 

95. (A)-(Q) ; (B)-(S) ; (C)S) ; (D)-(R) 

96. (A)-(S) ; (B)-(Q) ; (C)-(P) ; (D)-(R) 

97. (A)-(T) ; (B)-(R) ; (C)-(P) ; (D)-(RST) 


98. 
99. 


(A)-(Q) ; (B)-(P) ; (©)-(S) ; (D)-(P) 
(A)-(R) ; (B)-P) ; (C)XQ) ; (D)-S) 


REVIEW EXERCISES for JEE ADVANCED 


2. 7/8, 30/8 
4. Both are minima. 5. (1, 2] 
6. (a) f(1), min; f(—1), min; f((q—p)/(q+p)), max. 
(b) f(1), min; f((q-p)/(q+p)), max. 
(c) f(1), max; f((q—p)/(q+p)), min. 
(d) f((q-p)/(g+p)), max. 
7. (i) horizontal asymptote y = 0; vertical asymptote x = 0, 


x = 3; decreasing on (—2, 0), (0,1), (3, ©); 


increasing on (1,3); local min. f(1) = re 


22. 


27 


31. 
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concave up on (0, 3), (3, ©); concave down on (0, 0) 


- 


y-intercept = 0, y-intercept = 0 vertical asymptote 
x =-8; slant asymptote y = x — 8; increasing on (—00, 
—16), (0, 0); decreasing on (—16, —8), (—8, 0); local 
max. f(—16) = —32; local min. f(0) = 0; concave up 
on (—8, 00); concave down on (—<, —8) 

aY/ 


(ii) 


y=x-8 


(iii) y-intercept = 0; x-intercept = —2, 0; increasing 


~~ 4 
on (4) , decreasing on (-.-4] ; local min f 


4 
(-2} =—4,/6 /9 : concave up on (—2, 00) 
Y 


Ss) 
3° 9 
- (i) Max. atx=1,4; Min. atx=2 
Gi) Max at x =—-14/5, 2; Min at x =—2, 1; Neither at 0 
- (i) (a) notapplicable (b) not applicable 
. 4, f(x) = 2x3 + 3x? +x 
. 2a 
« (a) 
(c) 
- (i) 


0 or | 

0, 1, 2, or 3 
Apply the Lagrange's Theorem to the function In x 
on the interval [b, a]. 

Apply the Lagrange's Theorem to the function z? on 
the interval [y, x]. 

. 8/3,0 


(b) 0, lor2 


(ii) 


. 4V3 cm from D 
(-2, 4), (2, — 4) 
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24. This is the condition that y = 4 should touch the curve. 
TARGET EXERCISES for JEE ADVANCED 26. Consider g(x) = [f(x) — f(a)]/(k — a) for x > a, g(a) = 0. Later 


3. Ifax+byis amaximum, thena + b(dy/dx) = 0. The relation consider g(x) = f(x) — f'(a)x. 


between x and y gives (2x + y) + (x + 2y)(dy/dx) = 0. Equate a 1 
the two values of dy/dx. bs 16-32c+c° if cx 5 
19. Using the Rolle's Theorem, show that inside the interval t= ; 1 
[X,, X,] there are atleast n roots of the first derivative, n—1 C if c2 > 
roots of the second derivative, and so on. 28. 256 anes 


PREVIOUS YEAR'S QUESTIONS 


(JEE ADVANCED) 
(-1, ~) 2. F 
A 4. A 
B 6. C 
C 8. D 
B 10. A 
: RNY 12. A 
13..B\, 14. A 
SD 16. C 
~47.D 18. A 
A 20. B 
BD 22. ABC 
AB 24. BC 
ABCD 27. 2 
e" 
1. , 1 
c-—ife> —;cif0 ScS — 
4 4 
ud 
ee 
(0, 0) 
rE (-2.0] U (0.3) 
2 2 
. (0, 2) 
te ant a 10 
. fis minatx= 37. — sq. units 
5 3 
331" 40. 6(6 +1) 


4 

. xXe+x?-x4+2 

. be (2,-1) U[I, ~) 
. Max. at x = sin! (1/3), f 


max 
f. =3 
min 


= 13/3 ; Min at x = n/2 and 
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4 57. 6 58. 7 
. 1/3 45. (=| sq. units 59. 0 60. 1 
61. 2 62. 5 
eZ 63. 9 64. 4 
. min at x = 1/4(b + Vb*-1), min at x= 1/4(b— vb*-1) 
v= t= SB c=2,t0)= be Sne2 QUESTIONS FROM PREVIOUS 
YEAR’S (AIEEE/JEE MAIN PAPERS) 
: = EE es) e( — les) 1. (c) 2. (d) 
3. (c) 4. (c) 
[+= =] 5. (d) 6. (d) 
, 3 7. (a) 8. (b) 
Te b “oF +b 9. (d) 10. (b) 
11. (d) 12. (c) 
~£J3 xtV2 y=5 55. (2,1) 13. (c) 14. (a) 
15. (a) 16. (c) 


HINTS & SOLUTIONS 


Objective Exercises Solution 


SINGLE CORRECT ANSWER TYPE 


_— 2-|(x+2x+3)|, x#-2 
. x)= > 
a? AK x=-—2 - i 
For maximal at x =-2 > f(-2)>f(-2+h) 5. F(x) =4x", O<xsl 
3 
a> +122 * _4x, x<0 
. 3 
a“ -120 
lapel : x21 
ae ; 2 
vx. 
Hence, A is f(x) = 3x2, Gee 24 
2. Area of A= | xy+xy|=|xy|= x64—2x") x SA, x<0 


Oe 54-63 20 
dx 

=> x?=9 
>x=3 


Hence, B is correct 


3. y=l+a’x-x? 


° ‘ ‘os 
Wy a? —3x2 =0 “KN 
dx “Ay” 
a GW 
>x=+t— — 
3 
2 
dy =-6x, For minima, x= ae >0) 
dx? v3 
a 
xX =—=,(a<0) 
3 
2 
ES epee 
(x +3)(x +2) 


= ae (-3V3,-2V3) U (2V3,3V3) 


Hence, D is correct 


A. tps =. ce3] 
[x] 


14+x, 

1+x 
f(x)= : 
(x) ; 


1+x 
3 


Hence, B is correct 


f’(x) changes its sign when x = 0, —2 


Hence, C is correct 


~~~ x? — 9x" —5x+6 


mM » | Se 1 
6. f(x) = x-l 


f(x)is continous at x =1 & derivable at x =1 


f(-2)=0, f(3)=0 

So, Rolle’s theorem is applicable 
f (c)=2c-1=0 

C=1/2 


Hence, D is correct 
7. £(x)=2"!(cosx +.cos ¥3x) 


7 2-* (cos x +cos 3x), x20 
2* (cos x +cos 3x), x <0 


As cos x +cos met X can attain maximum 
only when cos x = cos 3x =1 S&itis possible 
only when x =0 
= noof points at whichf(x) attain maxima is 1 
Hence, A is correct 

8. Let g(x)= xo +x? 43x+sinx 


ge (x)= 3x? +2x+3+cosx 


a(x Fst} eosx 
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= (Gal +5 fom $0 14. f(x)= (4sin” x-1)" (c* -x+1] 


Atx = Pay sin? x = ae 
So, g(x) is increasing function V xe R 6 4 


_ bd) 1 
Also, 2<3esi £]<4 se Ns sin a 


x 
Hence, minimum value of f(x) is 0 at x =0 f (Eo } (4h)" Gas — h +) 
So, No of points = 1 
1 S nf .n/6-h _ 1 
Hence, A is correct (5+ (4h) (« “Fen 
Similar to question-6 
Hence, D is correct ror mee} (E | 
. f(x)= 2x3 +x? —4x—2 is continous and 6 6 ® 


. : n needs to be even natural number. 
derivable in R : 
: => Hence, A is correct 
Hence, A is correct 


(a*-b? cos 15. F(x) = cos mx +10X-+ 3x7 +x" 
. £(0)= ane ; £'(x) = —msin mx +3x* + 6x +10 
; ~(a—bsin @) (a? —b*) sin +b(a* —b”) cos? 6 = 3(x +1) +7 —msin ax > 0 
f (0)= (a—bsind? =0 f(x) is increasing function 
eo ee, Minimum value is at x = —2 
‘6 f(—2) =1-20+12-8=-15 
sin 9 = = Hence, B is correct 


16. y= e(2x—2x+1)sin” x 


Now f(x)= 2x? —2x +1 has minima at 


242 
Maximum value of f (8) = Nw 
az 


(e-? 
1 


x=-— & f(1/2)=1 

= va2 _b2 2 ( ) 

So, Minimum value of y occurs when 
(2x —2x+1)sin? x =0 


Hence, B is correct 


sin (x? —3x), x <0 
° te=| =>y=e=1 


6x + 5x’, x>0 
Hence, C is correct 
; 2x —3)cos(x* —3x), x <0 = 4x3 -12x2 _ 

f coe )eos| ) 17. y=4x3-12x? +11x-3 

6+10x, >0 

* . OY _ 19x? 24x +11=0 
Hence, A is correct . 
. £(x) =cos(xe™! +7x? —3x) = — us 

Greatest value of cos® can occur Ee at) 


When 9 = 2nt,n€ w 
<a 244 N48 _ 6 v3 


= Atx=0, xe%!+7x?-3x=0 24 6 


Hence, B is correct. For x € [2,3], yis an increasing function 
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18. 


19, 


20. 


21. 


Maximum value of f (x)isat x =3 
= logy (4(3)° -12(3)" +33 -3) 


=1+log),3 

Hence, B is correct 
a 

X+—>2 


x2 


use A.M => GM 


a 8 

=>. Ss 

4 27 
32 
>a>— 
27 


Hence, B is correct 


f(x) =x? +x? -10x, -1<x<0 
f’(x) = 3x" +2x-10 
+ ~ + 
=a =2e[24 


f(x) is decreasing for—1<x <0 
So, global maximum is at x = —1 
Hence, C is correct 


ab(a° —b” )sin 2x 7 ab(a? —b? )tan x 


y= 
2(a? sin? x +b’ cos” x] a> tan? x +b? 
ab(a” —b’) ab(a*-b”) 
Yr 5 2 (using AM, GM) 
a’ tanx +b* cot x 2ab 
a he 
Y Max = 2 


Hence, B is correct 


(£(7)-f 2)(£7(7) + £7(2) + £(2)/£7) 
3 


3 3 
1 (7)-f°(2) 5d 
3 3 de 


Hence, C is correct 


f3(c) =5f7(o)f (c) 


24 


22. f(x)= ax? + bx* +cx? +dx? +ex 


23. 


f’(x) =5ax* + 4bx? + 3cx? + 2dx +e 
£”(x) = 20ax? +12bx” + 6cx + 2d 
Hence, D is correct 

Let f(x) =e* sinx —-1 

Applying Rolle’s Theorem, 

f’(x) =e* cosx+e”* sinx 

for x€ {x,,X>} 


f’(x)=e* cosx+1 


Where x,, X, are roots of e* sinx—1=0 


_ Hence A is correct 


. 


25. 


26. 


27. 


-y=f(x)+a x+b 


dy 
—=f'(x)+a 
rs (x) 
As f’(0)=0>a=0 
d*y 
& — =f"(x)>0 
dx? 
Hence, B is correct 
As f”(x) is a quadratic polynomial & #0 


= f”(x)is always +ve or-—ve 


=> f’(x) will be monotonic and will have only one root. 
Hence, A is correct 


h(x) = £2(x)+(f’(x))” 
h’(x) = 2[f(x)+£”(x)] f(x) 
, 2 
=—2xg(x)(f (x) 
As h'(0) =0, h (0°) <0, h (0") >0 
Hence, A is correct. 
y= cos” cos @+sin’ sin@ 


y’ = (2coscos @)(+sin cos) sin 8 


+(2sin sin 8)(cos sin 9) cos 8 = 0 


ajo" 6 
2 


Maxima AND Minima’ 7.159 


2 - 2 
As cos” 1<sin“ 1 =>k=a—bh+cyVh’+r° , Where, a, b, c are constant 
= Max value of cos” cos@+ sin” sin® will be 1+sin71 dk _ bu he 0 
Hence, B is correct dh Ih? +r? 
2 
t eas 
i.e = b*(h? +r?) =h’c? 
a OS: 
(x —4)(3—2x)-(t+ 3x —x? 5 Jb 
f’(x)= ( se ee aS 
(x —4) aes ; 
—x? +8x—(12+t) ee 
= =0 [242 
(x —4)2 c~-—b 
= 64-4(12+t) >0 r_ye—b? ; 
=> — =——— = tan0 
=> 4-t>0 h 
Cc 
b 2 2 
mao Ce ee S| C2-b? 
Hence C is correct c 3m 3 8 
29. f(x)= ax? +bx*+cx +1 Hence, A is correct is 
redial “atte 
(0,1) 31. Material m’ = (ner 4 +(27r)h x w 
_ Where ‘w’ is width of cylinder 
AS v= mh, where vis volume of cylinder 
m= > ewe 2m = 
4 Tr? 
dm 2v Sar 
=O + =0 
dr r 2 
or O 
=> 5m = 4v= 4(nr°h} 
>r:h=4:5 
ss B Hence, C is correct 
32. Let r be radius of cone & 
y be height 
Let r, be radius of cylinder 
Hence, D is correct & h be height 
30. Let v be volume 1.4 
1 Now, p==tr’y 
v=gmeh+nrey 3 
As Volume of cylinder v = nr, h dagen iver (1) 
2; n 
vet} —+ I r 
3 | “ & se es oh anuiauatiesiaiee (1) 
y fy) 
r 
ae (1) Using (1) & (11) 
2 
Amount of canvas k = 2ary + ne(Vh? +r’ v= {5 | (y- h)*h 
y 


call - ane 
Tr 


v will be maximum h = a 
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33. 


34. t 


35. 


resy Ay? _ An 5 
5 x r 
y 3 9 27 


=>p:q=9:4 
Hence, A is correct 
Let say x, a—xare two length 


side of square > re 


: : x 
radius of circle => — 
2m 


2 2 
Aga _) oe ai 


16 An? 
cn x)+ . =0 
dx 8 21 

oe Fe 
8 2n 8 
=> ma=4x4+7x 
Ta 
= <= 
4+7 
Nowa-x= “ 
4+7 
a’ 1 ma’ 


7 (447) wv (447) 


a2 


~ 4440) 


Hence, D is correct 


n2 


~ nt +300 

ae 

ree 
n 


n 


Use AM = GM 

n? 4200 

——_4_ > ,/300 
2 


n? +2 > 20,8 
n 


Maximum value of n fulfilling the above in equality 


>n=4 
Hence, B is correct 
f(x) = sin(n(cos x +c)) 


f’(x)= cos(In(cosxt+c)) sy 


COSX+C 


y=4q 


36. 


37. 


Let f(x) =cosx 
f’(x) =—sinx 
Using LMVT 
£ (¢) = Lea =F OB) 
noa—np 
: cos na —cosnB 
sinc = 
n(a—B) 


cos na —cos np 
n(o.—B) 


Hence, B is correct 


<1 


y= sin2 x+2a? ~ 2a? —24 sin? x 


Rationalising the expression 
2 


y= 
(sin? x42a" +/2a2 —2+sin’ x 


For max value, Denominator should be minimum, 


=> sinx =0 


2 


>, a 
aear 1 


38. 


39. 


=az=1 (For y to be maximum) 
Ymin = v2 


Hence, A is correct 


(Ab? +Bb+C) Aa? +Ba +C) 


i) £C= 7 
(C) baa 
= A(b+a)+B 
pA OTe i 
2 
So, it is true statement 
. 2 
li) f”’(c)= ane = 3 
2 2 


= for some Ce (4,6), there exist 


£’"(C)>0 

So, it is true statement 
iii) f’(x)<1 

It is a false statement 

Hence, D is correct 


Integrating ax” +cx +d, we get 


3 2 
ise ede 
a" 9 


f(0)=b 


f(I) = 2a+ 3c +6d+6b 


40. 


41. 


42. 


21 
Volume = (21-2 x)(6—2 x) x 
dv 


=—2(16 —2x)x —2(21—2x)x + (21- 
x 


2x)(16— 2x) 


=> —32x+4x*-42x+4x7? 44x? —74x +336=0 


= 12x” -148x +336 =0 

= 3x” —37x+84=0 

= (x —3)(3x —28) =0 
28 


x =30r — 


Hence, C is correct 


= 
Gy 2) 


Cc; 
GF -2) 


Area is maximum if ADC is right angle 
>= a! 

4 
Hence, B is correct 


As a? +b? =k? 


iy uy 
Nowsy=(at] [+5] 
a b 


2452 


+ 


y=art+b?+445 


G2” 


43. 


44. 


45. 


46. 


47. 


48. 


Maxima AND Minima 7.161 


Es ab? 
Using in (1) 
4 
y>k?+4+— 
k 


Hence, D is correct 
Similar to Q. 8 
Hence, A is correct 


2 

x —-2 
f(x)= 

. 3 

2 
‘ x°-2 + = + - + 
Sign scheme of ay => £ i ane 
2 

1+ : SS 239 

fiz\= x" -4 x" -4 


Hence, D is correct 
Conceptual as [f(a+h)]=[f(a—h)] =2 
Hence, D is correct 


Between two maxima, there is one minima & otherwise 
unless there is a pt of inflection 


Hence, D is correct 

p(x) = 5in(x+3) 

As In(x +3) is continuous & derivable 
in [0,1], LMUTis applicable on p(x) 


Hence, C is correct 


f(x)= x-logx+ ['{4-2-200s42] dz 
Z 


A ee eae ae, ee =0 
x x 


-l 
=> cos4x =— 
2 


ic om or 2nn+— 
3 
Tt nt 
Xx=— —+— 
6 2 6 


Hence, A is correct 
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49. 


50. 


51. 


52. 


53. 


54. 


Put sin? @/n=x 
_ x a4 
7 x +x4l 

_ 2 

~ (x41/x)41 


AS gute (as x > 0) 
x 


1 
e|—,1 
ve 5-1] 


Hence, C is correct. 
f(x)=x-l, 1<x<2 


g(x) = x—I+bsin 5x, 1<x 2. 


g(x) is continous & differentiable. 


g(1) =1, g(2)=1 for b=1 
Hence, C is correct. 


2 = -l<x< 
fe 3x° +12x -1, 1<x<2 

7—X, 2<xs<3 

6x +12, -l<x<2 
f’(x)= 

-l, 2<x<3 


Hence, A, B, C, D is correct. 

A) Use Rolle’s Theorem ww 

B) f”’(x)=0 is not a necessary condition for 
point of inflection 

C) Conceptual. 

D) It is a monotonic function 

Hence, A, C, D is correct. 


f(x) =(x-1)*(x-2)" 
f(1)=0, f(+h)=h*(h-1)", f(—h)=h*(-h-1)" 


If nis odd, 
fd-h)<fd)>f(1+h) 


If nis even, 
fd-h)>fd)<f(1+h) 


f(2)=0, f(2+h) =(1+h)"(h)", f(2—h) = (1—h)4(-h)" 


If nis even, 
f(2-h) > f(2)<f(2+h) 


Hence, A, C, D is correct. 
A) f(x) =ax?+b 
f (x)=3ax7+1>0 Vxe(-1,)) 
>a>0 


B) Conceptual 


55. 


56. 


57. 


58. 


C) If f (x) >0, f increases. Itcan be with or without bound. 
D) Conceptual 
Hence, A, B, D is correct. 


A) f(x)=x°+2x-3 
f’(x) =5x*+2>0 
f(0)=-3 & f(I)=0 

B) f(x)=e *-x+l 
f(x)=-e*-1<0 


1 1 
f)=—>0 & f(2)=—-1<0 
e e 


C) f(x%)=xInx-3 
f’(x) =1+Inx >0 
f(2) =2In2-3<0 
£(4) =8In2-3>0 


—D) f(x) =sinx-3x+1 


f£’(x) =cosx-3<0 
f(—1) =—sinl+3>0 
fd) =sinl-3<0 
Hence, A, B, C, D is correct 
Let g(x) = ’(x)f(x) 
g(a)=0 & g(B)=0 
Use Rolle’s Theorem, g’(x) = 0 for atleast one value 
of x €(a,B) 
& g(x) = '(x)f (x) + O”(x)E (x). 
Hence, B is correct 


Upon solving f (x) =1- x" 


f (x)=—4x? 
As|f(x)|E&k-2 as ke (2,3) 


This eqn has 4 distinct roots 
Hence B, C is correct. 

f(x) = ax? +bx7+cx+d 

f’(x) = 3ax” + 2bx +c =0 

Roots of f’(x)=0 are 'o' &'B'. 


59. 


60. 


61. 


A) If f(a) & f(B) are of opposite signs, 
= all roots are real. 
B) f(a) & f(B) are of same signs. 


= all roots may or may not be real. 
C) Itis not necessary that a<f. 
Sign of ‘a’ will decide it. 
D) If a>0, f(x) is always decreasing where B < a 


Hence, A, D is correct. 


A) tan@=2 
sec0= V1+tan? 0 = af 
B) f’(x)=0_ in (0,3) 


C) Itis not a point of entremum 

D) No of critical points are two. 

Hence, A, B, D is correct. 

A) f(x)=|x-2| is not differentiable at x =2 
&f’(x)=+l at x=1, f’(x)=latx=4 

B) f(x) =1+|x-1| is not differentiable at x =1 
&f’(x)=+l at x=3, f’(x)=-1 atO 


f’(c)= : which is not possible. 
C) f(x) =[X] is not derivable at x =—1,0,1 
2 
f’(c)= 5 = | which is not possible. 


D) f(x) =3x7 
f’(x) = 2x! which is not differentiable at x = 0. 
f(1)=3, f(-l=3 


f’(c) = 0 which is not possible. 
Hence, A, B, C, D is correct 


y, =x°(30+y)” 

y= x°(30—x)? 

y, =2x(30—x)? —2x?(30-x) 
= 2x(30—x)(30—2x) 


Sign ___,» = - + + 
Scheme t | t 
0 15 30 
Graph of y! —> 
T 
0 15 30 60 


62. 


Hence, A, C, D is correct. 


<a x #0 
f(x)= ; nx ,_9 


63. 


Maxima AND Minima 7.163 


For continuity, a >0 
=f(0)=0 
=>f()=0 


Now 


1 
= f(1) = sin? —=0 
n 
1 
=> Greatest value ofn=— &least valueof 
Tt 


n=-— 
T 


Hence, A, C is correct 


f(x)= 3+2(a+1x+(a? +1)x’ x3 
f’(x) = 2(a? +1)x+2(a+1)—3x’ 
=—(3x —2(a? +1)x-2(a+))] 


Now, g(x) =3x? —2(a? +1)x = 941) 


— & 9(2)<0 


5 NS 4a? —4-2a-2<0 


64. 


4a? +2a-6>0 
997 +9 =350 
(a—1)(2a+3) >0 


ae (--.-3] U (°°) 


Hence, A, D is correct 


2ye* = (c* y -1 
(e) —(2y)e* -1=0 


ee 2y+./4y? +4 =ytJ/y41 


2 
> y= a(x) =Inx+-vx? +1] 


d 1 
Now, ac 


dx x24] 
dy 


a can never tends toinfinity, hence no Vertical tangent 
x 


Slope at (0,0)=1 
= Eqnof tangent at (0,0) > y=x 


Hence, B, C, D is correct 
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65. 


66. 


67. 


f(x) =4sin? x +3cos’ x 24sin= 24-cos > 
=3+sin? x —24 sin ~+cos~ 
2 2 
f’(x) = sin 2x —12 cos~—sin~]=0 
2 2 
=2 és si sin xX cos~+sin~ —6|=0 
2 2 2 2 
. x 
=> cos— = sin— 
2 
T 
>x=— 
2 
(5 }-a0-0 
2 
f(0) =—-21 


Hence, B, C is correct 


F(x) =(x-3)? +(x—3°) b-+(x-3°) 


£60) =9{ 0-38 +(x-¥) #4 (x9 Joo 


f(x) is always increasing 
& f(x) =0 has one real & eight imaginary roots. 


Hence, A, B is correct 
2 
f(x) ae +tx =x|t? =e 
3 3 


f (x)=-x? +t? =0 
x=tt 


f(x) =—-2x 


f(0)=0, f()=t? -5 


If t? 2S m(t) =0 


& If rel, nyse <2 
3 3 


Hence, A, C is correct 


68. 


69. 


70. 


As f(1) >f(-l) &f(x) is continous 
=> there exist atleast an x € [—1,1] where 
f(x) isincreasing > f (x) >0 
Asf’(y) <1 
Integrating f f’(y)dy < ic ldy 
-1 ~ dat 
=f(I)<f (+2 
Hence, A, C is correct 
dy . ; : ae 
At x = 2, ae ischanging from negative to positive. 
Xx 


So, there is a local Minima. 


dy. eae . 
As ae is zero thrice in its domain. So, f can have 
x 
atmost 4 roots. 
Hence, B, D is correct 


f(D 2 f() 2 


(x-1) £(0)(x? -1) +x (x +1) 


> =£’(0)x(x —1(x +1) 


71. 


72. 


—f!(0)x(x —I)(x +1) 
Put x =0 
g(0) = £(0) 
Put x =1 
g() =f) 
Put x =-1 
g(—1) =f (1) 
Now take h(x) = f(x) - g(x) 

Using Rolles Theorem in (—1, 0) 
There exists x € (—1,0)such that f (x)= g! (x) 
A: Use Rolles Theorem as f (1) = f (3) = 0 
R: Conceptual 


Hence, B is correct 


f(x) =—x? +4x +14 sin“! > 
, 1 
f (x) =-2x+4+—x 
2 2 
toe 
4 
=-2x+4+ >0 


4-x? 
Least value of f(x) =f(-l = aes 


Hence, B is correct 


Maxima AND Minima 7.165 


73. f(x) is continous & differentiable in x € (0,2) 


Hence D is correct 


78. Letg(x)= ax* + bx? +cx? +dx te 
2(0)=e & g(3)=3(27at+9b+3c+d)+e 


=e 


a(x) =(F’(x)) + £)E"(x) 
g(x) is derivative of f (x)f’(x). 


Now, For f(x) f(x), Rolle’s Theorem can be applied in Using Rolle's Theorem, there is atleast one root of g’(x) =0 


[a, b], [b, e], [e, c], [c, d] in (0, 3) 
Hence, A is correct. Hence, A is correct 
74, f(x)=5-4(x-2)? 2 
a ; Se : 79. (x5)? +( V-3+4x-x? --4)] =y? 
f’(x) = -—x ———] 
(x) 3 (22)? y is the distance between (5,-4) & apointon 
f’(2)is not defined y =-3+4x—x? 
Now, f(x)=5-4(x-2)"° =x? -4x4+44y?=1 
As (x —2)”? is always positive => (x-2) +y’=1 


Hence, greatest value of f(x)=5 


~. fe_o2 2 
Hence, D is correct Ymax =y(S—2)° + (4) +1 


3 2 ~ oe =6 
xX” ax ‘ 
75. = —+— (7 Fy * 
me 3 ¥ 2, eee ~ Hence, A is correct 


f(x) =x? +ax41 (“D=a?-4>0, ifa<—2) _ , r 80. If Rolle’s Theorem is not applicable 
; * & f(2) =f(-2) 
roots of x“ +ax +1=0 £603 derivable inl 29) 
™~ => x) is not derivable in (-2, 
ot tya‘—4 (CY, ° = g(x) will have atleast one root in (—2, 2) 


2 
both roots are positive for a < —2 


Hence, C is correct 
f (x) = 2x +a< 0 g(x) = x? 4 ge” (1)x? +(3g’()-g¢”(1) —1)x+3g’(1) 
Hence, A is correct 


Put x =1 
76. £(x)=3x* —4x74+6x? +ax+b a(1) = 62’(1) (D 
f’(x) =12(x3)-12x? +12x +a New 
£"(x) = 12(3x° egal : 50 g(x) = 3x? + 2g”(I)x + 3g’(1)-g”()-1 
Put x =1 


f’(x)is zero at only one point 2” (1) +29’(1)+2=0 


g”(x) = 6x+22”(1) 


(I) 


Hence, A is correct 


2 
77. f(x)= om xe[1,2] orn 
-(x-l)°, xe[0,1) 2") =-6 
y = f(x) Using (II) > g’(1) =2 


Using (D> g(1) =12 


= g(x) =x? —6x" +11x+6 


(1,0) => f(x) =x*-6x? 4+11x?-6x 41 


1 1 
(0,-1) on [ereofeez jn] 
x x 
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iY 1 Comprehension — 2: 
139 
=x (+4) “+2 f(x) =4x? —4ax+a*—2a+2 
‘ 1 2 Vertex of parabola is 2 te 
=X Gea 2 
Xx 


Case-1 If 0<5<2 


=hovex(x+ J 3}. x? -3x41 
x a 
=> f(x) will attain minimum at x = 5 


81. f(x) = (x? -3x+1) ; 
f(x) = 2(x? —3x +1)(2x-3) =0 =(z 3 


34/5 or 3=—2a+2 


-1 
3 >a= = = Not possible 
At x= a? sign of f’(x) changes + to—so, Local Maxima 
Case-2 If : <2 


At x= 34V5 , sign of f’(x) changes — to + so, Local 


f(x) attain a global minimum at x =0 


Minima => f(0)=3 

At x= v5 , sign of f’(x) changes — to + so, Local = 3 =a°—2a+2 
2 Sait 3 

Minima. ; 

Hence, C is correct oC >a=l+ af 


82. g(x) =x? —6x7 +11x+6 


J p Case-3 if 259 
g (x) =3x* -12x+11=0 2 


* ) - ot Wy => f(x)attain a minimum at x=2 
12-12 124/12 => f(2)=3 
4 . i => 3=16-8a+a’—2a+2 
=2-—= =24+— . 
3 B =a=5+ 10 
Using LMUT, =>a=5+ 10 
g(0) =6, g(4)=18 84. Hence, B is correct. 
=> g'(c)=3 85. Hence, D is correct. 
= 3c” -12c+11=3 86. f(x) =4x?—4ax+a?—2a+2 is monotonic in [0,2] 
2 
=> 3c~ -12c+8=0 f(x) = 8x—4a = 0 x= 5 
c_ 12+ vi44—96 
6 If 5 [0,2] 
+ 
c= Bevis => ae [0,4] 
Henke Dieeoneet = Formonontonic ae (—~,0)U[4,°) 
83. h(x) =x?-3x+41 Hence, A is correct 
h’(x) = 2x-3 Comprehension — 3: 
h”(x)=2 Since two point of inflection occur at x =1& x =0 


Hence, C is correct P’(1) = P”(0) =0 


wp’ (x)= a(x? —x) 


3 2 
x x 
“(x) =a] ——-—]+b 
p(x) [* ) 
Also, ay =tan!1= dy 
dx } 5 dx }._y 


= p’(0)=1=> b=1 
3 2 
x x 
sh en Fe 
p(x) {5 | 


p(x) = [5-S}xe 
12 6 


As p(—1) =0 


a a -l+c=l 
12 6 


apes 
4 


As p(l)=2 


a ae t+l+c=l 
12 6 


a ee 
12 


Solving (I) & (ID) 


<2 02 
2 
= (x* +1) dx 
= 7 asf = a2 
5 9 5 
so, k = 42 
88. P(-l)=1 


Hence C is correct 


(1) 


(ID) 


Maxima AND MINIMA 


89. A(C-1,1) 


B (1,2) 


—1fi 3\]_ 
A, (AABC) AB ( >| 1 


Comprehension — 4: 


f(x) =x? —3(7—a)x? 3(9 a”)x+2 


f’(x) = 3x2 —6(7 —a)x 3(9 a”) 
For real root, D>0 


=> 49+a7-14a+9-a? >0 


a) 
>a” <—_ 
A 


also negative. 

=> f’(x) = 0 has both roots negative 
Sum of roots = 2(7-a)<0 or a>7 
which is not possible as a S ~ 


Hence, A is correct 


7.167 


90. When point of Minima is negative, point of maxima is 


91. When point of Maxima is +ve, point of Minima is also 


positive 
=> f’(x) = Ohas both roots positive 
Sum of roots = 2(7-—a)>0 =a<7 


Product of roots = —(9—a”) >0 
=> ae (—00, -3) U (3,09) 
58 


Ra es 
14 


Using all results => ae fa =3 } [3 — 


Hence, D is correct 
92. For pt of entrema of opp sign, f’(x) =0 
has roots of opp sign. 


58 
ae} —co,-— |U(-3,3 
[=a os 


Hence, B is correct 
Comprehension — 5: 


f(x) =e t)* _ ¢* 


7.168 DIFFERENTIAL CALCULUS FoR JEE Main AND ADVANCED 


93. f’(x) =(ptDe?** —e* =0 


=> (p+) 


e(PtDx 


=1 


XxX 


=> eX = —_ 


ptl 


=> px =—In(p+1) 


a —In(p+1) 


Pp 


Hence, A is correct 


t+] (2% 
94, g(t)= ih f(x)e'*dx 


t t+] -x 
g(t) =e {i f(x)e*dx 


rise [tone ax +elf(t+ Den —£(1) 


et fem - tax +e! ie -1] —ePtDty ot 
t 


(t+1) rt 
“(2 eP | at at ern —elptDt 


p p 
For g’(t) =0 
oP _ oPt _ pa ne Plt) _ ye(PHt _ 9 


e—1+pe? —pe' =pe™ 


e—1+pe? _ 


e'te? 
Pp 


Match the following 
95. A) Put x=cos®0, y=sin® 


B) 


=>x+y=cos@+sin®@ whose Minimum value is — 4: 


1 
y= BCOTE = ONO 


d 
&Y = sin3x —asinx 
dx 


d*y 


— = 3cos3x —acosx 
2 
dx 


? Tt 
Now Maximum value occurs at x = 2 


dy _ 


| eee ere ee 
dx 2 


96. 


C) f(x)=x-2sinx 


f’(x) =1-2cosx >0 


D) y= eo %/2 


eqn of tangent => y-y, => (eo? )(x-x) 


Point of tangency — (0,—1) 


=, pte 
0 aaa, 
Xx 
=>—-y=l 
ae 
=p-q=3 


Hence (A)(Q); (B)-+(S); (C)-(S); (D)J{R) 


A) f@)= a 
x+—+1 
X 


. Be es 
greatest valueof f(x) is when x+—is min 
x 


& Minvalue of x+ = =4 
x 


Greatest value of (x)= : 


Inx 
ae ae a 


,_1—-Inx 


xX 


= y is increasing from (2,e) & decreasing 


from (e, °°) 


Max value of f(x)is at x =e= Z 
e 


C) 


D) 


Hence > A > (S), B— (Q),C > (P), D> (R). 


97. A) 


B) 


je 
e x 


Use AM = GM 


) 
—x Tr 


360 


Area of sector 'A' = 


Perimeter of sector = 2 ~x27r+2r = 4e 
360 


ciel ee 
2Tr 


A=(2e-r)r 
A =2er—r* 


A 


A will be max at r=e 


eqn of tangent to y* =8x 
2 

=> y=mx+— 
m 


Solving it with xy =-1 


ae 
=> x| mx+— |=-1 
m 


sms E fet=0 
m 


4m=0 


= As D=0, 5 
m 


> m=l 


eqn of common tangent > y=x+2 


y intercept =2 


log(f(a)+f’(a) + £”(a)) -log (f(b) + f(b) +£(b) ss) 


a—b 
Let 9(x)=log(f(x)+f’(x)+f”(x)) 
using LMUT, thereexista 'c' in (a, b) 
Such that g’(c) =1 


f’(x) +£"(x) +£7"(x) 
f(x) +f’(x)+ f(x) 


= s(x)= 


£"(c) 
f(c) 


>f"(c)=fO> =1 


C) 


D) 


Maxima AND MINIMA 


f(x) = (x? =1)(x? -4) 
f'(x)= 2x(x? —4)+2x(x? -1] 
= 2x (2x? -5] 


W3 


Roots of f’(x) are 0,4-—~ 
2 


[o]+[B]+[y]=0+1-2=-1 


Eqn of normal to y° =x Is 


As it passes through (c, 0) 


3 
— mc-—-——=0 
2 4 


= m? +2m—4mc =0 


4 => m(m*+2-4c)=0 


98. A) 


B) 


for three values of m, 4c >2 


1 
>c>— 
2 


h(y)=y°>—6y* +9y+1 
h’(y) = 3y? -12y +9 


=3(y? -4y +3) 

= ay =3)(y=1) 

+ - + 
1 3 


In [0,2], Max valueof h(y) isat y=1 


and Min value is at y =O or 2 


hd)=5, h(O)=1, h(2)=3 
=>M+m=6 
Inx 
f(x) = tan! x -—— 
(x) 5 
1 1 
i O= -— 
a J4+x° 2x 
_ -&-1? 
2x (1+x?] 
% 7 _ 
t 
0 1 
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C) h(y)= 
Use AM = GM 
2 
2 
y 


MohOy=seee! 
2 2 


m=1 


eiee 
2 


D) Graph of min(e*, x”) 


From graph n=0 is only value 
Hence A + (Q), B—(P), C > (S), D> (P) 
3 3 7 29 


99. A) 


Qrt+1 = (tl)? -r? 1 


+ + tee) +———— 
Pe 2 ae eel ig 


1 


D) 


r(r+1)* (r?)(r+1)? r (r+1)” 


a 1 224 
se) Ty Si = ane 
= (15)*> 225 


B) f(x)= x>+axtb 


f’(x) =3x’ +a 


ey 3a7 +a, isd =3b’+a 
dx x=a dx x=b 
= 3a” = 3b? 


=>az=-b. (Asa#b) 
= f(x)=x?+ax+b=x>+ax—a 


f(l)=1 


C) f(x) =3x? —250x? +735x 


f{(x) =15(x* -50x? +49) 


f’(x)= 60| x’ -25x | Point of entremum are roots 


of x*-50x? +49 =0 

= (x? —49)(x?-1)=0 

>x=2tl1+7 

Point of inflection are roots of x* —25x =0 
(x? ~25) =0 


ax =0, £5 


_ sum of x coordinate = 0 
 =>k=0 


Since, BD = 1 
= AD=1-x 


Now, AC =./x(1—x) 


Area of AABC = = xvii —x) 
3.4 


Area of AABCis maximum when x” —x’is 
maximum 


Let y=x>-x‘ 
Dg Pg as ge” 
dx 


‘ities 31 _ 3v3 
2 4V4 4 32 


Hence, A > (R),B > (P),C > (P),D > (S) 
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Review, Exercises Solution 


1. f£(x)=sin™ xsinmx+cos™ x cos mx _ sinxcos2x _ 


: ins : ~ Deo: 
f’(x) =mcosmxsin™ x + msin™ | x cos x sin mx 1+cos* x 


F 7 ee => eithersin x = 0 orcos2x =0 
—msinmxcos" x—mcos" Xsin x cos mx 


, 
For m=2 Atx=1, y =0 
, e390, . 2 ‘| ee "| =+ 
f'(x)= 2[ cos 2x sin” x —sin 2x cos~ x Y latx=+— VO, Y latxs-= TVE 
+sin x cos x(sin 2x —cos 2x)] at x =7, yhas a maximum value 
= 2[sin 2x cos x(sin x —cos x) + cos 2x sin x -l 


Vigan oe Te 
(sin x —cos x)] = we 


= 2[sin x —cos x]sin3x ie x=32,y'=0 


AT). Aon. Ae be, 
(3) 0, f a t+ve, f ig =-—ve , 3nc* , age 
y atx = rn =t+ve, y aie ia 


T . a 
=> atx =—, there isa minimum 3n 


> M 
4 yhas a Minimum at x = — 
For m=4 Nw 4 


he ok 8 WM and its value is 
cos 4x sin” x + sin” x cos x sin 4x Y) 3/2 
° 2 


2 2/3 


33/2 = 9 


; —l 
y. RS V2 3? 
24 cos 4x sin x(sin* x —cos* x) @e» Atx=2.y'=0 


+sin 4x cos x[sin? x — cos? x] 


—sin 4x cos* x —cos* x sin x cos 4x 


ro=4] 


y changes its sign from + ve to —ve, 


2J3 


= 4| sin’ x—cos? x sin 5x 


n 7 => y has maximum value = —— 
»{ 1 | 1 , T 9 
f =0,f =+ve , f’] —]=-—ve 
4 7 4 Atx=0, y’=0 
so, f (x) has maximum for x =7 y changes its sign from — ve to + ve. 
1 
I => y has minimum value = +——— 
Similarly, for m=6, f(x) has amaximum for x = < os2 
2 
2. y=cos’ dsec? 4. reer’ x-5] +sin* x, 
ay COS X 7 
i = , TU Tl id 
(1+cos* x) f’(x)=4x° [»-F] + 2fut)(x—F fe dsin’ X COS X 


> \3/2, 5 > \"/2, 
—(1+cos x) sin xX +3cos x(1+cos x) sin xX 


9 \3/2 
(1+cos x) 


y= = 2°{x-F om + sin xeoss 


, Tt 
=> f(x)=Oat x=0,— 
3cos” x sin x —sin x(1+cos” x) 2 


: 1+cos” x f’(O*) =+ve, f’(O-)=—ve 
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=> f(x) has local Minima at x = 0 


| 
2 


Oe 


} +ve, r 
2 


= f(x) has local Minima at x =5 


5. f(x)= 


eax? 909) 
4 


f(x)= 


Nowt 


Ko 5" D(x = 2) 


UES ga 
t+4 t+4 
=x(x?-x-2 

( 


Let x*-x*-2x=t 


(J) 


4x? -2x-2=2(2x9-x-1) 


= 2(x -1)(2x? +2x +1) 


dt. 
dx? 
at 


dx? 


x= 


13x 2 


= >0 
1 


Min value of t = —2 


1 
so, ——€[2, ce 
t+4 ) 


= f(x)e (1,2] 


6 f(x)= 


a) 


From eq (1) 
(x—1P*4 
! xe€R ~ {0,3} 
x(a) 
,_ ((x-3)? +2x(x—3)) 
2 
(x(x-3)") 
- —3(x —3)(x-1) 
x?(x -3)4 


lim f(x) =-.9, 
x30 


lim f(x) = 00 
x30" 


lim f(x) = lim f(x) =e 
x3° x33 


— 


f=, limf(x)=0, lim f(x)=0 
4 X— 00 X00 


T T 
0 1 


@-4------- 


x? 


ii = F 
yy x+8 


xER 


dy _ 2x(x+8)—x? 


ete ae a ae dA ee 


oa a 


dx (x +8)" 
_ x? +16x _ x(x +16) 
(x+8)? (x +8)? 
+ - - + 
-16 -8 0 
> lim f(x)=0, lim f(x)=-00, lim f(x) =, 
x3-8" x3-8 X— 00 


lim f(x) = -%0 


X00 


f(0)=0, f£(-16)=-32 


-16 


1 
i} 
1 
1 
1 
1 
1 
I 
8 0 
1 
1 
1 
1 
1 
1 
1 


(-16,-32) 
iii) y=xV¥x+2, xe[-2,0] 
dy x42 X 
——=Vxt2+ 
dx P/x4+2 
— 3x+4 
2VxK+2 
7 . 4 
T 
ay) 4 
3 
lim f(x)=0, (S}Se: 
x3-2° 3 3/3 


@.32) 

30 3B 

8. a) If f(c)=0, it doesn't implies that there has to be 
maxima or minima 
Eg. f(x)=x? 


f(x) =3x* =0>x=0 
Now f(x) = 6x 
atx =0, f(x) =0 
b) If f hasamaximumat x =c & differentiate at x =c 


xX=C 


=> 
=> f(c—h)<f(c)>f(c+h) 

Slope of tangent at x =cisalways zero 
=. Pe=o 


9. As f(x,) =fx,) = f(x,) =0 
between, x, & x, there wilbea point'o' 
where f(a) =0 
&similarly, between, x, & x, there wilbe 
apoint'B' where f’(8) =0 
Now, Let g(x) =f’(x) Where x € [a8] 


Apply Rolle’s theorem, 
There will be atleast one value of ‘c’ 
In between (a,) where f”(x) =0 


As Ce (a ,B) > Ce (x,,x3) 


min{3t* —8t? —6t? +24t, 1<t<x}, 1<x<2 
10. i) f= 


a) 
sin* 7 
max {3t +———+2, 2<t<x}, 2<x<4 


Let g(t) =3t* —8t? —6t? +24t 
g(t) =12t? —24t? -12t+ 24 
Sig -217-t+2| 


=12[t-1][t+1][t—-2] 
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=> min {3t* —8t? —6t? + 24t, 1<tsx}<x<2 
= 3x+—8x3 —6x? +24x 


Sign = = os 7 
Scheme t t t 


Rough ——» 
Sketch I T 
of y=g(t) 


sin? mt 


Let h(t) =3t+ +2, 


n(t)=34+ _— >0 


=> h(t) is always increasing 


a — ran fare Es, 2stsx}.oens4 
sin? mx 
= 3x +——_ +2 
4 
3x*—8x°-6x7+24x, 1 < 
‘a= sin” 1x 2<x<4 
+—— +2, 


4 


.. Maxmimaat x =1&4 & Minimaat x =2 


(x +2)73(x +4), x <0 
= 
ii) f()=4—. O<x<l 
x 
x-l 
faa x>1 
x2 
Gx+I4) 
3(x +2)'8 
f(x) = ace O<x<l 
x 
— eis 
>.< 


: —14 -_ 
f(x) has maximum at x= FS” 2 & minimum at 


x =—2 and x =0, it is neither maxima nor minima. 
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11. 


12. 


13. 


i) 
a) f(x)=x?-3]x|,xe[-L1] 


_ ee cade 1>x20 
x2 —(—x)!3, 
9-184 >x20 


f’'(x)= A 
2x +5 Cx) 1 <x <0 


-l1<x<0 


f(x) is non derivable at x =0. 


So, Rolle’s Theorem is not applicable 
Tu 1 


b) f(x)= Se 
) £(x) seen, xe |—*,2] 


(he (i 


As f(a) #f(b) > Rolle’s Theorem is not applicable. 
ii) f(x) =(x—-a)(x—b)(x-c), a<b<c 
Applying Rolle’s Theorem in [a,b] 
f’(x) = 0 will have atleast one root 
& similarly in [b,c], Apply Rolle’s Theorem, 
f’(x) = 0 will have atleast one root. 
f(x) =2x? +ax?+bx,aeN,beN 
f’(x) =6x? +2ax+b 
For three roots of f(x), f’(x) should have two roots 
= 4a* —24b >0 
=> a’-6b>0 
For minimum value of a+b, a=3, b=1 
>a+b=4 


=> f(x) =2x°4+3x7+x 


XY(Y—X) = Da? veevcccecsecsseesssessssesssessseesseesseessetesseesseeens (1) 


xy” - xy =2a° 


=> y? +2xy oY 2xy x? oy =0 
dx dx 


d —2x 
“pe 
For Min, either y = 0 or y = 2x. 
As y #05 y=2x 
Putting in eq (1) 
2x3 = 2a? 


=>x=a&y=2a 


oy =+ve, 
dx |, 4° 


a 


on 


dx x=a- 


=—ve 


= atx =a, yhas a minimum value & is equal to 2a. 
Now, put x =a ineq (I) 

ay? -a’y= 2a3 

> y> —ay—2a? =0 

= (y—2a)(y+a)=0 


y=2a or y=—a 
14. i) f(x)=—, 
1+x 
— 2 = 
f= 1-x =f se 
2 2 
(1+x (1+x 
= : 7 


| 
I I 
-1 1 


f(x) has Local Minima at x =—1 
-1 
f(-l) =— 
(—1) ; 
lim f(x) =0= lim f(x) 
Xoo 


X—-00 


f(x) has Local Maximaat x =1 


1 
f)=— 
(1) 5 
1 x 1 
=< = 
2 tee 2 
ii) As |, et 
1+x 2 
Now lim ie) where h > 0 
bath b-a 
; b 1 
("=| AES 
1+b 2 
is. $j ——* —— 
(a+x)(b+x) 
ee (a+x)(b+x)—x(2x+(a+b) 


((a+x)(b+x))” 


o ab — x? _ 
((a+x)(b+x))” 


> x =+ Jab 
(Jab) =—ve, 


f’(Jab )=-+ve 
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(Va) =+ve, f’(-Jab )=—ve 
f(x) has a maximum value at x = Jab. 
& minimum value at x = —Jab 


16. y =m,(x—x,) +m, (x—x,) +---+m, (x-x,) 


18. i) 


: a —b 
As y= ax” + bx +c will have a minimum value at x = aa, 
a 


ne +(m,x,+m)x,+---+m,x, ) 


m,+m,+m,+---+m, 
17. a) f’(x)<0 VxeER 
=> f(x) is decreasing function 


=> f(x) =3can have either “0'or 1 solution 


“I 


(0,3) 


or 


b) f’(x)<0 Vx <5,f(x) >0Vx >5 


f(x) =3 can be either 0 or 1 or 2 roots 


19. f(x)=tan x 


fW=—5 


f(x) =3 can have 0, 1, 2, 3 roots 


Depending upon o,f, are 3 respectively, 
f(x) =3 can have different roots 

Let f(x) =Inx 

& As m(b—a) <f(b)—f(a) < M(b-—a) 


Where m, M are minimum & maximum values of 


f'(x)= a in (b,a) 
Xx 


> 7 1 
 m=-, me 
a b 
ante sciiae 


ii) Let f(t) =t? 


roan” 
=>m= py?! , M= px?! 
py? (x-y)< xP—y? < pxPl(x-y) 


3x 


3+x? 
1 3(3+x?)—6x? 


(3+x?) 


+X 


_ (34x?) -(9-3x?)(1+x7) 


(1+x2)(3+x?)’ 


_ x4 4+94+6x? -943x? —9x* +3x4 


c) f(x)>0 V x<-2, f£(x)<0 Vxe(2,) 
&£(x)>0 V x>l 


(1+x?)(3+x?)’ 
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20. 


21. 


22. 


_ 4x‘ >0 
(1+x2)(3+x?) 


= Min value of f(x) in (0,0) =0 


> tan“! x > —>— 
1+x°/3 


Leese 
xX 


1-Inx 
x2 


f’(x)= 


= f(x) is increasing Vx € (0,e) & decreasing in (€,°°) 


forn>8 

Inqvn) | In(/n +1) 
Jn Vvn+l1 

sa a 


4x? + 6xy +9y? —8x—24y+4=0 


dy 
dx 


=0 


8x +6y+6x ¥418y9¥_-g 24 
dx dx 


re) ee 8xt6y—-8 — 4x+3y—4 
dx 24-6x-l18y 12—3x—9y 


=> 4x+3y=4 


Solving (I) & (II), we get 
x=1,-1 


For x=1, y=0, 2 


8 
For x =-l, =-, 
3 


8 
Maximum value of y = 3 & Min value is 0. 


e* 


Let f(x)= ; 
1+x 


_ ae" + x’) —2xe™ 


Cex’ 


f(x) 


awe (ax? —2x +a) 
@4x*) 


Now, D = b’ —4ac 


(1) 


(ID) 


23. 


=4-4a? 
=4(1-a) 
If |a [2 1, D<0 = f(x) is monotonic 


=> no turning point 
& If jal<1, D>O => f(x) will have 


a maximum & minimum value - 


Let illumination of an Area = f(x) 
x x 
f(x) = 
Vx2 402 Vx? +b? 
2 
ix?+a2 —_* 
; Vx? +a? Vx? 4b? —x2/y x? +b? 
f ()= 2 2 > 2 2 
(x +a”) x’ +b 
_ a? ie 
3/2 3/2 
(x? +a”) (x? +b") 
2 For f’(x) =0 


24. 


} 3/2 
a2 _ x2 +a 
b | x?4+b 


a3 _ x2 +a? 
b*3 x7 +b2 
=> a4/3x2 +a*Bp? = 43x? +a-b43 


= (a? —b43)x? = tpt [a*” -v*3| 
+(ab)7/ 


7 : 94/35 4/3 
wack = 
2/3 , 4.2/3 1/2 
a> +b (a7 +b") 


For Maximum value of f(x), f(x) <0 


2/3 
>x= (ab) 

af 2/3 4 p23 
f(x) =xe™ 


f’(x) =e™ +axe™ 


=e™(1+ax) 

/ -l 
f(x) =05> x =— 
a 


f(x) =ae™ +ae™ +a7xe™ 


=ae™(2+ax)>0 (atx=-l/a) 


=> Atx= 


-l 
,f£(x) = xe™ will have a minimum. 
a 


es 
a ae 


Graph of f(x) 
So, for xe’/* =) willhave two positive rootsif 4 > ae 


& will have no positive root if A < ae. 


25. 2<f’(x) <5 


x5 7 OO 25 
4 
= 8+f(0) <f(4) < 20+f(0) 
>9<f(4)<21 
26. C+ (0,5) 
P45(0,y) 

Let D be origin 
rs 4 D 4 B 
(-4,0) (0,0) (4,0) 
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f(y)=PA + PB+PC 


f(y)=S-y+Jl6+y? +/l6+y? 


f(y) =-14 


Vl6+y7 
For f’(y)=0, ./16+y? =2y 


16 =3y* 
A 
y=i—- 
3 


f’(y*)=+ve f(y") =-ve aty=—e 


4 
Hence at y= BD f(y) willhave a minimum value . 


28. 


29. 


lim [f(x)+x] 


e* 


Let f(x) =— 
x 


Xx 
e°(x—-l 
Fy = 2D 
Xx 
Sign , = 2 ft 
Scheme t t 
of f(x) 0 1 


Min valueof f(x) is atx =l=e 


Min valueof f(x)f(y) = e 


x+y 


xy 
Use AM >=GM 


= x? (4x?) V|x|<2]y|x2 
4>x? (4-x?] 
Similarly, 4> y?(4—y") 


=> x’y*(4—x?)(4—y’) <16 
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30. x +xy+y? =12 (D For x = 2=y’ 2y-8=0 
dy dy 2+6 
2x+y+x—+4+2 =0 = = = 
» de y—- Ag y= 5 4 or—2 

dy _-@x+y) _4 Hence 
dx (x+2y) = (2,-4) & (-2,4) are highest & lowest point 
=> y=-2x on the curve. 
Solving (1) & (ID) 31. £(-) =, £'(0)=0, f(x) >0 VxeR 
x? —2x? +4x? =12 2 

x2 =4 If f’(x) > 0, f’(x) is increasing function 

x=2+2 


Whilef (—1) => & £’(0) =0 does not 


For x=2=> y’ +2y-8=0 
satisfy the condition 
—2+6 


y= = 2or—4 So, such a function doesn't exist 


Target Exercises.Ss olution 


sin? x mcos mx sin x —sinMx cosx _ 


1 f(x) =——T_ f(x) = in2 
sin(x +a)sin(x +b) ZV sin“ x 
(2sin(x + a)sin(x + b)sin x cos x ~sin” sft a) Ce ne eens 
5 (S => mtan x = tanmx 
f(x) = cos(x +b) —sin~ xcos(x + n(x +b) 
sin? (x +a) sin? (x +b) equanne 
Numerator of f’(x) m? tan” x = tan” mx 


=> sin x sin(x +a)[sin(x + b) cos x —sin x cos(x + b)]+ 
: : ( dL ; ( ) ; ( dI m? cot? mx = cot? xX 
sin x sin(x + b)[sin(x +a) cos x —sin x cos(x +a)] 
2 2 2 
: : : ‘ : m’* (cosec~ mx —1) = cosec* x —1 
=> sin x[sin bsin(x +a) —sinasin(x +b)] ( ) 


1. 2 an Bh ois pe, 
=> ne Ona roa) mi eGhee Ae epee te 


m? 1 


—[cos(x + b—a)—cos(x +a—b)] 


sin? mx sin? x 


1. 
> oan x(cos(x +a—b)—cos(x +b—a)] =0 tae xen mk 


=> sinx sin xsin(b—a) >0 F : dy 
3. As ax + by is maximum > a+b— =0 (1) 
=>f’(x)20 dx 
At x =nm, f(x) =0 As x? +xy+y* =3k? 
at X=nt—a or na—b, f(x)is not defined dy dy 
_ 2x+x—+y+2y—=0 
Atall x =nz, f(x) has a minimum value = 0 dx dx 
2. (x)= nme = BEY) ay 


sin x dx x+2y 
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Pavaune et) => —b(b? -3 ) +2b7c cos b— be? cos” o=0 
a_ 2xty 
b x+2y => 3 4a2b42h2 2008 o+>) 
+ 2ay = 2bx +b sy 
=> ax + 2ay = 2bx 
i ? = a” cos | 42 , 2abcos 
=> (a—2b)x+(2a—b)y =0 (I) nae case 
_(b-2a)y . 2 2, Aid 2 
Put x = on in xX° +yx+y° =3k = ab +-a°p OF 9-9 
cos’ 8 
—, 2 a 
c a xt _ 3k _, 10089 9 
(a—2b)”  a- y m8 


b> + 4a? — 4ab + ab —2a7 — 2b" 
+4ab+a? +4b* —4ab _ v3k 
a—2b y 


7 3(b?+a°—ab) 5, 


=> cos” @ = cos” 
>6=0 
f(x) = x —sin x — tan o(1—cos x) 


f’(x) =1—cos x —tanasinx =0 


= cos 0, = cos(x — 04) 


a—2b y 
y i: — => x =2nt or x = 2nt+20 
= (IV) ” ; 
a—2b eae. Now, f(x) =sinx —tanQcos x 
i) Forx=2nn, f’(x)=—tana 
b—2a)k 4 i) > 
Now ety etn pee 4 


Vb? +a>—ab 
=2k( va? +b? - ab} 


y =acos8+bcoso 


az 


Vae [0.5 |= f(x) is maximum 


Vae [F*} f(x) is minimum 


ii) For x =2nt+20, f(x) = sin 2a—tan acos 20 


= ———— + bcos 
; c—bseco § =tanx 
2 ee 
_ a cos ‘bce Vae [0,2/2) > f(x)is minimum 
ccosd—b 


7 (a? —b* )cos+ becos” 6 


Vae (Xs x) => f(x)is maximum. 


Now, f(x) =0 
ccosd—b 
=> x =sinx + tana(1—cosx) 
dy 
Now, Sr 0 cos Osin X — sin &cos x 


=> (ccos—b) ((b° —a”)sin—2becos sing 


=>x-tana= 
cos Qa 


=> xX cOSQ—sin & = sin(x — Q) 


+((a” —b*)cos+ becos” >)(csing) =0 = |x =0|—> Root of f(x) =0 


=> c(b? —a*)cos—b(b? —a”)—2be? cos” o+2b*c cos 6. x? + 4px? —4gx-1=0 


+c(a” —b”)cos+ be? cos” = 0 Let y = x* + 4px? —4qx-1 
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© ag +12px? —4q ih: (ate 

Oe ds 

d’y 2 fiz mx(1—x) cos 1x — sin mx(1—2x) 
qe ee ” x2(—x)? 


x =0 orx =-2p Let g(x) = n(x —x?)}cosmx — (1 2x)sin nx 


(=n a) ey er 
(-4q)(~32p* + 48p" +4q)<0 g (x)= 2 X) COS 1X — Tl (x x )sin x 
—m(1— 2x) cos 1x + 2 sin 1x 


3 
(4q)(16p -4q)>0 = (sinx){2-17(x-x")| 
q(4p°-q)>0 = (sin nx)(n?x? -(n*)x+2} 
7. o(x)=f’(x) +Af(x) as the quadratic (1?x* — 1°x + 2) has equal values at x = 0 
&x=1 


g(a) =f’(a), g(B) =f(B) 


As f’(a) & f’(B) are : 
of opposite sign. is negative 
B Let roots be a , B 


_ => g(X)is increasing in (0,0) U(B,1) 


1 1 
= itis symmetric about x = 3 & the value at 3 is 


= g(a) & g(B) are 
of opposite signs 


& ied ee 
=> g(x) will have a root in between pair of root of f(x) = 0 Bus decreasing (Gh) 


.% 4 [4 2 4, [4 2 
8. Similar of Q.7 mi-vn-8n" ,_ a t+vn —8n 


ao = ———.——__,B 
6 55.2 eo og x . an an’ 
9. f(x)=(a—-x)’ -—3a(a—x) + 7 a“ (a—x) 2 ow » U. Let (x) = f(x)" . 
Let a—x=t ’ Now, g (x) =nf (x)(f(x))"| 
Using LMVT. 
6 5 2,4 a* 2 QF =] 
f(x) =t? —3at” +5a“t” -—2t g(c) = Vce(0,)) 
2 2-1 
s n-l _45n _ 
~ 21 4 —3at3 S/2a tt; at =nf ()f(c)) =2°-1 
= at" + , | pal 
2 =f ((f(0))"* =——= 
n 2 
Now n=l 
eee es =f (c)(f(c))"!>2 2 =2"7 
pe ee Hence proved. 
g(t)= 4t? —9at2 +5a2t 12. As f’(x) is strictly increasing => f''(x) > 0 in (a, c) 
Using LMVT in (a,b) & (b,c) 
= 2 2 , = / _ 
= t(4t Oat + 5a )> 0 f (x)= f(b)-f@) ae f(c)-f(b) 
b- c—b 
=> g(t) is increasing Vt € (0,a) => As f’(x,) <£(x>) 
- f(b)-f(a) f(c)—f(b) 
_a4 4,359.4 a _ = Z 
g(a) =a’ —3a vee - 0 Rae 5 
=> g(t)<0 => (b-c)f (a)+(c—a)f(b)+(a—b)f(c) <0 
=> f(t)<0 Hence proved. 


Hence proved. 


13. 


14. 


15. 


g(x) =f(a)+f (a)(x—a)+k(x—a)* 
a) Putx=a 

g (a) =f (a) 
b) As g (b) =f (b) 

& h (x) =g (x) -f (x) 

Using Rolle’s in h(x) over (a,b) 


h (c,) =0 where c, €(a,b) 
=> (c)=f ()) 
A g(x) =f(a)+ f (a)(x—a)+k(x—a)? 
g (x) =f (a)+2k(x —a) 
Put x =a, g (a)=f (a) 
d) Using b, c result for r(x) =g (x)—f (x)V (a,c,) 
Apply Rolle’s Theorem, we get 
g (c,)=f (c,) where c, € (a,c) 


e) As g (x)=f (a) + 2k(x—a) 


g (x)= 2k 
=> g (co )= dx=f (c) 
& R=k(x—a)* 
2 
= R=f" (c,) 2» 


P(x) =a,x"+a,x" +: 
As roots of P (x) are real 
Then, P,(x,)=P,(x,)=-+:=P,(x,)=0 


Since, P (x) is a polynomial function, it is 


+a, 


Continuous & differentiable over R. 
Apply Rolle’s Theorem in [x,, x,]. 


<2 


P’ (x;)= n (x.)-P, (x,) =(6 
Ry Ky 


=> x, is root of P;(x) =0. 
Similarly, we can obtain other (n-2) roots of P; (x) = 0. 
As P(x) = is also a polynomial function. 


Applying Rolle’s Theorem, we can find roots of P;’(x) = 0 
& so on. 
Hence, all those polynomial have real roots. 


f(x) is continuous & differentiable in [x,, x, ] 
By Rolle’s Theorem 


i= f (x, )—-f (x9) fj 


Xm — Xo 


tx 


1 


16. 


17. 


18. 
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Similarly, we can find remaining roots such that 
f (x,)=f (x.)=f (xs) 
Repeat the same process we find roots of f"~'(x) = 0. 


Since f~!(x) continuous & derivable in [x,, x,], Apply 
Rolle’s Theorem 


= f"(x)=0. 


Let f(x) = (x? — 1)" 
F(x) is polynomial function in [—1, 1] 
& f(d)=f(-l) =0 


=f (x,)=0 Vx, €(-1,1) 
Let h(x) = g(x) — f(x) 

= h(a) =h (a) =---h? | (00) = 0 
&h"(x) <0 fora<x<b 


For n= 1, Mean value Theorem yields h(x) < 0 
In general, h'(x) satisfies given condition for n — 1. 
Hence, by induction, h’(x) < 0, so h(x) < 0. 


f(x) = [x|"]1 — x|" will have maximum 
(> if —= >x= 
mm n m+n 
mn 
mn 
= £(X) max = m+n 
(m+n) 


19. 


f(x) is continuous & differentiable in [x,, x] 
By Rolle’s Theorem 

f (x,,)-f (x 
i= ( a) ( 0) 9 


i 
Xm — Xg 


Similarly, we can find remaining roots such that 
f (x,) f (x) f (x) 
Repeat the same process we find roots of f"~'(x) = 0. 


Since f(x) continuous & derivable in [x,, x,], Apply 
Rolle’s Theorem 


=>f"(x)=0. 
i) _x ae. xER~{3} 
x-3 


dy (X—3)2x+3)-(x?7+3x+2) 26x11 
dx (x —3)° (x -3) 


Sign scheme for wy => 
dx 
+ 


3-V20 3 34120 


lim y=, lim y =—co 
x73" x3" 
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f(x) = (7x+4)4x-7(2x°-3) _ 14x? +16x+21 
(7x +4)* (7x +4)? 

lim f(x) =o, lim f(x) =—co 

X—e00 X—>-00 


lim. f (x) =-<9, iim. f(x) =00 


Asymptote 


- 


_ 1x42 


iii) f (x) : xeR= (272) 


2x*-1 
(2x3 -1)11-6x? (11x +2) 
(2x? -1) 
44x? 12x? -1] —(44x3 + 12x? +11) 
(2x3 - iy (2x3 - i) 
Let g(x) = 44x? +12x7+11 
g’ (x) =132x? +24x =12x(I1x+2) 


f'(x)= 


g(x) > 


(2/11) 


Sign of f'(x) 


As 


t 
a 23 


X— oo X——00 


Limf (x)=0, Lim f(x)=0, Lim f(x) =< 
x924 


& Lim f (x)= —oo 


x2 


f(x) 
a ro 
x 
iv) f(x)=——, xeR~ {+I} 
x*-l 
i= —1)3x? ag” (2x) x? (x? - 3) 
f’(x) = = 


(x? -1) (x? -1) 


x? Xx 
+X. 


cel, oe 


=> y =x is the asymptote (oblique) 


f(x)= 


Limf (x) = 0%, Limf(x) = —0o 
xo!" xo 

Lim f(x) =+00, Lim f(x) = —c0 
x>-T* x0-1 


f(0)=0. 


21. y=Ae* +Be 


oY < _oxAe* —2(x-)Be“” = 0 
dx 
= xAe* +B(x- ce) =0 
> xAe™ 
=Ae* — 
Now, Y x-O) 
: x 
= Ae* |1- 
x= 7 
ACe* 


C-x 
If A, B, C are positive, sign of y is negative 
for x > C & for x < 0, Sign of y is +ve. 


22. 


Limy=0 & Lim y=0 

X00 X—-00 

So, there are two roots, one greater than C 
& other one negative. 


1 (=) 
y=—In 
x x 
Now, >0 
x 
+ + 
——_—_——_——.| —_ prom  — 
0 
=>xeER ~ {0} 
In(e ~1)-Inx 
As, Lim 
Xoo xX 
Lim =e =e7! 


Lim-yIn Ge rn i} 


y0 


As y € (0,1) when x € (—c,»0), 


a 
=> xy=In 
x 


= xe =e*-] 
x(d-y)e* +y) 


e* (e* -1)(1+ x?) 


>y'= 


Sign of y’ +> ——S——S 


a eee 


23. 


24. 


25. 
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| 
y= ex afx2 +2x x €(—c0,—2]U (0,0) 


Lim y =e, Lim y = ~,f(-2) =0 

X— too x00" 
1 | I 1 
pa Jr ee) 
x x? +2x 


=e (x? + 2x) +e by + x?) 
xx? +2x 
J Ke (x22) 
x 40% 


e 
3 
= 2 = 
x7 yx? +2x [x XVX°+ 


: dy 
Sign of — 
s dx 


2 V2 0 V2 


Graph of y = f(x) > 


| 0 V2 


It can be seen from graph, 
| 
That for --<a<0=> ek [ve +2x] = ce has no roots 


0<a<a=> one negative root 

& for a >a, two positive & one negative 
Roots are there. 

Hence proved. 

ax” +2bx +¢ 

Ax? +2Bx+c 


= (Ay —a)x” +(2By —2b)x +(Cy-c,)=0 


For x to be real, 
(2By — 2b)” —4(Ay—a)(cy—c,)20 


(By —b)* —(Ay—a)(cy—c,) 20 
(b— By)” —(a— Ay) (cy —Cy) 20 veecessessssesssseeenne (1) 


As (a—AA)x* +(2b—2BA)x +(C, —AC) = Vis a perfect 
square 
= (2b-2BA)° —4(a—AA)(c, —Ac) =0 


= (b-BA)* —(a—AA)(c, —AC) =O wees (11) 


From (1) & (11), 
Two values of y are the two values of 2. 
Hence proved. 


f (x) = (x a)" (x b)" (x c) 
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26. 


27. 


In(x) = mIn(x — a) +n In(x — b) + pIn(x —c) 


bag eB 
f(x) X-a x-—b x-c 


_ m(x —b)(x —c)+n(x —a)(x —c)+b(x —a)(x —b) 


(x —a)(x —b)(x —c) 
For f'(x) = 0 


> (m+n+p)x? —(m(b+c)+n(c+a)+p(a+b))x 


+mbc + ca+ pab = 0 

Apply Rolle’s on f(x) in (a,b) & (b,c) 
As f(a) = f(b) = f(c) 

=f'(x) = 0 has one root in (a,b) & (b,c) 


respectively 


= A7 = 4.47 
JS AH 4H 956 


; f(x) = In +x)—x+—— 


Let g(x) = Cael) =f (c) where 
x-— 
—) g(c) = f(c)-fla) = f (c)Ve € (a,b) 
c-a 
Now, let g(x) = f(x) -f (a)x 
Using LMVT 
g(@)=f (@)-f (a= 1 ee NY 
_fO-F@ pg) 
c-a 
g (c)= HO <6’) 
ca 
y= x? —8cx? +c? 
y =4x}—16cx 
= 4x(x? — 4c) 
y =12x?-16c 
= 4(3x" — 4c) 
Sign of y' > ae * = + 


y is max atx =O orx=2 


yiscC’atx=0& c” —30c +16 
for x =2 


2 


1 
Now if ¢ 2 =, Yinax 
5) y 


=c* —3c+16 


1 
if C< =, Vinax 
77) 


28. f(x)=5x7+Ax” 


f (x) =10x—5Ax~ 


= 5x(2-Ax’’)= (2x7 -A) 
x 


=> Aw & +2") = 28 


1 


2 3 
x 


3 


fie ie 
1+x 

_ 14x? -1-x?(1+x) 

7 (1+x) 


Vie 
=> f(x)<f(0) 


<0 Wx €(0,0) 


2 x? 


= in(@i4x)<¢x—2 +> 
aS 
2 3 


Now, f(x) =In(l+x)-x+— s 


2  3(1+x) 


1 (1+ x)(3x?)-3x? 
+X 9(1+x)? 
30 +x) + 3(x -1)(1+x)? — x? 
3(1+ x)? 

_ 3(x +1)x? - x? 
7 3(1+x)° 

x?(3x +2 
~ ca ‘ 


eS ae 


30. 


31. 


32. 


= f(x) > f(0) 
2 3 


Xx Xx 
=> Ind+x)>x—-—+ 
ee 2 3(1+x) 


g(x) = f(x)f'(x) 
8'(x)=(f"(x)) +£00F" Go 
Using LMVT, 
,._ £(5)f (5)-f (OF (0) 
gi(c)= F 
As (£(c))?f’"(c) < -3f (o)f (c)f’"(c) 


=> f(c)+3f (c)<0 


N H N! 
(a-h0) (a,0) ~~ (ath,0) 

1 a 

As @H = <(PN+P N ) 
2 

1 
= 7 lola +h)+o(a—h)] 
=> Qv = 6H- 


1 
= alte +h)—26(a) + O(a —-h)] 
1 
= Alte +h)— O(a) + o(a—h)— o(a)] 


=30(2 [Serbo ee)| (seh) 
2 h h —h 


= = NIHHN’6"(a) 


Hence proved. 


Un 
(n+1)(aj,a9,a3°--a,) we gpl 


(a; +a) +---a, +x) 


Now, for x =a 
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> (a, tay te+ x) ajay mn alll 


( 
(41) (ay ay» a yrs I/n+l _ 


n 


—n/n+l 1/n+1 


=> (a, +a, +--4x x =(n+1)x 
a, t+a,t---+a 
=> xe 2 LA 
n 


n 


Sign of a will change from +ve to —ve about x = A,. 
X 


So, Maximum value of y will be for x = A, 
& its value is 


7 (n+1)(a,-az-a3°- a.) "(aptay tia ve 


cpion'(2 Meta tay ta) 


n n/n+l n/n+l 
= not ay = ay ] 
n/n+1 
: (nA, ) An 


the function will be decreasing 


n 


n+l? 
/n+1 
n+I/9 aoa G » 
= 1¢2 n+l < n 
A 


aaa | 
n 


G G n/n+l 

= cle (s+) eee ree rene enone (1) 
Anu Ay 

Now, from (1) 


n G,_1 1 
< 
Ay Ag 


= G, <A, forn positive numbers. 


If all numbers are same, 


=> a, =a, =a;,- =a, 
a a a 

ag 2 ers | 
A, A, Ag 


S=l=>a,=A, 
A 


n 


Hence proved. 
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Previous Years Questions Solutions (JEE Advanced) —_—s«, 


For Pp () =0>x=0 


P (aCos8, bSin@) 


=> P(x) has minima at x =0 


Hence, C is correct. 


7. '(x)=x>0d-»” 


1 
A =—[ae(—bsin 6) —aebsin 9] 
3 ( ) f"(x)=25x" =x)" =7501—x)*x” 


A =abesin0 S95." (l=x) “(ld 
Area is Maximum for sin®@ =1 7 a - * 
A=abe 
oO L 1 
1 1 : 
3. 4@a— , 

loga_ logx Hence, B is correct. 

Use AM >GM AND x?-1 2 
BA 4Q=5—=1 - 
aoNY x’*41 x’ +1 


log, x+log,922 (onlyif a>l&a¥1) ¢ 
Hence, it is False. ov” Foe Dem aal= =! 


a> ead : 
3. Let f(x) =ax?+bx*+cex+d °.2) - _ Hence, D is correct. 
- aN ‘\ 9. f(x) =cosx+cos J2x 
f(0) =d, fd)=d 7 Aw. 
ay \ For maximum, both cos x & cos J2x =1 
Using Rolle's Theorem, there exist atleast one Which is possible at x = 0 only 
value of C where 3ax” + 2bx +c =0 in (0,1) Hence, B is correct. 
7 , 10. (-2,2) (2,2) 


Hence, A is correct. 


4. Property 
Hence, A is correct. 


5. y =aln|x|+bx* +x 


rx Ss sop 
dx x 
=> at+8b+2=0 (1) 
oa Hence, A is correct. 
dy_a u f(x) =(1+b7)x? + 2bx +1 
ae . 
= (4b? 4-40") 
—a-2b+1=0 Il Min value of f(x) =- 
am 4(1+b° ) 
Solving (1) &(ID) 
1 1 
a=+2, b=-— =—, =m(b) 
2 1+b? 


Hence, B is correct. range of m(b) = (0,1] 


6. P(x)=x (2a, +4a,x* ah --2na,x7""?) Hence, D is correct. 


12. 


13. 


14. 


15. 


16. 


1 1 

—-xX, x<— 

£(x) 2 2 
x)= 2 

oe F aoe 

2 2 


As f(x) is not derivable at x = e 


LMVT is not applicable 
Hence, A is correct. 


f = ROSE wala) 1 
eqn of tangent = 
q g 7 


Sum of intercept ‘s’ = cosecO+ 27 sec@ 


a = —cosecOcot 0+ /27 sec tan6=0 


3 
1 
= tan? @=| — 
V3 


>60=7/6 

Hence, B is correct. 

f(x)= x? +bx? +cx+d 

f’(x) = 3x? + 2bx +c 

D = 4b? -12c = 4(b* -3c) <0 
=>f(x)>0 VxeR, 


Hence, A is correct. 
f(x)=x"logx & f(0)=0 


f(l) =1°(0) =0 


For Rolle’s Theorem, f(x) needs to be continuous & 


derivable 
. logx .. 1/x 
i = | 1 =0 

ea) ai x % ae -ax 2% 
>a>0 
Hence, D is correct. 

(2+x)°, Aye 
f(x) = 

x". -l<x<2 

3(2+x)?, 3<x<-l 
f'(x)=49 

3x -l<x<2 


Point of entremum are x = —1 andx =0 


17. 


18. 


19, 


20. 


21. 
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Hence, C is correct. 


f(x) =e* git 
e* 


asl>x2>x? Vxe[0,1] 


a sxe Sx"? Vee [0,1] 


x2 


x2 


ae ae Se aae" Se ere 


equality holds at x =1 
=> f(x) > g(x) 2h(x) > a=b=c 


Hence, D is correct. 


mn 2 
xt -axtl 2ax 
£1) = ; =la—s 
Nw «CX +axt+l1 x° +axt] 
—2a(x? +ax +1-x(2x +a) +2a(x? -1} 
f’(x) = = 


(x? +ax +1) (x? +ax+1) 
dax (x? +ax+1) 


—4ax (x? -1) (2x -+a)(x? +ax +1] 


f"(x)= 
“ (x? +ax+ p4 


4a —4a 
(2+a) G=ay 
=> (2+a)f"(1)+(2-a)’f(-l) =0 


f=", tC)= 


Hence, A is correct. 
ier Gia 2a(x —1)(x a 

(x +axt 1) 

=> f(x)is decreasingin (—1,1) & minima at x =1 
Hence, A is correct. 
ne Jer 

1+e% 


Henceg(x)>0O for (0,0¢) & negative for (—c, 0) 


g (x)= 


Hence, B is correct. 
f’(x) = x(e* —1)(x —I)(x —2)°(x -3)° 


- - + - + 
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So, f(x) has local Minimum x = 1 & 3 but not differentiable on (0,0) 
Hence, B, D is correct. 


More over, f(x) >f(x). Vxe (Le 
22. Let f(x) =ax?+bx* +cx+d (x) (x) oe) 


Using f(3)=18, f(-l)=2 f(-1l)=0, f’(0)=0 => Inx+ ie V1+sintdt > oe V1+sin x 
x 
os (19x° -57x +34) Hence, B, C is correct. 
= 
4 25. f(x) =e* (x —2)(x—3) 

f(x) has a local Maximum at : ; 

x =—-1 &local minimumat x =1 
2 3 


f(x) is increasing for x e [1,25 
(x) 8 xe N51 f(x) has local Maxima at x = 2 & Local Minima at x =3 


f(x)is decreasing in (2,3)asf’(x) <0 
Hence, A, B, C, D is correct. 
6. y= (a+x)(b+x) 
c+x 
Let xte=t 
_ (a—c)+t)(b-c+t)) 
t 
an 9 OU EE) i sine) 
(a, f(a)) is 1, -1) C0 t 
Distance between (1,—1) & (—1,2) = V13 a mr ) 2 
AY ” a-—c)(b-—c 2 
Hence, B C is correct. (a) Y y= vt- _—2-- +( a—c+b-c) 
e*, O<x<l 
2 
23. g’(x)=f(x)=42-e*1, l<x<2 Minimum value of y = (Va-c+ b-c| 
x-e, 2<x<3 
27. Min value of x+y = a, 
g(x) =0 when x=1+In2 &x=e Xx 
= as x,y both are positive. 
” —e* a 1<x<2 
g (x)= 28. Apply LMUT Theorem 
1, 2<x<3 (OO) _ a 

g”’(1+1n 2) <0, So, local maximum at x=1+ln2 1-0 ~ P eee) 
g”(e) > 0,80, local Minimum at x =e = f'(c)=0 


&f(x)is discontinous at x =1, we get f’(x)-f’(c) 


Again =f"(d), xe (0,1) 
a local Maxima at x =1 & Local minima at x = 2. xX—C 
Hence, A, B is correct. As If "a <1 
24. a am rae ") _¢? 
f(x) Inx+]- 1+sin tdt = i (x)=T (ce) <1 
1 X—C 
f’(x)=—++Vl+sinx, x>0 , 
x f(x) 
=> <1 
Clearly, f’(x) exists Vx € (0,9) X—C 
&f’(x) is continous V x € (0,9) > f’(x)| <|x-c|<1l 


29. 


30. 


31. 


Let h(x) =f(x)—2 g(x) 
h(0)=2, hd)=2 


As h(x) is continous & derivable 


Apply Rolle’s Theorem 
=>h’(c)=0 


=> f’(c)-2¢(c)=0 V Ce(0,) 


y=x’,0<c<5 


Any pt on parabola is(x, x” 
Distance between (x, x? ) & (0,c)is 
D=,{x? +(x? -c) 
or D? =x* eli +¢7 
-( (2c 1) ) eal 

2 4 


ee: 2c-1 1 
is Minimum when , x= ; 


A x P L-x 
2 + > ° 
v 
d af 
we 
S 
Given that AB = LKm 
PB =(L—x)km 


t = Total time from S to B 


=(Time taken from S to P)+(Time taken from P to B) 


SP PB 
t=—+— 
woof 


eu Vv 
dt _ x 1 
dx uvd? +x? v 
dt a 
a 59 \32 >0 
es) 
dt 
If =0 >v*x?=u (a? +x") 
dx 


32. 


33. 
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ud 
v2 —? 


Therefore, t is minimum for this value of x 


& L-x=L-———— 


is an odd function 


= 
1+x 


Alsox>OS>y>0 & x<O>y<0 


when x > +0, y 50 


Which has greatest value at x =0 


f(x) =sin? x +Asin? x 
f’(x) =3sin? x cos x + 2A sin x cos x 
For f(x) =0 
sin x =0, cos x =0,sinx =—2A/3 
Since, See cosx #0 

2 2 


=> sinx =Oor x=0 


& sinx =—— or x =sin"! G 
As -1 Paes 
3 
ee 
2 2 


If A=0, sinx =O has only one soln. 


>Re (-3-9} U (05 there are two distinct solutions. 
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34. 
b 
E 
y 
x 
A 


35. 


a 
NN 
F B 


< > 
Cc 


As AABC& AABD are similar 
c-xX sy 
c b 


=> yo? eax 
c 


“.Z=Areaof AFDE = xysinA= 


PBA (cx-x?) 


36. 

dz _ DSA a0 
dx Cc 

C 
7Dx=— 

2 
d°z  —2bsinA 
oe 
dx c 


F c 
=> z has maxima ae 


p -p l 
Zimax =n n hes ergs q ql 
2 2 2 2 
2 37. 
r — il 


1 
= ave q)(q+r)(p—r) 


Given curve is 4x? aay = 4a? 


2 2 
=>+2=1 
a 4 


Let P =(acos,2sino) & Q(0,-—2) 


() 


Let 1. =(PQ)” = (acoso)? + (2sing +2)” 


For —=0 
dp 


> cos((8- 2a”) sino +8) =0 


4 
a’ —4 


==> or sing= 


Since 4<a* <8 > 0<a?-4<4 


2 
-4 
are <1 or y 


>1 
4 a =A 


TU 
So = 
° 2 


Also, ‘+ — (8—2a*) cos” o+ (2a° —8}sin? o—8singo 


du 


at d= is negative 
do? 2 


Wo os T 
=> PQ is minimum ae 


= Coordinates of P are (0, 2) 


f(x) = {(2¢@-1t-2)° +3(t-1)7(t— 2)? lat 
1 


. (x)= Aix 1x —2)° +3(x=1)7 a —2)7 


. =D) Gx=7) 
Critical points of x =1, 2, 7/5 
At x=1 is point of maxima 


7. ‘ wt 
x= - is point of minima 


2 
x =2 ispoint of inflection as = doesn’t change its sign. 
dx 
As y=X(x-l)’, 0Sx<2 
d 
£Y = (x-1)3x—1) 
dx 
+ - + 


us 
3 


Clearly, at x = 1 is the point of minima & x => is the 


point of maxima. 


38. 


39. 


40. 


f(x) =2sin x + tan x —3x 
f’(x) =2cos x +sec” x -3 

= sec” x(1—cos x)’(1+ 2cos x) 
=> f'(x)>0V xe (0, 2/2) 


=> f (x) is increasing function 
=> f(x) >f(0) 


=> 2sinx +tan x >3x Vxe (0, 1/2) 


P 


A 


Let O be the centre & ‘r’ be the radius of the circle 


Let QR be the chord parallel to the tangent at point P on 
the circle 


Area of APQR = > (QRYPD) 


A =rsin @(r +rcos @) 


jase =r (cos 6+ cos 20) 
dé 


2 
& SS r’(sin@+2sin 20) 
dQ 
Por =0 
de 


=> cos20+cos8=0 


= 2cos? 6+cos@-1=0 


ee 
2 


>e@-2 
3 
2 ae 
Mega e AX. 3N3 9 
3° de 2 
Max Area = 3/31? 
D C 
y 
A B 


41. 
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Perimeter of window = 2x + 2y+ TE c 
2 


=y=5[¢ 2x =| () 


Let K be the light per square meter, by colored glass, 
=> 3kis light transmitted by clear glass 


2 
Total light (A) = (3 k+ xy3x 


A=2k(-Sax? ~24x? +12cx) 
8 


cae 10mx — 48x+12c) 
dx 8 
2 
Gs = 1 5m 424k <0 
dx? 4 
‘ For ae ere Be 
dx 5+ 24 
(7+ 6)C 
From (1), y = 
hy 5m +24 


ratio of ~ = 6(1+ 6) 
y 


f(x) =ax? + bx? +cx +d 

As f(—2)=0 

=> —-8a+4b-—2c+d=0 (1) 
f’(x) =3ax” + 2bx +c 

As f’(-1)=0=> 3a-—2b+c=0 (2) 


1 
Also, f(x) has relative max/minat x= —1 & 5 


r(z}e= a+2b+3c=0 (3) 


1 
Also, J f(x) dx = ~ 


-1 


1 
ax* bx? cx? 14 
—+ + +dx} =— 

4 3 2 af 3 

=> an d= z (4) 

3 3 


Solving (1), (2), (3), (4), 
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a=l, b=1, c=-l, d=2 45. 
Required cubic is eo 4%" =x 42 ¥ 
42. For point of minima at x = 1 (/ \ 
342 (1,0) 
b° —b* +b-1 >0 P QU.0) 
b> +3b+2 


(b° +1) (b-1) 
—_—_____________ > 
(b+2)(b+1) 


Since circle x* + y* =1 cuts x-axis P and Q 


P=(-1,0) & Q=d,0) 


=o Ge “i Abe) Equation of circle with centre at Q(1,0) & having ‘r' 


43. f(x) =1+2sinx +3cos’ x radius is 


(x -1)" ey" =x? 
f’(x) = 2cos x —6cos xsin x 
Solving two curves, 

= 2cos x(1—3sin x) 


2 4 
1 vxei-l y=tvl-x? =, -— 
For f’(x)=O0=>cosx=0 or 6° sinx == y ¥ 4 
thee 
ee — A(Area of AQSR) ==r 
>x=—or x=sin 5 2 
4 6 
2 Tr Tr 
=1-1=2 (Say) 
Now, ies 0 & {feo 4 16 2 
dz 3 6r° 
—=r -—— = 
dr 16 


_ Tt 
=> Minima at x = a 


8. @& 1 
‘ i a= = a a z= fe 
r(sints bo & rst Jeo dr 3 3 


: m4 => Ais maximumat r= 8 
= Maximaatx=sin 1/3 3 
. 1 13 
f|~|=3 & f{ sin? |=— Area ot agns=+ [8 as sq units 
2 3) 3 2\3\3 36 3y3 
tan A+ tanB 46. 


44. As tan(A+B) = Q 


1—tan AtanB 
= /3 —J3 tan A tanB =tanA+tanB i 
=> 3 tan A tan B = /3 —(tan A + tan B) 
O 


> BF) (using AM > GM) 


3 


1 : a 
tan A tan B = — eqn of line > oe 


47. 


It passes theough (h, k) 


h k 
=> —+-—=1 
a b 


a-h 


a 


Ais min when y = 


1 oh. 
=———;Is max. 
aoa 


YO ap gon 
da a2 a> 


d’ 1 
ae at a=2 h=-— <0 
x 


a 


1 k 
=> Ay, =—4h” *— 2h. 
y) h 
1 2 
EO) serie ex 


2 
Pej = pies 8bx +1 
8x 8x 


For f(x) =0 


= 16x” —8bx+1=0 
<a btNb? =! 
A 


=> b>1 for x to be real. 
sign scheme for f(x) 


+ = + 
| T 
be be 
4 4 
b-vVb?-1 b+ yb?-1 
4 4 
2 
— f(x) has maxima at x = _ & 
7 b+Vb?-1 
minima at ay 


48. 


49. 


Maxima AND MINIMA 


2 
eg teg Me ce ee ee 
x 
=> neither maxima nor minima if b = 1 
Applying R; > R;—R,—2R, 


2ax 2ax—a 2ax+bt+l 
f’(x)= | b b+1 -1 

0 0 1 
=2ax +b 
Integrating, f(x) = ax +bx +c. 
Since f (x) has maxima at x = 5/2 
f’(5/2)=0=>5a+b=0 
& f{0)=2>5c=2 
& fI)=1> at+btc=l 


~~. PP 1 5 
Solving, we get a=—,b=-— 
2S g g 4 A 
2 
eye xX 5x 3 
4 4 
AS ax” + 2bxy + ay” =c 
d d 
2ax + 2by + 2bx + 2ay— =0 
dx dx 
dy _ —(ax +by) 
dx bx +ay 


Let point be P(h, k) 


dy| (ah +bk) 
bh +ak 


Now, 
dx at P 


=> As distance from origin is minimum, 


k (ah +k) _ 
h (bh +ak) 


= ahk + bk? = bh? + ahk 
=k? =h? 
=>h=c+k. 


As (h, k) lies on the curve ax” + 2bxy + ay” =c 


= ah* + 2bhk +ak? —c=0 
Puth=k 
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5 
h=+ : Distance from (0,0) = 
2(a+b) V9 sec? 8+ 4cosec? 0 


=> Point Pcan be 


Minimize f (0) =9 sec” 0+ 4cosec” 0 


c c ia : 7 ; 7 
os] f°(8) =18sec* 8 tan 8—8cosec” Ocot 8 = 0 
a eer ae 
( / : | = | 9 3 
2atb) \2(at+b) 
V2 
=> tan@ =+——] 
50. Let P(acos8,bsin6) V3 


xcos@ | ysin® = => eqn of normal = +/3xt+J/2y =5 


Tangent at p> 1 
a p 52. Let x =cos0@ 
Foot of + from (0, 0) to tangent is N. = 4x3-3x-p=0 = 4cos* @—3cos0—p =0 
. ab’ cos @ a’bsin® = cos 30 =p 
=>Nis| 7G 2 2 Q beanc2 2 2 
b* cos* 0+a“ sin“ 8 b* cos“ 0+a° sin“ 8 . 1 
Since, x =cos8eE]|—,1 ,0€[0,2/3] 
Area of - : 2 
; => pel-bl 
—-a2bsin® » 
i : 9 “ Or: Also, cos 30 =p 
APON =—|acos@\” “8°78 Sin || oe 
2 ab? cos 0 ae ad “ee F 
2.2 7.2, (bsin 8) 
b* cos~ 0+a°* sin* 8 >, calles 1 
\) ” x= 050 = cos corp] 
1 (abcos sin 8)(b” —a”) 3 
2 (b° cos” @+a° sin” 6) 53. y—2=—m(x —8) 
2 
_ab(b?-a”)tan@ - ab(b? -a”) pa[s+5.0] &Q- (0,2+8m) 
2(b? +a° tan? 6) 2(b? +a tan? 6) 5 
ay ee 2 2 
Anan Will be when, or+09=1= +2) +(2+8m) 


= b’cot@=a*tan® (Using AM>GM) 7 30 
=> 1= /68+——+64m? +—+32m 
b? m? m 


= tan? 0= =F 
. lain =~ V08+32+64 ( Using AM >GM) 
=> tan6=+— 
a 
+a2 b2 54. S 


=> Point P is = : 
Va24+b2 Va? +b? (6,8) 


51. Eqn of normal to ellipse is ax sec@ — by cosec 0 = a” —b” 


= 3x secO—2ycosecO =5 M 


55. 


56. 


57. 


As tan 8 = a2 
PS 


T 


V100—r? 


Area of APSM =3x SM X PN=SN *X PN 


A=¥V100—r7 sinO@cos® 


7 r(100-r7 i 


100 
3/2 
dA 3 1 
= pg) Cine ge eG 
dr 200 100 
>r=5 
Let P =(J6cos 6, /3 sin 0) 
Slope of tangent at P= -1 
Now, x? +2y” =6 
tay 0S ie a cot@=-1 
dx dx 2y fd 
=> cot@=/2 
=>P> fo x2... . =(2,1) 
3° V3 
51x! = 2323x!0! 
Let g(x) = | p(x)dx = 
Jp 102 101 
2 
8 si0nse de 


2(45!")=c & (46) =c 
= g(x) = 0(x) will have atleast one root in (45° 46) 


Let P(x) = ax? +bx* +cx+d 


As (P(-1) =10 > -a+b—c+d=10 
Pd) =-6 >a+bt+c+d=-6 
p(-l) =3a-2b+c=0 
p’() = 6a+2b=0 
Solving, we get P(x) = x° —3x*-9x +5 


P’(x) =3x” —6x —9 = 3(x +1)(x —3) 


x =—1 is point of maximum & x = 3 is point of minimum. 


Hence distance between (—1,10) & (3,—2) is 4/65 units. 


58. 


59. 


60. 


_ As lim 
- » >0 x 


61. 


62. 
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a(x) = —(F0ot"00) 


Let h(x) = f(x) f(x) 

Now, f(x)=0 has min 4 soln & f’(x) = 0 has min 3 soln 
=> f(x)=0has min7soln 

=> f’(x) = g(x) = 0 has min 6solutions 

f(x) = 2x? —15x” +36x —48 

f(x) = 6(x — 2)(x —3) 

 A={x|x? +20-9x < of 

4<x<5 

=> f(x) is increasing for x € [3, °°) 


Maxima of f(x)=f (5)=7 


Let P(x) =ax*+bx? +cx?+dx+e 


p(x) 
= =1 


; die 
= lim ax? +bx +c+—+—-=1 
x70 x x2 


>=>d=e=0 & c=l 

=> P(x) =ax* +bx? +x? 

P’(x) = 4ax? + 3bx” +2x 
P’(1)=P(2)=0 So 

4a +3b+2=0&32a+12b+4=0 


Solving, a= 5 =~—] 
4 


= P(2) =16a+8b+4c=0 


Sign scheme of f’(x) 


+ - - + + 
i i i i 


I I I I 
2009 2010 2011 2012 


= Local Maxima of f(x) occurs at x = 2009 
= Local Maxima of g(x) occurs at x = 2009 
No of point of local Maxima = 1 


f(x) =x* —4x3412x?+x-1 
f’(x) =4x? -12x* +24x +1 
f(x) =12x? —24x +24 
Hence, f’(x)>0 VxeER 


f’(x) is increasing function, 
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63. 


So, f(x) will have only one pt of extrema, 
f(0) =-1 


Hence, f (x) = 0 has two distinct real roots. 


f(x) -x|+[?—] 
x —x=1, x<-l 
=y° = x41, -l<x<0 
f=), 
—-x°+x+l1, 0<x<l 


oe x21 


-1 0 1 


Hence, there are 5 points at which f (x) attains local 
maxima or minima. 


on 
SS 
As cost (c) = av— ° 4 be 
v ay 
Rn ee Ve eee (O... 
30 
65 j AOA cehtassechsschassavacsotacseesendesseatbesazee (2) 


1 
Solving (1) and (11), we get a= > b =1800 


v_ 1800 
c=—+ 
2 v 
Using AM = GM 


c22 ae =6 
2 Vv 


Hence, C is correct 


Area (A)= BXH 
1 
=—Bx~vVh’—B? 
2 
1 fia 2 
=—,/B?(h? -B 
5 ( ) 


Using AM = GM 


2 p22 
Birth’ —-Bo > IB? (h2 =) 


2 


64. P(x) =A(x -1)(x -3) = A(x? —4x +3) 


3 

Prvan{ Sante 
AsP(1) =6 
gai{ 5-243 }re 

3 
= 18 =4d+3c an 
P(3) =2 
201 F-2x9+9 }ec 
>c=2 


>A=3 
P’(x) = 3(x -1)(x -3) 


h2 
—=>./B th” =B") 
Z 
2 
Max Area = = 
A 


Hence, D is correct 


f(x) = alog|x|+Bx* +x 


f’(x) = 428x 41 
x 
f’(-1) =0= —*— 2p"! = 0-0 = 28-1 ae (1) 


£’(2) =0=9 5-448"! =0 re et (11) 


Upon solving (1) & (11) 


1 
ale meer 


Hence, C is correct. 
As lim uAe9) =2 
x0 x2 


= f(0) =0 for limit to exist 


= f (0) =0 for limit to exist 

: 
jini ay (0)=4 
x90 2 
Let f(x) = ax? +bx? +cx*+dxte 
e=d=0 asf(0)=f (0)=0 
>f(x)= ax* + bx? +cx? 
f (x) = 4ax? + 3bx? + 2cx 
f(x) =12ax? + 6bx + 2c 
c=2asf (0)=4 
f'(x)= x (4ax? +3bx +4) 


Now f (1)=f (2)=0 
=> 4a+3b+4=0 


g 16a+6b+4=0 


1 
solving together, a = es =-—2 


4 
f(x) =47> 2x3 42x? 
f(2)=+8-16+8=0 


Hence, C is correct. 


es ake 
iia 
1+x° 


0.6(1+x) 4 (1 zs ad —0.6x* (14+ x)" 
f (x)= 


(1 +x ‘ 


0.6(1 4x06 ) ~x 4 (14x) 


(1+ x06 y (l+x)o4 


0.6(x°4 = 1) ; 
— < 
(1+ 0 y (14+ x)04 x04 


=> f(x) is decreasing function 


=> k=f(0)=1> max 


296 
k=f() ae 2°4 = Min 


Hence, D is correct. 
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Asx*+y” =16 
= Ix+2y% <9 
dx 
eS 
dx yy 
eqn of tangent = XX;t+yy, =16 
=> hy, = 16 
16 
y= —() 
x+y? =16>x, =,/16 16° _4 h? -16 
ivy] 1 i 
4 1 
eqn of tangent= — 6+) = 16 
; h h 
ee 4h 
Put y=0, x= 
>yy h? -16 
As PAB 08 is = 
2 h?-16 
4h? 
A=———— 
h? -16 
2, 2 h 
| h -16)(8h) 4h? x 
2 h? -16 =, 
dh h? -16 
>h=Oorh= 32 
=>h=4/2 


Hence, D is correct. 


1 
f(x) = 4+ sin’ 2x —2cos" x 
1 «2, 1 2 
= 4+—sin~ 2x ——(1+cos 2x) 
2 2 
7 1 
= —-——cos4x —cos 2x 
2 2 
7 1 
= —-—(2c0s? 2x -1)-cos2x 
2 2 
= —cos* 2x —cos2x +4 


( iy ig 
=—-}cos2x+—] +— 
2 4 


M=— 
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M=2 UU. x24R2=r=9 4 
17 9 c=0-R” <(1) 

m=—-——=2 
4 4 Curved Area = 7RI 


M-m=— =nRVh? +R? VAIN 
Hence, A is correct. =mRJ(3+x)? +R? | . 
=nv9— x? /(3+x)? +9-x? nae od 
= nV9—x? JI8+6x 


P(0,-2) 


eagle = nV6(x +3)V3-x 
+5=0 Max Area is possible when 
x+3 3-x 


=>x+3=6-2x 


mo) Ae) Lae 


= +—= = 
ES a >x=1 
(PO)? 54/3) Tos iy 108] Area = 8V31 
V2 i Hence, D is correct 
=1445,/3 12. a = eae _ (x-1/x)? +2 
Hence, B is correct. PS) es x—-l/x 
9, Length of arc = Or * 
6 2 °.\ / =x-l/x+ 
Area of sector =" ' x-l/x 
=> 2r+ Or = 20 a, aia pea 


20-2 
4c Q-—2r 


Tr 
a(S) =(10—1)r 
Tr 


2 


r(t)=1-+ =0>t=4y2 
Ais max when 10-r=r>r=5 ‘ 


So, Area = 25 r (t)= Es 
Hence, D is correct. t 
ok OX) = r(t) will have minima at V2 
10. lim —3 = 2 ; 
sis h(x) = 2+ = 22 
= f (0) =0,f(0) =0,f (0) =4 v2 


Hence, C is correct. 


&f (=f (2)=0 
13. Area(A) = 2x (12-x?) 


Let f(x) = ax* + bx? +x? +dx+e 


Upon solving, => A= 24x -2x? 
4 dA | 4 
f(x) = ~——2x3 +2x? a 
2 
For 
1 9 dA 
f(-l) =—4+24+2= —=-05x=-H2 
2 2 dx _ 
Hence, B is correct. =>x=2 
2 
As oe . =-12x <0 
dx 


=> Maximum Area = 32 
Hence, C is correct. 


14. 


15. 


y=300s0+-5sin( 0-2] 
= 599962 2% ind coed 
2, 2 
1 
y= 5-008 6 +5V3 sind] 


ees 176 _ fig 


2 2 
Hence, Ais correct. 


S=|xeR,x?+30<IIx} 


=> x?-11x+30<0 
=> (x —6)(x —5) <0 
x €[5,6] 


As f(x) = 3x? —18x? +27x —40 
f (x) =9x? —36x+27 
=9(x? 4x +3) 


= 9(x —3)(x -) 


16. 


Maxima AND MINIMA 


=> inx €[5,6], f (x)>0 

f (X) max = 3(6)° —18-6° + 27-6 —40 
= 648 — 648+ 162-40 

=122 

Hence, A is correct. 


Volume (V) = 3rh 
As h = lcos@ = 3cos® 
r=lsin0 = 3sin0 


= v = 9nsin? OcosO 


ay = 9n(—sin® 6+2sin Ocos” 6) 
dé 


= Onsin 6(- sin? 0+ 2cos” 6) 


V3 


For W 29 coso=Z,sind= |? 
— dé 3 


? v=9nx5 xe = In? 


B 


Hence, C is correct. 
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